arXiv:0907.5280v1 [hep-th] 30 Jul 2009

Deformed “Commutative” Chern - Simons System

Jian-Zu Zhang

Institute for Theoretical Physics, East China University of Science and Technology,

Box 316, Shanghai 200237, P. R. China

Abstract

Noncommutative Chern - Simons’ system is non-perturbatively investigated at a full deformed level. A deformed “commutative” phase space is found by a noncanonical change between two sets of deformed variables of noncommutative space. It is explored that in the “commutative” phase space all calculations are similar to the case in commutative space. Spectra of the energy and angular momentum of the Chern - Simons’ system are obtained at the full deformed level. The noncommutativecommutative correspondence is clearly showed. Formalism for the general dynamical system is briefly presented. Some subtle points are clarified.

1 Introduction Since the topological Chern - Simons (C-S) field theories proposed by Deser, Jackiw and Templeton [1], they have been extensively investigated in literature. Its interesting characteristic is that it provides topological mass terms for odd (space-time) dimensional gauge theories. There is correspondence between topologically massive electrodynamics in the Weyl gauge and a model in quantum mechanics, as explained by Dunne, Jackiw and Trugenberger [2], similar dynamical effects of C-S system at quantum mechanical level were also studied [2, 3]. The Chern-Simons interaction plays a crucial role in the quantum Hall effect, high T_c superconductivity, cosmic string in planar gravity, etc. Their generalization to noncommutative space has been considered. The noncommutative extension of quantum field theory has attracted extensively attention in literature [4–12]. In order to get qualitative understanding of noncommutativity affecting quantum field theory one tries to understand these effects firstly in low energy sector at the level of noncommutative quantum mechanics (NCQM) [13–22]. In literature there has been a large number of papers dealing with noncommutative C-S gauge theory [23–31]. However, there has been relatively little work exploring the C-S system at the NCQM level. NCQM, as the one-particle sector of noncommutative quantum field theories, can be treated in a more or less self-contained way so that a more detailed study of noncommutative C-S quantum mechanics is useful. Noncommutative C-S system was solved at the NCQM level [22] through the undeformed variables of commutative space to represent the deformed variables of noncommutative space. It is interest to clarify whether such a noncommutative-commutative correspondence can be realized at a full deformed level through a non-canonical change among two sets of deformed variables of noncommutative space.

In this paper a noncommutative C-S quantum mechanical model, like the usual harmonic oscillator, serves as a typical example. A deformed “commutative” phase space is found by a non-canonical change between two sets of deformed variables of noncommutative space. It essentially defers from the treatment about the noncommutative-commutative correspondence in literature where a non-canonical change between a set of deformed variables of noncommutative space and a set of undeformed variables of commutative space was considered. The advantage of the “commutative” framework is that in which all calculations in noncommutative space are similar to ones in commutative space. In the deformed “commutative” phase space and deformed “commutative” Fock space the noncommutative C-S system is non-perturbatively solved at the full deformed level. Spectra of its energy and angular momentum are obtained. The noncommutative-commutative correspondence is clearly showed: results in commutative space smoothly emerge from ones in noncommutative space when the limit of vanishing noncommutative parameters is undertaken, even for cases of noncommutative versions with expressions where noncommutative parameters appear in the denominator. Formalism for the general noncommutative dynamical system is briefly presented. Finally, some subtle points are clarified.

2 The C-S Interactions

2.1 Realization of the C-S Process At the quantum mechanical level, a C-S quantum mechanical model can be constructed as follows. A charged particle of mass μ and electric charge q(> 0) moves in the following external crossed magnetic and electric fields. The electric field Ê acts radially in the x − y plane, Ê_i = −Ex̂_i, (i = 1, 2) providing a radial harmonic potential where E is a constant. The homogeneous magnetic field B̂ aligned along the z−axis. The vector potential Â_i of B̂ is chosen as (Henceforth the summation convention is used) Â_i = −Bϵ_{ij}x̂_j /2, (i, j = 1, 2), where ϵ_{ij} is a two-dimensional antisymmetric unit tensor, ϵ_{12} = −ϵ_{21} = 1, ϵ_{11} = ϵ_{22} = 0. The particle’s motion is confined to be planar and rotationally symmetric. The deformed C-S Hamiltonian is represented as

Ĥ = 1 2μ (p̂_i + 1 2 gϵ_{ij}x̂_j )^2 + 1 2 κx̂^2_i = 1 2μ p̂^2_i + 1 2μ gϵ_{ij}p̂_ix̂_j + 1 2 μω^2x̂^2_i , (1)

where the constant parameters g = qB/c (c is the speed of light ) and κ = qE. In Eq. (1) the term gϵ_{ij}p̂_ix̂_j /2μ plays a role of realizing analogs of the C-S theory [2]. The frequency ω = [g^2/4μ^2 + κ/μ]^{1/2} , where the dispersive “mass” term g/2μ comes from the presence of the C-S term. If NCQM is a realistic physics, low energy quantum phenomena should be reformulated in this framework. In the above the noncommutative Hamiltonian (1) is obtained by reformulating the corresponding commutative one, H = (p_i + gϵ_{ij}x_j /2)^2/2μ + κx^2_i /2 where x_i and p_i are the undeformed canonical phase space variables in commutative space, in terms of the deformed canonical phase space variables x̂_i and p̂_i in nocommutative space.

2.2 The Noncommutative Phase Space The starting point is the deformed Heisenberg - Weyl algebra. We consider the case of both position - position noncommutativity (space-time noncommutativity is not considered) and momentum - momentum noncommutativity. In this case the consistent deformed Heisenberg - Weyl algebra is [22]:

[x̂_i, x̂_j ] = iξ^2θϵ_{ij} , [p̂_i, p̂_j ] = iξ^2ηϵ_{ij} , [x̂_i, p̂_j] = ih̄δ_{ij} , (i, j = 1, 2), (2)

where θ and η are constant parameters, independent of the position and momentum. Here the noncommutativity of canonical momenta p̂_i means the intrinsic noncommutativity. The scaling factor ξ = (1 + θη/4h̄^2)^{−1/2} is a dimensionless constant.

There are different ways to construct creation-annihilation operators. The deformed annihilation-creation operators (â_i, â^†_i ) (i = 1, 2) at the deformed level which are related to deformed variables (x̂_i, p̂_i) are:

â_i = √ μω 2h̄ ( x̂_i + i μω p̂_i ) , â^†_i = √ μω 2h̄ ( x̂_i − i μω p̂_i ) . (3)

Equation (3) and the NCQM algebra (2) show that the operators â^†_i and â^†_j for the case i ≠ j do not commute. When the state vector space of identical bosons is constructed by generalizing one-particle quantum mechanics, because of such a noncommutativity the operators â^†_1â^†_2 and â^†_2â^†_1 applied successively to the vacuum state |0, 0⟩ [where the definition of the vacuum state |0, 0⟩ is â_i|0, 0⟩ = 0, (i = 1, 2)] do not produce the same physical state, â^†_1â^†_2|0, 0⟩ ≠ â^†_2â^†_1|0, 0⟩. In order to maintain Bose-Einstein statistics at the nonperturbation level described by â^†_i the basic assumption is that operators â^†_i and â^†_j should be commuting. This requirement leads to a condition between two noncommutative parameters η and θ: η = μ^2ω^2θ. From Eqs. (2), (3) it follows that the commutation relations of â_i and â^†_j read

[â_1, â^†_1] = [â_2, â^†_2] = 1, [â_1, â_2] = 0; [â_1, â^†_2] = iξ^2μωθ/h̄. (4)

The first three equations in (4) are the same commutation relations as the one in commutative space.

The last equation in (4) codes effects of spatial noncommutativity. We emphasize that it is consistent with all principles of quantum mechanics and Bose - Einstein statistics.

The deformed variables (x̂_i, p̂_i) has different realizations by the undeformed variables x_i and p_i [18]. We consider the following consistent ansatz of expansions of x̂_i and p̂_i by x_i and p_i: x̂_i = ξ ( x_i − θ 2h̄ ϵ_{ij} p_j ) , p̂_i = ξ ( p_i + η 2h̄ ϵ_{ij} x_j ) . (5)

where x_i and p_i satisfy the undeformed Heisenberg - Weyl algebra in commutative space, [x_i, x_j] = [p_i, p_j] = 0, [x_i, p_j] = ih̄δ_{ij} .

2.3 Investigation at the Undeformed Level We briefly review the investigation of the deformed C-S Hamiltonian (1) at the undeformed level using undeformed phase space variables x_i and p_i [22]. Using (5) the C-S Hamiltonian (1) is represented by x_i and p_i as

Ĥ = 1 2M ( p_i + 1 2 Gϵ_{ij} x_j )_2 + 1 2 Kx^2_i = 1 2M p^2_i + 1 2M Gϵ_{ij} p_ix_j + 1 2 MΩ^2x^2_i . (6)

The above effective parameters M, G, K and Ω are defined as 1/2M ≡ ξ^2 [ c^2_1/2μ + κθ^2/8h̄^2 ] , G/2M ≡ ξ^2 (c_1c_2/μ + κθ/2h̄) , MΩ^2/2 ≡ ξ^2 [c^2/2μ + κ/2] , K ≡ MΩ^2 − G^2/4M, where c_1 = 1 + gθ/4h̄, c_2 = g/2 + η/2h̄. Equation (6) is exactly solvable [32, 33]. We introduce new variables X_α and P_α,

X_a = √ MΩ 2ω_a x_1 − √ 1 2MΩω_a p_2, X_b = √ MΩ 2ω_b x_1 + √ 1 2MΩω_b p_2,

P_a = √ ω_a 2MΩ p_1 + √ MΩω_a 2 x_2, P_b = √ ω_b 2MΩ p_1 − √ MΩω_b 2 x_2, (7)

where ω_a = Ω + G/2M, ω_b = Ω − G/2M, and define the annihilation-creation operators A_α = √ ω_α/2h̄X_α + i √ h̄/2ω_αP_α, A^†_α = √ ω_α/2h̄X_α − i √ h̄/2ω_αP_α, (α = a, b). Then the Hamiltonian (6) decomposes into two uncoupled harmonic oscillators of unit mass and frequencies ω_a and ω_b. Ĥ = H_a + H_b, H_{a,b} = h̄ω_{a,b}(A^†_{a,b}A_{a,b} + 1/2), E_{na,nb} = h̄ω_a ( n_a + 1 2 ) + h̄ω_b ( n_b + 1 2 ) . (8)

3 The “commutative” phase space

3.1 Construction of Fock space The number operators in the hat system are N̂_1 = â^†_1â_1 and N̂_2 = â^†_2â_2. Because the last equation in Eq. (4) correlates different degrees of freedom, N̂_1 and N̂_2 do not commute, [N̂_1, N̂_2] ≠ 0. They have not common eigenstates. Thus it is impossible to construct Fock space in the hat system. In order to construct a Fock space we introduce the following auxiliary operators, the tilde annihilation operators ã_1 and ã_2 [22], and express â_1 and â_2 by √ 2α_1ã_1 and √ 2α_2ã_2 as follows

â_1 = 1 √ 2 (√ 2α_1ã_1 + √ 2α_2ã_2 ) , â_2 = − i √ 2 (√ 2α_1ã_1 − √ 2α_2ã_2 ) , (9)

where α_{1,2} = 1 ± ξ^2 μωθ h̄ . (10) From Eqs. (4) and (9) it follows that the commutation relations of ã_i and ã^†_j read [ ã_i, ã^†_j ] = δ_{ij} , [ã_i, ã_j] = [ ã^†_i , ã^†_j ] = 0, (i, j = 1, 2). (11)

The algebra (11) is same as the bosonic one in commutative space. The operators ã_i and ã^†_i are explained as the deformed annihilation and creation operators in the tilde system. The tilde number operators Ñ_1 = ã^†_1ã_1 and Ñ_2 = ã^†_2ã_2 commute each other, [Ñ_1, Ñ_2] = 0. The commutations between ã_i and Ñ_i are same as ones in commutative space. The eigenvalues of Ñ_i are n_i = 0, 1, 2, · · · . A general tilde state is ~|m, n⟩ ≡ (m!n!)^{−1/2}(ã^†_1)^m(ã^†_2)^n ~|0, 0⟩, where the vacuum state ~|0, 0⟩ in the tilde system is defined as ã_i ~|0, 0⟩ = 0, (i = 1, 2). It is the common eigenstate of Ñ_1 and Ñ_2: Ñ_1 ~|m, n⟩ = m ~|m, n⟩, Ñ_2 ~|m, n⟩ = n ~|m, n⟩, (m, n = 0, 1, 2, · · · ), and satisfies ~⟨m^′, n^′ ~|m, n⟩ = δ_m′_mδ_n′_n. The states { ~|m, n⟩} constitute an orthogonal normalized complete basis of the tilde Fock space. In the tilde Fock space all calculations are the same as the case in commutative space, thus the concept of identical particles is maintained and the formalism of the deformed bosonic symmetry which restricts the states under permutations of identical particles in multi - boson systems can be similarly developed.

3.2 The “commutative” phase space Starting from the “commutative” tilde annihilation-creation operators we introduce the “commutative” phase space variables as follows. The tilde annihilation-creation operators ã_i and ã^†_i (i = 1, 2) and the tilde phase space variables x̃_i and p̃_i should satisfy the following relations:

ã_i = √ μω_i 2h̄ ( x̃_i + i μω_i p̃_i ) , ã^†_i = √ μω_i 2h̄ ( x̃_i − i μω_i p̃_i ) , ω_i ≡ α_iω. (12) From Eqs. (9) and (12) it follows that x̃_i and p̃_i satisfy an algebra which is the same as the undeformed Heisenberg - Weyl algebra in commutative space:

[x̃_i, p̃_j] = ih̄δ_{ij} , [x̃_i, x̃_j] = 0, [p̃_i, p̃_j] = 0, (i, j = 1, 2). (13)

In view of Eqs. (13) the tilde phase space can be considered as “commutative” one. Calculations in the tilde phase space are the same as in the commutative phase space. Using Eqs. (3), (9) and (13) we obtain the following relations between two sets of deformed phase space variables (x̂_i, p̂_i) and (x̃_i, p̃_i)

x̂_1 = 1 √ 2 (α_1x̃_1 + α_2x̃_2) , x̂_2 = 1 √ 2μω (p̃_1 − p̃_2) ,

p̂_1 = 1 √ 2 (p̃_1 + p̃_2) , p̂_2 = − μω √ 2 (α_1x̃_1 − α_2x̃_2) . (14)

One point that should be emphasized is that the two sets variables (x̂_i, p̂_i) and (x̃_i, p̃_i) are both the deformed phase space variables of noncommutative space. It is worthy noting that the tilde phase space variables x̃_i are always combined with a factor α_i, i. e. they are always represented in the form α_1x̃_1 and α_2x̃_2, and all effects of spatial noncommutativity are included in the parameters α_i. Thus results in commutative phase space smoothly emerge from ones in noncommutative phase space when the limit of vanishing noncommutative parameters is undertaken, even for cases of noncommutative versions with expressions where noncommutative parameters appear in the denominator (see below).

Like the hat variables (x̂_i, p̂_i), the tilde variables (x̃_i, p̃_i) can be expanded by undeformed variables (x_i, p_i). From Eqs. (5) and (14) it follows that

x̃_1 = ξ √ 2α_1 [( x_1 − 1 μω p_2 ) − θ 2h̄ p_2 + η 2h̄μω x_1 ] , x̃_2 = ξ √ 2α_2 [( x_1 + 1 μω p_2 ) − θ 2h̄ p_2 − η 2h̄μω x_1 ] , p̃_1 = ξ √ 2 [ (p_1 + μωx_2) + η 2h̄ x_2 + θμω 2h̄ p_1 ] , p̃_2 = ξ √ 2 [ (p_1 − μωx_2) + η 2h̄ x_2 − θμω 2h̄ p_1 ] . (15)

Comparing Eqs. (14) and (15), it clearly shows that Eq. (14) represents the non-canonical changes between two sets of deformed variables (x̂_i, p̂_i) and (x̃_i, p̃_i), both in noncommutative space.

3.3 Spectra of Energy and Angular Momentum Using Eq. (14) the deformed C-S Hamiltonian (1) can be represented by x̃_i and p̃_i as Ĥ(x̂_i, p̂_i) = H̃(x̃_i, p̃_i), here

H̃(x̃_i, p̃_i) = ( 1 2μ p̃^2_1 + 1 2 μω^2α^2_1x̃^2_1 ) + ( 1 2μ p̃^2 + 1 2 μω^2α^2x̃^2 ) + + g 2μ · 1 ω [( 1 2μ p̃^2_1 + 1 2 μω^2α^2_1x̃^2_1 ) − ( 1 2μ p̃^2 + 1 2 μω^2α^2x̃^2 )] . (16)

H̃(x̃_i, p̃_i) decouples into two modes of harmonic oscillators with frequencies ωα_1 and ωα_2.

In Eq. (16) all effects of spatial noncommutativity are included in the parameters α_1 and α_2. Eigenvalues of H̃(x̃_i, p̃_i) can be directly read out from Eq. (16): Ẽ_{n1,n2} = h̄ω [ α_1(n_1 + 1 2 ) + α_2(n_2 + 1 2 ) ] + h̄g 2μ [ α_1(n_1 + 1 2 ) − α_2(n_2 + 1 2 ) ] (17)

Comparing with the results from the investigation at the undeformed level by using undeformed phase space variables x_i and p_i [22], calculations in the tilde system are simple. In the limit of vanishing θ the parameters α_i → 1 smoothly, Eq. (17) smoothly reduces to the spectrum in commutative space.

The C-S system (1) is rotationally symmetric, so the deformed angular momentum commutes with the Hamiltonian Ĥ in Eq. (1). In noncommutative space there are different ways to define the deformed angular momentum. Here we consider the following definition [22]:

Ĵ_z = 1 1 − ξ^4θη/h̄^2 [ ϵ_{ij}x̂_ip̂_j + ξ^2 2h̄ (ηx̂_ix̂_i + θp̂_ip̂_i) ] . (18)

This deformed angular momentum Ĵ_z transforms x̂_i and p̂_j as two dimensional vectors: [Ĵ_z, x̂_i] = iϵ_{ij}x̂_j , [Ĵ_z, p̂_i] = iϵ_{ij}p̂_j . Thus it is a generator of rotations at the deformed level.

Using Eq. (14) the deformed angular momentum Ĵ_z(x̂_i, p̂_i) can be reformulated by x̃_i and p̃_i as Ĵ_z(x̂_i, p̂_i) = J̃(x̃_i, p̃_i), here

J̃(x̃_i, p̃_i) = 1 α_1α_2ω [( 1 2μ p̃^2 + 1 2 μω^2α^2x̃^2 ) − ( 1 2μ p̃^2_1 + 1 2 μω^2α^2_1x̃^2_1 )] + + ξ^2θμ α_1α_2h̄ [( 1 2μ p̃^2_1 + 1 2 μω^2α^2_1x̃^2_1 ) + ( 1 2μ p̃^2 + 1 2 μω^2α^2x̃^2 )] (19)

The first two terms in Eqs. (16) and (19) are the dominate ones. The behavior of J̃(x̃_i, p̃_i) is different from H̃(x̃_i, p̃_i): the dominate contribution of H̃ comes from mode 1 plus mode 2, but the dominate contribution of J̃ comes from mode 2 minus mode 1. Eigenvalues of J̃(x̃_i, p̃_i) can be directly read out from Eq. (19): J̃_{n1,n2} = h̄ α_1α_2

(n_2 − n_1) + ξ^2θμω α_1α_2

(n_1 + n_2 + 1) (20)

In the limit of vanishing θ the parameters α_i → 1 smoothly. Though α_1 and α_2 appear in the denominator, Eqs. (19) and (20) smoothly reduces to the ones in commutative space.

The Hamiltonian and angular momentum of the C-S system can be also reformulated by the tilde annihilation-creation operators ã_i and ã^†_i . Using Eqs. (2) and (3), the Hamiltonian Ĥ(x̂, p̂) in Eq. (1) is first represented by the deformed annihilation-creation operators ã_i

and ã^†_i as Ĥ(x̂, p̂) = h̄ω [ (â^†_1â_1 + 1 2 ) + (â^†_2â_2 + 1 2 ) ] − i h̄g 2μ ( â^†_2â_1 − â^†_1â_2 + i 1 h̄ ξ^2θμω ) . (21)

Then using Eqs. (9) and (11), it can be further represented by ã_i and ã^†_i as Ĥ(x̂, p̂)= H̃(ã, ã†), where H̃(ã, ã^†) = H̃ = h̄ω [ α_1(ã^†_1ã_1 + 1 2 ) + α_2(ã^†_2ã_2 + 1 2 ) ] + h̄g 2μ [ α_1(ã^†_1ã_1 + 1 2 ) − α_2(ã^†_2ã_2 + 1 2 ) ] (22) Eigenvalues of H̃(ã, ã^†) can be directly read out from Eq. (22).

Similarly, the deformed angular momentum Ĵ_z can be represented by â_i and â^†_i as

Ĵ_z = 1

1 − ξ^4μ^2ω^2θ/h̄^2 { ih̄ ( â^†_2â_1 − â^†_1â_2 + i h̄ ξ^2θμω ) + ξ^2θμω [( â^†_1â_1 + 1 2 ) + ( â^†_2â_2 + 1 2 )]} . (23) Then it can be further represented by ã_i and ã^†_i as Ĵ_z(â_i, â^†_i ) = J̃(ã_i, ã^†_i ), here

J̃(ã_i, ã^†_i ) = h̄ α_1α_2 [ α_2 ( ã^†_2ã_2 + 1 2 ) − α_1 ( ã^†_1ã_1 + 1 2 )] + + ξ^2θμω α_1α_2 [ α_1 ( ã^†_1ã_1 + 1 2 ) + α_2 ( ã^†_2ã_2 + 1 2 )] . (24)

The eigenvalues of J̃(ã_i, ã^†_i ) can be directly read out from Eq. (24).

4 The General Cases We briefly express results for a general system. The general representations of the deformed annihilation-creation operators â_i and â^†_i fixed by the deformed Heisenberg - Weyl algebra are [22]:

â_i = √ 1 2h̄ √ η θ ( x̂_i + i √ θ η p̂_i ) , â^†_i = √ 1 2h̄ √ η θ ( x̂_i − i √ θ η p̂_i ) . (25)

In order to construct a Fock space we introduce the tilde annihilation and creation operators ã_i and ã^†_i through Eq. (9), then introduce the tilde phase space variables x̃_i and p̃_i as the follows:

ã_i = √ α_i 2h̄ √ η θ ( x̃_i + i α_i √ θ η p̃_i ) , ã^†_i = √ α_i 2h̄ √ η θ ( x̃_i − i α_i √ θ η p̃_i ) , (26)

where the parameters α_i read α_{1,2} = 1 ± ξ^2 √ θη/h̄. (27) Eq. (14) indicates that x̂_i and p̂_i can be expressed as functions of α_ix̃_i and p̃_i. From Eqs. (25), (9) and (26) it follows that Ĥ(x̂_i, p̂_i) can be represented as a function of α_ix̃_i and p̃_i:

Ĥ(x̂_i, p̂_i) = H̃(α_ix̃_i, p̃_i). (28)

Eq. (9) indicates that â_i and â^†_i can be expressed as functions of √ α_iã_i and √ α_iã^†_i .

Using Eqs. (3) and (9), Ĥ(x̂_i, p̂_i) can be represented as a function of √ α_iã_i and √ α_iã^†_i :

Ĥ(x̂_i, p̂_i) = H̃(√α_iã_i, √α_iã^†_i ). (29)

In H̃( √ α_iã_i, √ α_iã^†_i ) we combine √ α_iã_i’s and √ α_iã^†_i ’s into tilde number operators α_iÑ_i’s as possible. If H̃ only contains terms of α_iÑ_i’s, i. e. H̃ can be represented as H̃(α_iÑ_i), eigenvalues of H̃ can be directly read out. In general cases, besides terms of α_iÑ_i’s, there are some terms with surplus ã_i’s and/or ã^†_i ’s, such as ã_iÑ_j ’s and/or ã^†_i Ñ_j ’s. In these cases the states ~|m, n⟩ are not eigenstates of H̃( √ α_iã_i, √ α_iã^†_i ). Expectations of these terms in the states ~|m, n⟩ are zero, ~⟨m, n|ã_iÑ_j ~|m, n⟩ = ~⟨m, n|ã^†_i Ñ_j ~|m, n⟩ = 0, thus only terms of α_iÑ_i’s contribute to expectations of H̃( √ α_iã_i, √ α_iã^†_i ).

5 Concluding Remarks In the tilde phase space (x̃_i, p̃_i) and tilde Fock space (ã_i, ã^†_i ) all calculations are the same as the case in commutative space. All effects of spatial noncommutativity are included in the parameters α_i. The noncommutative-commutative correspondence is clearly showed: results in commutative space smoothly emerge from ones in noncommutative space when the commutative limit θ → 0 is undertaken. It is worth noting that even for cases of noncommutative versions with expressions where noncommutative parameters appear in the denominator, for example, J̃(n_1, n_2) in Eq. (20), the commutative limit keeps smooth, because in the limit of vanishing θ the parameters α_i → 1 smoothly.

It is noticed that in many field theoretical problems, however, the passage from the noncommutative space to its commutative limit has not appeared to be smooth [34–37] because of noncommutative versions with expressions where noncommutative parameters appear in the denominator. Such behavior refers to the UV/IR mixing that arises in loop calculations in interacting quantum field theories. Quantum mechanics does not have any ultraviolet divergence [38] and, therefore, one does not expect any difficulty in taking the limit of vanishing θ. It is noticed that there is a singularity of the coordinate transformation in Eq. (5).

The question is whether the limit for the vanishing noncommutative parameters can be smoothly undertaken. Eq. (5) shows that the determinant R of the transformation matrix R between (x̂_1, x̂_2, p̂_1, p̂_2) and (x_1, x_2, p_1, p_2) is R = ξ^4(1 − θη/4h̄^2)^2. When θη = 4h̄^2, the matrix R is singular. In this case the inverse of R does not exit. But this singular condition does not prevent that the vanishing limit for noncommutative parameters can be smoothly undertaken. The point is that the noncommutativity of momenta in Eq. (2) means the intrinsic one. All the experiments show that corrections of spatial noncommutativity, if any, are extremely small. Therefore, the parameter η, like the parameter θ, should be extremely small. But the singular condition gives η = 4h̄^2/θ. Thus an extremely small θ corresponds to an extremely large η. It would lead to that corrections from the noncommutativity of the momenta would be extremely large which contradicts all the experiments. The above singular condition is un-physical. For the realistic noncommutative quantum theory θη should be the order o(θ^2), o(η^2) and o(θη) which must be much less than 4h̄^2, thus there is no problem to take the vanishing limit for noncommutative parameters smoothly. In fact, the existing upper bounds of θ and η indicate that the singular condition cannot be met. The existing upper bounds of θ and η are, respectively, θ/(h̄c)^2 ≤ (10 T eV )^{−2} [39] and | √ η | ≤ 1μeV/c [40]. From these upper bounds it follows that θη = [θ/(h̄c)^2](ηc^2)h̄^2 ≪ 4h̄^2.

Therefore, in spite of the problems in quantum field theories because of loop effects, there is no problem in NCQM to have a smooth limit for the vanishing noncommutative parameters. This is guaranteed by the parameters α_i → 1 smoothly in the limit of vanishing θ.

Acknowledgments This work has been supported by the Natural Science Foundation of China under the grant number 10575037 and by the Shanghai Education Development Foundation.

References

[1] S. Deser, R. Jackiw and S. Templeton, Phys. Rev. Lett. 48 (1982) 975;

S. Deser, R. Jackiw and S. Templeton, Ann. Phys. 140 (1982) 372. [2] G. V. Dunne, R. Jackiw and C. A. Trugenberger, Phys. Rev. D41 (1990) 661. [3] G. V. Dunne and R. Jackiw, Nucl. Phys. Proc. Suppl. 33C (1993) 114 [arXiv:hep-th/9204057].

[4] A. Connes, M. R. Douglas, A. Schwarz, J. High Energy Phys. 9802 (1998) 003 [arXiv:hep-th/9711162].

[5] M. R. Douglas, C. M. Hull, J. High Energy Phys. 9802 (1998) 008 [arXiv:hep-th/9711165].

[6] F. Ardalan, H. Arfaei, M. M. Sheikh-Jabbari, J. High Energy Phys. 9902 (1999) 016 [arXiv:hep-th/9810072].

[7] S-C. Chu, P-M. Ho, Nucl. Phys. B550 (1999) 151 [arXiv:hep-th/9812219]. [8] S-C. Chu, P-M. Ho, Nucl. Phys. B568 (2000) 447 [arXiv:hep-th/9906192]. [9] V. Schomerus, J. High Energy Phys. 9906 (1999) 030 [arXiv:hep-th/9903205]. [10] N. Seiberg and E. Witten, J. High Energy Phys. 9909 (1999) 032 [arXiv:hep-th/9908142].

[11] Y.-G. Miao and, H.J.W. Muller-Kirsten, J. High Energy Phys. 0308 (2003) 038 [arXiv:hep-th/0306034].

[12] For example, see two review papers and references there in: M. R. Douglas and N. A.

Nekrasov, Rev. Mod. Phys. 73 (2001) 977 [arXiv:hep-th/0106048]; R. J. Szabo, Phys. Rept. 378 (2003) 207 [arXiv:hep-th/0109162].

[13] M. Chaichian, M. M. Sheikh-Jabbari and A. Tureanu, Phys. Rev. Lett. 86 (2001) 2716. [arXiv:hep-th/0010175].

[14] J. Gamboa, M. Loewe and J. C. Rojas, Phys. Rev. D64 (2001) 067901 [arXiv:hep-th/0010220].

[15] A. Hatzinikitas, I. Smyrnakis, J. Math. Phys. 43 (2002) 113 [arXiv:hep-th/0103074]. [16] A. Smailagic and E. Spallucci, Phys. Rev. D65 (2002) 107701 [arXiv:hep-th/0108216]. [17] P-M. Ho, H-C. Kao, Phys. Rev. Lett. 88 (2002) 151602 [arXiv:hep-th/0110191]. [18] V. P. Nair and A. P. Polychronakos, Phys. Lett. B505 (2001) 267 [arXiv:hep-th/2011172].

[19] B. Muthukumar and P. Mitra, Phys. Rev. D66 (2002) 027701 [arXiv:hep-th/0204149]. [20] S. Bellucci, Phys. Rev. D67 (2003) 105014 [arXiv:hep-th/0301227]. [21] K. Li and S. Dulat, Eur. Phy. J. C46 (2006) 825 [arXiv:hep-th/0508193];

K. Li and J.-H. Wang, Eur. Phys. J. C50 (2007) 1007 [arXiv:hep-th/0608100]; J.-H. Wang and K. Li, J. Phys. A40 (2007) 2197.

[22] Jian-Zu Zhang, Phys. Lett. B584 (2004) 204 [arXiv:hep-th/0405135]; Jian-Zu Zhang, Phys. Rev. Lett. 93 (2004) 043002 [arXiv:hep-ph/0405143]; Jian-Zu Zhang, Phys. Lett. B597 (2004) 362 [arXiv:hep-th/0407183]; Qi-Jun Yin and Jian-Zu Zhang, Phys. Lett. B 613 (2005) 91 [arXiv:hep-th/0505246]; Jian-Zu Zhang, Phys. Lett. B639 (2006) 403 [arXiv:hep-th/0612254; Jian-Zu Zhang, Phys. Rev. D74 (2006) 124005 [arXiv:hep-th/0612319; Jian-Zu Zhang, Int. J. Mod. Phys. A23 (2008) 1393.

[23] A.H. Chamseddine, J. Fröhlich, J. Math. Phys. 35 (1994) 5195 [arXiv:hep-th/9406013].

[24] S. Mukhi and N.V. Suryanarayana, J. High Energy Phys. 11 (2000) 006 [arXiv:hep-th/0009101].

[25] A.P. Polychronakos, J. High Energy Phys. 11 (2000) 008 [arXiv:hep-th/0010264]. [26] G.-H. Chen and Y.-S. Wu, Nucl. Phys. B593 (2001) 562 [arXiv:hep-th/0006114].

[27] N. Grandi and G. A. Silva, Phys. Lett. B507 (2001) 345[arXiv:hep-th/0010113]. [28] G. S. Lozano, E. F. Moreno and F. Schaposnik, J. High Energy Phys. 0102 (2001) 036 [arXiv:hep-th/0012266].

[29] L. Susskind, [arXiv:hepth/0101029].

[30] A. Khare, M. Paranjape, J. High Energy Phys. 04 (2001) 002 [arXiv:hep-th/0102016]. [31] D. Bak, S. K. Kim, K. S. Soh and J. H. Yee, Phys. Rev. D64 (2001) 025018 [arXiv:hep-th/0102137].

[32] C. Baxter, Phys. Rev. Lett. 74 (1995) 514. [33] Jian-Zu Zhang, Phys. Rev. Lett. 77 (1996) 44.

[34] S. Minwalla, M. Van Raamsdonk and N. Seiberg, J. High Energy Phys. 0002 (2000) 020 [arXiv:hep-th/9912072].

[35] A. Armoni, Nucl. Phys. B593 (2001) 229 [arXiv:hep-th/0005208]. [36] Dong Bak, Sung Ku Kim, Kwang-Sup Soh and Jae Hyung Yee, Phys. Rev. Lett. 85 (2000) 3087 [arXiv:hep-th/0005253].

[37] F. T. Brandt, A. Das and J. Frenkel, Phys. Rev. D65 (2002) 085017 [arXiv:hep-th/0112127].

[38] The only divergence that arises in some noncommutative quantum mechanical models comes from a phase transition where the density of states diverges and this may happen at a nontrivial value of θ. It should be point out that, the singular condition θη = 4h̄^2 of the coordinate transformation in Eq. (5) is un-physical, therefore, cannot be related to the phase transition.

[39] S. M. Carroll, J. A. Harvey, V. A. Kostelecky, C. D. Lane and T. Okamoto, Phys.

Rev. Lett. 87 (2001) 141601 [arXiv:hep-th/0105082 ] [40] O. Bertolami, J. G. Rosa, C. M. L. de Aragão, P. Castorina and D. Zappalà, Phys.

Rev. D72 (2005) 025010 [arXiv:hep-th/0505064].