arXiv:0907.5472v1 [hep-th] 31 Jul 2009

Vertex Operators and Scattering Amplitudes of the Bosonic Open String Theory in the Linear Dilaton Background

Chuan-Tsung Chan^∗ and Wei-Ming Chen^† Department of Physics, Tunghai University, Taiwan, 40704 (Dated: August 3, 2009) The operator formalism of the first quantized string theory is applied to the stringy excitations in the linear dilaton background. In particular, the normal-ordered vertex operators in the old-covariant spectrum of the bosonic open string, which correspond to the physical state solutions of the Virasoro constraints, are shown to satisfy the conformal algebra. Tree-level scattering amplitudes among different stringy states are computed using the coherent-state method and the modified inner product of the Hilbert space. Decoupling of the zero-norm states, i.e., the on-shell stringy Ward identities are shown to hold for all tree-level amplitudes under consideration.

PACS numbers:

∗Electronic address: ctchan@thu.edu.tw †Electronic address: tainist@gmail.com

I. INTRODUCTION

Our present understanding of the quantum theory of string often relies on two approximation schemes: in the low energy approximation (α^′E^2 → 0), we ignore the massive stringy excitations and work with supergravity degrees of freedom [1, 2, 3, 4], or we assume that the string coupling constants is small and expand all correlation functions in power series of g_s (genus expansion) [5, 6, 7]. The need of a non-perturbative formulation of string theory is further hampered by another practical issue: the background independence of the current formulation. Like the case in quantum field theory, we are always free to choose a particular classical background to approximate the physical situation of interest and only treat the quantum effect as small corrections. A ”good” choice of background implies a fast convergence of the perturbative expansion. But if we know how to sum up all perturbative series (if this is possible) for a given background, we would expect any choice of background should lead to the same answer. While this expectation can be partially realized in the context of string field theory, where one can prove the physical content are equivalent for two continuously connected backgrounds [8, 9, 10], one would still hope that there are more direct approaches to resolve this issue, in analogous to the formulation of the electroweak theory in the manifestly symmetric vacuum.

Since string theory naturally includes gravity and gauge theories, we can follow the past wisdom and look for any possible symmetry principle underlying the string theory [11, 12]. In the bottom-up approach, one would hope to extract such a symmetry principle based on the patterns in the scattering amplitudes. Nevertheless, at least within the present framework, any such attempt,must face the problem of background dependence mentioned above. For a given conformal invariant background, we need to solve for the spectrum of stringy excitations and calculate the scattering amplitudes separately. One can gather many useful information and interesting patterns from different backgrounds and various kinematic limits [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27]. However, if we wish to look for a symmetry principle underlying string theory, we should be able to relate these symmetry patterns and extract a universal property from these calculations. For this reason, it would be of interest to study a continuous family of conformal invariant backgrounds and examine the formulation of stringy spectrum and dynamics. Specifically, we would like to study the spectral flow of massive stringy excitations and the deformation of any string global symmetry. Bosonic open string theory in the linear dilaton background [28, 29] is one of the simplest examples that suits this purpose and we will make a detailed study of its quantum dynamics in this paper. Here the gradient of the dilaton field V^μ ≡ ∂^μΦ serves as the spectral parameters, (V^μ = 0 corresponds to the flat space-time) and we shall uncover some interesting phenomena as we turn up these moduli parameters.

There are other independent interests for studying the string theory in the linear dilaton background. For one thing, this is the simplest time-dependent background for stringy theory, and one hope to extract useful lesson from these studies for cosmology. There are also calculations based on functional integral approach where the curvature at world-sheet boundary leads to a modified energy-momentum conservation rule. In this paper, not only we extend the detailed calculations to the massive stringy excitations, but we also wish to provide a different perspective for illustrating this issue. For this reason, we adopt the operator formalism in the first quantized string theory. The explicit solutions of massive vertex operators and the relation to the covariant quantum spectrum hopefully will provide a detailed explanation of the concise derivation in the standard textbook [1, 30].

This paper is organized as follows: we first review the first quantized bosonic open string theory in the linear dilaton background in section II A. The Virasoro constraints and the covariant physical state solutions are discussed in section II B. In section III, based on the results, we write down the covariant vertex operators for each physical state, and show that the normal-ordered form of these vertex operators indeed satisfy the conformal algebra. With these explicit solutions of the vertex operators, we calculate various scattering amplitudes of bosonic open string excitations in the linear dilaton background. Finally, in section IV, we verify the stringy Ward identities by showing the decoupling of zero-norm states in the stringy scattering amplitudes under consideration.

II. FIRST QUANTIZATION OF BOSONIC OPEN STRING THEORY IN THE

LINEAR DILATON BACKGROUND

A. Polyakov action for the bosonic open string theory in the linear dilaton

background

Since our starting point is very similar to that of [29], we shall follow the notations in [29] closely. The Polyakov action for the bosonic open string theory in the linear dilaton background is given by S = 1 4πα^′ ∫ Σ d^2σ √ gg^{ab}∂_aX(σ) · ∂_bX(σ) + 1 4π ∫ Σ d^2σ √ gR(σ)V · X(σ) + 1 2π ∫ ∂Σ dsκ(ξ)V · X(ξ), (1) here R(σ) is Ricci scalar of the world-sheet Σ, κ(ξ) is the geodesic curvature along the boundary of the world-sheet ∂Σ, and V^μ ≡ ∂^μΦ is the gradient vector of the dilaton field Φ. From this we can extract the energy-momentum tensor, T_{zz} = − 1 α^′ : ∂X · ∂X : +V · ∂^2X. (2) The string coordinates in the oscillator representation are

X^μ(z, z̄) = x^μ − iα^′p^μ ln |z|^2 + i √ α^′ 2 m=∞∑ m=−∞,m≠0 α^μ_m m (z^{−m} + z̄^{−m}). (3)

The Virasoro generators of the conformal transformation is defined as the Fourier modes of the energy-momentum tensor T_{zz}, L_m ≡ ∮ dzz^{m+1}T_{zz} = 1 2 ∞∑ n=−∞ : α_{m−n}α_n : +i √ α^′ 2 (m + 1)V · α_m. (4)

Using the basic commutation relation among oscillators, [ α_m, α_n ] = mδ_{m+n}, one can check that the Virasoro generators satisfy the following algebra relation, [ L_m, L_n ] = ( m − n ) L_{m+n} +

D + 6α^′V^2 12 m ( m^2 − 1 ) δ_{m+n}. (5)

Notice that the central charge c ≡ D + 6α^′V^2 includes a term which is in proportion to V^2 ≡ V^μV_μ and conformal symmetry implies that we can have different space-time dimension D depending on the sign of V^2 (space-like V^2 > 0 ⇒ D < 26, time-like V^2 < 0 ⇒ D > 26).

Even though the effect of Liouville potential is ignored in this paper, we make an effort to maintain all the V^2 terms throughout our calculations. In our later calculations of the vertex operators and stringy scattering amplitudes, we find the following notations useful:

1. First of all, the world-sheet time τ is related to the complex variable z at the open string boundary as y = e^{iτ} and the derivative with respect to τ is denoted as a dot over operators.

2. All the operators in mathcal letters refer to bosonic open string operators in the linear dilaton background. Operators with capitalized Roman letters stand for bosonic open string operators in flat space-time. For instance: (1) the shifted string coordinates X^μ is defined as X^μ ≡ X^μ + iα^′V^μ, (2) the Virasoro generators are separated into two terms, L_m = L_m + i √_{α′} 2 (m + 1)V · α_m, (3) mathcal letters of vertex operators corresponds to bosonic open string physical state in the linear dilaton background and capital Roman fonts are reserved for flat space-time vertex operators.

B. Virasoro Constraints of physical states in the bosonic open string theory in the linear dilaton background

The physical spectrum of the bosonic open string theory in the linear dilaton background is defined similarly to that of flat space-time [31, 32]. In the oscillator representation, we solve all possible linear combinations of creation operators acting on a Fock vacuum, subject to the Virasoro constraints:

L_0|Φ(k)⟩ = |Φ(k)⟩, and L_n|Φ(k)⟩ = 0, n ⩾ 1. (6)

These constraints in general lead to the generalized on-shell condition for the center of mass momenta, and restrict the polarization tensors to be transverse and traceless. In the covariant spectrum, where physical states consist of linear combinations of oscillators with various polarization tensors, Virasoro constraints implies lower spin polarization tensors are given by the projections of higher spin polarization tensors. In this paper, we shall focus on the physical states up to the first massive level, and we shall use capital letter to represent the particles. For instance, the tachyon state (T) is defined as |T (k)⟩ ≡ |0, k⟩. (7)

The L_0 condition L_0|T (k)⟩ = (1 2 α^2_0 + i √ α^′ 2 V · α_0 ) |0, k⟩ = 0, (8) together with the eigenvalue condition for α^μ_0 , α^μ_0 |k, 0⟩ = √ 2α^′k^μ|k, 0⟩ leads to generalized on-shell condition

α^′k · (k + iV ) = 1. (9)

The L_1 and L_2 conditions are trivial for the tachyon state.

At massless level, we have a photon state (P) with polarization vector ζ(k), |P (ζ, k)⟩ ≡ ζ · α_{−1}|0, k⟩. (10) One can check that the L_0 condition, L_0|P (ζ, k)⟩ = ( α_{−1} · α_1 + i √ α^′ 2 V · α_0 ) ζ · α_{−1}|0, k⟩ = 0, (11) leads to

α^′k · (k + iV ) = 0. (12)

On the other hand, the L_1 condition L_1|P (ζ, k)⟩ = ( α_0 · α_1 + i √ 2α^′V · α_1 ) ζ · α_{−1}|0, k⟩ = 0, (13) gives the generalized transverse condition,

ζ · (k + iV ) = 0. (14)

The L_2 condition is trivial for the photon state.

At the first massive level (M), we have a tensor particle with spin-two, and it is written as |M(ϵ_{μν} , k)⟩ = ( ϵ_{μν} α^μ_{−1}α^ν_{−1} + ϵ_μα^μ_{−2} ) |0, k⟩. (15) The generalized on-shell condition, as derived from the L_0 condition L_0|M(ϵ_{μν} , k)⟩ = ( α_{−1} · α_1 + α_{−2} · α_2 + i √ α^′ 2 V · α_0 )( ϵ_{μν} α^μ_{−1}α^ν_{−1} + ϵ_μα^μ_{−2} ) |0, k⟩ = 0, (16) is α^′k · (k + iV ) = 1. (17)

The L_1 conditions L_1|M(ϵ_{μν} , k)⟩ = ( α_0 · α_1 + α_{−1} · α_2 + i √ 2α^′V · α_1 )( ϵ_{μν} α^μ_{−1}α^ν_{−1} + ϵ_μα^μ_{−2} ) |0, k⟩ = 0, (18)

implies the polarization vector, ϵ_μ, can be written as a projection of the spin-two polarization tensor ϵ_{μν} , √ 2α^′ϵ_{μν} (k^ν + iV^ν ) + ϵ_μ = 0. (19)

For this reason, we suppress the ϵ_μ dependence in the notation of M(ϵ_{μν} , k). Finally, the L_2 conditions, L_2|M(ϵ_{μν} , k)⟩ = 0, ( α_1 · α_1 + α_0 · α_2 + 3i √ α^′ 2 V · α_2 )( ϵ_{μν} α^μ_{−1}α^ν_{−1} + ϵ_μα^μ_{−2} ) |0, k⟩ = 0 (20)

gives ϵ_{μν} η^{μν} + √ 2α^′ϵ_μ ( 2k^μ + 3iV^μ ) = 0. (21)

Substituting ϵ_μ from Eq.(19) to Eq.(21), we get 2α^′ϵ_{μν} ( k^μ + iV^μ )( 2k^ν + 3iV^ν ) − ϵ_{μν} η^{μν} = 0. (22)

Note that all of these relations contain explicit dependence on the linear dilaton gradient V^μ, and one can verify that as V^μ goes to zero, we recover the previous results on physical spectrum for bosonic open string in flat space-time [32]. Consequently, it is natural to treat V^μ as moduli parameters and identify the solutions to the Virasoro constraints as a spectral flow. In addition to the interpretation of physical spectrum deformation (as a function of V^μ), it is also crucial to emphasize that the inner product in the one string Fock space in the linear dilaton background is also deformed. Here we follow the prescription in [29] and define the inner product for the center of mass degrees of freedom of any stringy excitation, ⟨k^′|k⟩ ≡ ( 2π )_D δ^{(D)} ( k^{′∗} − k − iV ) . (23)

In our later derivation of the vertex operators, we shall see that how the requirement of the conformal invariance, in the form of conformal algebra, Eq.(39), will naturally reproduce the physical state conditions, Eqs.(9), (12), (14), (17), (19), (21).

C. Zero-norm State Spectrum of the Bosonic Open String Theory in the Linear Dilaton Background

Having derived the Virasoro constraints of physical states in the bosonic open string theory, it is natural to look for explicit solutions to these algebraic relations and to identify a set of basis for physical states at a given mass level. Fortunately, for our present purpose, we do not need these explicit solutions for calculating stringy scattering amplitudes or proving stringy Ward identities. However, for the verifications of stringy Ward identities, we need the explicit form of zero-norm state polarization tensors up to the first massive level, which we discuss in the following:

At massless level, we have a type I singlet states |Φ⟩ ≡ L_{−1}|0, k⟩ = (k · α_{−1})|0, k⟩, (24) with α^′k ·(k +iV ) = 0. If we identify the momentum k as polarization ζ, then it is clear that the L_1 condition is the same as the L_0 condition. One can also check that the normalization of this state is zero, if we assume the modified inner product, ⟨Φ(k^′)|Φ(k)⟩ = ⟨0, k^′|(k^∗ · α_1)(k · α_{−1})|0, k⟩ = (k^{′∗} · k·)δ(k^{′∗} − k − iV ) = k · (k + iV ) = 0. (25) At the first massive level, we have two types of zero-norm states (ZNS):

• Type I vector ZNS

L_{−1}|χ⟩ ≡ L_{−1} ( ϵ_μα^μ_{−1} ) |0, k⟩, (26) where the ”seed state” |χ⟩ ≡ ϵ · α_{−1}|0, k⟩, satisfies the following conditions, L_0|χ⟩ = 0 ⇒ α^′k · ( k + iV ) = −1 (on-shell condition), (27) L_1|χ⟩ = 0 ⇒ ϵ · ( k + iV ) = 0 (transverse condition), (28)

and L_2|χ⟩ = 0 holds automatically. If we use the oscillator representation of Virasoro generator,

L_{−1} ∼ α_{−1}α_0 + α_{−2}α_1, we can read out the polarizations of the vector zero-norm states, L_{−1}|χ⟩ = ( ϵ_{μν} α^μ_{−1}α^ν_{−1} + ϵ_μα^μ_{−2} ) |0, k⟩, (29) where ϵ_{μν} = √ α^′ 2 ( ϵ_μk_ν + ϵ_ν k_μ ) . • Type II singlet ZNS

The type II ZNS at the first massive level can be calculated by the same formula as

that in the flat space-time. We have |φ(k)⟩ ≡ ( 2L_{−2} + 3L^2_{−1} ) |0, k⟩ = [ ϵ_{μν} α^μ_{−1}α^ν_{−1} + ϵ_μα^μ_{−2} ] |0, k⟩, (30) where ϵ_{μν} = 6α^′k_μk_ν + η_{μν} ,

and ϵ_μ = √ 2α^′ ( 5k_μ − iV_μ ) . One can check that the normalization of |φ⟩ is ⟨φ(k^′)|φ(k)⟩ = 2 [ ϵ_{μν} (k)ϵ^{∗μν} (k^′) + ϵ_μ(k)ϵ^{∗μ}(k^′) ] δ(k^{′∗} − k − iV )

= 4 18α^{′2} ( k · k^{′∗} )_2 + 3α^′k^2 + 3α^′ ( k^{′∗} )_2

+ 25α^′ ( k · k^{′∗} ) + 5iα^′ ( k − k^{′∗} ) V + D^2 2 + α^′V^2 δ(k^{′∗} − k − iV ).

Substitute the on-shell condition α^′k · ( k + iV ) = −1 and α^′k^∗ · ( k^∗ − iV ) = −1, one

can verify that |φ(k)⟩ is indeed a zero-norm state for all D and V^μ.

One should be careful that, in general, the choice of basis for the physical states depends

on the kinematic set up. We refer the reader to [33] for the explicit solutions of the physical

state spectrum of bosonic open string in the light-like linear dilaton background.

III. NORMAL-ORDERED COVARIANT VERTEX OPERATORS OF BOSONIC

OPEN STRING THEORY IN THE LINEAR DILATON BACKGROUND

A. State-operator Correspondence

Our main goal in this paper is to solve for the covariant vertex operators of bosonic open

string theory and use them to calculate stringy scattering amplitudes. To construct general vertex operators, it is useful to recall the correspondence between states and operators in conformal field theory. In the oscillator representation for the one string Fock space, we have

α^μ_m = √ 2 α^′ ∮ dz 2π z^{−m}∂^mX^μ(z) → √ 2 α^′ i (m − 1)!

∂^mX^μ(0) x^μ_0 → X^μ(0) .

From this correspondence, we have the following dictionary for bosonic open string states and the correspondence vertex operators:

tachyon (T) : |0, k⟩ ∼ : e^{ik·X} : photon (P) : ζ · α^{−1}|k, 0⟩ ∼ : ζ · ∂Xe^{ik·X} : first massive state (M) : ( ϵ_{μν} α^μ_{−1}α^ν_{−1} + ϵ_μα^μ_{−2} ) |k, 0⟩ ∼ : [ ϵ_{μν} (∂X^μ)(∂X^ν ) + ϵ_μ∂^2X^μ ] e^{ik·X} : . Note that the partial derivative ∂ denote the differentiation with respect to complex worldsheet variable in the upper half plane ∂ ≡^∂_{∂z} . In the strip diagram for open string worldsheet, we need to make a change of variable z = e^{iτ} to facilitate operator calculations (this also leads to some factors of i in the expression, see Eq.(44)).

B. Normal-ordering of the Covariant Vertex Operators

In the following, we first derive the descending formulae [30] among nontrivial-ordered operators. The key equations are Eqs.(35) and (37). First of all, we define the modedecomposition of the string coordinates:

X^μ ≡ X^μ_+ + X^μ_0 + X^μ_−,

where

annihilation part of X^μ ⇒ X^μ_+ ≡ √ 2α^′ ∞∑ n=1 i n α_ne^{−inτ} = √ 2α^′ ∞∑ n=1 i n α_ny^{−n}, (31)

zero mode part of X^μ ⇒ X^μ_0 ≡ x^μ + 2α^′p^μτ, (32) creation part of X^μ ⇒ X^μ_− ≡ − √ 2α^′ ∞∑ n=1 i n α_{−n}e^{inτ} = − √ 2α^′ ∞∑ n=1 i n α_ny^n.(33)

Some of the useful commutators are collected in Appendix A.

The vertex operator for tachyon (T) in flat space-time is defined as V_T ≡: e^{ik·X} :≡ exp ( ik · X_− ) exp ( ik · X_0 ) exp ( ik · X_+ ) . (34)

The vertex operator for photon (P) in flat space-time is defined as

V_P ≡ : ζ · Ẋ √ 2α^′ V_T : = ζ √ 2α^′ · (˙ X_−V_T + Ẋ_0V_T + V_T Ẋ_+ ) + ζ_μ √ 2α^′ [˙ X^μ_+, V_T ]

= ζ √ 2α^′ · V_{P1} − √ α^′ 2 (ζ · k)V_T (35)

Here we define

V^μ_{P1} ≡ Ẋ^μ_−V_T + Ẋ^μ_0 V_T + V_T Ẋ^μ_+ (36)

and V_{P1} = V_P if the polarization vector satisfies flat space-time L_1 condition ζ · k = 0. We

shall refer to Eq.(35) as the first descend formula.

The vertex operator for spin two tensor in flat space-time is defined as

V_M ≡ : ϵ_{μν} 2α^′ Ẋ^μẊ^ν V_T − iϵ√ 2α^′ · ẌV_T :

= ϵ_{μν} 2α^′ Ẋ^μ_−Ẋ ν_−V_T + Ẋ^μ_−Ẋ ν_0 V_T + Ẋ^μ_0 Ẋ ν_−V_T

+ Ẋ^μ_0 Ẋ^ν_0 V_T + Ẋ^μ_0 V_T Ẋ^ν_+ + Ẋ^ν_0 V_T Ẋ^μ_+

+ X^μ_−V_T Ẋ^ν_+ + Ẋ^ν_−V_T Ẋ^μ_+ + V_T Ẋ^μ_+Ẋ^ν_+ − iϵ √ 2α^′ · (¨ X_−V_T + V_T Ẍ_+ )

+ ϵ_{μν} 2α^′ [˙ X^μ_+Ẋ^ν_+, V_T ] + [˙ X^μ_+, (˙ X^ν_0 + Ẋ^ν_− ) V_T ] + (˙ X^ν_0 + Ẋ^ν_− )[˙ X^ν_+, V_T ] − iϵ √ 2α^′ [¨ X^ν_+, V_T ] . The contribution from the commutator terms can be calculated using the formulae in Ap-

pendix A. The results are [˙ X^μ_+Ẋ^ν_+, V_T ] = −α^′k^μV_T X^ν_+ − α^′k^ν V_T X^μ_+ + α^′k^μk^ν V_T , [˙ X^μ_+, (˙ X^ν_0 + Ẋ^ν_− ) V_T ] = −α^′k^μ (˙ X^ν_0 + Ẋ^ν_− ) V_T − α^′ 6 η^{μν} V_T (˙ X^ν_0 + Ẋ^ν_− )[˙ X^ν_+, V_T ] = −α^′k^ν (˙ X^μ_0 + Ẋ^μ_− ) V_T After simplify the commutator terms, we get the second descending formula for the normal-

ordered vertex operator

V_M = V_{M1} − ϵ_{μν} k^μV^ν_{P1} + (α′ 2 ϵ_{μν} k^μk^ν − 1 12 ϵ_{μν} g^{μν} + √ 2α^′k · ϵ 12 ) V_T . (37)

Here

V_{M1} (ϵ_{μν} , ϵ_μ) ≡ ϵ_{μν} 2α^′ Ẋ^μ_−Ẋ ν_−V_T + Ẋ^μ_−Ẋ ν_0 V_T + Ẋ^μ_0 Ẋ ν_−V_T + Ẋ^μ_0 Ẋ^ν_0 V_T + Ẋ^μ_0 V_T Ẋ^ν_+ + Ẋ^ν_0 V_T Ẋ^μ_+ + X^μ_−V_T Ẋ^ν_+ + Ẋ^ν_−V_T Ẋ^μ_+ + V_T Ẋ^μ_+Ẋ^ν_+ − iϵ √ 2α^′ · (¨ X_−V_T + V_T Ẍ_+ ) .(38)

and V_{P1} is defined in Eq.(36). Notice that the coefficient in front of V_T in Eq.(37) vanishes if we assume L_1 and L_2 conditions for spin-two particles in flat space-time. However, V_M and V_{M1} are not the same operator in general covariant gauges. This is a new feature for all massive vertex operators and one should use V_M instead V_{M1} in the operator formalism of string theory calculations.

C. Conformal Algebra of the Normal-ordered Covariant Vertex Operators

In the calculations of scattering amplitudes (correlation functions) in any conformal field theory, the use of vertex operators ensures that the final results are conformal invariant. For string theory, in particular, we use integrated vertex operators to allow for all possible particle emissions (or injections) V_{string} ≡ ∫ dτV_{string}(τ). Here to compensate for the conformal transformation of the integration measure dτ → dτ^′ (_{dτ} dτ^′ ) , we need to impose the condition that the unintegrated vertex operator V_{string}(τ) to transform like V_{string}(τ) → (_{dτ ′} dτ ) V_{string}(τ). Consequently, we require all unintegrated vertex operators to carry conformal weight J = 1. More precisely, if we check the action of conformal transformation induced by energy-momentum tensor on any unintegrated vertex operator, we must have the following algebraic relation, [ L_m, V_{string}(τ) ] = e^{imτ} ( − i d dτ + mJ ) V_{string}(τ). (39) In the following, we show that the solutions of unintegrated vertex operators to the conformal algebra, Eq.(39) must satisfy the Virasoro constraints. Our calculations is a straightforward generalization of the textbook [1] method. However, there are two new ingredients which deserve careful examinations:

(1) Due to the linear dilaton background, we need to consider the shift of the string coordinates X^μ → X^μ .

(2) For the massive string excitations, the procedure of normal-ordering introduces some new patterns of cancelation, which to our best knowledge, has not been studied in literature. Hence, we believe that it is instructive to present the detailed derivations of the covariant vertex operators.

The general strategy is to expand any normal-ordered vertex operators into a linear combination of normal-ordered vertex operators with lower spins, and we can calculate the conformal algebra recursively. One will see how this process works in the following explicit examples.

1. Tachyon

The vertex operator for tachyon in the linear dilaton background is V_T (τ) ≡ : e^{ik·X (τ )} := e^{−α′k·V τ} V_T (τ). (40) Since −i d dτ V_T = e^{−α′k·V τ} [ iα^′ ( k · V ) V_T − i d dτ V_T ] , and [ L_m, V_T ] = [ L_m, V_T ] + i √ α^′ 2 (m + 1)V^μ [ α^μ_m, V_T ]

= e^{imτ} { − i d dτ V_T + [ α^′mk^2 + iα^′(m + 1)k · V ] V_T } . One can check that V_T (τ) satisfies the conformal algebra, [ L_m, V_T ] = e^{−α′k·V τ} [ L_m, V_T ] = e^{−α′k·V τ +imτ} { − i d dτ V_T + [ α^′mk^2 + iα^′(m + 1)k · V ] V_T }

= e^{−α′k·V τ +imτ} { − ie^{−α′(k·V )τ} ( d dτ V_T ) − iα^′k · V V_T + [ α^′mk^2 + iα^′(m + 1)k · V ] V_T }

= e^{imτ} { − i ( d dτ V_T ) + [ m(α^′k^2 + iα^′k · V ) ] V_T } . (41)

Now, if we require that the V_T carry conformal dimension J = 1, or equivalently, [ L_m, V_T ] = e^{imτ} ( − i d dτ + mJ ) V_T . We see that this naturally give rise to the L_0 condition for tachyon, α^′k · (k + iV ) = 1.

2. Photon

The vertex operator for photon (P) in the linear dilaton background is

V_P (ζ; τ) ≡ : ζ · Ẋ √ 2α^′ e^{ik·X} : = Λ ζ_μ √ 2α^′ : ( Ẋ^μ + iα^′V^μ ) e^{ik·X} : = Λ ζ_μ √ 2α^′ V^μ_{P1} − √ α^′ 2 ζ · (k − iV )V_T . (42) Here we define Λ ≡ e^{−α′k·V τ} and we have used the descending formula, Eq.(42), in the last

line of Eq.(42). Here we have used the results of normal-ordered photon vertex operator and

defined V^μ_{P1} and V_T in Eqs.(36), (40) separately.

To check the conformal algebra, we separate the commutator of Virasoro generators L_m

and photon vertex operator V_P can be separated into two terms: [ L_m, V_P (ξ, τ) ] = Λ ζ_μ √ 2α^′ [ L_m, V^μ_{P1} ] − √ α^′ 2 ζ · (k − iV ) [ L_m, V_T ] , (43)

where [ L_m, V^μ_{P1} ] = e^{imτ} [ − i d dτ + m(α^′k^2 + 1) + iα^′(m + 1)k · V ] V^μ_{P1} +e^{imτ} m^2(k^μ + iV^μ)V_T − α^′e^{imτ} m(k^μ − iV^μ)V_T . Now we have the first term in Eq.(43) as Λ ζ_μ √ 2α^′ [ L_m, V^μ_{P1} ] = e^{imτ} [ − i d dτ + m(α^′k^2 + iα^′k · V + 1) ]( Λ ζ_μ √ 2α^′ V^μ_{P1} )

+e^{imτ} m^2 √ α^′ 2 ζ · (k + iV )V_T − e^{imτ} m √ α^′ 2 ζ · (k − iV )V_T , The second term in Eq.(43) can be derived from Eq.(41), − √ α^′ 2 ζ · ( k − iV )[ L_m, V_T ]

= e^{imτ} [ − i d dτ + m(α^′k^2 + iα^′k · V + 1) ][ − √ α^′ 2 ζ · ( k − iV ) V_T ] + e^{imτ} m √ α^′ 2 ζ · (k − iV )V_T . Combining these two terms, we find cancelation for m^1 term and [ L_m, V_P ] = e^{imτ} [ − i d dτ + m(α^′k^2 + iα^′k · V + 1) ] V_P + e^{imτ} m^2 √ α^′ 2 ζ · ( k + iV ) V_T .

From this result, it is clear that if we require V_P to have conformal dimension J = 1, [ L_m, V_T ] = e^{imτ} ( − i^d_{dτ} + mJ ) V_T ., we naturally derive

α^′k · (k + iV ) = 0, (L_0 condition)

and α^′ζ · (k + iV ) = 0, (L_1 condition)

as on-shell and transverse conditions for the photon state.

3. Spin-two Tensor

The vertex operator for spin-two tensor (M) is

V_M (ϵ_{μν} , ϵ_μ) ≡ : ( ϵ_{μν} 2α^′ Ẋ^μẊ^ν − iϵ^μ√ 2α^′ Ẍ^μ ) V_T :

= Λ : [ ϵ_{μν} 2α^′ ( Ẋ + iα^′V )_μ( Ẋ + iα^′V )_ν − iϵ_μ √ 2α^′ Ẍ^μ ] V_T : (44)

Expand the normal-ordered form, we get

V_M (ϵ_{μν} , ϵ_μ) = ΛV_M (ϵ_{μν} , ϵ_μ) + iϵ_{μν} V^μV^ν_P + ΩV_T , (45)

where Ω ≡ α^′ϵ_{μν} 2 V^μV^ν + α^′ϵ_{μν} 2 k^μk^ν − ϵ_{μν} η^{μν} 12 + √ 2α^′ 12 ϵ · k. (46) We shall calculate the commutator of the Virasoro generate L_m and V_M (ϵ_{μν} , ϵ_μ) in four steps: [ L_m, V_M (ϵ_{μν} , ϵ_μ) ] = [ L_m, ΛV_M (ϵ_{μν} , ϵ_μ) ] (I) + [ L_m, iϵ_{μν} V_ν V^μ_P ] (II) + [ L_m, ΩV_T ] (III)

(47)

Step 1: Calculation of (I) in Eq.(47) [ L_m, ΛV_M (ϵ_{μν} , ϵ_μ) ] = [ L_m, ΛV_M ]

(I-1) + [ i √ α^′ 2 (m + 1)V · α_m, ΛV_M ]

(I-2)

(48)

Here the first term, (I-1), of (I) is [ L_m, ΛV_M ] = Λe^{imτ} [ − i d dτ + m(α^′k^2 + 2) ] V_M

+Λe^{imτ} m^3 (ϵ_{μν} ημν 6 + √ 2α^′ 3 ϵ · k ) V_T

+m^2 ( ϵ_{μν} k^μ + ϵ_μ √ 2α^′ ) V^μ_{P1} − ( α^′ϵ_{μν} k^μk^ν + √ α^′ 2 ϵ · k ) V_T +m ( α^′ϵ_{μν} k^μk^ν + √ 2α^′ 6 ϵ · k − ϵ_{μν} η^{μν} 6 ) V_T

,

and the second term (I-2) of (I) is i √ α^′ 2 (m + 1)V_μ [ α^μ_m, ΛV_M ]

= i √ α^′ 2 (m + 1)e^{imτ} √ 2α^′k · V ΛV_M + e^{imτ} Λ(m + 1) m^2 ( i √ α^′ 2 ϵ · V V_T )

+m iϵ^{μν} V^μV^{νP1} − iα^′ϵ_{μν} k^μV^ν V_T

= e^{imτ} [( − i d dτ Λ ) V_M + iα^′(k · V )ΛV_M ] + e^{imτ} Λ(m + 1) m^2 ( i √ α^′ 2 ϵ · V V_T )

+m iϵ^{μν} V^μV^{νP1} − iα^′ϵ_{μν} k^μV^ν V_T Adding (I-1) and (I-2), we get [ L_m, ΛV_M (ϵ_{μν} , ϵ_μ) ] = e^{imτ} [ − i d dτ + m ( α^′k^2 + iα^′k · V + 2 )]( ΛV_M )

+e^{imτ} Λ m^3 (ϵ_{μν} ημν 6 + √ 2α^′ 3 ϵ · k + i √ α^′ 2 ϵ · V ) V_T

+m^2

( ϵ_{μν} k^ν + iϵ_{μν} V^ν + ϵ_μ √ 2α^′ ) V^μ_{P1}

− α^′ϵ_{μν} k^μk^ν + √ α^′ 2 ϵ · k +iα^′ϵ_{μν} k^μV^ν − i √ α^′ 2 ϵ · V V^T

+m iϵ_{μν} V^ν V^μ_{P1} + α^′ϵ_{μν} k^μk^ν − iα^′ϵ_{μν} k^μV^ν + √ 2α^′ 6 ϵ · k − ϵ_{μν} η^{μν} 6 VT

. (49)

Step 2: Calculation of (II) in Eq.(47) We can apply the result for the vertex operator of photon, Eq.(42), to calculation (II) by identifying the polarization vector^{ζμ√}_{2α′} in Eq.(42) as iϵ_{μν} V^ν . Consequently, [ L_m, iϵ_{μν} V_ν V^μ_P ] = e^{imτ} [ − i d dτ + m ( α^′k^2 + iα^′k + 1 )]( iϵ_{μν} V^ν V^μ_P ) +e^{imτ} m^2α^′ϵ_{μν} V^ν (k + iV )^μV_T = e^{imτ} [ − i d dτ + m ( α^′k^2 + iα^′k + 2 )]( iϵ_{μν} V^ν V^μ_P )

+e^{imτ} Λ m^2 α^′ϵ_{μν} V^ν (k + iV )^μV_T +m − ϵ^{μν} V^ν V μ P_1 + iα^′ϵ_{μν} V^ν (k − iV )^μV_T (50)

Here in the last equality, we adjust the conformal dimension from α^′k^2 + iα^′k · V + 1 to α^′k^2 + iα^′k · V + 2, and we use the expanded form for V^μ_P of iϵ_{μν} V^ν V^μ_P from Eq.(??).

Step 3: Calculation of (III) in Eq.(47) We can apply the result for the vertex operator of the tachyon, Eq.(41), to calculation (III) Consequently, [ L_m, ΩV_T ] = e^{imτ} [ − i d dτ + m ( α^′k^2 + iα^′k )]( ΩV_T )

= e^{imτ} [ − i d dτ + m ( α^′k^2 + iα^′k + 2 )]( ΩV_T ) − e^{imτ} m(2Ω)V_T . (51)

Here, in the last equality, we adjust the conformal dimension from α^′k^2 + iα^′k · V to α^′k^2 + iα^′k · V + 2, and we make up the difference with an extra term.

Step 4: Summing up all contribution Having calculated each contribution to the commutator [L_m, V_M ] in the previous three steps, we can add up all contributions, [ L_m, V_M (ϵ_{μν} , ϵ_μ) ] = (I) + (II) + (III) = (A) + (B).

Here (A) is the answer we expect and it comes from the sum of all first items in (I), (II) and (III), i.e. Eqs.(49),(50) and (51). (A) = e^{imτ} [ − i d dτ + m ( α^′k^2 + iα^′k + 2 )] V_M . (B) comes from the remaining items in (I), (II) and (III) of (49),(50) and (51), and we collect all these terms according to the power of m and the type of lower spin vertex operators (V^μ_{P1} , V_T ):

(1) For the m^3 term in (B), we have only one contribution from (I) (Eq.(49)) ( ϵ_{μν} ημν 6 + √ 2α^′ 3 ϵ · k from (I-1) + i √ α^′ 2 ϵ · V ) V_T from (I-2) This is precisely the L_2 condition for the spin-two state, Eq.(21).

(2) For the m^2 term in (B), we have

[ ϵ_{μν} (k + iV )^ν + ϵ_μ √ 2α^′ from (I)

] V^μ_{P1} + −α^′ϵ_{μν} k^μ(k + iV )^ν − √ α^′ 2 ϵ · k from (I) +iα^′ϵ_{μν} V^μ(k + iV )^ν from (II) + i √ α^′ 2 ϵ · V from (I)

V_T .

Notice the coefficient associated with V^μ_{P1} operator are precisely the L_1 condition for the spin-two state, Eq.(19) and the two sets of coefficients associated with V_T are simply projection of the L_1 condition along k^μ and iV^μ respectively.

(3) For the m^1 term in (B), we have

( iϵ_{μν} V^ν from (I) −iϵ_{μν} V^ν from (II) ) V^μ_{P1} + α^′ϵ_{μν} k^μk^ν + √ 2α^′ 6 ϵ · k − ϵ_{μν} η^{μν} 6 from (I) −iα^′ϵ_{μν} k^μV^ν from (I) +iα^′ϵ_{μν} k^μV^ν from (II) +α^′ϵ_{μν} V^μV^ν from (II) −2Ω from (III)

V_T

It is clear that while the coefficients od V^μ_{P1} vanishes identically, the coefficient of V_T is also zero, duo to the definite of Ω, Eq.(46). Having shown that the total contribution from (B) terms gives null result, we thus verify the normalordered covariant vertex operator V_M (ϵ_{μν} , ϵ_μ), as defined in Eq.(44), satisfies the conformal algebra [ L_m, V_M (ϵ_{μν} , ϵ_μ) ] = e^{imτ} ( − i d dτ + m ) V_M , (52)

provide the polarization tensor (ϵ_{μν} , ϵ_μ) satisfies the physical state condition Eqs.(19) and (21).

We emphasize that even though the vertex operators in the linear dilaton background, written in terms of the shifted string coordinates X ≡ X + iα^′V τ, Eqs.(40), (42), (44), are apparently of the same form as those in flat space-time. The calculations we have presented are not trivial at all. This is because the energy momentum tensor T(z), Eq.(2), is not of the same form as that in flat space-time. Equivalently, one can not redefine the Virasoro generators L_m in Eq.(4) by a shift in al_0 to make them as the same form in flat space-time.

IV. STRING SCATTERING AMPLITUDE OF THE BOSONIC OPEN STRING THEORY IN THE LINEAR DILATON BACKGROUND

In this section, we present the calculations of three-point and four-point stringy scattering amplitudes. Our method follows that of [1], and we collect some of useful formulae in Appendix B. Notice that we have suppressed the delta functions associated with generalized energy-momentum conservation in all amplitudes.

A. Three-point Functions

1. Computation of the amplitude P(ζ, k_1)-T(k_2)-T(k_3)

A_{P T T} = ⟨0, k_1|ζ^∗ · α_1V_T (k_2, 1)|0, k_3⟩ = ⟨0, k_1| [ ζ^∗ · α_1, V_T (k_2, 1) ] |0, k_3⟩ = √ 2α^′ζ^∗ · k_2 (53)

2. Computation of the amplitude P(ζ_1, k_1)-T(k_2)-P(ζ_3, k_3)

A_{P T P} = ⟨0, k_1|ζ^∗_1 · α_1V_T (k_2, 1)ζ_3 · α_{−1}|0, k_3⟩

= ⟨0, k_1| [[ ζ^∗_1 · α_1, V_T (k_2, 1) ] , ζ_3 · α_{−1} ] |0, k_3⟩ + ⟨0, k_1|V_T (k_2, 1)ζ^∗_1 · α_1ζ_3 · α_{−1}|0, k_3⟩ = −2α^′ζ^∗_1 · k_2ζ_3 · k_2 + ζ^∗_1 · ζ_3. (54)

3. Computation of the amplitude P(ζ_1, k_1)-P(ζ_2, k_2)-T(k_3)

A_{P P T} = ⟨0, k_1|ζ^∗_1 · α_1V_P (k_2, 1)|0, k_3⟩

= ⟨0, k_1|ζ^∗_1 · α_1 [ ζ_2 √ 2α^′ · (˙ X_0 − 2α^′k_2 ) V_T (k_2, 1) + ζ_2 · α_{−1}V_T (k_2, 1) ] |0, k_3⟩ = √ 2α^′ζ_2 · k_3⟨0, k_1| [ ζ^∗_1 · α_1, V_T (k_2, 1) ] |0, k_3⟩ + ⟨0, k_1| [ ζ^∗_1 · α_1, ζ_2 · α_{−1} ] V_T (k_2, 1)|0, k_3⟩

= 2α^′ζ^∗_1 · k_2ζ_2 · k_3 + ζ^∗_1 · ζ_2. (55)

4. Computation of the amplitude P(ζ_1, k_1)-P(ζ_2, k_2)-P(ζ_3, k_3)

A_{P P P} = ⟨0, k_1|ζ^∗_1 · α_1V_P (k_2, 1)ζ_3 · α_{−1}|0, k_3⟩

= ⟨0, k_1|ζ^∗_1 · α_1

ζ_2√ 2α^′ · (˙ X_0 − 2α^′k_2 ) V_T (k_2, 1)

+ ζ_2 · α_{−1}V_T (k_2, 1) + V_T (k_2, 1)ζ_2 · α_1 ζ_3 · α_{−1}|0, k_3⟩

= √ 2α^′ζ_2 · k_3⟨0, k_1| [[ ζ^∗_1 · α_1, V_T (k_2, 1) ] , ζ_3 · α_{−1} ] |0, k_3⟩ + √ 2α^′ζ_2 · k_3⟨0, k_1|V_T (k_2, 1) [ ζ^∗_1 · α_1, ζ_3 · α_{−1} ] |0, k_3⟩ +⟨0, k_1| [ ζ^∗_1 · α_1, ζ_2 · α_{−1} ][ V_T (k_2, 1), ζ_3 · α_{−1} ] |0, k_3⟩ +⟨0, k_1| [ ζ_3 · α_1, V_T (k_2, 1) ][ ζ_2 · α_1, ζ_3 · α_{−1} ] |0, k_3⟩ = −(2α^′)^{32} ζ^∗_1 · k_2ζ_2 · k_3ζ_3 · k_2 + √ 2α^′ζ^∗_1 · ζ_3ζ_2 · k_3 − √ 2α^′ζ^∗_1 · ζ_2ζ_3 · k_2 + √ 2α^′ζ_2 · ζ_3ζ^∗_1 · k_2. (56)

5. Computation of the amplitude P(ζ, k_1)-M(ϵ_{μν} , k_2)-T(k_3)

A_{P MT} = ⟨0, k_1|ζ^∗ · α_1V_M (k_2, 1)|0, k_3⟩

= ⟨0, k_1|ζ^∗ · α_1Λ_2V_{M1} (k_2, 1)|0, k_3⟩ A^{(1)}_{P MT} −⟨0, k_1|ζ^∗ · α_1Λ_2ϵ_{μν} ( k^ν_2 − iV^ν ) V^μ_{P1} (k_2, 1)|0, k_3⟩ A^{(2)}_{P MT} −⟨0, k_1|ζ^∗ · α_1 ( iα^′ϵ_{μν} k^μ_2 V^ν + α^′ϵ_{μν} V^μV^ν − Ω ) V_T (k_2, 1)|0, k_3⟩ A^{(3)}_{P MT}

A^{(1)}_{P MT} = ⟨0, k_1|ζ^∗ · α_1 [ ϵ_{μν} (2α^μ_{−1}α^ν_0 + α^μ_0 α^ν_0 ) + ϵ · α_{−1} ] V_T (k_2, 1)|0, k_3⟩ = 2 √ 2α^′ϵ_{μν} ζ^{∗μ}(k^ν_2 + k^ν_3 ) + (2α^′)^{32} ζ^∗ · k_2ϵ_{μν} (k^μ_2 + k^μ_3 )(k^ν_2 + k^ν_3 ) + ϵ · ζ^∗

A^{(2)}_{P MT} = −⟨0, k_1|ζ^∗ · α_1 √ 2α^′ϵ_{μν} ( k^ν_2 − iV^ν ) (α^μ_{−1} + α^μ_0 )V_T (k_2, 1)|0, k_3⟩ = − √ 2α^′ϵ_{μν} ζ^{∗μ} ( k^ν_2 − iV^ν ) − (2α^′)^{32} ζ^∗ · k_2ϵ_{μν} ( k^ν_2 − iV^ν ) (k^μ_2 + k^μ_3 )

A^{(3)}_{P MT} = − √ 2α^′ζ^∗ · k_2 ( iα^′ϵ_{μν} k^μ_2 V^ν + α^′ϵ_{μν} V^μV^ν − Ω )

A_{P MT} = A^{(1)}_{P MT} + A^{(2)}_{P MT} + A^{(3)}_{P MT} = √ 2α^′ϵ_{μν} ζ^{∗μ}(k^ν_2 + 2k^ν_3 + iV^ν ) + ϵ · ζ^∗ + √ 2α^′ζ^∗ · k_2 [ 2α^′ϵ_{μν} (k^μ_2 + k^μ_3 + iV^μ)k^ν_3 +α^′ϵ_{μν} (ik^μ_2 V^ν − V^μV^ν ) + Ω

=0 by L1 and L2 conditions ]

= √ 2α^′ϵ_{μν} ζ^{∗μ}(k^{∗ν}_1 + k^ν_3 ) + (2α^′)^{32} ζ^∗ · k_2ϵ_{μν} k^{∗μ}_1 k^ν_3 + ϵ · ζ^∗. (57)

6. Computation of the amplitude P(ζ_1, k_1)-M(ϵ_{μν} , k_2)-P(ζ_3, k_3)

A_{P MP} = ⟨0, k_1|ζ^∗_1 · α_1V_M (k_2, 1)ζ_3 · α_{−1}|0, k_3⟩

= ⟨0, k_1|ζ^∗_1 · α_1Λ_2V_{M1} (k_2, 1)ζ_3 · α_{−1}|0, k_3⟩ A^{(1)}_{P MP} −⟨0, k_1|ζ^∗_1 · α_1Λ_2ϵ_{μν} ( k^ν_2 − iV^ν ) V^μ_{P1} (k_2, 1)ζ_3 · α_{−1}|0, k_3⟩ A^{(2)}_{P MP} −⟨0, k_1|ζ^∗_1 · α_1 ( iα^′ϵ_{μν} k^μ_2 V^ν + α^′ϵ_{μν} V^μV^ν − Ω ) V_T (k_2, 1)ζ_3 · α_{−1}|0, k_3⟩ A^{(3)}_{P MP}

A^{(1)}_{P MP} = ⟨0, k_1|ζ^∗_1 · α_1

(2ϵ^{μν} α^{ν0} + ϵ^μ)α μ −1V_T (k_2, 1) + ϵ_{μν} α^μ_0 α^ν_0 V_T (k_2, 1)

+ (2ϵ_{μν} α^ν_0 − ϵ_μ)V_T (k_2, 1)α^μ_1 + 2α^μ_{−1}V_T (k_2, 1)α^ν_1 ζ_3 · α_{−1}|0, k_3⟩

= − √ 2α^′ζ_3 · k_2 [ 2 √ 2α^′ϵ_{μν} (k^μ_2 + k^μ_3 )ζ^{∗ν}_1 + ϵ · ζ^∗_1 ]

+(2α^′ζ^∗_1 · k_2ζ_3 · k_2 − ζ^∗_1 · ζ_3) [ − 2α^′ϵ_{μν} (k^μ_2 + k^μ_3 )(k^ν_2 + k^ν_3 ) ]

+ √ 2α^′ζ^∗_1 · k_2 [ 2 √ 2α^′ϵ_{μν} (k^μ_2 + k^μ_3 )ζ^ν_3 − ϵ · ζ_3 ] + 2ϵ_{μν} ζ^{∗μ}_1 ζ^ν_3

A^{(2)}_{P MP} = −⟨0, k_1|ζ^∗_1 · α_1ϵ_{μν} ( k^ν_2 − iV^ν )[ (α^μ_0 + α^μ_{−1})V_T (k_2, 1) + V_T (k_2, 1)α^μ_1 ] ζ_3 · α_{−1}|0, k_3⟩ = √ 2α^′ζ_3 · k_2 [√ 2α^′ϵ_{μν} ( k^ν_2 − iV^ν ) ζ^∗_1 ] + (2α^′ζ^∗_1 · k_2ζ_3 · k_2

−ζ^∗_1 · ζ_3) [ 2α^′ϵ_{μν} ( k^ν_2 − iV^ν ) (k^μ_2 + k^μ_3 ) ]

− √ 2α^′ζ^∗_1 · k_2 [√ 2α^′ϵ_{μν} ( k^ν_2 − iV^ν ) ζ^μ_3 ] A^{(3)}_{P MP} = (2α^′ζ^∗_1 · k_2ζ_3 · k_2 − ζ^∗_1 · ζ_3) ( iα^′ϵ_{μν} k^μ_2 V^ν + α^′ϵ_{μν} V^μV^ν − Ω )

A_{P MP} = A^{(1)}_{P MP} + A^{(2)}_{P MP} + A^{(3)}_{P MP} = [ − 2α^′ϵ_{μν} (k^μ_2 + k^μ_3 + iV^μ)k^ν_3 −α^′ϵ_{μν} (ik^μ_2 V^ν − V^μV^ν ) − Ω

=0 by L1 and L2 conditions ] (2α^′ζ^∗_1 · k_2ζ_3 · k_2 − ζ^∗_1 · ζ_3)

+( √ 2α^′ζ^∗_1 · k_2) [√ 2α^′ϵ_{μν} ζ^μ_3 (k^ν_2 + 2k^ν_3 + iV^ν ) − ϵ · ζ_3 ]

−( √ 2α^′ζ_3 · k_2) [√ 2α^′ϵ_{μν} ζ^{∗μ}_1 (k^ν_2 + 2k^ν_3 + iV^ν ) + ϵ · ζ^∗_1 ] + 2ϵ_{μν} ζ^{∗μ}_1 ζ^ν_3

= −2α^′ϵ_{μν} k^{∗μ}_1 k^ν_3 (2α^′ζ^∗_1 · k_2ζ_3 · k_2 − ζ^∗_1 · ζ_3) +( √ 2α^′ζ^∗_1 · k_2) [√ 2α^′ϵ_{μν} ζ^μ_3 (k^{∗ν}_1 + k^ν_3 ) − ϵ · ζ_3 ]

−( √ 2α^′ζ_3 · k_2) [√ 2α^′ϵ_{μν} ζ^{∗μ}_1 (k^{∗ν}_1 + k^ν_3 ) + ϵ · ζ^∗_1 ] + 2ϵ_{μν} ζ^{∗μ}_1 ζ^ν_3 . (58)

7. Computation of the amplitude P(ζ, k_1)-M(ϵ^{(2)}_{μν} , k_2)-M(ϵ^{(3)}_{μν} , k_3)

A_{P MM} = ⟨0, k_1|ζ^∗ · α_1V_M (k_2, 1) ( ϵ^{(3)}_{μν} α^μ_{−1}α^ν_{−1} + ϵ^{(3)} · α_{−2} ) |0, k_3⟩ = ⟨0, k_1|ζ^∗ · α_1 [ Λ_2V_{M1} (k_2, 1) ]( ϵ^{(3)}_{μν} α^μ_{−1}α^ν_{−1} + ϵ^{(3)} · α_{−2} ) |0, k_3⟩ A^{(1)}_{P MM} −⟨0, k_1|ζ^∗ · α_1 [ Λ_2ϵ^{(2)}_{μν} ( k^ν_2 − iV^ν ) V^μ_{P1} (k_2, 1) ]( ϵ^{(3)}_{μν} α^μ_{−1}α^ν_{−1} + ϵ^{(3)} · α_{−2} ) |0, k_3⟩ A^{(2)}_{P MM} −⟨0, k_1|ζ^∗ · α_1 [( iα^′ϵ^{(2)}_{μν} k^μ_2 V^ν + α^′ϵ^{(2)}_{μν} V^μV^ν − Ω ) V_T (k_2, 1) ]( ϵ^{(3)}_{μν} α^μ_{−1}α^ν_{−1} + ϵ^{(3)} · α_{−2} ) |0, k_3⟩ A^{(3)}_{P MM}

To simplify the calculation, we first define

M ≡ ⟨0, k_1|ζ^∗ · α_1V_T (k_2, 1) ( ϵ^{(3)}_{μν} α^μ_{−1}α^ν_{−1} + ϵ^{(3)} · α_{−2} ) |0, k_3⟩ = ⟨0, k_1| [[ ζ^∗ · α_1, V_T (k_2, 1) ] , ( ϵ^{(3)}_{μν} α^μ_{−1}α^ν_{−1} + ϵ^{(3)} · α_{−2} )] |0, k_3⟩ +⟨0, k_1| [ V_T (k_2, 1), [ ζ^∗ · α_1, ϵ^{(3)}_{μν} α^μ_{−1}α^ν_{−1} ]] |0, k_3⟩ = √ 2α^′ζ^∗_1 · k_2 ( 2α^′ϵ^{(3)}_{μν} k_2μk^ν_2 − √ 2α^′ϵ^{(3)} · k_2 ) − 2 √ 2α^′ϵ^{(3)}_{μν} ζ^{∗μ}_1 k^ν_2 = √ 2α^′ζ^∗_1 · k_2M_1 − 2 √ 2α^′ϵ^{(3)}_{μν} ζ^{∗μ}_1 k^ν_2 . (59)

where

M_1 ≡ 2α^′ϵ^{(3)}_{μν} k^μ_2 k^ν_2 − √ 2α^′ϵ^{(3)} · k_2 (60)

A^{(1)}_{P MM} = ⟨0, k_1|ζ^∗ · α_1 [ ϵ^{(2)}_{μν} (α^μ_0 α^ν_0 + 2α^μ_0 α^ν_{−1})V_T (k_2, 1) ]( ϵ^{(3)}_{μν} α^μ_{−1}α^ν_{−1} + ϵ^{(3)} · α_{−2} ) |0, k_3⟩ A^{(1−1)} P MM +⟨0, k_1|ζ^∗ · α_1 [ 2ϵ^{(2)}_{μν} (α^μ_0 + α^μ_{−1})V_T (k_2, 1)(α^ν_1 + α^ν_2 ) ]( ϵ^{(3)}_{μν} α^μ_{−1}α^ν_{−1} + ϵ^{(3)} · α_{−2} ) |0, k_3⟩ A^{(1−2)} P MM +⟨0, k_1|ζ^∗ · α_1 [ V_T (k_2, 1)α^μ_1 α^ν_1 ]( ϵ^{(3)}_{μν} α^μ_{−1}α^ν_{−1} ) |0, k_3⟩ ]

A^{(1−3)} P MM +⟨0, k_1|ζ^∗ · α_1 [ ϵ^{(2)} · α_{−1}V_T (k_2, 1) ]( ϵ^{(3)}_{μν} α^μ_{−1}α^ν_{−1} + ϵ^{(3)} · α_{−2} ) |0, k_3⟩ A^{(1−4)} P MM −⟨0, k_1|ζ^∗ · α_1 [ V_T (k_2, 1)ϵ^{(2)} · (α_1 + α_2) ]( ϵ^{(3)}_{μν} α^μ_{−1}α^ν_{−1} + ϵ^{(3)} · α_{−2} ) |0, k_3⟩ A^{(1−5)} P MM A^{(1−1)}_{P MM} = 2α^′ϵ^{(2)}_{μν} (k^μ_2 + k^μ_3 )(k^ν_2 + k^ν_3 )M + 2 √ 2α^′ϵ^{(2)}_{μν} ζ^{∗μ}(k^ν_2 + k^ν_3 )M_1

A^{(1−2)}_{P MM} = 2 √ 2α^′ϵ^{(2)}_{μν} (k^ν_2 + k^ν_3 ) [ − √ 2α^′ζ^∗ · k_2 ( 2 √ 2α^′ϵ^{(3)μ}_σ k^σ_2 − 2ϵ^{(3)μ} ) + 2ϵ^{(3)μ}_σ ζ^{∗σ} ] −4 √ 2α^′ϵ^{(2)}_{μν} ζ^{∗μ}ϵ^{(3)ν}_σ k^σ_2 + 4ϵ^{(2)}_{μν} ϵ^{(3)μ}ζ^{∗ν}

A^{(1−3)}_{P MM} = 2 √ 2α^′ζ^∗ · k_2ϵ^{(2)}_{μν} ϵ^{(3)μν}

A^{(1−4)}_{P MM} = ϵ^{(2)} · ζ^∗M_1

A^{(1−5)}_{P MM} = ( √ 2α^′ζ^∗ · k_2) ( 2 √ 2α^′ϵ^{(2)μ}ϵ^{(3)}_{μν} k^ν_2 − 4ϵ^{(2)} · ϵ^{(3)} ) − 2ϵ^{(2)μ}ϵ^{(3)}_{μν} ζ^{∗ν}

A^{(2)}_{P MM} = −⟨0, k_1|ζ^∗ · α_1 [√ 2α^′ϵ^{(2)}_{μν} ( k^ν_2 − iV^ν ) (α^μ_0 + α^μ_1 )V_T (k_2, 1) ]( ϵ^{(3)}_{μν} α^μ_{−1}α^ν_{−1} + ϵ^{(3)} · α_{−2} ) |0, k_3⟩ A^{(2−1)} P MM −⟨0, k_1|ζ^∗ · α_1 [√ 2α^′ϵ^{(2)}_{μν} ( k^ν_2 − iV^ν ) V_T (k_2, 1)(α^μ_1 + α^μ_2 ) ]( ϵ^{(3)}_{μν} α^μ_{−1}α^ν_{−1} + ϵ^{(3)} · α_{−2} ) |0, k_3⟩ A^{(2−2)} P MM A^{(2−1)}_{P MM} = −2α^′ϵ^{(2)}_{μν} ( k^ν_2 − iV^ν ) (k^μ_2 + k^μ_3 )M − √ 2α^′ϵ^{(2)}_{μν} ( k^ν − iV^ν ) ζ^{∗μ}M_1

A^{(2−2)}_{P MM} = √ 2α^′ϵ^{(2)}_{μν} ( k^ν_2 − iV^ν )[√ 2α^′ζ^∗ · k_2 ( 2 √ 2α^′ϵ^{(3)μ}_σ k^σ_2 − 2ϵ^{(3)μ} ) − ϵ^{(3)μ}_σ ζ^{∗σ} ] A^{(3)}_{P MM} = ( − iα^′ϵ^{(2)}_{μν} k^μ_2 V^ν − α^′ϵ^{(2)}_{μν} V^μV^ν + Ω ) M

A_{P MP} = A^{(1)}_{P MM} + A^{(2)}_{P MM} + A^{(3)}_{P MM}

= 2α^′ϵ^{(2)}μν k^μ_3 (k^ν_2 + k^ν_3 ) + 2α^′iϵ^{(2)}μν V^μk^ν_3

+ iα^′ϵ^{(2)}_{μν} V^μk^ν_2 − α^′ϵ^{(2)}_{μν} V^μV^ν + Ω

=0 by L1 and L2 conditions M

+ [ 2 √ 2α^′ϵ^{(2)}_{μν} ζ^{∗μ}k^ν_3 + ϵ^{(2)} · ζ^∗ + √ 2α^′ϵ^{(2)}_{μν} (k^μ_2 + iV^μ)ζ^{∗ν}

=0 by L1 condition ] M_1

−4 √ 2α^′ϵ^{(2)}_{μν} ζ^{∗μ}ϵ^{(3)ν}_σ k^σ_2 + 4ϵ^{(2)}_{μν} ϵ^{(3)μ}ζ^{∗ν} − 2ϵ^{(2)μ}ϵ^{(3)}_{μν} ζ^{∗ν} +( √ 2α^′ζ^∗ · k_2) ( 2 √ 2α^′ϵ^{(2)μ}ϵ^{(3)}_{μν} k^ν_2 − 4ϵ^{(2)} · ϵ^{(3)} + 2ϵ^{(2)}_{μν} ϵ^{(3)μν} )

+ 2 √ 2α^′ϵ^{(2)}μν k^ν_3 + √ 2α^′ϵ^{(2)}_{μν} ( k^ν_2 + iV^ν ) =−ϵ^{(2)}_μ by L_1 condition [ − √ 2α^′ζ^∗ · k_2 ( 2 √ 2α^′ϵ^{(3)μ}_σ k^σ_2 − 2ϵ^{(3)μ} ) + 2ϵ^{(3)μ}_σ ζ^{∗σ} ]

= √ 2α^′ζ^∗ · k_2 ( 2α^′ϵ^{(3)}_{ρσ} k^ρ_2 k^σ_2 − √ 2α^′ϵ^{(3)} · k_2 )( 2α^′ϵ^{(2)}_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ^{(2)} · k_3 ) −2 √ 2α^′ϵ^{(3)}_{ρσ} ζ^{∗ρ}k^σ_2 ( 2α^′ϵ^{(2)}_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ^{(2)} · k_3 ) +2 √ 2α^′ϵ^{(2)}_{μν} ζ^{∗μ}k^ν_3 ( 2α^′ϵ^{(3)}_{ρσ} k^ρ_2 k^σ_2 − √ 2α^′ϵ^{(3)} · k_2 ) +4 √ 2α^′ϵ^{(2)}_{μν} ϵ^{(3)ν}_σ k^μ_3 ζ^{∗σ} − 4 √ 2α^′ϵ^{(2)}_{μν} ϵ^{(3)ν}_σ k^σ_2 ζ^{∗μ} + √ 2α^′ζ^∗ · k_2 − 8α^′ϵ (2) μν ϵ^{(3)νσ} k^μ_3 k_{2σ} + 2ϵ^{(2)}μν ϵ^{(3)μν} + 4 √ 2α^′ϵ^{(3)}ρσ ϵ^{(2)ρ}k^σ_2 + 4 √ 2α^′ϵ^{(2)}ρσ ϵ^{(3)ρ}k^σ_3 − 6ϵ^{(2)} · ϵ^{(3)}

+4ϵ^{(2)}_{μν} ζ^{∗μ}ϵ^{(3)ν} − 4ϵ^{(3)}_{μν} ζ^{∗μ}ϵ^{(2)ν} . (61)

B. Four-point Functions

In order to express the four-point stringy scattering amplitudes in terms of kinematic

invariants, we define the Mandelstam variables in the linear dilaton background, s = − ( k_1 + k_2 ) · ( k_1 + k_2 + iV ) , t = − ( k_2 + k_3 ) · ( k_2 + k_3 + iV ) , (62)

s + t + u = 4∑ i=1 m^2_i .

1. Computation of the amplitude T(k_4)-T(k_3)-T(k_2)-P(ζ, k_1)

In this process, the amplitude is given by A_{T T T P} = ∫_1 0 dy y ⟨0, k_4|V_T (k_3, 1)V_T (k_2, y)ζ · α_{−1}|0, k_1⟩

From Eq.(B2) in Appendix B, we obtain A_{T T T P} = ∫_1 0 dy y P = − ∫_1 0 dy y √ 2α^′ [ ζ · k_2y^{−α′s−1}(1 − y)^{−α′t−2} + ζ · k_3y^{−α′s}(1 − y)^{−α′t−2} ]

= Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s − 1) [ (α^′t + α^′s + 2)( √ 2α^′ζ · k_2) + (α^′s + 1)( √ 2α^′ζ · k_3) ] . (63)

2. Computation of the amplitude T(k_4)-T(k_3)-P(ζ_2, k_2)-P(ζ_1, k_1)

In this process, the amplitude is given by A_{T T P P} = ∫_1 0 dy y ⟨0, k_4|V_T (k_3, 1)V_P (k_2, y)ζ · α_{−1}|0, k_1⟩

where

⟨0, k_4|V_T (k_3, 1)V_P (k_2, y)ζ · α_{−1}|0, k_1⟩

= ⟨0, k_4|V_T (k_3, 1) ζ_2 √ 2α^′ · Ẋ_−(y)V_T (k_2, y) + ( ζ_2 √ 2α^′ · Ẋ_0(y) − √ 2α^′ζ_2 · k_2 ) V_T (k_2, y)

+ V_T (k_2, y)^{ζ2√}_{2α′} · α_1y^{−1} ζ_1 · α_{−1}|0, k_1⟩

= − √ 2α^′ζ_2 · k_3y(1 − y)^{−1}P + √ 2α^′ζ_2 · k_1P + ζ_1 · ζ_2y^{−1}A_4. = (ζ_1 · ζ_2 − 2α^′ζ_1 · k_2ζ_2 · k_1) y^{−α′s−1} (1 − y)^{−α′t−1} +(2α^′ζ_1 · k_2ζ_2 · k_3) y^{−α′s} (1 − y)^{−α′t−2} +(2α^′ζ_1 · k_3ζ_2 · k_1) y^{−α′s} (1 − y)^{−α′t−1} +(2α^′ζ_1 · k_3ζ_2 · k_3) y^{−α′s+1} (1 − y)^{−α′t−2}. A_{T T P P}

= Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s)

(α^′t + 1)(α^′t + α^′s + 1)(ζ_1 · ζ_2− 2α^′ζ_1 · k_2ζ_2 · k_1) −(α^′t + 1)(α^′s + 1) (2α^′ζ_1 · k_3ζ_2 · k_1) +(α^′t + α^′s + 1)(α^′s + 1) (2α^′ζ_1 · k_2ζ_2 · k_3) +(α^′s + 1)(α^′s) (2α^′ζ_1 · k_3ζ_2 · k_3)

.(64)

3. Computation of the amplitude T(k_4)-P(ζ_3, k_3)-P(ζ_2, k_2)-P(ζ_1, k_1)

In this process, the amplitude is given by A_{T P P P} = ∫_1 0 dy y ⟨0, k_4|V_P (k_3, 1)V_P (k_2, y)ζ · α_{−1}|0, k_1⟩,

where

⟨0, k_4|V_P (k_3, 1)V_P (k_2, y)ζ · α_{−1}|0, k_1⟩

= ⟨0, k_4|Λ_3 ζ_3 √ 2α^′ · V_{P1} (k_3, 1)Λ_2 ζ_2 √ 2α^′ · V_{P1} (k_2, y)ζ_1 · α_{−1}|0, k_1⟩ I^{(1)}_{T P P P} − √ 2α^′ζ_2 · k_2⟨0, k_4|Λ_3 ζ_3 √ 2α^′ · V_{P1} (k_3, 1)V_T (k_2, y)ζ_1 · α_{−1}|0, k_1⟩ I^{(2)}_{T P P P} − √ 2α^′ζ_3 · k_3⟨0, k_4|V_T (k_3, 1)Λ_2 ζ_2 √ 2α^′ · V_{P1} (k_2, y)ζ_1 · α_{−1}|0, k_1⟩ I^{(3)}_{T P P P} +2α^′ζ_2 · k_2ζ_3 · k_3⟨0, k_4|V_T (k_3, 1)V_T (k_2, y)ζ_1 · α_{−1}|0, k_1⟩ I^{(4)}_{T P P P} .

I^{(1)}_{T P P P} = ⟨0, k_4| ζ_3 √ 2α^′ · [ Ẋ_0(1)V_T (k_3, 1) + V_T (k_3, 1)Ẋ_+(1) ]

ζ_2 √ 2α^′ · Ẋ_−(y)V_T (k_2, y) + Ẋ_0(y)V_T (k_2, y)

+ V_T (k_2, y)( √ 2α^′α_1y^{−1}) ζ_1 · α_{−1}|0, k_1⟩

= I^{(1−1)}_{T P P P} + I^{(1−2)}_{T P P P} + I^{(1−3)}_{T P P P} + I^{(1−4)}_{T P P P} + I^{(1−5)}_{T P P P}

I^{(1−1)}_{T P P P} ≡ ⟨0, k_4| ζ_3 √ 2α^′ · Ẋ_0(1)V_T (k_3, 1) ζ_2 √ 2α^′ · Ẋ_0(y)V_T (k_2, y)ζ_1 · α_{−1}|0, k_1⟩

= 2α^′ζ_2 · (k_1 + k_2)ζ_3 · (k_1 + k_2 + k_3)P.

I^{(1−2)}_{T P P P} ≡ ⟨0, k_4| ζ_3 √ 2α^′ · Ẋ_0(1)V_T (k_3, 1) ζ_2 √ 2α^′ · Ẋ_−(y)V_T (k_2, y)ζ_1 · α_{−1}|0, k_1⟩

= −2α^′ζ_2 · k_3ζ_3 · (k_1 + k_2 + k_3)y(1 − y)^{−1}P.

I^{(1−3)}_{T P P P} ≡ ⟨0, k_4|V_T (k_3, 1) ζ_3 √ 2α^′ · Ẋ_+(1) ζ_2 √ 2α^′ · Ẋ_0(y)V_T (k_2, y)ζ_1 · α_{−1}|0, k_1⟩

= 2α^′ζ_2 · (k_1 + k_2)ζ_3 · k_2y(1 − y)^{−1}P + √ 2α^′ζ_2 · (k_1 + k_2)ζ_1 · ζ_3A_4.

I^{(1−4)}_{T P P P} ≡ ⟨0, k_4|V_T (k_3, 1) ζ_3 √ 2α^′ · Ẋ_+(1) ζ_2 √ 2α^′ · Ẋ_−(y)V_T (k_2, y)ζ_1 · α_{−1}|0, k_1⟩

= ζ_2 · ζ_3y(1 − y)^{−2}P − 2α^′ζ_2 · k_3ζ_3 · k_2y^2(1 − y)^{−2}P − √ 2α^′ζ_1 · ζ_3ζ_2 · k_3y(1 − y)^{−1}A_4

I^{(1−5)}_{T P P P} ≡ ⟨0, k_4| ζ_3 √ 2α^′ · Ẋ_0(1)V_T (k_3, 1)V_T (k_2, y)ζ_2 · α_1y^{−1}ζ_1 · α_{−1}|0, k_1⟩ = √ 2α^′ζ_1 · ζ_2ζ_3 · (k_1 + k_2 + k_3)(1 − y)^{−1}A_4.

I^{(2)}_{T P P P} = −ζ_2 · k_2⟨0, k_4| [ ζ_3 · Ẋ_0(1)V_T (k_3, 1) + V_T (k_3, 1)ζ_3 · Ẋ_+(1) ] V_T (k_2, y)ζ_1 · α_{−1}|0, k_1⟩

= −2α^′ζ_2 · k_2ζ_3 · (k_1 + k_2 + k_3)P − 2α^′ζ_2 · k_2ζ_3 · k_2y(1 − y)^{−1}P − √ 2α^′ζ_1 · ζ_3ζ_2 · k_2A_4.

I^{(3)}_{T P P P} = −ζ_3 · k_3⟨0, k_4|V_T (k_3, 1) ζ^2 · Ẋ_−(y)V_T (k_2, y) + ζ_2 · Ẋ_0(y)V_T (k_2, y)

+ V_T (k_2, y)ζ_2 · α_1y^{−1} ζ_1 · α_{−1}|0, k_1⟩ = −2α^′ζ_2 · (k_1 + k_2)ζ_3 · k_3P + 2α^′ζ_2 · k_3ζ_3 · k_3y(1 − y)^{−1}P − √ 2α^′ζ_1 · ζ_2ζ_3 · k_3y^{−1}A_4.

I^{(4)}_{T P P P} = 2α^′ζ_2 · k_2ζ_3 · k_3P.

Finally, we have

I^{(1)}_{T P P P} + I^{(2)}_{T P P P} + I^{(3)}_{T P P P} + I^{(4)}_{T P P P}

= (ζ_1 · ζ_2 − 2α^′ζ_1 · k_2ζ_2 · k_1)( √ 2α^′ζ_3 · k_1)y^{−α′s−1}(1 − y)^{−α′t} +(ζ_1 · ζ_3 − 2α^′ζ_1 · k_3ζ_3 · k_1)( √ 2α^′ζ_2 · k_1)y^{−α′s}(1 − y)^{−α′t} +(ζ_1 · ζ_2 − 2α^′ζ_1 · k_2ζ_2 · k_1)( √ 2α^′ζ_3 · k_2)y^{−α′s−1}(1 − y)^{−α′t−1} +(2α^′)^{32} (ζ_1 · k_2ζ_2 · k_3ζ_3 · k_1 − ζ_1 · k_3ζ_2 · k_2ζ_3 · k_3)y^{−α′s}(1 − y)^{−α′t−1}

−(ζ_1 · ζ_3 − 2α^′ζ_1 · k_3ζ_3 · k_1)( √ 2α^′ζ_2 · k_3)y^{−α′s+1}(1 − y)^{−α′t−1} −(ζ_2 · ζ_3 − 2α^′ζ_2 · k_3ζ_3 · k_2)( √ 2α^′ζ_1 · k_2)y^{−α′s}(1 − y)^{−α′t−2} −(ζ_2 · ζ_3 − 2α^′ζ_2 · k_3ζ_3 · k_2)( √ 2α^′ζ_1 · k_3)y^{−α′s+1}(1 − y)^{−α′t−2}

A_{T P P P} = Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s + 1)

× (65)

×

(α^′t + α^′s)

(α^′t + 1)(α^′t) [ (2α^′)^32 ζ_1 · k_2ζ_2 · k_1ζ_3 · k_1 − √ 2α^′ζ_3 · k_1ζ_1 · ζ_2 ] +(α^′t + 1)(α^′s + 1) [ − (2α^′)^32 ζ_1 · k_2ζ_2 · k_3ζ_3 · k_1 + (2α^′)^32 ζ_1 · k_3ζ_2 · k_1ζ_3 · k_2 ] +(α^′s + 1)(α^′s) [ − (2α^′)^32 ζ_1 · k_3ζ_2 · k_3ζ_3 · k_2 + √ 2α^′ζ_1 · k_3ζ_2 · ζ_3 )]

+(α^′t + 1)(α^′s + 1) (α^′t) [ (2α^′)^32 ζ_1 · k_3ζ_2 · k_1ζ_3 · k_1 − √ 2α^′ζ_2 · k_1ζ_1 · ζ_3 ] +(α^′s) [ −(2α^′)^32 ζ_1 · k_3ζ_2 · k_3ζ_3 · k_1 + √ 2α^′ζ_2 · k_3ζ_1 · ζ_3 ]

+(α^′t + α^′s + 1)(α^′t + α^′s)

(α^′t + 1) [ (2α^′)^32 ζ_1 · k_2ζ_2 · k_1ζ_3 · k_2 − √ 2α^′ζ_3 · k_2ζ_1 · ζ_2 ] +(α^′s + 1) [ − (2α^′)^32 ζ_1 · k_2ζ_2 · k_3ζ_3 · k_2 + √ 2α^′ζ_1 · k_2ζ_2 · ζ_3 ]

.

4. Computation of the amplitude T(k_4)-T(k_3)-M(ϵ_{μν} , k_2)-P(ζ, k_1)

In this process, the amplitude is given by A_{T T MP} = ∫_1 0 dy y ⟨0, k_4|V_T (k_3, 1)V_M (k_2, y)ζ · α_{−1}|0, k_1⟩,

where

⟨0, k_4|V_T (k_3, 1)V_M (k_2, y)ζ · α_{−1}|0, k_1⟩

= ⟨0, k_4|V_T (k_3, 1)Λ_2V_{M1} (k_2, y)ζ · α_{−1}|0, k_1⟩ I^{(1)}_{T T MP} −⟨0, k_4|V_T (k_3, 1)Λ_2ϵ_{μν} ( k^ν_2 − iV^ν ) V^μ_{P1} (k_2, y)ζ · α_{−1}|0, k_1⟩ I^{(2)}_{T T MP} −⟨0, k_4|V_T (k_3, 1) ( iα^′ϵ_{μν} k^μ_2 V^ν + α^′ϵ_{μν} V^μV^ν − Ω ) V_T (k_2, y)ζ · α_{−1}|0, k_1⟩ I^{(3)}_{T T MP} .

I^{(1)}_{T T MP}

= ⟨0, k_4|V_T (k_3, 1) ϵ_{μν} 2α^′ Ẋ^μ_−(y)Ẋ ν_−(y)V_T (k_2, y) +˙2X^μ_−(y)Ẋ ν_0 (y)V_T (k_2, y)

+X^μ_0 (y)Ẋ^ν_0 (y)V_T (k_2, y) +2Ẋ^μ_−(y)V_T (k_2, y)Ẋ^ν_+(y)

+2Ẋ^μ_0 (y)V_T (k_2, y)Ẋ^ν_+(y) − iϵ √ 2α^′ · Ẍ_−(y)V_T (k_2, y) − V_T (k_2, y)ϵ · α_1y^{−1} ζ · α_{−1}|0, k_1⟩

= 2α^′ϵ_{μν} k^μ_3 k^ν_3 y^2(1 − y)^{−2}P − 4α^′ϵ_{μν} (k^μ_1 + k^μ_2 )k^ν_3 y(1 − y)^{−1}P + 2α^′ϵ_{μν} (k^μ_1 + k^μ_2 )(k^ν_1 + k^ν_2 )P −2 √ 2α^′ϵ_{μν} ζ^μk^ν_3 (1 − y)^{−1}A_4 + 2 √ 2α^′ϵ_{μν} ζ^μ(k^ν_1 + k^ν_2 )y^{−1}A_4 − √ 2α^′ϵ · k_3y(1 − y)^{−2}P − ϵ · ζy^{−1}A_4

I^{(2)}_{T T MP} = −⟨0, k_4|V_T (k_3, 1)ϵ_{μν} ( k^ν_2 − iV^ν ) Ẋ_−(y)μV_T (k_2, y) + Ẋ^μ_0 (y)V_T (k_2, y) + √ 2α^′V_T (k_2, y)α^μ_1 y^{−1} ζ · α_{−1}|0, k_1⟩ = 2α^′ϵ_{μν} k^μ_3 ( k^ν_2 − iV^ν ) y(1 − y)^{−1}P − 2α^′ϵ_{μν} (k^μ_1 + k^μ_2 ) ( k^ν_1 − iV^ν ) P − √ 2α^′ϵ_{μν} ζ^μ ( k^ν_2 − iV^ν ) y^{−1}A_4

I^{(3)}_{T T MP} = ( iα^′ϵ_{μν} k^μV^ν + α^′ϵ_{μν} V^μV^ν − Ω ) P.

I^{(1)}_{T T MP} + I^{(2)}_{T T MP} + I^{(3)}_{T T MP} = [ − (2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1)( √ α^′ζ · k_2) + 2 √ 2α^′ϵ_{μν} k^μ_1 ζ^ν − 2ϵ · ζ ] y^{−α′s−1}(1 − y)^{−α′t} + [ − (2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1)( √ α^′ζ · k_3) ] y^{−α′s}(1 − y)^{−α′t} + [ 2(2α^′)^{32} ζ · k_3ϵ_{μν} k^μ_1 k^ν_3 ] y^{−α′s+1}(1 − y)^{−α′t−1} + [ 2(2α^′)^{32} ζ · k_2ϵ_{μν} k^μ_1 k^ν_3 − 2 √ 2α^′ϵ_{μν} ζ^μk^ν_3 ] y^{−α′s}(1 − y)^{−α′t−1} + [ (2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3)( √ 2α^′ζ · k_2) ] y^{−α′s+1}(1 − y)^{−α′t−2} + [ (2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3)( √ 2α^′ζ · k_3) ] y^{−α′s+2}(1 − y)^{−α′t−2} To obtain result above, we have imposed L_1 condition of the spin-two particle to eliminate

terms which consist of the contractions between spin-two tensor ϵ_{μν} and the momentum k^μ_2 . A_{T T MP} = Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s + 1)

× (66)

× (α^′t + α^′s)

(α^′t + 1)(α^′t) √ 2α^′ζ · k_2 ( 2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1 ) −2 √ 2α^′ϵ_{μν} k^μ_1 ζ^ν + 2ϵ · ζ

+(α^′t + 1)(α^′s + 1) [ − 2(2α^′)^32 ζ · k_2ϵ_{μν} k^μ_1 k^ν_3 + 2 √ 2α^′ϵ_{μν} ζ^μk^ν_3 ] +(α^′s + 1)(α^′s) [ √ 2α^′ζ · k_2 ( 2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3 )]

+(α^′s + 1)

(α^′t + 1)(α^′t) [ √ 2α^′ζ · k_3 ( 2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1 )] +(α^′t + 1)(α^′s) [ − 2(2α^′)^32 ζ · k_3ϵ_{μν} k^μ_1 k^ν_3 ] +(α^′s)(α^′s − 1) [ √ 2α^′ζ · k_3 ( 2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3 )]

.

5. Computation of the amplitude T(k_4)-P(ζ_3, k_3)-M(ϵ_{μν} , k_2)-P(ζ_1, k_1)

In this process, the amplitude is given by A_{T P MP} = ∫_1 0 dy y ⟨0, k_4|V_P (k_3, 1)V_M (k_2, y)ζ_1 · α_{−1}|0, k_1⟩, where

⟨0, k_4|V_P (k_3, 1)V_M (k_2, y)ζ · α_{−1}|0, k_1⟩

= ⟨0, k_4|ζ_3 ·

[Ẋ_0(1) √ 2α^′ − √ 2α^′k_3 ] V_T (k_3, 1)V_M (k_2, y)ζ_1 · α_{−1}|0, k_1⟩ I^{(1)}_{T P MP} +⟨0, k_4|V_T (k_3, 1) ζ_3 √ 2α^′ · Ẋ_+(1)V_M (k_2, y)ζ · α_{−1}|0, k_1⟩ I^{(2)}_{T P MP}

I^{(1)}_{T P MP} = I^{(1−1)}_{T P MP} + I^{(1−2)}_{T P MP} + I^{(1−3)}_{T P MP} + I^{(1−4)}_{T P MP} + I^{(1−5)}_{T P MP} + I^{(1−6)}_{T P MP} + I^{(1−7)}_{T P MP}

I^{(2)}_{T P MP} = I^{(2−1)}_{T P MP} + I^{(2−2)}_{T P MP} + I^{(2−3)}_{T P MP} + I^{(2−4)}_{T P MP} + I^{(2−5)}_{T P MP} + I^{(2−6)}_{T P MP} + I^{(2−7)}_{T P MP}

I^{(1−1)}_{T P MP}

= ⟨0, k_4|ζ_3 ·

[Ẋ_0(1) √ 2α^′ − √ 2α^′k_3 ] V_T (k_3, 1) ϵ_{μν} 2α^′ Ẋ^μ_0 (y)Ẋ^ν_0 (y) − ϵ_{μν} ( k^μ_2 − iV^μ )˙ X^ν_0 (y) − α^′ϵ_{μν} V^μk^ν_2 − α^′ϵ_{μν} V^μV^ν + Ω

V_T (k_2, y)ζ_1 · α_{−1}|0, k_1⟩

= √ 2α^′ζ_3 · (k_1 + k_2) 2α^′ϵ^{μν} (k μ 1 + k^μ_2 )(k^ν_1 + k^ν_2 ) − 2α^′ϵ_{μν} ( k^μ_2 − iV^μ ) (k^ν_1 + k^ν_2 )

− α^′ϵ_{μν} V^μk^ν_2 − α^′ϵ_{μν} V^μV^ν + Ω P = √ 2α^′ζ_3 · (k_1 + k_2)(2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1)P. In the last equality, we use the L_1 condition for spin-two particles. I^{(1−2)}_{T P MP} = ⟨0, k_4|ζ_3 ·

[Ẋ_0(1) √ 2α^′ − √ 2α^′k_3 ] V_T (k_3, 1)ϵ_{μν}

[2Ẋ μ_0 (y) 2α^′ − k^μ_2 + iV^μ ] Ẋ^ν_−(y)V_T (k_2, y)ζ_1 · α_{−1}|0, k_1⟩ = √ 2α^′ζ_3 · (k_1 + k_2) ( 2ϵ_{μν} k^ν_3 − ϵ_μ √ 2α^′ ) ⟨0, k_4|V_T (k_3, 1)Ẋ^ν_−(y)V_T (k_2, y)ζ_1 · α_{−1}|0, k_1⟩ = √ 2α^′ζ_3 · (k_1 + k_2) ( − 4α^′ϵ_{μν} k^μ_1 k^ν_3 + √ 2α^′ϵ · k_3 ) y(1 − y)^{−1}P.

Again, in the second equality, we have used L_1 condition for spin-two particle. Similarly, we

have

I^{(1−3)}_{T P MP} = ⟨0, k_4|ζ_3 ·

[Ẋ_0(1) √ 2α^′ − √ 2α^′k_3 ] V_T (k_3, 1)ϵ_{μν}

2Ẋ^μ_0 (y) 2α^′ − k^μ_2 + iV^μ VT (k2, y)Ẋ^ν_+(y)ζ1 · α−1|0, k1⟩ = √ 2α^′ζ_3 · (k_1 + k_2) ( 2 √ 2α^′ϵ_{μν} ζ^μ_1 k^ν_1 − ϵ · ζ_1 ) y^{−1}A_4

I^{(1−4)}_{T P MP} = ⟨0, k_4|ζ_3 ·

[Ẋ_0(1) √ 2α^′ − √ 2α^′k_3 ] V_T (k_3, 1) ϵ_{μν} 2α^′ Ẋ^μ_−(y)Ẋ^ν_−(y)V_T (k_2, y)ζ_1 · α_{−1}|0, k_1⟩ = √ 2α^′ζ_3 · (k_1 + k_2)(2α^′ϵ_{μν} k^μ_3 k^ν_3 )y^2(1 − y)^{−2}P

I^{(1−5)}_{T P MP} = ⟨0, k_4|ζ_3 ·

[Ẋ_0(1) √ 2α^′ − √ 2α^′k_3 ] V_T (k_3, 1) ϵ_{μν} 2α^′ 2Ẋ^μ_−(y)V_T (k_2, y)Ẋ^ν_+(y)ζ_1 · α_{−1}|0, k_1⟩ = √ 2α^′ζ_3 · (k_1 + k_2) ( − 2 √ 2α^′ϵ_{μν} ζ^μ_1 k^ν_3 ) (1 − y)^{−1}A_4

I^{(1−6)}_{T P MP} = ⟨0, k_4|ζ_3 ·

[Ẋ_0(1) √ 2α^′ − √ 2α^′k_3 ] V_T (k_3, 1) [ − iϵ √ 2α^′ · Ẍ^μ_−(y)V_T (k_2, y) ] ζ_1 · α_{−1}|0, k_1⟩ = √ 2α^′ζ_3 · (k_1 + k_2) ( − √ 2α^′ϵ · k_3 ) y(1 − y)^{−2}P I^{(1−7)}_{T P MP} = ⟨0, k_4|ζ_3 ·

[Ẋ_0(1) √ 2α^′ − √ 2α^′k_3 ] V_T (k_3, 1) [ − V_T (k_2, y) iϵ √ 2α^′ · Ẍ^μ_+(y) ] ζ_1 · α_{−1}|0, k_1⟩ = √ 2α^′ζ_3 · (k_1 + k_2) ( − ϵ · ζ_1 ) y^{−1}A_4.

I^{(2−1)}_{T P MP} = ⟨0, k_4|V_T (k_3, 1) ζ_3 √ 2α^′ · Ẋ_+(1) ϵ_{μν} 2α^′ Ẋ^μ_0 (y)Ẋ^ν_0 (y) − ϵ_{μν} ( k^μ_2 − iV^μ )˙ X^ν_0 (y)

− α^′ϵ_{μν} V^μk^ν_2 − α^′ϵ_{μν} V^μV^ν + Ω V_T (k_2, y)ζ_1 · α_{−1}|0, k_1⟩

= (2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1)⟨0, k_4|V_T (k_3, 1) ζ_3 √ 2α^′ · Ẋ_+(1)V_T (k_2, y)ζ_1 · α_{−1}|0, k_1⟩

= (2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1) (√ 2α^′ζ_3 · k_2y(1 − y)^{−1}P + ζ_1 · ζ_3A_4 ) I^{(2−2)}_{T P MP} = ⟨0, k_4|V_T (k_3, 1) ζ_3 √ 2α^′ · Ẋ_+(1)ϵ_{μν}

[2Ẋ μ_0 (y) 2α^′ − k^μ_2 + iV^μ ] Ẋ^ν_−(y)V_T (k_2, y)ζ_1 · α_{−1}|0, k_1⟩ = ( 2ϵ_{μν} k^ν_3 − ϵ_μ √ 2α^′ ) ⟨0, k_4|V_T (k_3, 1) ζ_3 √ 2α^′ · Ẋ_+(1)Ẋ^ν_−(y)V_T (k_2, y)ζ_1 · α_{−1}|0, k_1⟩

= (2 √ 2α^′ϵ_{μν} ζ^μ_3 k^ν_1 − ϵ · ζ_3)y(1 − y)^{−2}P

+(−4α^′ϵ_{μν} k^μ_1 k^ν_1 + √ 2α^′ϵ · k_3) [√ 2α^′ζ_3 · k_2y^2(1 − y)^{−2}P + ζ_1 · ζ_3y(1 − y)^{−1}A_4 ]

I^{(2−3)}_{T P MP} = ⟨0, k_4|V_T (k_3, 1) ζ_3 √ 2α^′ · Ẋ_+(1)ϵ_{μν}

[2Ẋ μ_0 (y) 2α^′ − k^μ_2 + iV^μ ] V_T (k_2, y)Ẋ^ν_+(y)ζ_1 · α_{−1}|0, k_1⟩

= (2 √ 2α^′ϵ_{μν} ζ^μ_1 k^ν_1 − ϵ · ζ_1)( √ 2α^′ζ_3 · k_2)(1 − y)^{−1}A_4

I^{(2−4)}_{T P MP} = ⟨0, k_4|V_T (k_3, 1) ζ_3 √ 2α^′ · Ẋ_+(1) ϵ_{μν} 2α^′ Ẋ^μ_−(y)Ẋ^ν_−(y)V_T (k_2, y)ζ_1 · α_{−1}|0, k_1⟩ = 2ϵ_{μν} ζ^μ_3 2α^′ y(1 − y)^{−2}⟨0, k_4|V_T (k_3, 1)Ẋ^ν_−(y)V_T (k_2, y)ζ_1 · α_{−1}|0, k_1⟩

+⟨0, k_4|V_T (k_3, 1) ϵ_{μν} 2α^′ Ẋ^μ_−(y)Ẋ^ν_−(y) ζ^3√ 2α^′ · Ẋ_+(1)V_T (k_2, y)ζ_1 · α_{−1}|0, k_1⟩

= −2 √ 2α^′ϵ_{μν} ζ^μ_3 k^ν_3 y^2(1 − y)^{−3}P

+(2α^′ϵ_{μν} k^μ_3 k^ν_3 ) [√ 2α^′ζ_3 · k_2y^3(1 − y)^{−3}P + ζ_1 · ζ_3y^2(1 − y)^{−2} ] I^{(2−5)}_{T P MP} = ⟨0, k_4|V_T (k_3, 1) ζ_3 √ 2α^′ · Ẋ_+(1) ϵ_{μν} 2α^′ 2Ẋ^μ_−(y)V_T (k_2, y)Ẋ^ν_+(y)ζ_1 · α_{−1}|0, k_1⟩ = [ 2ϵ_{μν} ζ^μ_1 ζ^ν_3 (1 − y)^{−2} − (2 √ 2α^′ϵ_{μν} ζ^μ_1 k^ν_3 )( √ 2α^′ζ_3 · k_2)y(1 − y)^{−2} ] A_4

I^{(2−6)}_{T P MP} = ⟨0, k_4|V_T (k_3, 1) ζ_3 √ 2α^′ · Ẋ_+(1) [ − iϵ √ 2α^′ · Ẍ^μ_−(y)V_T (k_2, y) ] ζ_1 · α_{−1}|0, k_1⟩

= ϵ · ζ_3(1 + y)y(1 − y)^{−3}P − ( √ 2α^′ζ_3 · k_2)( √ 2α^′ϵ · k_3)y^2(1 − y)^{−3}P − √ 2α^′ϵ · k_3ζ_1 · ζ_3y(1 − y)^{−2}A_4

I^{(2−7)}_{T P MP} = ⟨0, k_4|V_T (k_3, 1) ζ_3 √ 2α^′ · Ẋ_+(1) [ − V_T (k_2, y) iϵ √ 2α^′ · Ẍ^μ_+(y) ] ζ_1 · α_{−1}|0, k_1⟩ = − √ 2α^′ζ_3 · k_2ϵ · ζ_1(1 − y)^{−1}A_4.

Sum up the total contribution, we have

I^{(1)}_{T P MP} + I^{(2)}_{T P MP}

= [√ 2α^′ζ_3 · k_1 + √ 2α^′ζ_3 · k_2(1 − y)^{−1} ] ( 2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1 ) + ( 2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3 ) y^2(1 − y)^{−2} − ( 4α^′ϵ_{μν} k^μ_1 k^ν_3 ) y(1 − y)^{−1} P

+ [( 2 √ 2α^′ϵ_{μν} k^μ_1 ζ^ν_3 ) y(1 − y)^{−2} + ( − 2 √ 2α^′ϵ_{μν} k^μ_3 ζ^ν_3 + 2ϵ · ζ_3 ) y^2(1 − y)^{−3} ] P + [√ 2α^′ζ_3 · k_1 + √ 2α^′ζ_3 · k_2(1 − y)^{−1} ] ( − 2 √ 2α^′ϵ_{μν} k^μ_3 ζ^ν_1 ) y(1 − y)^{−2} + ( 2 √ 2α^′ϵ_{μν} k^μ_1 ζ^ν_1 − 2ϵ · ζ_1 ) y^{−1} A_4

+ζ_1 · ζ_3 ( 2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1 ) + ( 2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3 ) y^2(1 − y)^{−2} − ( 4α^′ϵ_{μν} k^μ_1 k^ν_3 ) y(1 − y)^{−1} A_4 + 2ϵ_{μν} ζ^μ_1 ζ^ν_3 (1 − y)^{−2}A_4

= ( ζ_1 · ζ_3 − 2α^′ζ_1 · k_3ζ_3 · k_1 )( 2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1 ) y^{−α′s}(1 − y)^{−α′t−1} + ( ζ_1 · ζ_3 − 2α^′ζ_1 · k_3ζ_3 · k_1 )( − 4α^′ϵ_{μν} k^μ_1 k^ν_3 ) y^{−α′s+1}(1 − y)^{−α′t} + ( ζ_1 · ζ_3 − 2α^′ζ_1 · k_3ζ_3 · k_1 )( 2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3 ) y^{−α′s−2}(1 − y)^{−α′t+3} + −2α^′ζ^1 · k^2ζ^3 · k^1 ( 2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1 ) +2 √ 2α^′ζ_3 · k_1 (√ 2α^′ϵ_{μν} k^μ_1 ζ^ν_1 − ϵ · ζ_1 ) y^{−α′s−1}(1 − y)^{−α′t+1}

+ −2α^′ζ^1 · k^3ζ^3 · k^2 ( 2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1 ) +2(2α^′)^2ζ_1 · k_2ζ_3 · k_1ϵ_{μν} k^μ_1 k^ν_3 − 4α^′ζ_3 · k_1ϵ_{μν} ζ^μ_1 k^ν_3 y^{−α′s}(1 − y)^{−α′t}

+ −2α^′ζ^1 · k^2ζ^3 · k^1 ( 2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3 ) +2(2α^′)^2ζ_1 · k_3ζ_3 · k_2ϵ_{μν} k^μ_1 k^ν_3 − 4α^′ζ_1 · k_3ϵ_{μν} k^μ_1 ζ^ν_3 y^{−α′s+1}(1 − y)^{−α′t−1}

+ −2α^′ζ^1 · k^3ζ^3 · k^2 ( 2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3 ) +2 √ 2α^′ζ_1 · k_3 (√ 2α^′ϵ_{μν} k^μ_3 ζ^ν_3 − ϵ · ζ_3 ) y^{−α′s+2}(1 − y)^{−α′t−2}

+ −2α^′ζ^1 · k^2ζ^3 · k^2 ( 2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1 ) +2 √ 2α^′ζ_3 · k_2 (√ 2α^′ϵ_{μν} k^μ_1 ζ^ν_1 − ϵ · ζ_1 ) y^{−α′s−1}(1 − y)^{−α′t}

+ 2(2α^′)^2ζ^1 · k^2ζ^3 · k^2ϵ^{μν} k μ 1 k^ν_3 − 4α^′ζ_1 · k_2ϵ_{μν} k^μ_1 ζ^ν_3

+2ϵ_{μν} ζ^μ_1 ζ^ν_3 − 4α^′ζ_3 · k_2ϵ_{μν} ζ^μ_1 k^ν_3 y^{−α′s−2}(1 − y)^{−α′t+1}

+ −2α^′ζ^1 · k^2ζ^3 · k^2 ( 2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3 ) +2 √ 2α^′ζ_1 · k_2 (√ 2α^′ϵ_{μν} k^μ_3 ζ^ν_3 − ϵ · ζ_3 ) y^{−α′s+1}(1 − y)^{−α′t−2}.

A_{T P MP} = Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s + 2)

× (67)

×

(α^′t + 1)(α^′s + 1)

(α^′t)(α^′t − 1) [( ζ_1 · ζ_3 − 2α^′ζ_1 · k_3ζ_3 · k_1 )( 2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1 )] +(α^′t)(α^′s) [( ζ_1 · ζ_3 − 2α^′ζ_1 · k_3ζ_3 · k_1 )( − 4α^′ϵ_{μν} k^μ_1 k^ν_3 )] +(α^′s)(α^′s − 1) [( ζ_1 · ζ_3 − 2α^′ζ_1 · k_3ζ_3 · k_1 )( 2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3 )]

+(α^′t + α^′s − 1)

(α^′t + 1)(α^′t)(α^′t − 1)

−2α^′ζ^1 · k^2ζ^3 · k^1 ( 2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1 ) +2 √ 2α^′ζ_3 · k_1 (√ 2α^′ϵ_{μν} k^μ_1 ζ^ν_1 − ϵ · ζ_1 )

+(α^′t + 1)(α^′t)(α^′s + 1)

−2α^′ζ^1 · k^3ζ^3 · k^2 ( 2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1 ) +2(2α^′)^2ζ_1 · k_2ζ_3 · k_1ϵ_{μν} k^μ_1 k^ν_3 − 4α^′ζ_3 · k_1ϵ_{μν} ζ^μ_1 k^ν_3

+(α^′t + 1)(α^′s + 1)(α^′s)

−2α^′ζ^1 · k^2ζ^3 · k^1 ( 2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3 ) +2(2α^′)^2ζ_1 · k_3ζ_3 · k_2ϵ_{μν} k^μ_1 k^ν_3 − 4α^′ζ_1 · k_3ϵ_{μν} k^μ_1 ζ^ν_3

+(α^′s + 1)(α^′s)(α^′s − 1)

−2α^′ζ^1 · k^3ζ^3 · k^2 ( 2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3 ) +2 √ 2α^′ζ_1 · k_3 (√ 2α^′ϵ_{μν} k^μ_3 ζ^ν_3 − ϵ · ζ_3 )

+(α^′t + α^′s)(α^′t + α^′s − 1)

(α^′t + 1)(α^′t)

−2α^′ζ^1 · k^2ζ^3 · k^2 ( 2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1 ) +2 √ 2α^′ζ_3 · k_2 (√ 2α^′ϵ_{μν} k^μ_1 ζ^ν_1 − ϵ · ζ_1 )

+(α^′t + 1)(α^′s + 1)

2(2α^′)^2ζ^1 · k^2ζ^3 · k^2ϵ^{μν} k μ 1 k^ν_3 − 4α^′ζ_1 · k_2ϵ_{μν} k^μ_1 ζ^ν_3

+2ϵ_{μν} ζ^μ_1 ζ^ν_3 − 4α^′ζ_3 · k_2ϵ_{μν} ζ^μ_1 k^ν_3

+(α^′s + 1)(α^′s)

−2α^′ζ^1 · k^2ζ^3 · k^2 ( 2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3 ) +2 √ 2α^′ζ_1 · k_2 (√ 2α^′ϵ_{μν} k^μ_3 ζ^ν_3 − ϵ · ζ_3 )

.

V. STRINGY WARD IDENTITIES OF THE BOSONIC OPEN STRING

THEORY IN THE LINEAR DILATON BACKGROUND

This section is devoted to the verification of stringy Ward identities [31], or equivalently,

we check the decoupling of zero norm states in all processes under consideration. While the

explicit calculations could be lengthy, the essential idea is the same. We first substitute all

possible polarization tensors, Eqs.(29), (30), for zero-norm states into the stringy scattering

amplitudes and replace all momentum contractions in terms of Mandelstam variables. All

the amplitudes become sums of polarization projections, weighted by different kinematic

invariants. One can then check that all terms with the same independent polarization

projection cancel exactly. Hence we obtain a proof for stringy Ward identities.

A. Three-point Functions

To prove the Ward identities of three point function of bosonic open string in linear dilaton background, it is useful first to know the contractions of momentum between different particles,

α^′k^∗_1 · k_2 + α^′k^∗_1 · k_3 = −m^2_1 α^′k^∗_1 · k_2 − α^′k_2 · k_3 = −m^2 α^′k^∗_1 · k_3 − α^′k_2 · k_3 = −m^2_3 ⇒ α^′k^∗_1 · k_2 =

−m^2_1 − m^2 + m^2_3 2 α^′k^∗_1 · k_3 =

−m^2_1 + m^2 − m^2_3 2 α^′k_2 · k_3 =

−m^2_1 + m^2 + m^2_3 2 . (68)

1. Ward identity for P(ζ, k_1)-T(k_2)-T(k_3)

From Eq.(68), we have k^∗_1 · k_2 = 0.

• Case 1: ζ^∗ → √ 2α^′k^∗_1 A_{P T T} = 2α^′k^∗_1 · k_2 = 0. (69)

2. Ward identities for P(ζ_1, k_1)-T(k_2)-P(ζ_3, k_3)

From Eq.(68), we have 2α^′k^∗_1 · k_2 = −2α^′k_2 · k_3 = 1.

From polarization conditions and momentum conservation, we have ζ_3 · (k^∗_1 − k_2 − k_3 − iV ) = 0 ⇒ ζ_3 · k^∗_1 = ζ_3 · k_2 and ζ^∗_1 · (k^∗_1 − k_2 − k_3 − iV ) = 0 ⇒ ζ^∗_1 · k_2 = −ζ^∗_1 · k_3.

• Case 1: ζ^∗_1 → √ 2α^′k^∗_1 A_{P T P} = √ 2α^′ζ_3 · k^∗_1 − (2α^′)^{32} ζ_3 · k_2k^∗_1 · k_2 = 0. (70)

• Case 2: ζ_3 → √ 2α^′k_3 A_{P T P} = √ 2α^′ζ^∗_1 · k_3 − (2α^′)^{32} ζ^∗_1 · k_2k_2 · k_3 = 0. (71)

3. Ward identities for P(ζ_1, k_1)-P(ζ_2, k_2)-T(k_3) From Eq.(68), we have 2α^′k^∗_1 · k_2 = 2α^′k_2 · k_3 = −1.

From polarization condition and momentum conservation, we have ζ_2 · (k^∗_1 − k_2 − k_3 − iV ) = 0 ⇒ ζ_2 · k^∗_1 = ζ_2 · k_3.

• Case 1: ζ^∗_1 → √ 2α^′k^∗_1 A_{P P T} = √ 2α^′ζ_2 · k^∗_1 + (2α^′)^{32} ζ_2 · k_3k^∗_1 · k_2 = 0. (72) • Case 2: ζ_2 → √ 2α^′k_2 A_{P P T} = √ 2α^′ζ^∗_1 · k_2 + (2α^′)^{32} ζ^∗_1 · k_2k_2 · k_3 = 0. (73)

4. Ward identities for P(ζ_1, k_1)-P(ζ_2, k_2)-P(ζ_3, k_3) From Eq.(68), we have k^∗_1 · k_2 = k^∗_1 · k_3 = k_2 · k_3 = 0.

From polarization conditions and momentum conservation, we have ζ_2 · (k^∗_1 − k_2 − k_3 − iV ) = 0 → ζ_2 · k^∗_1 = ζ_2 · k_3 ζ^∗_1 · (k^∗_1 − k_2 − k_3 − iV ) = 0 → and ζ^∗_1 · (k_2 + k_3) = 0.

• Case 1: ζ^∗_1 → √ 2α^′k^∗_1 A_{P P P} = −(2α^′)^2 k^∗_1 · k_2 =0 ζ_2 · k_3ζ_3 · k_2 − 2α^′ζ_2 · k^∗_1 ζ_3 · k_2 +2α^′ζ_2 · ζ_3 k^∗_1 · k_2 =0 +2α^′ζ_2 · k_3ζ_3 · k^∗_1 = 0. (74)

• Case 2: ζ_2 → √ 2α^′k_2 A_{P P P} = −(2α^′)^2ζ^∗_1 · k_2 k_2 · k_3 =0 ζ_3 · k_2 − 2α^′ζ^∗_1 · k_2ζ_3 · k_2 +2α^′ζ^∗_1 · k_2ζ_3 · k_2 + 2α^′ζ^∗_1 · ζ_3 k_2 · k_3 =0 = 0. (75)

• Case 3: ζ_3 → √ 2α^′k_3

A_{P P P} = −(2α^′)^2ζ^∗_1 · k_2ζ_2 · k_3 k_2 · k_3 =0 −2α^′ζ^∗_1 · ζ_2 k_2 · k_3 =0 +2α^′ζ^∗_1 · k_2ζ_2 · k_3 + 2α^′ζ^∗_1 · k_3ζ_2 · k_3 = 0. (76)

5. Ward identities for P(ζ, k_1)-M(ϵ_{μν} , k_2)-T(k_3)

From Eq.(68), we have

α^′k^∗_1 · k_2 = −α^′k^∗_1 · k_3 = −1 and α^′k_2 · k_3 = 0.

• Case 1: ζ^∗ → √ 2α^′k_1

A_{P MT} = 2α^′ϵ_{μν} k^{∗μ}_1 (k^{∗ν}_1 + k^ν_3 ) + √ 2α^′ϵ · k^∗_1 + (2α^′)^2k^∗_1 · k_2ϵ_{μν} k^{∗μ}_1 k^ν_3

= 2α^′ϵ_{μν} k^{∗μ}_1 (k^{∗ν}_1 − k^ν_3 ) + √ 2α^′ϵ · k^∗_1 = [√ 2α^′ϵ_{μν} (k_2 + iV )^ν + ϵ_μ ]

=0 by L1 condition √ 2α^′k^{∗μ}_1 = 0 (77)

• Case 2: Type I vector zero-norm state

In this case, we replace the polarization tensors as follows: ϵ_{μν} → √ α^′ 2 (e_μk_{2ν} + e_ν k_{2μ}) and ϵ_μ → e_μ. A_{P MT} = α^′ [ ζ^∗ · k_2e · (k_1 + k_3) + ζ^∗ · ek_2 · (k_1 + k_3) ] + ζ^∗ · e

+2α^{′2}ζ^∗ · k_2 ( e · k^∗_1 k_2 · k_3 + e · k_3k^∗_1 · k_2 ) = α^′ζ^∗ · k_2e · (k_1 − k_3) = α^′ζ^∗ · k_2e · (k_2 + iV ) = 0. (78)

• Case 3: Type II singlet zero-norm state In this case, we replace the polarization tensors as follows: ϵ_{μν} → 3α^′k_{2μ}k_{2ν} + 1 2 η_{μν} and ϵ_μ → √ α^′ 2 ( 5k_{2μ} − iV_μ )

A_{P MT} = 3 √ 2α^{′ 32} ζ^∗k̇_2k_2 · (k^∗_1 + k_3) + √ α^′ 2 ζ^∗ · (k^∗_1 + k_3) +5 √ α^′ 2 ζ^∗ · k_2 − i √ α^′ 2 ζ^∗ · V +6 √ 2α^{′ 52} ζ^∗ · k_2k^∗_1 · k_2k_2 · k_3 + √ 2α^{′ 32} ζ^∗ · k_2k^∗_1 · k_3 = √ α^′ 2 ζ^∗ · (k^∗_1 + k_2 + k_3 − iV ) = √ 2α^′ζ^∗ · (k^∗_1 − iV ) = 0 (79)

6. Ward identities for P(ζ_1, k_1)-M(ϵ_{μν} , k_2)-P(ζ_3, k_3)

From Eq.(68), we have

2α^′k^∗_1 · k_2 = −2α^′k_2 · k_3 = −2α^′k^∗_1 · k_3 = −1.

From polarization conditions and momentum conservation, we have

ζ^∗_1 · (k^∗_1 − k_2 − k_3 − iV ) = 0 → ζ^∗_1 · k_2 = −ζ^∗_1 · k_3

and ζ_3 · (k^∗_1 − k_2 − k_3 − iV ) = 0 → ζ_3 · k^∗_1 = ζ_3 · k_2.

• Case 1: ζ^∗_1 → √ 2α^′k^∗_1

A_{P MP} = 2 √ 2α^′ϵ_{μν} ζ^ν_3 k^{∗μ}_1 − (2α^′)^{32} ϵ_{μν} k^{∗μ}_1 (k^{∗ν}_1 + k^ν_3 )ζ_3 · k_2 + (2α^′)^{32} ϵ_{μν} ζ^μ_3 (k^{∗ν}_1 + k^ν_3 )k^∗_1 · k_2

+(2α^′)^{32} ϵ_{μν} k^{∗μ}_1 k^ν_3 (ζ_3 · k^∗_1 − 2α^′k^∗_1 · k_2ζ_3 · k_2) − 2α^′ϵ · k^∗_1 ζ_3 · k_2 − 2α^′ϵ · ζ_3k^∗_1 · k_2 = − [√ 2α^′ϵ_{μν} (k^∗_1 − k_3)^ν + ϵ_μ ] ζ^μ_3 − [√ 2α^′ϵ_{μν} (k^∗_1 − k_3)^ν + ϵ_μ ] (2α^′k^{∗μ}_1 ζ_3 · k_2) = − [√ 2α^′ϵ_{μν} (k_2 + iV )^ν + ϵ_μ ]

=0 by L1 condition ζ^μ_3 − [√ 2α^′ϵ_{μν} (k_2 + iV )^ν + ϵ_μ ]

=0 by L1 condition

(2α^′k^{∗μ}_1 ζ_3 · k_2)

= 0. (80)

• Case 2: ζ_3 → √ 2α^′k_3

A_{P MP} = 2 √ 2α^′ϵ_{μν} ζ^{∗μ}_1 k^ν_3 − (2α^′)^{32} ϵ_{μν} ζ^{∗μ}_1 (k^{∗ν}_1 + k^ν_3 )k_2 · k_3 + (2α^′)^{32} ϵ_{μν} k^μ_3 (k^{∗ν}_1 + k^ν_3 )ζ^∗_1 · k_2

+(2α^′)^{32} ϵ_{μν} k^{∗μ}_1 k^ν_3 (ζ^∗_1 · k_3 − 2α^′ζ^∗_1 · k_2k_2 · k_3) − 2α^′ϵ · ζ^∗_1 k_2 · k_3 − 2α^′ϵ · k_3ζ^∗_1 · k_2 = − [√ 2α^′ϵ_{μν} (k^∗_1 − k_3)^ν + ϵ_μ ] ζ^{∗μ}_1 − [√ 2α^′ϵ_{μν} (k^∗_1 − k_3)^ν + ϵ_μ ] (2α^′k^μ_3 ζ^∗_1 · k_2) = − [√ 2α^′ϵ_{μν} (k_2 + iV )^ν + ϵ_μ ]

=0 by L1 condition ζ^{μ∗}_1 − [√ 2α^′ϵ_{μν} (k_2 + iV )^ν + ϵ_μ ]

=0 by L1 condition

(2α^′k^μ_3 ζ^∗_1 · k_2)

= 0. (81)

• Case 3: Type I vector zero-norm state

In this case, we replace the polarization tensors as follows: ϵ_{μν} → √ α^′ 2 (e_μk_{2ν} + e_ν k_{2μ}) and ϵ_μ → e_μ A_{P MP} = √ 2α^′(ζ^∗_1 · eζ_3 · k_2 + ζ^∗_1 · k_2ζ_3 · e) − √ 2(α^′)^{32} [ ζ^∗_1 · e(k^∗_1 + k_3) · k_2 + ζ^∗_1 · k_2(k^∗_1 + k_3) · e ] ζ_3 · k_2 + √ 2(α^′)^{32} ζ^∗_1 · k_2 [ ζ_3 · e(k^∗_1 + k_3) · k_2 + ζ_3 · k_2(k^∗_1 + k_3) · e ] + √ 2(α^′)^{32} (e · k^∗_1 k_2 · k_3 + k^∗_1 · k_2e · k_3)(ζ^∗_1 · ζ_3 − 2α^′ζ^∗_1 · k_2ζ_3 · k_2) − √ 2α^′ζ^∗_1 · eζ_3 · k_2 − √ 2α^′ζ^∗_1 · k_2ζ_3 · e = √ α^′ 2 e · (k^∗_1 − k_3)(ζ^∗_1 · ζ_3 − 2α^′ζ^∗_1 · k_2ζ_3 · k_2) = √ α^′ 2 e · (k_2 + iV )(ζ^∗_1 · ζ_3 − 2α^′ζ^∗_1 · k_2ζ_3 · k_2) = 0. (82)

• Case4: Type II singlet zero-norm state In this case, we replace the polarization tensors as follows: ϵ_{μν} → 3α^′k_{2μ}k_{2ν} + 1 2 η_{μν} and ϵ_μ → √ α^′ 2 ( 5k_{2μ} − iV_μ )

A_{P MP} = 6α^′ζ^∗_1 · k_2ζ_3 · k_2 + ζ^∗_1 · ζ_3

−6α^{′2}ζ^∗_1 · k_2ζ_3 · k_2(k^∗_1 + k_3) · k_2 − α^′ζ^∗_1 · (k^∗_1 + k_3)ζ_3 · k_2

+6α^{′2}ζ^∗_1 · k_2ζ_3 · k_2(k^∗_1 + k_3) · k_2 + α^′ζ^∗_1 · k_2ζ_3 · (k^∗_1 + k_3)

(6α^{′2}k^∗_1 · k_2k_2 · k_3 + α^′k^∗_1 · k_3)(ζ^∗_1 · ζ_3 − 2α^′ζ^∗_1 · k_2ζ_3 · k_2)

−5α^′ζ^∗_1 · k_2ζ_3 · k_2 + iα^′ζ^∗_1 · V ζ_3 · k_2 − 5α^′ζ^∗_1 · k_2ζ_3 · k_2 + iα^′ζ^∗_1 · k_2ζ_3 · V

= −α^′ζ^∗_1 · (k^∗_1 + k_2 + k_3 − iV )ζ_3 · k_2 + α^′ζ^∗_1 · k_2ζ_3 · (k^∗_1 − k_2 + k_3 + iV )

= −2α^′ζ^∗_1 · (k^∗_1 − iV )ζ_3 · k_2 + 2α^′ζ^∗_1 · k_2ζ_3 · (k_3 + iV ) = 0. (83)

7. Ward identities for P(ζ, k_1)-M(ϵ^{(2)}_{μν} , k_2)-M(ϵ^{(3)}_{μν} , k_3)

From Eq.(68), we have

α^′k^∗_1 · k_2 = 0 and α^′k_2 · k_3 = 1.

• Case 1: ζ^∗_1 → √ 2α^′k^∗_1 A_{P MM} = 2α^′k^∗_1 · k_2 ( 2α^′ϵ^{(3)}_{μν} k^μ_2 k^ν_2 − √ 2α^′ϵ^{(3)} · k_2 )( 2α^′ϵ^{(2)}_{ρσ} k^ρ_3 k^σ_3 − √ 2α^′ϵ^{(2)} · k_3 ) +4α^′ϵ^{(2)}_{μν} k^{∗μ}_1 k^ν_3 ( 2α^′ϵ^{(3)}_{ρσ} k^ρ_2 k^σ_2 − √ 2α^′ϵ^{(3)} · k_2 ) −4α^′ϵ^{(3)}_{μν} k^{∗μ}_1 k^ν_2 ( 2α^′ϵ^{(2)}_{ρσ} k^ρ_3 k^σ_3 − √ 2α^′ϵ^{(2)} · k_3 )

+2α^′k^∗_1 · k_2 4 √ 2α^′ϵ^{(3)}μν ϵ^{(2)μ}k^ν_2 + 4 √ 2α^′ϵ^{(2)}μν ϵ^{(3)μ}k^ν_3

− 8α^′ϵ^{(2)}μν ϵ^{(3)νσ} k_{2σ}k^μ_3 + 2ϵ^{(2)}μν ϵ^{(3)μν} − 6ϵ^{(2)} · ϵ^{(3)} +4 √ 2α^′ϵ^{(2)}_{μν} ϵ^{(3)ν} k^{∗μ}_1 − 4 √ 2α^′ϵ^{(3)}_{μν} ϵ^{(2)ν} k^{∗μ}_1

+8α^′ϵ^{(2)}_{μν} ϵ^{(3)ν}_σ k^{∗σ}_1 k^μ_3 − 8α^′ϵ^{(2)}_{μν} ϵ^{(3)ν}_σ k^{∗μ}_1 k^σ_2

= −4α^′ϵ^{(3)}_{μν} k^{∗μ}_1 k^ν_2 ( 2α^′ϵ^{(2)}_{ρσ} k^ρ_3 k^σ_3 − √ 2α^′ϵ^{(2)} · k_3 ) + 4α^′ϵ^{(2)}_{μν} k^{∗μ}_1 k^ν_3 ( 2α^′ϵ^{(3)}_{ρσ} k^ρ_2 k^σ_2 − √ 2α^′ϵ^{(3)} · k_2 ) +4 √ 2α^′ϵ^{(2)}_{μν} ϵ^{(3)ν} =− √ 2α^′ϵ^{(3)ν}_σ (k_3+iV )^σ

k^{∗μ}_1 − 4 √ 2α^′ϵ^{(3)}_{μν} ϵ^{(2)ν} =− √ 2α^′ϵ^{(2)ν}_σ (k_2+iV )^σ

k^{∗μ}_1 + 8α^′ϵ^{(2)}_{μν} ϵ^{(3)ν}_σ k^{∗σ}_1 k^μ_3 − 8α^′ϵ^{(2)}_{μν} ϵ^{(3)ν}_σ k^{∗μ}_1 k^σ_2

= −4α^′ϵ^{(3)}_μ k^{∗μν}_1 k^ν_2 [ 2α^′ϵ^{(2)}_{ρσ} (k^∗_1 − k_2 − iV )^σ − √ 2α^′ϵ^{(2)}_ρ ] =2α^′ϵ^{(2)}_{ρσ} k^σ_1 by L_1 condition

k^ρ_3

+4α^′ϵ^{(2)}_{μν} k^{∗μ}_1 k^ν_3 [ 2α^′ϵ^{(3)}_{ρσ} (k^∗_1 − k_3 − iV )^σ − √ 2α^′ϵ^{(3)}_ρ ] =2α^′ϵ^{(3)}_{ρσ} k^σ_1 by L_1 condition

k^ρ_2

−8α^′ϵ^{(2)}_{μν} ϵ^{(3)ν}_σ k^{∗μ}_1 k^σ_1 + 8α^′ϵ^{(2)}_{μν} ϵ^{(3)ν}_σ k^{∗μ}_1 k^σ_1

= 0. (84)

• Case 2: Type I vector zero norm state for M^{(2)}

In this case, we replace the polarization tensors as follows: ϵ^{(2)}_{μν} → √ α^′ 2 (e^{(2)}_μ k_{2ν} +e^{(2)}_ν k_{2μ}) and ϵ^{(2)}μ → e^{(2)}μ A_{P MM} = [√ 2α^′ζ^∗ · k_2 ( 2α^′ϵ^{(3)}_{μν} k^μ_2 k^ν_2 − √ 2α^′ϵ^{(3)} · k_2 ) − 2 √ 2α^′ϵ^{(3)}_{μν} ζ^{∗μ}k^ν_2 ] (2α^′) 3 2 e^{(2)} · k_3k_2 · k_3 − √ 2α^′ e^{(2)} · k_3

+ √ 2α^′ζ^∗ · k_2 2 √ 2α^′ϵ^{(3)}μν e^{(2)μ}k^ν_2 + 4 √ 2α^′ϵ^{(3)}μν e^{(2)μ}k^ν_2

+ 4α^′(e^{(2)} · ϵ^{(3)}k_2 · k_3 + e^{(2)} · k_3ϵ^{(3)} · k_2)

− 2(2α^′)^32 (ϵ^{(3)}μν e^{(2)μ}k^ν_2 k_2 · k_3 + e^{(2)} · k_3ϵ^{(3)}μν k^μ_2 k^ν_2 ) − 6e^{(2)} · ϵ^{(3)} +2α^′ ( ζ^∗ · e^{(2)}k_2 · k_3 + ζ^∗ · k_2e^{(2)} · k_3 )( 2α^′ϵ^{(3)}_{μν} k^μ_2 k^ν_2 − √ 2α^′ϵ^{(3)} · k_2 ) +2 √ 2α^′(ζ^∗ · e^{(2)}ϵ^{(3)} · k_2 + ζ^∗ · k_2e^{(2)} · ϵ^{(3)}) − 4ϵ^{(3)}_{μν} ζ^{∗μ}e^{(2)ν}

+4α^′(ϵ^{(3)}_{μν} e^{(2)μ}ζ^{∗ν}k_2 · k_3 + e^{(2)} · k_3ϵ^{(3)}_{μν} ζ^{∗ν} k^μ_2 ) − 4α^′(ϵ^{(3)}_{μν} e^{(2)μ}k^ν_2 ζ^∗ · k_2 + e^{(2)} · ζ^∗ϵ^{(3)}_{μν} k^μ_2 k^ν_2 ) = [√ 2α^′ζ^∗ · k_2 ( 2α^′ϵ^{(3)}_{μν} k^μ_2 k^ν_2 − √ 2α^′ϵ^{(3)} · k_2 ) − 2 √ 2α^′ϵ^{(3)}_{μν} ζ^{∗μ}k^ν_2 ] ( √ 2α^′e^{(2)} · k_3) + √ 2α^′ζ^∗ · k_2 6 √ 2α^′ϵ^{(3)}μν e^{(2)μ}k^ν_2 + 4e^{(2)} · ϵ^{(3)} + 4α^′e^{(2)} · k_3ϵ^{(3)} · k_2 − 4 √ 2α^′ϵ^{(3)}μν e^{(2)μ}k^ν_2 − 2(2α^′)^32 e^{(2)} · k_3ϵ^{(3)}μν k^μ_2 k^ν_2 − 6e^{(2)} · ϵ^{(3)} + ( 2ζ^∗ · e^{(2)} + 2α^′ζ^∗ · k_2e^{(2)} · k_3 )( 2α^′ϵ^{(3)}_{μν} k^μ_2 k^ν_2 − √ 2α^′ϵ^{(3)} · k_2 ) +2 √ 2α^′(ζ^∗ · e^{(2)}ϵ^{(3)} · k_2 + ζ^∗ · k_2e^{(2)} · ϵ^{(3)}) − 4ϵ^{(3)}_{μν} ζ^{∗μ}e^{(2)ν}

+4ϵ^{(3)}_{μν} e^{(2)μ}ζ^{∗ν} + 4α^′e^{(2)} · k_3ϵ^{(3)}_{μν} ζ^{∗ν}k^μ_2 − 4α^′(ϵ^{(3)}_{μν} e^{(2)μ}k^ν_2 ζ^∗ · k_2 + e^{(2)} · ζ^∗ϵ^{(3)}_{μν} k^μ_2 k^ν_2 ) = 0.(85)

• Case 3: Type I vector zero norm state for M^{(3)}

In this case, we replace the polarization tensors as follows: ϵ^{(3)}_{μν} → √ α^′ 2 (e_μk_{3ν} + e_ν k_{3μ}) and ϵ_μ → e^{(3)}μ A_{P MM} = √ 2α^′ζ^∗ · k_2 [ (2α^′)^32 e^{(3)} · k_2k_2 · k_3 − √ 2α^′e^{(3)} · k_2 ] − 2α^′ζ^∗ · k_3e^{(3)} · k_2 − 2α^′e^{(3)} · ζ^∗k_2 · k_3 ( 2α^′ϵ^{(2)}_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ^{(2)} · k_3 )

+ √ 2α^′ζ^∗ · k_2 2 √ 2α^′ϵ^{(2)}μν e^{(3)μ}k^ν_3 + 4α^′(ϵ^{(2)} · e^{(3)}k_2 · k_3 + ϵ^{(2)} · k_3e^{(3)} · k_2) + 4 √ 2α^′ϵ^{(2)}μν e^{(3)μ}k^ν_3 − 2(2α^′)^32 (ϵ^{(2)}μν e^{(3)μ}k^ν_3 k_2 · k_3 + ϵ^{(2)}μν k^μ_3 k^ν_3 e^{(3)} · k_2)

− 6ϵ^{(2)} · e^{(3)} +2 √ 2α^′ϵ^{(2)}_{μν} ζ^{∗μ}k^ν_3 [ (2α^′)^{32} e^{(3)} · k_2k_2 · k_3 − √ 2α^′e^{(3)} · k_2 ] +4ϵ^{(2)}_{μν} ζ^{∗μ}e^{(3)ν} − 2 √ 2α^′(ϵ^{(2)} · k_3ζ^∗ · e^{(3)} + ζ^∗ · k_3ϵ^{(2)} · e^{(3)})

+4α^′(ϵ^{(2)}_{μν} e^{(3)μ}k^ν_3 ζ^∗ · k_3 + ϵ^{(2)}_{μν} k^μ_3 k^ν_3 ζ^∗ · e^{(3)}) − 4α^′(ϵ^{(2)}_{μν} e^{(3)μ}ζ^{∗ν}k_2 · k_3 + ϵ^{(2)}_{μν} ζ^μk^ν_3 e^{(3)} · k^ν_2 ) = [ 2α^′ζ^∗ · (k_2 − k_3)e^{(3)} · k_2 − 2e^{(3)} · ζ^∗ ]( 2α^′ϵ^{(2)}_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ^{(2)} · k_3 )

+ √ 2α^′ζ^∗ · k_2 6 √ 2α^′ϵ^{(2)}μν e^{(3)μ}k^ν_3 + 4ϵ^{(2)} · e^{(3)} + 4α^′ϵ^{(2)} · k_3e^{(3)} · k_2 − 4 √ 2α^′ϵ^{(2)}μν e^{(3)μ}k^ν_3 − 2(2α^′)^32 ϵ^{(2)}μν k^μ_3 k^ν_3 e^{(3)} · k_2 − 6ϵ^{(2)} · e^{(3)}

+4α^′ϵ^{(2)}_{μν} ζ^{∗μ}k^ν_3 e^{(3)} · k_2 + 4ϵ^{(2)}_{μν} ζ^{∗μ}e^{(3)ν} − 2 √ 2α^′(ϵ^{(2)} · k_3ζ^∗ · e^{(3)} + ζ^∗ · k_3ϵ^{(2)} · e^{(3)})

+4α^′(ϵ^{(2)}_{μν} e^{(3)μ}k^ν_3 ζ^∗ · k_3 + ϵ^{(2)}_{μν} k^μ_3 k^ν_3 ζ^∗ · e^{(3)}) − 4ϵ^{(2)}_{μν} e^{(3)μ}ζ^{∗ν} − 4α^′ϵ^{(2)}_{μν} ζ^μk^ν_3 e^{(3)} · k^ν_2 = √ 2α^′ζ^∗ · (k_2 + k_3) 2 √ 2α^′ϵ^{(2)}μν e^{(3)μ}k^ν_3 − 2ϵ^{(2)} · e^{(3)} − √ 2α^′e^{(3)} · k_2 ( 2α^′ϵ^{(2)}μν k^μ_3 k^ν_3 − √ 2α^′ϵ^{(2)} · k_3 )

= √ 2α^′ζ^∗ · (k^∗_1 − iV ) 2 √ 2α^′ϵ^{(2)}μν e^{(3)μ}k^ν_3 − 2ϵ^{(2)} · e^{(3)} − √ 2α^′e^{(3)} · k_2 ( 2α^′ϵ^{(2)}μν k^μ_3 k^ν_3 − √ 2α^′ϵ^{(2)} · k_3 ) = 0. (86)

• Case 4: Type II singlet zero-norm state for M^{(2)}

In this case, we replace the polarization tensors as follows: ϵ^{(2)}_{μν} → 3α^′k_{2μ}k_{2ν} + 1 2 η_{μν} and ϵ^{(2)}_μ → √ α^′ 2 ( 5k_{2μ} − iV_μ ) First note that

(2α^′ϵ^{(2)}_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ^{(2)} · k_3 ) ⇒ 6α^{′2}(k_2 · k_3)^2 + α^′k^2_3 − 5α^′k_2 · k_3 + iα^′k_3 · V = 0.

A_{P MM}

= √ 2α^′ζ^∗ · k_2

6α^′ϵ^{(3)}μν k^μ_2 k^ν_2 + ϵ^{(3)}μν η^{μν} + 20α^′ϵ^{(3)}μν k^μ_2 k^ν_2 − 4α^′iϵ^{(3)}μν k^μ_2 V^ν

+ 12α^′ √ 2α^′ϵ^{(3)} · k_2k_2 · k_3 + 2 √ 2α^′ϵ^{(3)} · k_3

− 24α^{′2}ϵ^{(3)}μν k^μ_2 k^ν_2 k_2 · k_3 − 4α^′ϵ^{(3)}μν k^μ_2 k^ν_3 − 15 √ 2α^′ϵ^{(3)} · k_2 + 3 √ 2α^′iϵ^{(3)} · V + ( 6α^′ √ 2α^′ζ^∗ · k_2k_2 · k_3 + √ 2α^′ζ^∗ · k_3 )( 2α^′ϵ^{(3)}_{μν} k^μ_2 k^ν_2 − √ 2α^′ϵ^{(3)} · k_2 ) +12α^′ζ^∗ · k_2ϵ^{(3)} · k_2 + 2ϵ^{(3)} · ζ^∗ − 10 √ 2α^′ϵ^{(3)}_{μν} ζ^{∗μ}k^ν_2 + 2 √ 2α^′iϵ^{(3)}_{μν} ζ^{∗μ}V^ν

+12α^′ √ 2α^′ϵ^{(3)}_{μν} ζ^{∗μ}k^ν_2 k_2 · k_3 + 2 √ 2α^′ϵ^{(3)}_{μν} ζ^{∗μ}k^ν_3 − 12α^′ √ 2α^′ϵ^{(3)}_{μν} k^μ_2 k^ν_2 ζ^∗ · k_2 − 2 √ 2α^′ϵ^{(3)}_{μν} ζ^{∗μ}k^ν_2

= √ 2α^′ζ^∗ · k_2

26α^′ϵ^{(3)}μν k^μ_2 k^ν_2 + ϵ^{(3)}μν η^{μν} − 4α^′iϵ^{(3)}μν k^μ_2 V^ν

+ 12 √ 2α^′ϵ^{(3)} · k_2 + 2 √ 2α^′ϵ^{(3)} · k_3 − 24α^′ϵ^{(3)}μν k^μ_2 k^ν_2

− 4α^′ϵ^{(3)}μν k^μ_2 k^ν_3 − 15 √ 2α^′ϵ^{(3)} · k_2 + 3 √ 2α^′iϵ^{(3)} · V + ( 6 √ 2α^′ζ^∗ · k_2 + √ 2α^′ζ^∗ · k_3 )( 2α^′ϵ^{(3)}_{μν} k^μ_2 k^ν_2 − √ 2α^′ϵ^{(3)} · k_2 ) +12α^′ζ^∗ · k_2ϵ^{(3)} · k_2 + 2ϵ^{(3)} · ζ^∗ − 10 √ 2α^′ϵ^{(3)}_{μν} ζ^{∗μ}k^ν_2 + 2 √ 2α^′iϵ^{(3)}_{μν} ζ^{∗μ}V^ν +12 √ 2α^′ϵ^{(3)}_{μν} ζ^{∗μ}k^ν_2 + 2 √ 2α^′ϵ^{(3)}_{μν} ζ^{∗μ}k^ν_3 − 12α^′ √ 2α^′ϵ^{(3)}_{μν} k^μ_2 k^ν_2 ζ^∗ · k_2 − 2 √ 2α^′ϵ^{(3)}_{μν} ζ^{∗μ}k^ν_2

= √ 2α^′ζ^∗ · k_2

2α^′ϵ^{(3)}μν k^μ_2 k^ν_2 −4α^′ϵ^{(3)}_{μν} k^μ_2 (k^ν_3 + iV ) =−2 √ 2α^′ϵ^{(3)}·k_2 −3 √ 2α^′ϵ^{(3)} · k_2

+ 2 √ 2α^′ϵ^{(3)} · k_3 + ϵ^{(3)}μν η^{μν} + 3 √ 2α^′iϵ^{(3)} · V + √ 2α^′ζ^∗ · k_3 ( 2α^′ϵ^{(3)}_{μν} k^μ_2 k^ν_2 − √ 2α^′ϵ^{(3)} · k_2 ) + 2ζ^{∗μ} [√ 2α^′ϵ^{(3)}_{μν} (k_3 + iV )^ν + ϵ^{(3)}_μ ]

= √ 2α^′ ζ^∗ · (k_2 + k_3) =ζ·(k^∗_1 −iV )=0 ( 2α^′ϵ^{(3)}_{μν} k^μ_2 k^ν_2 − √ 2α^′ϵ^{(3)} · k_2 ) + 2ζ^{∗μ} [√ 2α^′ϵ^{(3)}_{μν} (k_3 + iV )^ν + ϵ^{(3)}_μ ]

=0 by L1 condition + √ 2α^′ζ^∗ · k_2 [ ϵ^{(3)}_{μν} η^{μν} + √ 2α^′ϵ^{(3)} · (2k_3 + 3iV ) ]

=0 by L2 condition

= 0. (87)

• Case 5: Type II singlet zero-norm state for M^{(3)}

In this case, we replace the polarization tensors as follows: ϵ^{(3)}_{μν} → 3α^′k_{3μ}k_{3ν} + 1 2 η_{μν} and ϵ_μ → √ α^′ 2 ( 5k_{2μ} − iV_μ ) First note that

2α^′ϵ^{(3)}_{ρσ} k^ρ_2 k^σ_2 − √ 2α^′ϵ^{(3)} · k_2

⇒ 6α^{′2}(k_2 · k_3)^2 + α^′k^2 − 5α^′k_2 · k_3 + iα^′k_2 · V = 0.

A_{P MM} = (−6α^′ √ 2α^′ζ^∗ · k_3k_2 · k_3 − √ 2α^′ζ^∗ · k_2) ( 2α^′ϵ^{(2)}_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ^{(2)} · k_3 )

+ √ 2α^′ζ^∗ · k_2 ϵ^{(2)}μν η^{μν} + 6α^′ϵ^{(2)}μν k^μ_3 k^ν_3 + 12α^′ √ 2α^′ϵ^{(2)} · k_3k_2 · k_3 + 2 √ 2α^′ϵ^{(2)} · k_2

+ 20α^′ϵ^{(2)}μν k^μ_3 k^ν_3 − 4α^′iϵ^{(2)}μν k^μ_3 V^ν − 24α^{′2}ϵ^{(2)}μν k^μ_3 k^ν_3 k_2 · k_3 − 4α^′ϵ^{(2)}μν k^μ_2 k^ν_3

− 15 √ 2α^′ϵ^{(2)} · k_3 + 3 √ 2α^′iϵ^{(2)} · V

+10α^′ √ 2α^′ϵ^{(2)}_{μν} ζ^{∗μ}k^ν_3 − 2 √ 2α^′iϵ^{(2)}_{μν} ζ^{∗μ}V^ν − 12α^′ζ^∗ · k_3ϵ^{(2)} · k_3 − 2ϵ^{(2)} · ζ^∗

+12α^′ √ 2α^′ζ^∗ · k_3ϵ^{(2)}_{μν} k^μ_3 k^ν_3 + 2 √ 2α^′ϵ^{(2)}_{μν} ζ^{∗μ}k^ν_3 − 12α^′ √ 2α^′ϵ^{(2)}_{μν} ζ^{∗μ}k^ν_3 k_2 · k_3 − 2 √ 2α^′ϵ^{(2)}_{μν} ζ^{∗μ}k^ν_2

= (− √ 2α^′ζ^∗ · k_2) ( 2α^′ϵ^{(2)}_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ^{(2)} · k_3 ) − 2ζ^{∗μ} [√ 2α^′ϵ^{(2)}_{μν} (k_2 + iV )^ν + ϵ^{(2)}_μ ]

+ √ 2α^′ζ^∗ · k_2 ϵ^{(2)}μν η^{μν} + 26α^′ϵ^{(2)}μν k^μ_3 k^ν_3 + 12 √ 2α^′ϵ^{(2)} · k_3 + 2 √ 2α^′ϵ^{(2)} · k_2

−24α^′ϵ^{(2)}μν k^μ_3 k^ν_3 −4α^′ϵ^{(2)}_{μν} (k_2 + iV )^μk^ν_3 =2 √ 2α^′ϵ^{(2)·k}3

− 15 √ 2α^′ϵ^{(2)} · k_3 + 3 √ 2α^′iϵ^{(2)} · V = −2ζ^{∗μ} [√ 2α^′ϵ^{(2)}_{μν} (k_2 + iV )^ν + ϵ^{(2)}_μ ]

=0 by L1 condition + √ 2α^′ζ^∗ · k_2 [ ϵ^{(2)}_{μν} η^{μν} + √ 2α^′ϵ^{(2)} · (2k_2 + 3iV ) ]

=0 by L2 condition

= 0. (88)

B. Four-point Functions

In the calculations of four-point stringy scattering amplitudes, we need to replace the

momentum contractions in terms of Mandelstam variables,

2α^′k_1 · k_2 = m^2_1 + m^2 − α^′s

2α^′k_1 · k_3 = −m^2 − m^2_4 + α^′s + α^′t

2α^′k_2 · k_3 = m^2 + m^2_3 − α^′t

(89)

1. Ward identity for T(k_4)-T(k_3)-T(k_2)-P(ζ, k_1)

From Eq.(89), we have

2α^′k_1 · k_2 = −α^′s − 1 and 2α^′k_1 · k_3 = α^′t + α^′s + 2

The stringy Ward identities for this process can be checked by substituting the polarization vector for photon, ζ → √ 2α^′k_1, A_{T T T P} = Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s − 1) [ (α^′t + α^′s + 2)(2α^′k_1 · k_2) + (α^′s + 1)(2α^′k_1 · k_3) ]

= Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s − 1) [ (α^′t + α^′s + 2)(−α^′s − 1) + (α^′t + α^′s + 2)(α^′s + 1) ] = 0. (90)

2. Ward identities for T(k_4)-T(k_3)-P(ζ_2, k_2)-P(ζ_1, k_1)

From Eq.(89), we have

2α^′k_1 · k_2 = −α^′s , 2α^′k_1 · k_3 = α^′t + α^′s + 1 and 2α^′k_2 · k_3 = −α^′t − 1

First, we substitute the polarization vector for first photon, ζ_1 → √ 2α^′k_1, A_{T T P P}

= Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s)

(α^′t + 1)(α^′t + α^′s + 1) [√ 2α^′ζ_2 · k_1− (2α^′)^32 k_1 · k_2ζ_2 · k_1 ] −(α^′t + 1)(α^′s + 1) [ (2α^′)^32 k_1 · k_3ζ_2 · k_1 ] +(α^′t + α^′s + 1)(α^′s + 1) [ (2α^′)^32 k_1 · k_2ζ_2 · k_3 ] +(α^′s + 1)(α^′s) [ (2α^′)^32 k_1 · k_3ζ_2 · k_3 ]

= Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s)

√ 2α^′ζ_2 · k_1 (α^′t + 1)(α^′t + α^′s + 1)(α^′s + 1) − √ 2α^′ζ_2 · k_1 (α^′t + 1)(α^′s + 1)(α^′t + α^′s + 1) + √ 2α^′ζ_2 · k_3 (α^′t + α^′s + 1)(α^′s + 1)(−α^′s) + √ 2α^′ζ_2 · k_3 (α^′s + 1)(α^′s)(α^′t + α^′s + 1)

= 0. (91)

Then, we check the case with the replacement for the second photon, ζ_2 → √ 2α^′k_2, A_{T T P P}

= Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s)

(α^′t + 1)(α^′t + α^′s + 1) [√ 2α^′ζ_1 · k_2− (2α^′)^32 ζ_1 · k_2k_1 · k_2 ] −(α^′t + 1)(α^′s + 1) [ (2α^′)^32 ζ_1 · k_3k_1 · k_2 ] +(α^′t + α^′s + 1)(α^′s + 1) [ (2α^′)^32 ζ_1 · k_2k_2 · k_3 ] +(α^′s + 1)(α^′s) [ (2α^′)^32 ζ_1 · k_3k_2 · k_3 ]

= Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s)

√ 2α^′ζ_1 · k_2 (α^′t + 1)(α^′t + α^′s + 1)(α^′s + 1) − √ 2α^′ζ_1 · k_3 (α^′t + 1)(α^′s + 1)(−α^′s) + √ 2α^′ζ_1 · k_2 (α^′t + α^′s + 1)(α^′s + 1)(−α^′t − 1) + √ 2α^′ζ_1 · k_3 (α^′s + 1)(α^′s)(−α^′t − 1)

= 0. (92)

3. Ward identities for T(k_4)-P(ζ_3, k_3)-P(ζ_2, k_2)-P(ζ_1, k_1)

From Eq.(89), we have

2α^′k_1 · k_2 = −α^′s , 2α^′k_1 · k_3 = α^′t + α^′s + 1 and 2α^′k_2 · k_3 = −α^′t

We replace the polarization vectors of each photon in turn:

• Case 1: ζ_1 → √ 2α^′k_1

A_{T P P P} = Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s + 1) ×

×

(α^′t + α^′s)

(α^′t + 1)(α^′t) [ (2α^′)^2k_1 · k_2ζ_2 · k_1ζ_3 · k_1 − 2α^′ζ_2 · k_1ζ_3 · k_1 ] +(α^′t + 1)(α^′s + 1) [ −(2α^′)^2k_1 · k_2ζ_2 · k_3ζ_3 · k_1 + (2α^′)^2k_1 · k_3ζ_2 · k_1ζ_3 · k_2 ] +(α^′s + 1)(α^′s) [ −(2α^′)^2k_1 · k_3ζ_2 · k_3ζ_3 · k_2 + 2α^′k_1 · k_3ζ_2 · ζ_3 )]

+(α^′t + 1)(α^′s + 1) (α^′t) [ (2α^′)^2k_1 · k_3ζ_2 · k_1ζ_3 · k_1 − 2α^′ζ_2 · k_1ζ_3 · k_1 ] +(α^′s) [ −(2α^′)^2k_1 · k_3ζ_2 · k_3ζ_3 · k_1 + 2α^′ζ_2 · k_3ζ_3 · k_1 ]

+(α^′t + α^′s + 1)(α^′t + α^′s)

(α^′t + 1) [ (2α^′)^2k_1 · k_2ζ_2 · k_1ζ_3 · k_2 − 2α^′ζ_2 · k_1ζ_3 · k_2 ] +(α^′s + 1) [ −(2α^′)^2k_1 · k_2ζ_2 · k_3ζ_3 · k_2 + 2α^′k_1 · k_2ζ_2 · ζ_3 ]

= Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s + 1) ×

×

(α^′t + α^′s)

−(α^′t + 1)(α^′t)(α^′s + 1) (2α^′ζ_2 · k_1ζ_3 · k_1) +(α^′t + 1)(α^′s + 1)(α^′s) (2α^′ζ_2 · k_3ζ_3 · k_1) +(α^′t + 1)(α^′t + α^′s + 1)(α^′s + 1) (2α^′ζ_2 · k_1ζ_3 · k_2) −(α^′t + α^′s + 1)(α^′s + 1)(α^′s) (2α^′ζ_2 · k_3ζ_3 · k_2 + ζ_2 · ζ_3)

+(α^′t + 1)(α^′s + 1)

(α^′t)(α^′t + α^′s) (2α^′ζ^2 · k^1ζ^3 · k^1) −(α^′t + α^′s)(α^′s) (2α^′ζ_2 · k_3ζ_3 · k_1)

+(α^′t + α^′s + 1)(α^′t + α^′s)

−(α^′t + 1)(α^′s + 1) (2α^′ζ^2 · k^1ζ^3 · k^2) +(α^′s + 1)(α^′s) (2α^′ζ_2 · k_3ζ_3 · k_2 + ζ_2 · ζ_3)

= 0. (93)

• Case 2: ζ_2 → √ 2α^′k_2

A_{T P P P} = Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s + 1) ×

×

(α^′t + α^′s)

(α^′t + 1)(α^′t) [ (2α^′)^2k_1 · k_2ζ_1 · k_2ζ_3 · k_1 − 2α^′ζ_1 · k_2ζ_3 · k_1 ] +(α^′t + 1)(α^′s + 1) [ − (2α^′)^2k_2 · k_3ζ_1 · k_2ζ_3 · k_1 + (2α^′)^2k_1 · k_2ζ_1 · k_3ζ_3 · k_2 ] +(α^′s + 1)(α^′s) [ − (2α^′)^2k_2 · k_3ζ_1 · k_3ζ_3 · k_2 + √ 2α^′ζ_1 · k_3ζ_3 · k_2 )]

+(α^′t + 1)(α^′s + 1) (α^′t) [ (2α^′)^2k_1 · k_2ζ_1 · k_3ζ_3 · k_1 − 2α^′k_1 · k_2ζ_1 · ζ_3 ] +(α^′s) [ − (2α^′)^2k_2 · k_3ζ_1 · k_3ζ_3 · k_1 + 2α^′k_2 · k_3ζ_1 · ζ_3 ]

+(α^′t + α^′s + 1)(α^′t + α^′s)

(α^′t + 1) [ (2α^′)^2k_1 · k_2ζ_1 · k_2ζ_3 · k_2 − 2α^′ζ_1 · k_2ζ_3 · k_2 ] +(α^′s + 1) [ − (2α^′)^2k_2 · k_3ζ_1 · k_2ζ_3 · k_2 + 2α^′ζ_1 · k_2ζ_3 · k_2 ]

= Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s + 1) ×

×

(α^′t + α^′s)

−(α^′t + 1)(α^′t)(α^′s + 1) (2α^′ζ_1 · k_2ζ_3 · k_1) +(α^′t + 1)(α^′t)(α^′s + 1) (2α^′ζ_1 · k_2ζ_3 · k_1) −(α^′t + 1)(α^′s + 1)(α^′s) (2α^′ζ_1 · k_3ζ_3 · k_2) +(α^′t + 1)(α^′s + 1)(α^′s) (2α^′ζ_1 · k_3ζ_3 · k_2)

+(α^′t + 1)(α^′s + 1)

−(α^′t)(α^′s) (2α^′ζ^1 · k^3ζ^3 · k^1 − ζ^1 · ζ^3) +(α^′t)(α^′s) (2α^′ζ_1 · k_3ζ_3 · k_1 − ζ_1 · ζ_3)

+(α^′t + α^′s + 1)(α^′t + α^′s)

−(α^′t + 1)(α^′s + 1) (2α^′ζ^1 · k^2ζ^3 · k^2) +(α^′t + 1)(α^′s + 1) (2α^′ζ_1 · k_2ζ_3 · k_2)

= 0. (94)

• Case 3: ζ_3 → √ 2α^′k_3 A_{T P P P} = Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s + 1) ×

×

(α^′t + α^′s)

(α^′t + 1)(α^′t) [ (2α^′)^2k_1 · k_3ζ_1 · k_2ζ_2 · k_1 − 2α^′k_1 · k_3ζ_1 · ζ_2 ] +(α^′t + 1)(α^′s + 1) [ − (2α^′)^2k_1 · k_3ζ_1 · k_2ζ_2 · k_3 + (2α^′)^2k_2 · k_3ζ_1 · k_3ζ_2 · k_1 ] +(α^′s + 1)(α^′s) [ − (2α^′)^2k_2 · k_3ζ_1 · k_3ζ_2 · k_3 + 2α^′ζ_1 · k_3ζ_2 · k_3 )]

+(α^′t + 1)(α^′s + 1) (α^′t) [ (2α^′)^2k_1 · k_3ζ_1 · k_3ζ_2 · k_1 − 2α^′ζ_1 · k_3ζ_2 · k_1 ] +(α^′s) [ − (2α^′)^2k_1 · k_3ζ_1 · k_3ζ_2 · k_3 + 2α^′ζ_1 · k_3ζ_2 · k_3 ]

+(α^′t + α^′s + 1)(α^′t + α^′s)

(α^′t + 1) [ (2α^′)^2k_2 · k_3ζ_1 · k_2ζ_2 · k_1 − 2α^′k_2 · k_3ζ_1 · ζ_2 ] +(α^′s + 1) [ − (2α^′)^2k_2 · k_3ζ_1 · k_2ζ_2 · k_3 + 2α^′ζ_1 · k_2ζ_2 · k_3 ]

= Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s + 1) ×

×

(α^′t + α^′s)

(α^′t + 1)(α^′t)(α^′t + α^′s + 1) (2α^′ζ_1 · k_2ζ_2 · k_1 − ζ_1 · ζ_2) −(α^′t + 1)(α^′t + α^′s + 1)(α^′s + 1) (2α^′ζ_1 · k_2ζ_2 · k_3) −(α^′t + 1)(α^′t)(α^′s + 1) (2α^′ζ_1 · k_3ζ_2 · k_1) +(α^′t + 1)(α^′s + 1)(α^′s) (2α^′ζ_1 · k_3ζ_2 · k_3)

+(α^′t + 1)(α^′s + 1)

(α^′t)(α^′t + α^′s) (2α^′ζ^1 · k^3ζ^2 · k^1) −(α^′t + α^′s)(α^′s) (2α^′ζ_1 · k_3ζ_2 · k_3)

+(α^′t + α^′s + 1)(α^′t + α^′s)

−(α^′t + 1)(α^′t) (2α^′ζ^1 · k^2ζ^2 · k^1 − ζ^1 · ζ^2) +(α^′t + 1)(α^′s + 1) (2α^′ζ_1 · k_2ζ_2 · k_3)

= 0. (95)

4. Ward identities for T(k_4)-T(k_3)-M(ϵ_{μν}, k_2)-P(ζ, k_1)

From Eq.(89), we have

2α^′k_1 · k_2 = −α^′s + 1 , 2α^′k_1 · k_3 = α^′t + α^′s and 2α^′k_2 · k_3 = −α^′t

• Case 1: ζ → √ 2α^′k_1 A_{T T MP} = Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s + 1) ×

× (α^′t + α^′s)

(α^′t + 1)(α^′t)

2α^′k^1 · k^2 ( 2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1 ) −4α^′ϵ_{μν} k^μ_1 k^ν_1 + 2 √ 2α^′ϵ · k_1 +(α^′t + 1)(α^′s + 1) [ − 2(2α^′)^2k_1 · k_2ϵ_{μν} k^μ_1 k^ν_3 + 4α^′ϵ_{μν} k^μ_1 k^ν_3 ] +(α^′s + 1)(α^′s) [ 2α^′k_1 · k_2 ( 2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3 )]

+(α^′s + 1)

(α^′t + 1)(α^′t) [ 2α^′k_1 · k_3 ( 2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1 )] +(α^′t + 1)(α^′s) [ − 2(2α^′)^2k_1 · k_3ϵ_{μν} k^μ_1 k^ν_3 ] +(α^′s)(α^′s − 1) [ 2α^′k_1 · k_3 ( 2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3 )]

= Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s + 1) ×

× (α^′t + α^′s)

−(α^′t + 1)(α^′t)(α^′s + 1) (2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1)

+(α^′t + 1)(α^′s + 1)(α^′s) (4α^′ϵ_{μν} k^μ_1 k^ν_3 )

−(α^′s + 1)(α^′s)(α^′s − 1) (2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3)

+(α^′s + 1)

(α^′t + 1)(α^′t)(α^′t + α^′s) (2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1)

−(α^′t + 1)(α^′t + α^′s)(α^′s) (4α^′ϵ_{μν} k^μ_1 k^ν_3 )

+(α^′t + α^′s)(α^′s)(α^′s − 1) (2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3)

= 0. (96)

• Case 2: Type I vector zero norm state

In this case, we replace the polarization tensors as follows: ϵ_{μν} → √ α^′ 2 (e_μk_{2ν} + e_ν k_{2μ})

and ϵ_μ → e_μ.

For late convenience, we first simplify the following polarization projections,

2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1 ⇒ (2α^′k_1 · k_2)( √ 2α^′e · k_1) − √ 2α^′e · k_1 = −(α^′s)( √ 2α^′e · k_1)

−4α^′ϵ_{μν} k^μ_1 k^ν_3 ⇒ −(2α^′k_1 · k_2)( √ 2α^′e · k_3) − (2α^′k_2 · k_3)( √ 2α^′e · k_1)

= (α^′s − 1)( √ 2α^′e · k_3) + (α^′t)( √ 2α^′e · k_1)

2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3 ⇒ (2α^′k_2 · k_3)( √ 2α^′e · k_3) − √ 2α^′e · k_3 = −(α^′t + 1)( √ 2α^′e · k_3) −2 √ 2α^′ϵ_{μν} ζ^μk^ν_1 + 2ϵ · ζ ⇒ −2α^′k_1 · k_2ζ · e − 2α^′ζ · k_2e · k_1 + 2ζ · e

= (α^′s + 1)ζ · e − 2α^′ζ · k_2e · k_1 2 √ 2α^′ϵ_{μν} ζ^μk^ν_3 ⇒ 2α^′k_2 · k_3ζ · e + 2α^′ζ · k_2e · k_3 = −(α^′t)ζ · e + 2α^′ζ · k_2e · k_3.

We have A_{T T MP} = Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s + 1) ×

×

(α^′t + α^′s)

(α^′t + 1)(α^′t) −(α^′s)(2α^′ζ · k^2e · k^1) +(α^′s + 1)ζ · e − 2α^′ζ · k_2e · k_1

+(α^′t + 1)(α^′s + 1)

(α^′s − 1)(2α^′ζ · k_2e · k_3) + (α^′t)(2α^′ζ · k_2e · k_1) − (α^′t)ζ · e + 2α^′ζ · k_2e · k_3 +(α^′s + 1)(α^′s) [ − (α^′t + 1)(2α^′ζ · k_2e · k_3) ]

+(α^′s + 1)

(α^′t + 1)(α^′t) [ − (α^′s)(2α^′ζ · k_3e · k_1) ]

+(α^′t + 1)(α^′s)

(α^′s − 1)(2α^′ζ · k^3e · k^3) + (α^′t)(2α^′ζ · k_3e · k_1) +(α^′s)(α^′s − 1) [ − (α^′t + 1)(2α^′ζ · k_3e · k_3) ]

= Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s + 1) ×

×

(α^′t + α^′s)

−(α^′t + 1)(α^′t)(α^′s + 1) (2α^′ζ · k_2e · k_1) +(α^′t + 1)(α^′t)(α^′s + 1) (ζ · e) +(α^′t + 1)(α^′s + 1)(α^′s) (2α^′ζ · k_2e · k_3) +(α^′t + 1)(α^′t)(α^′s + 1) (2α^′ζ · k_2e · k_1) −(α^′t + 1)(α^′t)(α^′s + 1) (ζ · e) −(α^′t + 1)(α^′s + 1)(α^′s) (2α^′ζ · k_2e · k_3)

+(α^′s + 1)

−(α^′t + 1)(α^′t)(α^′s) (2α^′ζ · k_3e · k_1) +(α^′t + 1)(α^′s)(α^′s − 1) (2α^′ζ · k_3e · k_3) +(α^′t + 1)(α^′t)(α^′s) (2α^′ζ · k_3e · k_1) −(α^′t + 1)(α^′s)(α^′s − 1) (2α^′ζ · k_3e · k_3)

= 0. (97)

• Case 3: Type II singlet zero-norm state In this case, we replace the polarization tensors as follows: ϵ_{μν} → 3α^′k_{2μ}k_{2ν} + 1 2 η_{μν} and ϵ_μ → √ α^′ 2 ( 5k_{2μ} − iV_μ ) . The relevant polarization constraints are given as follows: (V is the dilaton gradient vector, V^μ ≡ ∂^μΦ)

2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1 ⇒ 6α^{′2}(k_1 · k_2)^2 + α^′k^2_1 − 5α^′k_1 · k_2 + iα^′k_1 · V = 3 2 (α^′s − 1)^2 + 5 2 (α^′s − 1) = 3 2 (α^′s)(α^′s − 1) + (α^′s − 1)

−4α^′ϵ_{μν} k^μ_1 k^ν_3 ⇒ −12α^{′2}k_1 · k_2k_2 · k_3 − 2α^′k_1 · k_3

= −3(α^′t)(α^′s − 1) − (α^′t + α^′s)

2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3 ⇒ 6α^{′2}(k_2 · k_3)^2 + α^′k^2_3 − 5α^′k_2 · k_3 + iα^′k_3 · V = 3 2 (α^′t)^2 + 5 2 (α^′t) + 1 = 3 2 (α^′t + 1)(α^′t) + (α^′t + 1) −2 √ 2α^′ϵ_{μν} ζ^μk^ν_1 + 2ϵ · ζ ⇒ (−6α^′k_1 · k_2)( √ 2α^′ζ · k_2) − √ 2α^′ζ · k_1 + 5 √ 2α^′ζ · k_2 − √ 2α^′iζ · V = 3(α^′s + 1)( √ 2α^′ζ · k_2) − √ 2α^′ζ · k_2 2 √ 2α^′ϵ_{μν} ζ^μk^ν_3 ⇒ (6α^′k_2 · k_3)( √ 2α^′ζ · k_2) + √ 2α^′ζ · k_3 = −3(α^′t)( √ 2α^′ζ · k_2) + √ 2α^′ζ · k_3 Notice that the dependence on V in all these invariant combination are absorbed into

Mandelstam variables. A_{T T MP} = Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s + 1) ×

×

(α^′t + α^′s)

(α^′t + 1)(α^′t) 3 2 (α^′s)(α^′s − 1)( √ 2α^′ζ · k_2)

+ (α^′s − 1)( √ 2α^′ζ · k_2) + 3(α^′s + 1)( √ 2α^′ζ · k_2) − √ 2α^′ζ · k_2

+(α^′t + 1)(α^′s + 1)

− 3(α^′t)(α^′s − 1)( √ 2α^′ζ · k_2) − (α^′t + α^′s)( √ 2α^′ζ · k_2) − 3(α^′t)( √ 2α^′ζ · k_2) + √ 2α^′ζ · k_3 +(α^′s + 1)(α^′s) 3 2 (α^′t)(α^′t + 1)( √ 2α^′ζ · k_2)

+ (α^′t + 1)( √ 2α^′ζ · k_2)

+(α^′s + 1)

(α^′t + 1)(α^′t)

(α^′s)(α^′s − 1)( 3 2 √ 2α^′ζ · k_3)

+ (α^′s − 1)( √ 2α^′ζ · k_3)

+(α^′t + 1)(α^′s) − (α^′t)(α^′s − 1)(3 √ 2α^′ζ · k_3) − (α^′t + α^′s)( √ 2α^′ζ · k_3)

+(α^′s)(α^′s − 1)

(α^′t + 1)(α^′t)( 3 2 √ 2α^′ζ · k_3)

+ (α^′t + 1)( √ 2α^′ζ · k_3)

= Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s + 1) ×

×

(α^′t + α^′s)

(α^′t + 1)(α^′t)(α^′s)(α^′s + 1) ( 3 2 √ 2α^′ζ · k_2)

+(α^′t + 1)(α^′t)(α^′s + 1) ( √ 2α^′ζ · k_2) −(α^′t + 1)(α^′t)(α^′s + 1)(α^′s) (3 √ 2α^′ζ · k_2) −(α^′t + 1)(α^′t)(α^′s + 1) ( √ 2α^′ζ · k_2) −(α^′t + 1)(α^′s + 1)(α^′s) ( √ 2α^′ζ · k_2) +(α^′t + 1)(α^′s + 1) ( √ 2α^′ζ · k_3)

+(α^′t + 1)(α^′t)(α^′s + 1)(α^′s) ( 3 2 √ 2α^′ζ · k_2)

(α^′t + 1)(α^′s + 1)(α^′s) ( √ 2α^′ζ · k_2)

+(α^′s + 1)

(α^′t + 1)(α^′t)(α^′s)(α^′s − 1) ( 3 2 √ 2α^′ζ · k_3)

+(α^′t + 1)(α^′t)(α^′s − 1) ( √ 2α^′ζ · k_3) −(α^′t + 1)(α^′t)(α^′s)(α^′s − 1) (3 √ 2α^′ζ · k_3) −(α^′t + 1)(α^′t + α^′s)(α^′s) ( √ 2α^′ζ · k_3)

+(α^′t + 1)(α^′t)(α^′s)(α^′s − 1) ( 3 2 √ 2α^′ζ · k_3)

+(α^′t + 1)(α^′s)(α^′s − 1) ( √ 2α^′ζ · k_3) = Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s + 1) ×

× (α^′t + α^′s) [ (α^′t + 1)(α^′s + 1)( √ 2α^′ζ · k_3) ]

+(α^′s + 1)

+(α^′t + 1)(α^′t)(α^′s − 1) ( √ 2α^′ζ · k_3) −(α^′t + 1)(α^′t + α^′s)(α^′s) ( √ 2α^′ζ · k_3) +(α^′t + 1)(α^′s)(α^′s − 1) ( √ 2α^′ζ · k_3)

= 0. (98)

5. Ward identities for T(k_4)-P(ζ_3, k_3)-M(ϵ_{μν} , k_2)-P(ζ_1, k_1)

From Eq.(89), we have

2α^′k_1 · k_2 = −α^′s + 1 , 2α^′k_1 · k_3 = α^′t + α^′s and 2α^′k_2 · k_3 = −α^′t + 1

• Case 1: ζ_1 → √ 2α^′k_1 A_{T P MP} = Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s + 2) ×

×

(α^′t + 1)(α^′s + 1)

(α^′t)(α^′t − 1) √ 2α^′ζ_3 · k_1

− (2α^′)^32 k_1 · k_3ζ_3 · k_1 ( 2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1 )

+(α^′t)(α^′s) √ 2α^′ζ_3 · k_1

− (2α^′)^32 k_1 · k_3ζ_3 · k_1 ( − 4α^′ϵ_{μν} k^μ_1 k^ν_3 )

+(α^′s)(α^′s − 1) √ 2α^′ζ_3 · k_1

− (2α^′)^32 k_1 · k_3ζ_3 · k_1

(2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3 )

+(α^′t + α^′s − 1)

(α^′t + 1)(α^′t)(α^′t − 1) − (2α^′) 3 2 k_1 · k_2ζ_3 · k_1 ( 2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1 ) + 2 √ 2α^′ζ_3 · k_1 ( 2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1 )

+(α^′t + 1)(α^′t)(α^′s + 1)

− (2α^′)^32 k_1 · k_3ζ_3 · k_2 ( 2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1 ) + 2(2α^′)^52 k_1 · k_2ζ_3 · k_1ϵ_{μν} k^μ_1 k^ν_3

− 2(2α^′)^32 ζ_3 · k_1ϵ_{μν} k^μ_1 k^ν_3

+(α^′t + 1)(α^′s + 1)(α^′s)

− (2α^′)^32 k_1 · k_2ζ_3 · k_1 ( 2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3 ) + 2(2α^′)^52 k_1 · k_3ζ_3 · k_2ϵ_{μν} k^μ_1 k^ν_3

− 2(2α^′)^32 k_1 · k_3ϵ_{μν} k^μ_1 ζ^ν_3

+(α^′s + 1)(α^′s)(α^′s − 1) − (2α^′) 3 2 k_1 · k_3ζ_3 · k_2 ( 2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3 ) + 4α^′k_1 · k_3 (√ 2α^′ϵ_{μν} k^μ_3 ζ^ν_3 − ϵ · ζ_3 )

+(α^′t + α^′s)(α^′t + α^′s − 1)

(α^′t + 1)(α^′t) − (2α^′) 3 2 k_1 · k_2ζ_3 · k_2 ( 2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1 ) + 2 √ 2α^′ζ_3 · k_2 ( 2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1 )

+ (α^′t + 1)(α^′s + 1)

2(2α^′)^52 k_1 · k_2ζ_3 · k_2ϵ_{μν} k^μ_1 k^ν_3

− 2(2α^′)^32 k_1 · k_2ϵ_{μν} k^μ_1 ζ^ν_3 + 2 √ 2α^′ϵ_{μν} k^μ_1 ζ^ν_3 − 2(2α^′)^32 ζ_3 · k_2ϵ_{μν} k^μ_1 k^ν_3

+ (α^′s + 1)(α^′s) − (2α^′) 3 2 k_1 · k_2ζ_3 · k_2 ( 2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3 ) + 4α^′k_1 · k_2 (√ 2α^′ϵ_{μν} k^μ_3 ζ^ν_3 − ϵ · ζ_3 )

= Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s + 2) ×

×

(α^′t + 1)(α^′s + 1)

−(α^′t)(α^′t − 1)(α^′t + α^′s − 1) ( √ 2α^′ζ_3 · k_1)(2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1)

+(α^′t)(α^′t + α^′s − 1)(α^′s) ( √ 2α^′ζ_3 · k_1)(4α^′ϵ_{μν} k^μ_1 k^ν_3 )

−(α^′t + α^′s − 1)(α^′s)(α^′s − 1) ( √ 2α^′ζ_3 · k_1)(2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3)

+(α^′t + α^′s − 1)

(α^′t + 1)(α^′t)(α^′t − 1)(α^′s + 1) ( √ 2α^′ζ_3 · k_1)(2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1)

−(α^′t + 1)(α^′t)(α^′t + α^′s)(α^′s + 1) ( √ 2α^′ζ_3 · k_2)(2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1)

−(α^′t + 1)(α^′t)(α^′s + 1)(α^′s) ( √ 2α^′ζ_3 · k_1)(4α^′ϵ_{μν} k^μ_1 k^ν_3 )

+(α^′t + 1)(α^′s + 1)(α^′s)(α^′s − 1) ( √ 2α^′ζ_3 · k_1)(2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3)

+(α^′t + 1)(α^′t + α^′s)(α^′s + 1)(α^′s) ( √ 2α^′ζ_3 · k_2)(4α^′ϵ_{μν} k^μ_1 k^ν_3 )

−(α^′t + 1)(α^′t + α^′s)(α^′s + 1)(α^′s) ( √ 2α^′ϵ_{μν} k^μ_1 ζ^ν_3 )

−(α^′t + α^′s)(α^′s + 1)(α^′s)(α^′s − 1) ( √ 2α^′ζ_3 · k_2)(2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3)

+(α^′t + α^′s)(α^′s + 1)(α^′s)(α^′s − 1) (2 √ 2α^′ϵ_{μν} k^μ_3 ζ^ν_3 − 2ϵ · ζ_3)

+(α^′t + α^′s)(α^′t + α^′s − 1)

(α^′t + 1)(α^′t)(α^′s + 1) ( √ 2α^′ζ_3 · k_2)(2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1)

−(α^′t + 1)(α^′s + 1)(α^′s) ( √ 2α^′ζ_3 · k_2)(4α^′ϵ_{μν} k^μ_1 k^ν_3 )

+(α^′t + 1)(α^′s + 1)(α^′s) (2 √ 2α^′ϵ_{μν} k^μ_1 ζ^ν_3 )

+(α^′s + 1)(α^′s)(α^′s − 1) ( √ 2α^′ζ_3 · k_2)(2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3)

−(α^′s + 1)(α^′s)(α^′s − 1) (2 √ 2α^′ϵ_{μν} k^μ_3 ζ^ν_3 − 2ϵ · ζ_3)

= 0. (99)

• Case 2: ζ_3 → √ 2α^′k_3 A_{T P MP} = Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s + 2) ×

×

(α^′t + 1)(α^′s + 1)

(α^′t)(α^′t − 1) √ 2α^′ζ_1 · k_3

− (2α^′)^32 k_1 · k_3ζ_1 · k_3 ( 2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1 )

+(α^′t)(α^′s) √ 2α^′ζ_1 · k_3

− (2α^′)^32 k_1 · k_3ζ_1 · k_3 ( − 4α^′ϵ_{μν} k^μ_1 k^ν_3 )

+(α^′s)(α^′s − 1) √ 2α^′ζ_1 · k_3

− (2α^′)^32 k_1 · k_3ζ_1 · k_3

(2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3 )

+(α^′t + α^′s − 1)

(α^′t + 1)(α^′t)(α^′t − 1) − (2α^′) 3 2 k_1 · k_3ζ_1 · k_2 ( 2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1 ) + 4α^′k_1 · k_3 (√ 2α^′ϵ_{μν} ζ^μ_1 k^ν_1 − ϵ · ζ_1 )

+(α^′t + 1)(α^′t)(α^′s + 1)

− (2α^′)^32 k_2 · k_3ζ_1 · k_3 ( 2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1 ) + 2(2α^′)^52 k_1 · k_3ζ_1 · k_2ϵ_{μν} k^μ_1 k^ν_3

− 2(2α^′)^32 k_1 · k_3ϵ_{μν} ζ^μ_1 k^ν_3

+(α^′t + 1)(α^′s + 1)(α^′s)

− (2α^′)^32 k_1 · k_3ζ_1 · k_2 ( 2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3 ) + 2(2α^′)^52 k_2 · k_3ζ_1 · k_3ϵ_{μν} k^μ_1 k^ν_3

− 2(2α^′)^32 ζ_1 · k_3ϵ_{μν} k^μ_1 k^ν_3

+(α^′s + 1)(α^′s)(α^′s − 1) − (2α^′) 3 2 k_2 · k_3ζ_1 · k_3 ( 2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3 ) + 2 √ 2α^′ζ_1 · k_3 ( 2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3 )

+(α^′t + α^′s)(α^′t + α^′s − 1)

(α^′t + 1)(α^′t) − (2α^′) 3 2 k_2 · k_3ζ_1 · k_2 ( 2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1 ) + 2 √ 2α^′k_2 · k_3 (√ 2α^′ϵ_{μν} ζ^μ_1 k^ν_1 − ϵ · ζ_1 )

+ (α^′t + 1)(α^′s + 1)

2(2α^′)^52 k_2 · k_3ζ_1 · k_2ϵ_{μν} k^μ_1 k^ν_3

− 2(2α^′)^32 ζ_1 · k_2ϵ_{μν} k^μ_1 k^ν_3 + 2 √ 2α^′ϵ_{μν} ζ^μ_1 k^ν_3 − 2(2α^′)^32 k_2 · k_3ϵ_{μν} ζ^μ_1 k^ν_3

+ (α^′s + 1)(α^′s) − (2α^′) 3 2 k_2 · k_3ζ_1 · k_2 ( 2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3 ) + 2 √ 2α^′ζ_1 · k_2 ( 2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3 )

= Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s + 2) ×

×

(α^′t + 1)(α^′s + 1)

−(α^′t)(α^′t − 1)(α^′t + α^′s − 1) ( √ 2α^′ζ_1 · k_3)(2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1)

+(α^′t)(α^′t + α^′s − 1)(α^′s) ( √ 2α^′ζ_1 · k_3)(4α^′ϵ_{μν} k^μ_1 k^ν_3 )

−(α^′t + α^′s − 1)(α^′s)(α^′s − 1) ( √ 2α^′ζ_1 · k_3)(2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3)

+(α^′t + α^′s − 1)

−(α^′t + 1)(α^′t)(α^′t − 1)(α^′t + α^′s) ( √ 2α^′ζ_1 · k_2)(2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1)

+(α^′t + 1)(α^′t)(α^′t − 1)(α^′t + α^′s) (2 √ 2α^′ϵ_{μν} ζ^μ_1 k^ν_1 − 2ϵ · ζ_1)

+(α^′t + 1)(α^′t)(α^′t − 1)(α^′s + 1) ( √ 2α^′ζ_1 · k_3)(2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1)

+(α^′t + 1)(α^′t)(α^′t + α^′s)(α^′s + 1) ( √ 2α^′ζ_1 · k_2)(4α^′ϵ_{μν} k^μ_1 k^ν_3 )

−(α^′t + 1)(α^′t)(α^′t + α^′s)(α^′s + 1) (2 √ 2α^′ϵ_{μν} ζ^μ_1 k^ν_3 )

−(α^′t + 1)(α^′t + α^′s)(α^′s + 1)(α^′s) ( √ 2α^′ζ_1 · k_2)(2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3)

−(α^′t + 1)(α^′t)(α^′s + 1)(α^′s) ( √ 2α^′ζ_1 · k_3)(4α^′ϵ_{μν} k^μ_1 k^ν_3 )

+(α^′t + 1)(α^′s + 1)(α^′s)(α^′s − 1) ( √ 2α^′ζ_1 · k_3)(2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3)

+(α^′t + α^′s)(α^′t + α^′s − 1)

+(α^′t + 1)(α^′t)(α^′t − 1) ( √ 2α^′ζ_1 · k_2)(2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1)

−(α^′t + 1)(α^′t)(α^′t − 1) (2 √ 2α^′ϵ_{μν} ζ^μ_1 k^ν_1 − 2ϵ · ζ_1 ) −(α^′t + 1)(α^′t)(α^′s + 1) ( √ 2α^′ζ_1 · k_2)(4α^′ϵ_{μν} k^μ_1 k^ν_3 )

+(α^′t + 1)(α^′t)(α^′s + 1) (2 √ 2α^′ϵ_{μν} ζ^μ_1 k^ν_3 )

+(α^′t)(α^′s + 1)(α^′s) ( √ 2α^′ζ_1 · k_2)(2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3)

= 0. (100)

• Case 3: Type I vector zero norm state

In this case, we replace the polarization tensors as follows: ϵ_{μν} → √ α^′ 2 (e_μk_{2ν} + e_ν k_{2μ})

and ϵ_μ → e_μ.

First note that

2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1 ⇒ (2α^′k_1 · k_2)( √ 2α^′e · k_1) − √ 2α^′e · k_1 = −(α^′s)( √ 2α^′e · k_1)

−4α^′ϵ_{μν} k^μ_1 k^ν_3 ⇒ −(2α^′k_1 · k_2)( √ 2α^′e · k_3) − (2α^′k_2 · k_3)( √ 2α^′e · k_1)

= (α^′s − 1)( √ 2α^′e · k_3) + (α^′t − 1)( √ 2α^′e · k_1)

2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3 ⇒ (2α^′k_2 · k_3)( √ 2α^′e · k_3) − √ 2α^′e · k_3 = −(α^′t)( √ 2α^′e · k_3) −2 √ 2α^′ϵ_{μν} ζ^μ_1 k^μ_1 + 2ϵ · ζ_1 ⇒ −2α^′k_1 · k_2ζ_1 · e − 2α^′ζ_1 · k_2e · k_1 + 2ζ_1 · e

= (α^′s + 1)ζ_1 · e − 2α^′ζ_1 · k_2e · k_1 2 √ 2α^′ϵ_{μν} ζ^μ_1 k^ν_3 ⇒ 2α^′k_2 · k_3ζ_1 · e + 2α^′ζ_1 · k_2e · k_3

= −(α^′t + 1)ζ_1 · e + 2α^′ζ_1 · k_2e · k_3 −2 √ 2α^′ϵ_{μν} ζ^μ_3 k^μ_3 + 2ϵ · ζ_3 ⇒ −2α^′k_2 · k_3ζ_3 · e − 2α^′ζ_3 · k_2e · k_3 + 2ζ_3 · e

= (α^′t − 1)ζ_3 · e − 2α^′ζ_3 · k_2e · k_3 2 √ 2α^′ϵ_{μν} ζ^μ_3 k^ν_1 ⇒ 2α^′k_1 · k_2ζ_3 · e + 2α^′ζ_3 · k_2e · k_1

= −(α^′s − 1)ζ_3 · e + 2α^′ζ_3 · k_2e · k_1

−2ϵ_{μν} ζ^μ_1 ζ^ν_3 ⇒ − √ 2α^′ζ_1 · k_2ζ_3 · e − √ 2α^′ζ_1 · eζ_3 · k_2.

A_{T P MP} = Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s + 2) ×

×

(α^′t + 1)(α^′s + 1)

−(α^′t)(α^′t − 1) (ζ_1 · ζ_3 − 2α^′ζ_1 · k_3ζ_3 · k_1)(α^′s)( √ 2α^′e · k_1)

+(α^′t)(α^′s) (ζ_1 · ζ_3 − 2α^′ζ_1 · k_3ζ_3 · k_1) (α^′s − 1)( √ 2α^′e · k_3)

+ (α^′t − 1)( √ 2α^′e · k_1)

−(α^′s)(α^′s − 1) (ζ_1 · ζ_3 − 2α^′ζ_1 · k_3ζ_3 · k_1)(α^′t)( √ 2α^′e · k_3)

+(α^′t + α^′s − 1)

(α^′t + 1)(α^′t)(α^′t − 1)

(α^′s)(2α^′ζ_1 · k_2ζ_3 · k_1)( √ 2α^′e · k_1)

− (α^′s + 1)( √ 2α^′ζ_3 · k_1ζ_1 · e)

+ (2α^′ζ_1 · k_2ζ_3 · k_1)( √ 2α^′e · k_1)

+(α^′t + 1)(α^′t)(α^′s + 1)

(α^′s)(2α^′ζ_1 · k_3ζ_3 · k_2)( √ 2α^′e · k_1)

− (α^′s − 1)(2α^′ζ_1 · k_2ζ_3 · k_1)( √ 2α^′e · k_3)

− (α^′t − 1)(2α^′ζ_1 · k_2ζ_3 · k_1)( √ 2α^′e · k_1)

+ (α^′t − 1)(2 √ α^′ζ_3 · k_1ζ_1 · e)

− (2α^′ζ_1 · k_2ζ_3 · k_1)(2 √ α^′e · k_3)

+(α^′t + 1)(α^′s + 1)(α^′s)

(α^′t)(2α^′ζ_1 · k_2ζ_3 · k_1)( √ 2α^′e · k_3)

− (α^′s − 1)(2α^′ζ_1 · k_3ζ_3 · k_2)( √ 2α^′e · k_3)

− (α^′t − 1)(2α^′ζ_1 · k_3ζ_3 · k_2)( √ 2α^′e · k_1)

+ (α^′s − 1)( √ 2α^′ζ_1 · k_3ζ_3 · e)

− (2α^′ζ_1 · k_3ζ_3 · k_2)( √ 2α^′e · k_1)

+(α^′s + 1)(α^′s)(α^′s − 1)

(α^′t)(2α^′ζ_1 · k_3ζ_3 · k_2)( √ 2α^′e · k_3)

− (α^′t + 1)( √ 2α^′ζ_1 · k_3ζ_3 · e)

+ (2α^′ζ_1 · k_3ζ_3 · k_2)( √ 2α^′e · k_3)

+(α^′t + α^′s)(α^′t + α^′s − 1)

(α^′t + 1)(α^′t)

(α^′s)(2α^′ζ_1 · k_2ζ_3 · k_2)( √ 2α^′e · k_1)

− (α^′s + 1)( √ 2α^′ζ_3 · k_2ζ_1 · e)

+ (2α^′ζ_1 · k_2ζ_3 · k_2)( √ 2α^′e · k_1)

+(α^′t + 1)(α^′s + 1)

− (α^′s − 1)(2α^′ζ_1 · k_2ζ_3 · k_2)( √ 2α^′e · k_3)

− (α^′t − 1)(2α^′ζ_1 · k_2ζ_3 · k_2)( √ 2α^′e · k_1)

+ (α^′s − 1)( √ 2α^′ζ_1 · k_2ζ_3 · e)

− (2α^′ζ_1 · k_2ζ_3 · k_2)( √ 2α^′e · k_1) + √ 2α^′ζ_1 · k_2ζ_3 · e + √ 2α^′ζ_3 · k_2ζ_1 · e

+ (α^′t − 1)( √ 2α^′ζ_3 · k_2ζ_1 · e)

− (2α^′ζ_1 · k_2ζ_3 · k_2)( √ 2α^′e · k_3)

+(α^′s + 1)(α^′s)

(α^′t)(2α^′ζ_1 · k_2ζ_3 · k_2)( √ 2α^′e · k_3)

− (α^′t + 1)( √ 2α^′ζ_1 · k_2ζ_3 · e)

+ (2α^′ζ_1 · k_2ζ_3 · k_2)( √ 2α^′e · k_3)

= Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s + 2) ×

×

+(α^′t + α^′s − 1)

(α^′t + 1)(α^′t)(α^′t − 1)(α^′s + 1)

(2α^′ζ^1 · k^2ζ^3 · k^1)( √ 2α^′e · k_1) − ( √ 2α^′ζ_3 · k_1ζ_1 · e)

+(α^′t + 1)(α^′t)(α^′s + 1)

(α^′s)(2α^′ζ_1 · k_3ζ_3 · k_2)( √ 2α^′e · k_1)

− (α^′s)(2α^′ζ_1 · k_2ζ_3 · k_1)( √ 2α^′e · k_3)

− (α^′t − 1)(2α^′ζ_1 · k_2ζ_3 · k_1)( √ 2α^′e · k_1)

+ (α^′t − 1)(2 √ α^′ζ_3 · k_1ζ_1 · e)

+(α^′t + 1)(α^′s + 1)(α^′s)

(α^′t)(2α^′ζ_1 · k_2ζ_3 · k_1)( √ 2α^′e · k_3)

− (α^′t)(2α^′ζ_1 · k_3ζ_3 · k_2)( √ 2α^′e · k_1)

− (α^′s − 1)(2α^′ζ_1 · k_3ζ_3 · k_2)( √ 2α^′e · k_3)

+ (α^′s − 1)( √ 2α^′ζ_1 · k_3ζ_3 · e)

+(α^′s + 1)(α^′s)(α^′s − 1)

(α^′t)(2α^′ζ_1 · k_3ζ_3 · k_2)( √ 2α^′e · k_3) − (α^′t)( √ 2α^′ζ_1 · k_3ζ_3 · e)

+ (2α^′ζ_1 · k_3ζ_3 · k_2)( √ 2α^′e · k_3)

+(α^′t + α^′s)(α^′t + α^′s − 1)

(α^′t + 1)(α^′t)(α^′s + 1)

(2α^′ζ^1 · k^2ζ^3 · k^2)( √ 2α^′e · k_1) − ( √ 2α^′ζ_3 · k_2ζ_1 · e)

+(α^′t + 1)(α^′s + 1)

− (α^′t)(2α^′ζ_1 · k_2ζ_3 · k_2)( √ 2α^′e · k_1)

+ (α^′t)( √ 2α^′ζ_3 · k_2ζ_1 · e)

− (α^′s)(2α^′ζ_1 · k_2ζ_3 · k_2)( √ 2α^′e · k_3)

+ (α^′s)( √ 2α^′ζ_1 · k_2ζ_3 · e)

+(α^′s + 1)(α^′s)

(α^′t + 1)(2α^′ζ^1 · k^2ζ^3 · k^2)( √ 2α^′e · k_3)

− (α^′t + 1)( √ 2α^′ζ_1 · k_2ζ_3 · e)

= 0. (101)

• Case 4: Type II singlet zero-norm state In this case, we replace the polarization tensors as follows: ϵ_{μν} → 3α^′k_{2μ}k_{2ν} + 1 2 η_{μν} and ϵ_μ → √ α^′ 2 ( 5k_{2μ} − iV_μ )

2α^′ϵ_{μν} k^μ_1 k^ν_1 − √ 2α^′ϵ · k_1 ⇒ 6α^{′2}(k_1 · k_2)^2 + α^′k^2_1 − 5α^′k_1 · k_2 + iα^′k_1 · V = 3 2 (α^′s − 1)^2 + 5 2 (α^′s − 1) = 3 2 (α^′s)(α^′s − 1) + (α^′s − 1)

−4α^′ϵ_{μν} k^μ_1 k^ν_3 ⇒ −12α^{′2}k_1 · k_2k_2 · k_3 − 2α^′k_1 · k_3

= −3(α^′t − 1)(α^′s − 1) − (α^′t + α^′s)

2α^′ϵ_{μν} k^μ_3 k^ν_3 − √ 2α^′ϵ · k_3 ⇒ 6α^{′2}(k_2 · k_3)^2 + α^′k^2_3 − 5α^′k_2 · k_3 + iα^′k_3 · V = 3 2 (α^′t − 1)^2 + 5 2 (α^′t − 1) = 3 2 (α^′t)(α^′t − 1) + (α^′t − 1) −2 √ 2α^′ϵ_{μν} ζ^μ_1 k^ν_1 + 2ϵ · ζ_1 ⇒ (−6α^′k_1 · k_2)( √ 2α^′ζ_1 · k_2) − √ 2α^′ζ_1 · k_1 +5 √ 2α^′ζ_1 · k_2 − √ 2α^′iζ_1 · V = 3(α^′s + 1)( √ 2α^′ζ_1 · k_2) − √ 2α^′ζ_1 · k_2 2 √ 2α^′ϵ_{μν} ζ^μ_1 k^ν_3 ⇒ (6α^′k_2 · k_3)( √ 2α^′ζ_1 · k_2) + √ 2α^′ζ_1 · k_3

= −3(α^′t − 1)( √ 2α^′ζ_1 · k_2) + √ 2α^′ζ_1 · k_3 −2 √ 2α^′ϵ_{μν} ζ^μ_3 k^ν_3 + 2ϵ · ζ_3 ⇒ (−6α^′k_2 · k_3)( √ 2α^′ζ_3 · k_2) − √ 2α^′ζ_3 · k_3 +5 √ 2α^′ζ_3 · k_2 − √ 2α^′iζ_3 · V = 3(α^′t + 1)( √ 2α^′ζ_3 · k_2) − √ 2α^′ζ_3 · k_2 2 √ 2α^′ϵ_{μν} ζ^μ_3 k^ν_1 ⇒ (6α^′k_1 · k_2)( √ 2α^′ζ_3 · k_2) + √ 2α^′ζ_3 · k_1

= −3(α^′s − 1)( √ 2α^′ζ_3 · k_2) + √ 2α^′ζ_3 · k_1

−2ϵ_{μν} ζ^μ_1 ζ^ν_3 ⇒ −6α^′ζ_1 · k_2 ζ_3 · k_2 − ζ_1 · ζ_3.

A_{T P MP} = Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s + 2) ×

×

(α^′t + 1)(α^′s + 1)

(α^′t)(α^′t − 1)(ζ_1 · ζ_3 − 2α^′ζ_1 · k_3ζ_3 · k_1)

[_3 2 (α^′s)(α^′s − 1) + (α^′s − 1) ]

+ (α^′t)(α^′s)(ζ_1 · ζ_3 − 2α^′ζ_1 · k_3ζ_3 · k_1) − 3(α^′t − 1)(α^′s − 1) − (α^′t + α^′s) + (α^′s)(α^′s − 1)(ζ_1 · ζ_3 − 2α^′ζ_1 · k_3ζ_3 · k_1)

[_3 2 (α^′t)(α^′t − 1) + (α^′t − 1) ]

+(α^′t + α^′s − 1)

(α^′t + 1)(α^′t)

(α^′t − 1)

−2α^′ζ_1 · k_2ζ_3 · k_1

[_3 2 (α^′s)(α^′s − 1) + (α^′s − 1) ]

+ √ 2α^′ζ_3 · k_1

− 3(α^′s + 1)( √ 2α^′ζ_1 · k_2) + √ 2α^′ζ_1 · k_2

+ (α^′t + 1)(α^′t)

(α^′s + 1)

− 2α^′ζ_1 · k_3ζ_3 · k_2

[_3 2 (α^′s)(α^′s − 1) + (α^′s − 1) ]

+ 2α^′ζ_1 · k_2ζ_3 · k_1 3(α^′t − 1)(α^′s − 1) + (α^′t + α^′s) − √ 2α^′ζ_3 · k_1 − 3(α^′t − 1)( √ 2α^′ζ_1 · k_2) + √ 2α^′ζ_1 · k_3

+ (α^′t + 1)

(α^′s + 1)(α^′s)

− 2α^′ζ_1 · k_2ζ_3 · k_1

[_3 2 (α^′t)(α^′t − 1) + (α^′t − 1) ]

+ 2α^′ζ_1 · k_3ζ_3 · k_2 3(α^′t − 1)(α^′s − 1) + (α^′t + α^′s) − √ 2α^′ζ_1 · k_3 − 3(α^′s − 1)( √ 2α^′ζ_3 · k_2) + √ 2α^′ζ_3 · k_1

+ (α^′s + 1)(α^′s)

(α^′s − 1)

−2α^′ζ_1 · k_3ζ_3 · k_2

[_3 2 (α^′t)(α^′t − 1) + (α^′t − 1) ]

+ √ 2α^′ζ_1 · k_3

− 3(α^′t + 1)( √ 2α^′ζ_3 · k_2) + √ 2α^′ζ_3 · k_2

+ (α^′t + α^′s) (α^′t + α^′s − 1)

(α^′t + 1)(α^′t)

−2α^′ζ_1 · k_2ζ_3 · k_2

[_3 2 (α^′s)(α^′s − 1) + (α^′s − 1) ]

+ √ 2α^′ζ_3 · k_2

− 3(α^′s + 1)( √ 2α^′ζ_1 · k_2) + √ 2α^′ζ_1 · k_2

+ (α^′t + 1)

(α^′s + 1)

2α^′ζ_1 · k_2ζ_3 · k_2 [ 3(α^′t − 1)(α^′s − 1) + (α^′t + α^′s) ]

− √ 2α^′ζ_1 · k_2 − 3(α^′s − 1)( √ 2α^′ζ_3 · k_2) + √ 2α^′ζ_3 · k_1

+ 6α^′ζ_1 · k_2ζ_3 · k_2 + ζ_1 · ζ_3 − 4α^′ζ_3 · k_2 − √ 2α^′ζ_3 · k_2 − 3(α^′t − 1)( √ 2α^′ζ_1 · k_2) + √ 2α^′ζ_1 · k_3

+(α^′s + 1)(α^′s)

−2α^′ζ_1 · k_2ζ_3 · k_2

[_3 2 (α^′t)(α^′t − 1) + (α^′t − 1) ]

+ √ 2α^′ζ_1 · k_2

− 3(α^′t + 1)( √ 2α^′ζ_3 · k_2) + √ 2α^′ζ_3 · k_2

= Γ(−α^′t − 1)Γ(−α^′s − 1) Γ(−α^′t − α^′s + 2) ×

×

(α^′t + 1)(α^′s + 1)

(α^′t)(α^′t − 1)(α^′s − 1)(ζ_1 · ζ_3 − 2α^′ζ_1 · k_3ζ_3 · k_1) − (α^′t)(α^′s)(α^′t + α^′s)(ζ_1 · ζ_3 − 2α^′ζ_1 · k_3ζ_3 · k_1) + (α^′s)(α^′s − 1)(α^′t − 1)(ζ_1 · ζ_3 − 2α^′ζ_1 · k_3ζ_3 · k_1)

+(α^′t + α^′s − 1)

−(α^′t + 1)(α^′t)(α^′t − 1)(α^′s + 1) (2α^′ζ_1 · k_2ζ_3 · k_1) −(α^′t + 1)(α^′t)(α^′s + 1)(α^′s − 1) (2α^′ζ_1 · k_3ζ_3 · k_2) +(α^′t + 1)(α^′t)(α^′s + 1)(α^′t + α^′s) (2α^′ζ_1 · k_2ζ_3 · k_1) −(α^′t + 1)(α^′t)(α^′s + 1) (2α^′ζ_1 · k_3ζ_3 · k_1) −(α^′t + 1)(α^′s + 1)(α^′s)(α^′t − 1) (2α^′ζ_1 · k_2ζ_3 · k_1) +(α^′t + 1)(α^′s + 1)(α^′s)(α^′t + α^′s) (2α^′ζ_1 · k_3ζ_3 · k_2) −(α^′t + 1)(α^′s + 1)(α^′s) (2α^′ζ_1 · k_3ζ_3 · k_1) −(α^′s + 1)(α^′s)(α^′s − 1)(α^′t + 1) (2α^′ζ_1 · k_3ζ_3 · k_2)

+(α^′t + α^′s)(α^′t + α^′s − 1)

−(α^′t + 1)(α^′t)(α^′s + 1) (2α^′ζ_1 · k_2ζ_3 · k_2) +(α^′t + 1)(α^′s + 1)(α^′t + α^′s) (2α^′ζ_1 · k_2ζ_3 · k_2) −(α^′t + 1)(α^′s + 1) (2α^′ζ_1 · k_2ζ_3 · k_1) −(α^′t + 1)(α^′s + 1) (2α^′ζ_1 · k_3ζ_3 · k_2) +(α^′t + 1)(α^′s + 1) ζ_1 · ζ_3 −(α^′s + 1)(α^′s)(α^′t + 1) (2α^′ζ_1 · k_2ζ_3 · k_2) = 0. (102)

VI. SUMMARY AND DISCUSSION

In this paper, we study the bosonic open string theory in the linear dilaton background. Based on the operator formulation, we calculate the physical state spectrum of the stringy excitations up to the first massive level and the tree-level scattering amplitudes among these physical states. To be specific, we obtain the following new results:

(1) We obtain the physical state conditions in the old covariant first quantization spectrum up to the first massive level.

(2) We obtain the normal-ordered vertex operators corresponding to the physical states and show that they satisfy the conformal algebra.

(3) Based on oscillator representation and coherent state method, we calculate three-point and four point stringy scattering amplitudes among tachyon, photon, and spin-two tensors.

(4) We verify the decoupling of zero-norm states in the on-shell stringy scattering amplitudes for the three and four-point functions under consideration. These stringy Ward identities can be viewed as consistent checks for our calculations of stringy amplitudes. It also supports the idea of modified energy-momentum conservation rule in the definition of inner product for the center of mass degrees of freedom through inner product Eq.(23)

The physical motivation for studying this particular time-dependent background is that this is the simplest example one can study the issue of high-energy symmetry and the background independence of string theory in a quantitative way. For detailed explanations and the physical implications, please refer to [33]. In order to realize the universal property of the high-energy stringy symmetry, one can connect two fixed-points in the moduli space of string theory by a continuous path, and we should be able to map out the spectral flow of stringy spectrum and observe the deformation of the high-energy stringy symmetry as we move from one fixed point to another.

Indeed, our results in this paper already provide some hints of this idea. Specifically, from the result (1), we can see that there is a clear deformation of physical state condition as we change the gradient of dilaton field V^μ. One can also see that if we turn off the linear dilaton field, all the vertex operators in result (2) are identical to the standard flat space-time vertex operators. Finally, with the general definitions of (deformed) kinematic variables, including Mandelstam variables, Eq.(62), we find that there exists no apparent dependence of the dilaton gradient in the stringy scattering amplitudes. Consequently, the zero-dilaton limits of the stringy scattering amplitudes in the result (3) naturally coincide wit those of flat space-time.

Our explicit checks of the stringy Ward identities (result (4)) provides a concrete example of deformation of stringy gauge symmetry (including massive excitations) as we migrate in the moduli space. To see the connection with high-energy stringy symmetry, we need to specify the kinematic set-up and perform a systematic expansion of all kinematic variables to obtain the high-energy limits. These calculations are reported in [33].

APPENDIX A: USEFUL COMMUTATION RELATIONS

Based on fundamental commutation relations

[α^μ_n.α^ν_m] = nδ_{n+m}η^{μν} and [x^μ, p^ν ] = iη^{μν} .

One can derive the following equalities [ α^μ_0 , exp ( ik · X_0 )] = √ 2α^′k^μ exp ( ik · X_0 ) (A1) [ α^μ_n, exp ( ik · X_− )] = √ 2α^′k^μe^{inτ} exp ( ik · X_− ) (n > 0) (A2) [ α^μ_n, exp ( ik · X_+ )] = √ 2α^′k^μe^{inτ} exp ( ik · X_+ ) (n < 0). (A3)

From this it is easy to see [ α^μ_n, V_T ] = √ 2α^′k^μe^{inτ} V_T (∀n ∈ Z). (A4) For normal-ordering calculation, [ Ẋ^μ_+, exp (ik · X_−) ] = [√ 2α^′ ∞∑ n=1 α^μ_ne^{−inτ} , exp (√ 2α^′k · ∞∑ m=1 α_{−m} m e^{imτ} )]

= 2α^′k^μ exp ( ik · X_− )^∞∑ n=1 1 = −α^′k^μ exp ( ik · X_− ) (A5) [ Ẋ^μ_+, Ẋ^ν_− ] = [√ 2α^′ ∞∑ n=1 α^μ_ne^{−inτ} , √ 2α^′ ∞∑ n=1 α^ν_{−m}e^{imτ} ]

= 2α^′η^{μν} (^∞∑ n,m=1 n ) = − α^′ 6 η^{μν} (A6) [ Ẍ^μ_+, exp (ik · X_−) ] = [ − i √ 2α^′ ∞∑ n=1 nα^μ_ne^{−inτ} , exp (√ 2α^′k · ∞∑ m=1 α_{−m} m e^{imτ} )]

= −2iα^′k^μ exp ( ik · X_− )(^∞∑ n=1 n ) = ik^μα^′ 6 exp ( ik · X_− ) . (A7)

In the calculation of the 4-point scattering amplitudes, the following formulae are useful: [ exp [ ik · X_+(1) ] , exp [ ik^′ · X_−(y) ]] = exp ( − 2α^′k · k^′ ∞∑ n=1 y^n n ) exp [ ik^′ · X_−(y) ]

= (1 − y)^{2α′k·k′} exp [ ik^′ · X_−(y) ] (A8) [ exp [ ik · X_+(1) ] , Ẋ^μ_−(y) ] = −2α^′k^μ ∞∑ n=1 y^n exp[ik · X_+(1)] = −2α^′k^μy 1 − y exp [ ik · X_+(1) ] (A9) [ exp [ ik · X_+(1) ] , Ẍ^μ_−(y) ] = −2iα^′k^μ ∞∑ n=1 ny^n exp [ ik · X_+(1) ]

= −2iα^′k^μy (1 − y)^2 exp [ ik · X_+(1) ] (A10) [ Ẋ^μ_0 (1), exp [ik · X_0(y)] ] = [2α^′p^μ, exp ( ik · x ) ]y^{2α′k·p}y^{α′k2} = 2α^′k^μ exp [ ik · X_0(y) ] (A11) [ ζ · Ẋ_+(1), Ẋ^μ_−(y) ] = [√ 2α^′ ∞∑ n=1 ζ · α_n, √ 2α^′ ∞∑ m=1 α^μ_{−m}y^m ]

= 2α^′ζ^μ ∞∑ n=1 ny^n = 2α^′ζ^μy (1 − y)^2

(A12) [ ζ · Ẋ_+(1), Ẍ^μ_−(y) ] = [√ 2α^′ ∞∑ n=1 α_n, i √ 2α^′ ∞∑ m=1 mα_{−m}y^m ]

= 2α^′iζ^μ ∞∑ n=1 n^2y^n =

2α^′iζ^μ(1 + y)y (1 − y)^3

(A13) [ ζ · Ẋ_+(1). exp [ ik · X_−(y) ]] = 2α^′ζ · ky 1 − y (A14)

APPENDIX B: USEFUL FOUR-POINT FUNCTIONS

A_4 = ZW, Z : zero mode part of A_4

W : nonzero mode part of A_4

Z = ⟨0; k_4| exp(ik_3 · x) exp(ik_2 · x) exp(−α^′k_2 · V τ) exp(2iα^′k_2 · pτ) exp(iα^′k^2 τ)|0; k_4⟩

= ⟨0; k_1| exp(ik_3 · x) exp(ik_2 · x)|0; k_4⟩ exp(2α^′k_1 · k_2τ) exp [ iα^′k_2 · (k_2 + iV )τ ] = exp[i(2α^′k_1 · k_2 − m^2)τ]δ(k^∗_4 − k_3 − k_2 − k_1)

= y^{2α′k1·k2−m2} δ(k^∗_4 − k_3 − k_2 − k_1) = y^{−α′s+m21}

W = ⟨0| exp( ∞∑ n=1 √ 2α^′k_2 · α_{−n} n ) exp(− ∞∑ n=1 √ 2α^′k_2 · α_n n ) ×

× exp( ∞∑ m=1 √ 2α^′k_3 · α_{−m} m y^m) exp(− ∞∑ m=1 √ 2α^′k_3 · α_m m y^{−m})|0⟩

= ⟨0| exp(− ∞∑ n=1 √ 2α^′k_2 · α_n n ) exp( ∞∑ m=1 √ 2α^′k_3 · α_{−m} m y^m)|0⟩

= exp(−2α^′ ∞∑ n=1 k_2 · k_3 y^n n ) = exp[2α^′k_2 · k_3 ln(1 − y)] = (1 − y)^{2α′k2·k3} = (1 − y)^{−α′t+m2 +m23}

A_4 = y^{−α′s+m21} (1 − y)^{−α′t+m2+m23} . (B1)

P ≡ ⟨0, k_4|V_T (k_3, 1)V_T (k_2, y)ζ · α_{−1}|0, k_1⟩

= ⟨0, k_4|V_T (k_3, 1) [ V_T (k_2, y), ζ · α_{−1} ] |0, k_1⟩ + ⟨0, k_4| [ V_T (k_3, 1), ζ · α_{−1} ] V_T (k_2, y)|0, k_1⟩ = − √ 2α^′(ζ · k_2y^{−1} + ζ · k_3)A_4. (B2)

In the second line, we use the Eq.(A3) in Appendix A.

ACKNOWLEDGMENTS

The authors wish to acknowledge Pravina Borhade, Pei-Ming Ho, Jen-Chi Lee, Shunsuke Teraguchi, Yi Yang, and Chi-Hsien Yeh for early collaborations in shaping the idea of this work. This work is supported by the National Science Council of Taiwan under the contract 96-2112-M-029-002-MY3 and the string focus group under the National Center for Theoretical Sciences.

[1] M. B. Green, J. H. Schwarz and E. Witten, “Superstring Theory. Vol. 1: Introduction,” Cambridge, Uk: Univ. Pr. (1987) 469 P. ( Cambridge Monographs On Mathematical Physics) [2] D. Lust and S. Theisen, “Lectures on string theory,” Lect. Notes Phys. 346 (1989) 1. [3] J. Scherk, “An Introduction To The Theory Of Dual Models And Strings,” Rev. Mod. Phys.

47 (1975) 123.

[4] T. Yoneya, “Connection of Dual Models to Electrodynamics and Gravidynamics,” Prog.

Theor. Phys. 51 (1974) 1907.

[5] A. M. Polyakov, “Quantum geometry of bosonic strings,” Phys. Lett. B 103 (1981) 207. [6] A. M. Polyakov, “Quantum geometry of fermionic strings,” Phys. Lett. B 103 (1981) 211. [7] B. Hatfield, “Quantum field theory of point particles and strings,” Redwood City, USA:

Addison-Wesley (1992) 734 p. (Frontiers in physics, 75) [8] A. Sen, “ON THE BACKGROUND INDEPENDENCE OF STRING FIELD THEORY,” Nucl. Phys. B 345 (1990) 551.

[9] A. Sen, “On The Background Independence Of String Field Theory. 2. Analysis Of On-Shell S Matrix Elements,” Nucl. Phys. B 347 (1990) 270.

[10] A. Sen, “On the background independence of string field theory. 3. Explicit Field redefinitions,” Nucl. Phys. B 391 (1993) 550 [arXiv:hep-th/9201041].

[11] D. J. Gross, “High-Energy Symmetries Of String Theory,” Phys. Rev. Lett. 60 (1988) 1229. [12] E. Witten, “The Search for Higher Symmetry in String Theory,” IASSNS-HEP-88/55. [13] D. J. Gross and P. F. Mende, “The High-Energy Behavior of String Scattering Amplitudes,” Phys. Lett. B 197 (1987) 129.

[14] D. J. Gross and P. F. Mende, “String Theory Beyond the Planck Scale,” Nucl. Phys. B 303 (1988) 407.

[15] D. J. Gross and J. L. Manes, “THE HIGH-ENERGY BEHAVIOR OF OPEN STRING SCAT- TERING,” Nucl. Phys. B 326 (1989) 73.

[16] C. T. Chan and J. C. Lee, “Stringy symmetries and their high-energy limits,” Phys. Lett. B 611 (2005) 193 [arXiv:hep-th/0312226].

[17] C. T. Chan and J. C. Lee, “Zero-norm states and high-energy symmetries of string theory,” Nucl. Phys. B 690 (2004) 3 [arXiv:hep-th/0401133].

[18] C. T. Chan, P. M. Ho, J. C. Lee, S. Teraguchi and Y. Yang, “Solving all 4-point correlation functions for bosonic open string theory in the high energy limit,” Nucl. Phys. B 725 (2005) 352 [arXiv:hep-th/0504138].

[19] P. M. Ho and X. Y. Lin, “Linear relations among 4-point functions in the high energy limit of string theory,” Phys. Rev. D 73 (2006) 126007 [arXiv:hep-th/0604026].

[20] C. T. Chan, J. C. Lee and Y. Yang, “Scatterings of massive string states from D-brane and their linear relations at high energies,” Nucl. Phys. B 764 (2007) 1 [arXiv:hep-th/0610062].

[21] C. T. Chan, J. C. Lee and Y. Yang, “Power-law Behavior of Strings Scattered from Domainwall at High Energies and Breakdown of their Linear Relations,” arXiv:hep-th/0610219.

[22] J. C. Lee and Y. Yang, “Linear relations of high energy absorption / emission amplitudes of D-brane,” Phys. Lett. B 646 (2007) 120 [arXiv:hep-th/0612059].

[23] J. C. Lee and Y. Yang, “Linear Relations and their Breakdown in High Energy Massive String Scatterings in Compact Spaces,” Nucl. Phys. B 784 (2007) 22 [arXiv:0705.1872 [hep-th]].

[24] J. C. Lee and Y. Yang, “High-energy Massive String Scatterings from Orientifold Planes,” Nucl. Phys. B 798 (2008) 198 [arXiv:0712.4245 [hep-th]].

[25] J. C. Lee, T. Takimi and Y. Yang, “High-energy String Scatterings of Compactified Open String,” Nucl. Phys. B 804 (2008) 250 [arXiv:0805.3168 [hep-th]].

[26] S. L. Ko, J. C. Lee and Y. Yang, “Kummer function and High energy String Scatterings,” arXiv:0811.4502 [hep-th].

[27] S. L. Ko, J. C. Lee and Y. Yang, “Pattens of High energy Massive String Scatterings in the Regge regime,” arXiv:0812.4190 [hep-th].

[28] J. Polchinski, “String theory. Vol. 1: An introduction to the bosonic string,” Cambridge, UK:

Univ. Pr. (1998) 402 p [29] P. M. Ho and S. Y. Shih, “Discrete States in Light-Like Linear Dilaton Background,” JHEP 0801 (2008) 054 [arXiv:0711.2792 [hep-th]].

[30] C. T. Chan and W. M. Chen, “Massive Vertex Operators and Conformal Algebra of the Bosonic Open String Theory in Flat Space-time,” arXiv:0907.5347 [hep-th].

[31] J. C. Lee, “Generalized On-Shell Ward Identities in String Theory,” Prog. Theor. Phys. 91 (1994) 353 [arXiv:hep-th/0503005].

[32] C. T. Chan, J. C. Lee and Y. Yang, “Anatomy of zero-norm states in string theory,” Phys.

Rev. D 71 (2005) 086005 [arXiv:hep-th/0501020].

[33] C. T. Chan and W. M. Chen, “High Energy Symmetry of Bosonic Open String Theory in the Light-like Linear Dilaton Background,” arXiv:0905.2322 [hep-th].