arXiv:0908.0213v1 [gr-qc] 3 Aug 2009

August 4, 2009

Charged Particles and the Electro-Magnetic Field in Non-Inertial Frames of Minkowski Spacetime: I. Admissible 3+1 Splittings of Minkowski Spacetime and the Non-Inertial Rest Frames.

David Alba

Sezione INFN di Firenze Polo Scientifico, via Sansone 1 50019 Sesto Fiorentino, Italy E-mail ALBA@FI.INFN.IT

Luca Lusanna

Sezione INFN di Firenze Polo Scientifico Via Sansone 1 50019 Sesto Fiorentino (FI), Italy Phone: 0039-055-4572334 FAX: 0039-055-4572364 E-mail: lusanna@fi.infn.it

Abstract

By using the 3+1 point of view and parametrized Minkowski theories we develop the theory of non-inertial frames in Minkowski space-time. The transition from a non-inertial frame to another one is a gauge transformation connecting the respective notions of instantaneous 3-space (clock synchronization convention) and of the 3-coordinates inside them. As a particular case we get the extension of the inertial rest-frame instant form of dynamics to the non-inertial rest-frame one. We show that every isolated system can be described as an external decoupled non-covariant canonical center of mass (described by frozen Jacobi data) carrying a pole-dipole structure: the invariant mass and an effective spin. Moreover we identify the constraints eliminating the internal 3-center of mass inside the instantaneous 3-spaces.

In the case of the isolated system of positive-energy scalar particles with Grassmann-valued electric charges plus the electro-magnetic field we obtain both Maxwell equations and their Hamiltonian description in non-inertial frames. Then by means of a non-covariant decomposition we define the non-inertial radiation gauge and we find the form of the non-covariant Coulomb potential. We identify the coordinate-dependent relativistic inertial potentials and we show that they have the correct Newtonian limit.

In the second paper we will study properties of Maxwell equations in non-inertial frames like the wrap-up effect and the Faraday rotation in astrophysics. Also the 3+1 description without coordinate-singularities of the rotating disk and the Sagnac effect will be given, with added comments on pulsar magnetosphere and on a relativistic extension of the Earth-fixed coordinate system.

I. INTRODUCTION

As a consequence of many years of research devoted to try to establish a consistent formulation of relativistic mechanics, we have now a description of every isolated system (particles, strings, fields, fluids), admitting a Lagrangian formulation, in arbitrary global inertial or non-inertial frames in Minkowski space-time by means of parametrized Minkowski theories [1, 2, 3, 4] (see Ref.[5] for a review). They allow one to get a Hamiltonian description of the relativistic isolated systems, in which the transition from a non-inertial (or inertial) frame to another one is a gauge transformation generated by suitable first-class Dirac constraints. Therefore, all the admissible conventions for clock synchronization, identifying the instantaneous 3-spaces containing the system and allowing a formulation of the Cauchy problem for the equations of the fields present in the system, turn out to be gauge equivalent.

The only known way to have a global description of non-inertial frames is to choose an arbitrary time-like observer and a 3+1 splitting of Minkowski space-time, namely a foliation with space-like hyper-surfaces (namely an arbitrary clock synchronization convention) with a set of 4-coordinates (observer-dependent Lorentz-scalar radar 4-coordinates σ^A = (τ; σ^r), A = {τ, r}) adapted to the foliation and having the observer as origin of the 3-coordinates σ^r on each instantaneous 3-space Σ_τ . The time parameter τ, labeling the leaves of the foliation, is an arbitrary monotonically increasing function of the proper time of the observer. Each such foliation defines a global non-inertial frame centered on the given observer if it satisfies the Møller admissibility conditions [6], [3, 5], and if the instantaneous (in general non-Euclidean) 3-spaces, described by the functions z^μ(τ, σ^r) giving their embedding in a reference inertial frame in Minkowski space-time, tend to space-like hyper-planes at spatial infinity [3]. The 4-metric g_{AB} (τ, σ^r) = z^μ_A(τ, σ^r) η_{μν} z^ν_B (τ, σ^r), z^μ_A(τ, σ^r) =^{∂ zμ(τ,σr )}_{∂ σA} , in the non-inertial frame is a function of the embedding obtained from the flat metric η_{μν} in inertial Cartesian 4-coordinates x^μ by means of a general coordinate transformation x^μ → σ^A = (τ; σ^r) with inverse transformation σ^A → x^μ = z^μ(τ, σ^r).

If we couple the Lagrangian of the isolated system to an external gravitational field, we replace the external gravitational 4-metric with the embedding-dependent 4-metric of a non-inertial frame and we re-express the components of the isolated system in adapted radar 4-coordinates knowing the instantaneous 3-spaces^1, we get the Lagrangian of the

1 For a scalar field ϕ̃(x) we get ϕ(τ, σ^r ) = ϕ̃(z(τ, σ^r)). For the electro-magnetic potential Ã_μ(x) and field strength F̃_{μν} (x) we get the Lorentz-scalar fields A_A(τ, σ^r ) = Ã_μ(z(τ, σ^r)) z^μ_A(τ, σ^r), F_{AB} (τ, σ^r ) = (∂_A A_B − ∂_B A_A)(τ, σ^r ) = F̃_{μν} (z(τ, σ^r) z^μ_A(τ, σ^r ) z^ν_B (τ, σ^r). Differently from ϕ̃(x) and Ã_μ(x), the fields ϕ(τ, σ^r ) and A_A(τ, σ^r ) know the whole instantaneous 3-space Σ_τ . Scalar particles are described with

parametrized Minkowski theory for the given isolated system. It is a function of the matter and fields of the isolated system (now described as Lorentz-scalar quantities in a non-inertial frame) and of the embedding z^μ(τ, σ^r) of the instantaneous 3-spaces of the non-inertial frame in Minkowski space-time. The main property of the action functional associated with these Lagrangians is the invariance [1, 3, 5] under frame-preserving diffeomorphisms^2 : this implies that the embeddings are gauge variables, so that all Møller-admissible clock synchronization conventions (i.e. any definition of instantaneous 3-spaces in space-times with Lorentz signature) are gauge equivalent.

Inertial frames are the special class of frames, connected by the transformations of the Poincare’ group (the relativity principle), selected by the law of inertia. For every configuration of an isolated system there is a special inertial frame intrinsically selected by the system itself, the rest frame, whose instantaneous 3-spaces (the Wigner 3-spaces with Wigner covariance) are orthogonal to the conserved 4-momentum of the configuration. This gives rise to the rest-frame instant form of the dynamics. In Ref. [8] there is a full account of the rest-frame instant form for arbitrary isolated systems, with special emphasis on the system of ”N charged positive-energy scalar particles with mutual Coulomb interaction plus the transverse electro-magnetic field of the radiation gauge” [9]. The particles have Grassmann-valued electric charges (each replaced by a two-level system, charge +e - charge −e, described by a Clifford algebra, after quantization) so that it is possible a) to make a ultraviolet regularization of the Coulomb self-energies and to eliminate the loops;

b) to make a infrared regularization killing the emission of soft photons; c) to allow us to have the Lienard-Wiechert transverse potential and electric field expressible as functions only of the 3-positions and 3-momenta of the particles, independently from the chosen Green function (retarded, advanced, symmetric, ..).

This allows us to have a description of the one-photon exchange diagram by means of a potential in the framework of a well defined Cauchy problem for Maxwell equations.

In the rest-frame instant form there are two realizations of the Poincare’ algebra:

Lorentz-scalar 3-coordinates ⃗η_i(τ) in Σ_τ defined by x^μ_i (τ) = z^μ(τ, ⃗η_i(τ)), i = 1, .., N, i.e. by the intersection of their world-lines x^μ_i (τ) (parametrized not with their proper time, but with the observer’s one) with Σ_τ . As a consequence, each particle must have a well defined sign of the energy. Both the world-lines x^μ_i (τ) and the associated 4-momenta p^μ_i (τ), satisfying p^2_i (τ) = ϵ m^2_i even in presence of interactions, are derived quantities [3, 4].

2 Schmutzer and Plebanski [7] were the only ones emphasizing the relevance of this subgroup of diffeomorphisms in their attempt to obtain the theory of non-inertial frames in Minkowski space-time as a limit from Einstein’s general relativity.

1) An external one, in which the isolated system is simulated by means of a decoupled point particle carrying a pole-dipole structure: the invariant mass M and the rest spin ⃗S̄ of the isolated system. This decoupled point particle is described by the canonical frozen Jacobi data of the non-covariant external relativistic 3-center of mass: a non-covariant variable ⃗z = Mc ⃗x_{NW} (0) (⃗x_{NW} (0) is the Cauchy datum of the Newton-Wigner 3-position ⃗x_{NW} (τ)) and an a-dimensional 3-velocity ⃗h = ⃗P /Mc, {z^i, h^j } = δ^{ij} . This universal (i.e. independent from the isolated system) breaking of manifest Lorentz covariance is irrelevant since the 3-center of mass is decoupled from the internal dynamics. Since the Poincare’ generators are global quantities, the relativistic center of mass (a known function of such generators) is a global quantity not locally determinable (see Ref.[8] for the non-local aspects of the Newton-Wigner position). The non-covariant canonical external 4-center of mass (or center of spin) x̃^μ(τ) = (x̃^o(τ); ⃗x̃(τ)), the covariant non-canonical external Fokker-Pryce 4-center of inertia Y^μ(τ) = (x̃^o(τ); ⃗Y (τ)) and the non-covariant non-canonical external Møller 4-center of energy R^μ(τ) = (x̃^o(τ); ⃗R(τ)) are known functions of τ, ⃗z, ⃗h, M, ⃗S̄ given in Ref.[8]. All these collective variables have the same constant 4-velocity: Ẏ^μ(τ) = ˙x̃^μ(τ) = Ṙ^μ(τ) = P^μ/Mc = h^μ. The embedding identifying the Wigner 3-spaces is (τ = cT is the Lorentz-scalar rest time)

z^μ_W (τ, σ^u) = Y^μ(τ) + ϵ^μ_r (⃗h) σ^r, (1.1)

where Y^μ(τ) is the covariant non-canonical Fokker-Pryce external 4-center of inertia and the 3 space-like 4-vectors ϵ^μ_r (⃗h) are determined by the standard Wigner boost L^μ_ν (P,^∘P ) for time-like orbits sending the rest form^∘P μ = Mc (1;⃗0) of the total momentum into P^μ = Mc u^μ(P ) = Mc ϵ^μ_τ (⃗h) = Mc ( √ 1 + ⃗h^2;⃗h) = Mc h^μ (we collect here the various notations used in previous papers), i.e. ϵ^μ_A(⃗h) = L^μ_{ν=A}(P,^∘P ). We have ϵ^o_τ (⃗h) = √ 1 + ⃗h^2, ϵ^i_τ (⃗h) = h^i, ϵ^o_r(⃗h) = −ϵ h_r, ϵ^i_r(⃗h) = δ^i_r − ϵ^{hi hr}_{1+}√_{1+⃗h2} (see the next Section for the conventions on the 4-metric).

2) A unfaithful internal one inside the Wigner 3-spaces, whose generators are determined by the energy-momentum tensor, obtained from the Lagrangian of the parametrized Minkowski theory associated with the given isolated system. The only non-vanishing generators are M and ⃗S̄. The vanishing of the internal 3-momentum is the rest-frame condition, while the vanishing of the internal (interaction-dependent) Lorentz boosts eliminates the internal 3-center of mass (this avoids a double counting of the center of mass). As a consequence, the dynamics inside the instantaneous Wigner 3-spaces is described only by Wigner-covariant relative variable and momenta (⃗ρ_a(τ), ⃗π_a(τ), a = 1, .., N −1, for particles). The invariant mass M is the Hamiltonian for the internal Hamilton equations. It is possible to make an orbit reconstruction [4] for the particles in the form ⃗η_i(τ) = ⃗f_i(⃗ρ_a(τ), ⃗π_a(τ)) and to determine the world-lines^3,

x^μ_i (τ) = z^μ_W (τ, ⃗η_i(τ)) = Y^μ(τ) + ϵ^μ_r (⃗h) f^r_i (⃗ρ_a(τ), ⃗π_a(τ)). (1.2)

In this paper we study in detail the properties of global admissible non-inertial frames in Minkowski space-time, generalizing the notions defined in the inertial rest-frame instant form of dynamics. We show that also in non-inertial frames every isolated system can be described as an external decoupled non-covariant canonical center of mass (described by frozen Jacobi data) carrying a pole-dipole structure: the invariant mass and an effective spin. Moreover, following the same methods developed for the inertial rest frame, we identify the constraints eliminating the internal 3-center of mass inside the instantaneous 3-spaces.

In the admissible non-inertial frames the instantaneous 3-spaces are orthogonal to a given fixed 4-vector l^μ_{(∞)} at spatial infinity^4.

Then we will restrict the description to the special family of non-inertial frames, in which the instantaneous 3-spaces tend to Wigner 3-spaces, orthogonal to the conserved 4- momentum of the isolated system, at spatial infinity (i.e. l^μ_{(∞)} = h^μ = P^μ/Mc): they are the non-inertial rest frames, a non-inertial extension of the inertial ones. This will allow us to define the non-inertial rest-frame instant form of dynamics. The non-inertial rest frame are the only ones allowed by the equivalence principle in the treatment of canonical metric and tetrad gravity in asymptotically flat and globally hyperbolic space-times without super-translations as shown in Refs. [5, 11].

Even if in a non-covariant way, which is however consistent with the coordinatedependence of the inertial effects, we will give a unified special relativistic description of many properties of isolated systems in accelerated frames, which are scattered in the literature and treated without a global interpretative framework.

Then, as in Ref.[8], we consider the description of the isolated system of positive-energy scalar particles with Grassmann-valued electric charges plus the electro-magnetic field as a parametrized Minkowski theory. As a consequence we obtain both Maxwell equations and their Hamiltonian description in non-inertial frames.

3 They turn out to be covariant non-canonical predictive coordinates: {x^μ_i (τ), x^ν_j (τ)} ≠ 0 for all i and j, μ and ν. Let us remark that this does not imply a breaking of microcausality, which is preserved at the level of the 3-coordinates ⃗η_i(τ).

4 A preliminary description of particles and of their quantization in a class of such frames was given in Ref.[10]. There we introduced an auxiliary decoupled scalar particle whose 4-momentum coincides with l^μ_{(∞)}. Here we will avoid to use this method.

By means of a non-covariant decomposition we define the non-inertial non-covariant radiation gauge: this allows to visualize the non-inertial dynamics of transverse electro-magnetic fields, the electro-magnetic Dirac observables. We find the modification of the Coulomb potential in a non-inertial frame: its non-covariance is due to the same type of coordinatedependence present in the relativistic inertial potentials, which are explicitly identified for the first time (they are the components of the 4-metric g_{AB}(τ, σ^r)) and shown to have the correct Newtonian limit. The final Dirac Hamiltonian will contain not only the invariant mass Mc but also the modifications induced by the potentials associated with the inertial effects present in the given non-inertial frame.

In a second paper we will study applications of this 3+1 framework to the description of the rotating disk, the Sagnac effect, the Faraday rotation, the wrap-up effect. A preliminary version of the material contained in these two paper is present in arXiv: 0812.3057.

In Section II we review the admissible 3+1 splittings of Minkowski space-time and the properties of the associated global non-inertial frames (Subsection A), we compare them with the accelerated coordinate systems associated with the 1+3 point of view (Subsection B) and we define the non-covariant notations for the electro-magnetic field in non-inertial frames (Subsection C).

In Section III we study the description of the isolated system ”charged scalar positiveenergy particles plus the electro-magnetic field” in the framework of parametrized Minkowski theories. In particular we show that in non-inertial frames and also in inertial frames with non-Cartesian coordinates there is no true conservation law for the energy-momentum tensor: like in general relativity one could introduce a coordinate-dependent energy-momentum pseudo-tensor describing the contribution of the foliation associated with the admissible 3+1 splitting of Minkowski space-time. However, reverting to inertial frames, it is possible to find the conserved (Poincare’ 4-vector) 4-momentum of the isolated system.

In Section IV we give the Hamiltonian description and the Hamilton equations of the isolated system ”charged scalar positive-energy particles plus the electro-magnetic field” in admissible non-inertial frames (Subsection A). Then we introduce the non-covariant radiation gauge for the electro-magnetic field and we find both the inertial forces and the non-inertial expression of the Coulomb potential (Subsection B). Finally we evaluate the non-relativistic limit recovering the Newtonian apparent inertial forces (Subsection C).

In Section V we review the determination of the internal Poincare’ generators and of the constraints eliminating the internal 3-center of mass in the inertial rest frames (Subsection A). Then we show how these results are modified in the special family of the non-inertial rest frames (Subsections B and C) and in arbitrary admissible non-inertial frames (Subsection D) .

In the Conclusions we give an overview of the results obtained in this paper and we list the applications to be discussed in the second paper.

In Appendix A there is the expression of the Landau-Lifschitz non-inertial electromagnetic fields in the 3+1 point of view.

In Appendix B there is a comparison of the covariant and non-covariant decompositions of the electro-magnetic field in non-inertial frames and the definition of the non-covariant radiation gauge.

II. ADMISSIBLE 3+1 SPLITTINGS OF MINKOWSKI SPACE-TIME AND NO- TATIONS

We use the signature convention η_{μν} = ϵ (+−−−), ϵ = ±1, for the flat Minkowski metric (ϵ = +1 is the particle physics convention, while ϵ = −1 is the one of general relativity), since it has been used in Refs.[11] for canonical gravity. Since in Ref. [8] the convention ϵ = +1 was used, in this Section we also introduce the notations needed for the treatment of the electro-magnetic field in non-inertial frames.

A. Admissible 3+1 Splittings of Minkowski Space-Time

Let us consider an admissible 3+1 splitting of Minkowski space-time, whose instantaneous 3-spaces Σ_τ are identified by the embedding z^μ(τ, σ^r). The radar 4-coordinates σ^A = (τ; σ^r) are adapted to an arbitrary time-like observer with world-line x^μ(τ) in the reference inertial frame, chosen as the origin of the curvilinear 3-coordinates σ^r on each Σ_τ . The Lorentzscalar time τ, with dimensions [τ] = [c t] = [l], is a monotonically increasing function of the proper time of the observer. Therefore, we can put the embeddings in the following form

z^μ(τ, σ^u) = x^μ(τ) + F^μ(τ, σ^u) = x^μ_o + ϵ^μ_A [ f^A(τ) + F^A(τ, σ^u) ] , F^μ(τ, ⃗o) = 0,

x^μ(τ) = x^μ_o + ϵ^μ_A f^A(τ). (2.1)

At spatial infinity z^μ(τ, σ^r) must tend in a direction-independent way to a space-like hyperplane with unit time-like normal l^μ_{(∞)} = ϵ^μ_τ : this implies F^μ(τ, σ^s) → ϵ^μ_{(∞) r} σ^r with the 3 space-like 4-vectors ϵ^μ_{(∞) r} = ϵ^μ_r orthogonal to l^μ_{(∞)}. The asymptotic orthonormal tetrads ϵ^μ_A are associated to asymptotic inertial observers and satisfy ϵ^μ_A η_{μν} ϵ^ν_B = η_{AB}. Let us remark that the natural notation for the asymptotic tetrads would be ϵ^μ_{(A)}. However, for the sake of simplicity we shall use the notation ϵ^μ_A for δ^{(B)}_A ϵ^μ_{(B)}.

The time-like observer x^μ(τ), origin of the 3-coordinates on the instantaneous 3-spaces Σ_τ , has the following unit 4-velocity and 4-acceleration (we use the notation ẋ^μ(τ) =^{d xμ(τ )}_{dτ} ; it must be ϵ ẋ^2(τ) > 0)

u^μ(τ) = ẋ^μ(τ) √ ϵ ẋ^2(τ)

= ϵ^μ_A u^A(τ), u^2(τ) = ϵ,

u^A(τ) = ḟ A(τ) √( ḟ τ (τ) )_2 − ∑ u ( ḟ u(τ) )_2 , ( ḟ^τ (τ)

)_2 > ∑ u ( ḟ^u(τ)

)_2 , a^μ(τ) = du^μ(τ) dτ = ϵ^μ_A a^A(τ), a_μ(τ) u^μ(τ) = 0,

a^A(τ) = f̈ A(τ) (( ḟ τ (τ) )_2 − ∑ u ( ḟ u(τ) )_2) − ḟ^A(τ) ( ḟ τ (τ) f̈ τ (τ) − ∑_u ḟ u(τ) f̈ u(τ) ) (( ḟ τ (τ) )_2 − ∑ u ( ḟ u(τ) )_2)_{3/2} .

(2.2)

As a consequence we can write u^μ(τ) = L^μ_ν (u(τ),^∘u)^∘u^ν ,^∘u^μ = ϵ (1;⃗0), by using the

standard Wigner boost for time-like 4-vectors.

Eqs.(2.1) imply

z^μ_τ (τ, σ^u) = ∂_τ z^μ(τ, σ^u) = ẋ^μ(τ) + ∂_τ F^μ(τ, σ^u) = ϵ^μ_A ( ḟ^A(τ) + ∂_τ F^A(τ, σ^u) ) = = (1 + n(τ, σ^u)) l^μ(τ, σ^u) + h^{rs}(τ, σ^u) n_r(τ, σ^u) z^μ_s (τ, σ^u),

z^μ_r (τ, σ^u) = ∂_r z^μ(τ, σ^u) = ∂_r F^μ(τ, σ^u) = ϵ^μ_A ∂_r F^A(τ, σ^u). (2.3)

While the 3 independent space-like 4-vectors z^μ_r (τ, σ^u) are tangent to Σ_τ , the time-like 4- vector z^μ_τ (τ, σ^u) has been decomposed on them and on the unit normal l^μ(τ, σ^u), l^2(τ, σ^u) = ϵ,

to Σ_τ (l_μ(τ, σ^u) z^μ_r (τ, σ^u) = 0). This decomposition defines the lapse and shift functions N(τ, σ^u) = 1 + n(τ, σ^u) > 0 and N^r(τ, σ^u) = n^r(τ, σ^u) (we use the notation of Ref.[11]). At

spatial infinity we have: l^μ(τ, σ^u) → l^μ_{(∞)} = ϵ^μ_τ , N(τ, σ^u) → 1 (n(τ, σ^u) → 0), n^r(τ, σ^u) → 0. The 4-metric induced by the 3+1 splitting is g_{AB}(τ, σ^u) = z^μ_A(τ, σ^u) η_{μν} z^ν_B (τ, σ^u) and we

have

g_{τ τ} (τ, σ^u) = [ z^μ_τ η_{μν} z^ν_τ ] (τ, σ^u) = = ϵ [( ḟ^τ (τ) + ∂_τ F^τ (τ, σ^v)

)_2 − ∑ u ( ḟ^u(τ) + ∂_τ F^u(τ, σ^v)

)_2] = = ϵ [( 1 + n(τ, σ^v)

)_2 − h^{rs}(τ, σ^v) n_r(τ, σ^v) n_s(τ, σ^v) ] , g_{τ r}(τ, σ^v) = [ z^μ_τ η_{μν} z^ν_r ] (τ, σ^v) = = −ϵ [ ∑ u ( ḟ^u(τ) + ∂_τ F^u(τ, σ^v) ) ∂_r F^u(τ, σ^v) − − ( ḟ^τ (τ) + ∂_τ F^τ (τ, σ^v) ) ∂_r F^τ (τ, σ^v) ] = = −ϵ n_r(τ, σ^v) = g_{rs}(τ, σ^v) n^s(τ, σ^v) = −ϵ h_{rs}(τ, σ^v) n^s(τ, σ^v),

g_{rs}(τ, σ^v) = [ z^μ_r η_{μν} z^ν_s ] (τ, σ^v) = = −ϵ [ ∑ u ∂_r F^u(τ, σ^v) ∂_s F^u(τ, σ^v) − ∂_r F^τ (τ, σ^v) ∂_s F^τ (τ, σ^v) ] = = −ϵ h_{rs}(τ, σ^v). (2.4) While the 3-metric g_{rs} in Σ_τ and its inverse γ^{rs} (γ^{ru} g_{us} = δ^r_s ) have signature ϵ (− − −), the 3-metric h_{rs} and its inverse h^{rs} = −ϵ γ^{rs} (h^{ru} h_{us} = δ^r_s ) have signature (+ + +).

For the inverse 4-metric g^{AB} (g^{AC} g_{CB} = δ^A_B ) we have

g^{τ τ} = ϵ (1 + n)^2 , g^{τ τ} g^{rs} − g^{τ r} g^{τ s} = − h^{rs} (1 + n)^2 , g^{τ r} = −ϵ n^r (1 + n)^2 , g^{rs} = −ϵ ( h^{rs} − n^r n^s (1 + n)^2 ) . (2.5)

For the determinants we have

γ = −ϵ det g_{rs} = det h_{rs} > 0, g = det g_{AB} < 0, ⇒ √ −g = (1 + n) √ γ. (2.6)

Finally the unit normal to the simultaneity surfaces Σ_τ has the expression

l^μ(τ, σ^u) = [ η^μ_{αβγ} z^α_1 z^β_2 z^γ_3 ] (τ, σ^u) = [ 1 √ γ ϵ^μ_{αβγ} z^α_1 z^β_2 z^γ_3 ] (τ, σ^u) =

= ϵ^μ_A l^A(τ, σ^v) = ϵ^μ_A η^{AE} (ϵ_{EBCD} √ γ ∂_1 F^B ∂_2 F^C ∂_3 F^D ) (τ, σ^v) =

= L^μ_ν (l(τ, σ^v),^∘l)^∘l ν ,^∘l μ = ϵ (1;⃗0),

l^2(τ, σ^u) = ϵ, ⇒ ( l^τ (τ, σ^u) )_2 > ∑ u ( l^u(τ, σ^v) )_2 ,

⇒ η_{μν} = ϵ ( l_μ l_ν − z_{rμ} h^{rs} z_{sν} ) (τ, σ^v). (2.7)

The 3+1 splitting for which l^μ is constant, i.e. τ- and σ^r-independent, have the instantaneous 3-spaces corresponding to parallel space-like hyper-planes: when the frame is non-inertial these hyper-planes are not equally spaced due to linear acceleration and/or have rotating 3-coordinates, so that they are not Euclidean 3-spaces.

The Wigner boost sending^∘l μ into l^μ(τ, σ^u) (β^i_l = −ϵ β_{l i}) has the following expression

L^μ_ν (l(τ, σ^u),^∘l) = γ_l γ_l β^i_l γ_l β^j_l δ^{ij} + (γ_l − 1)^{βil βjl∑}_{k (βkl )2} (τ, σ^u),

l^μ(τ, σ^u) = L^μ_o(l(τ, σ^u),^∘l) = γ_l(τ, σ^u) ( 1; β^i_l (τ, σ^u) ) = ϵ^μ_A l^A(τ, σ^u)^{def}= ϵ^μ_o (l(τ, σ^u)), ϵ^μ_j (l(τ, σ^u))^{def}= L^μ_j (l(τ, σ^u),^∘l),

γ_l = 1 √ 1 − ∑ u (β^u_l )^2

= l^o = 1 √ γ ϵ^o_A η^{AE} ϵ_{EBCD} ∂_1 F^B ∂_2 F^C ∂_3 F^D,

β^i_l = γ^{−1}_l l^i = ϵ^i_A η^{AE} ϵ_{EBCD} ∂_1 F^B ∂_2 F^C ∂_3 F^D ϵ^o_A η^{AE} ϵ_{EBCD} ∂_1 F^B ∂_2 F^C ∂_3 F^D

. (2.8)

The orthonormal tetrads ϵ^μ_A(l(τ, σ^u)) = L^μ_A(l(τ, σ^u),^∘l), η_{μν} ϵ^μ_A(l(τ, σ^u)) ϵ^μ_B (l(τ, σ^u)) = η_{AB}, are the columns of the Wigner boost.

The Wigner boosts L^μ_ν (u(τ),^∘u) has a similar parametrization in terms of parameters β^i_u(τ).

The Møller admissibility conditions [6], [3], implying that the 3+1 splitting gives rise to a nice foliation of Minkowski space-time with space-like leaves identifying the instantaneous 3-spaces Σ_τ , are

ϵ g_{τ τ} (τ, σ^u) = [ (1 + n)^2 − h^{rs} n_r n_s ] (τ, σ^u) > 0, ϵ g_{rr}(τ, σ^u) = −h_{rr}(τ, σ^u) < 0, g_{rr}(τ, σ^u) g_{rs}(τ, σ^u) g_{sr}(τ, σ^u) g_{ss}(τ, σ^u) = h_{rr}(τ, σ^u) h_{rs}(τ, σ^u) h_{sr}(τ, σ^u) h_{ss}(τ, σ^u) > 0, ϵ det [g_{rs}(τ, σ^u)] = −γ(τ, σ^u) < 0, ⇒ det [g_{AB}(τ, σ^u)] < 0. (2.9)

They are restrictions on the functions F^μ(τ, σ^r) of Eqs.(2.1). When they are satisfied, Eqs.(2.1) define a global (in general non-rigid) non-inertial frame. While linear accelerations are not restricted by Eqs.(2.9), rigid rotations are forbidden [3]. The condition ϵ g_{τ τ} (τ, σ^u) > 0 implies that in each point σ^u the tangential velocity ω(τ, σ^u) r(τ, σ^u) is less than c: instead with ω = ω(τ), like it happens in rigidly rotating coordinate systems, we get ϵ g_{τ τ} (τ, R^u) = 0 at the distance R^u from the rotation axis where ω R = c, so that the time-like vector z^μ_τ (τ, σ^u) would become a null vector (the so-called horizon problem of the rotating disk).

Since 1 + n(τ, σ^u) > 0 gives the proper time distance from Σ_τ to Σ_{τ +dτ} along the worldline of the Eulerian observer through (τ, σ^u) with tangent vector l^μ(τ, σ^u), the condition 1 + n(τ, σ^u) > 0 implies that Σ_τ and Σ_{τ +dτ} intersect nowhere. By continuity this implies that the Møller-admissible 3+1 splittings are nice foliations with space-like leaves tending to space-like hyper-planes at spatial infinity in a direction-independent way.

Since the 3-metric h_{rs}(τ, σ^u) is a real symmetric matrix, it can be diagonalized with a rotation matrix V (θ^i(τ, σ^u)), V^T = V^{−1} (θ^i(τ, σ^u) are Euler angles). Therefore, by using the notations of Ref.[12] for canonical gravity in the York canonical basis, we can parametrize the 3-metric in the following form^5:

5 As shown in Ref.[12] the basic variables of tetrad gravity are not the embedding z^μ(τ, σ^u) but tetrads E^μ_{(α)}(τ, σ^u), defined after an admissible 3+1 splitting of the space-time identifying the instantaneous 3- spaces Σ_τ . The quantities z^μ_A(τ, σ^u) are now the transition coefficients from world components of tensors to Σ_τ -adapted components in radar coordinates σ^A = (τ, σ^u): E^μ_{(α)} = z^μ_A E^A_{(α)}. The 4-metric tensor is defined by the associated cotetrads: g_{AB} = E^{(α)}_A η_{(α)(β)} E^{(β)}_B . The gauge variables of tetrad gravity in the York canonical basis are six parameters of the Lorentz group acting on the flat (α) indices of the tetrads E^μ_{(α)}, the lapse (1 + n) and shift (n_r) functions, the Euler angles θ^i and the momentum variable conjugate to ϕ^6 = γ^{1/2}, i.e. the trace^3K of the extrinsic curvature of the instantaneous 3-space Σ_τ . The volume variable ϕ = γ^{1/12} is determined by the super-hamiltonian constraint. The momenta π^{(θ)}_i , conjugate to θ^i, are determined by the super-momentum constraints. The symmetric 3-metric h_{rs} = −ϵ g_{rs} can be put in the form h_{rs} = ∑ a λ_a V_{ra}(θ^i) V_{sa}(θ^i), where the eigenvalues (assumed non degenerate) have the expression λ_a = ϕ^4 e^{2 ∑ā γāa Rā} . The two functions R_ā describe the two physical degrees of freedom of the gravitational field. A gauge fixing for θ^i and^3K implies the determination of the lapse and shift functions.

Instead in non-inertial frames in Minkowski space-time, where gravity is absent, all the functions (n, n_r, γ = ϕ^{12}, θ^i, R_ā ) parametrizing the components of the 4-metric g_{AB} of Eq.(2.4) are gauge variables globally described by the embedding z^μ(τ, σ^u) of Eq.(2.1).

In parametrized Minkowski theories (see the next Section), where the embedding is the basic variable, in absence of matter the super-hamiltonian and super-momentum constraints are replaced by the vanishing of the momentum ρ_μ(τ, σ^u) ≈ 0, see Eq.(3.10), conjugated to z^μ(τ, σ^u). If we fix z^μ(τ, σ^u) like in Eq.(4.1), so that the 3-metric is completely fixed (θ^i, γ and R_ā are given), then Eqs.(4.2) of Section IV determine the lapse and shift functions. The extrinsic curvature is determined either from the variation of the unit normal l^μ to Σ_τ or from^3K_{rs} =^1_{2 (1+n)} (n_{r|s} + n_{s|r} − ∂_τ h_{rs}).

h_{rs}(τ, σ^u) = −ϵ g_{rs}(τ, σ^u) = ( γ^{1/3} ∑ a Q^2_a V_{ra}(θ^i) V_{sa}(θ^i) ) (τ, σ^u) = = ∑ a e_{(a)r} (τ, σ^u) e_{(a)s}(τ, σ^u),

e_{(a)r} = γ^{1/6} Q_a V_{ra}(θ^i), e^r_{(a)} = γ^{−1/6} Q^{−1}_a V_{ra}(θ^i), γ = det h_{rs}, Q_a = e^{∑ā γāa Rā} , (2.10) where e_{(a)r} (τ, σ^u) and e^r_{(a)}(τ, σ^u), ( ∑ a e^r_{(a)} e_{(a)s} = δ^r_s , ∑ r e^r_{(a)} e_{(b)r} = δ_{ab}) are cotriads and triads on Σ_τ , respectively. At spatial infinity we have e^r_{(a)}(τ, σ^u) → δ^r_a, e_{(a)r} (τ, σ^u) → δ_{ra}. To express e_{(a)r} in terms of ∂_r F^A, we must find the eigenvalues and the eigenvectors of the matrix h_{rs} in the form given in Eqs.(2.4).

The three eigenvalues of the 3-metric are λ_a = γ^{1/3} Q^2_a > 0. The positivity of the eigenvalues is implied by the Møller conditions (2.9): λ_1 λ_2 λ_3 = γ > 0, λ_1 + λ_2 + λ_3 = h_{11} + h_{22} + h_{33} > 0, λ_1 λ_2 + λ_2 λ_3 + λ_3 λ_1 = h_{11} h_{12} h_{21} h_{22} + h_{11} h_{13} h_{31} h_{33} + h_{22} h_{23} h_{32} h_{33} > 0.

This implies that the three 4-vectors z^μ_r (τ, σ^u) are space-like for every ⃗σ, so that the unit normal l^μ(τ, σ^u) is time-like everywhere on the instantaneous 3-spaces.

The Møller condition ϵ g_{τ τ} (τ, σ^u) > 0 of Eqs.(2.9) implies that z^μ_τ (τ, σ^u) is everywhere time-like on the instantaneous 3-spaces Σ_τ .

Let us remark that while the generic 3-spaces Σ_τ have a 3-metric with 3 distinct eigenvalues, there is a family of 3+1 splittings with two coinciding eigenvalues of h_{rs}(τ, σ^u) and another family with all the 3 eigenvalues coinciding: they correspond to the existence of symmetries corresponding to the Killing symmetries of Einstein general relativity.

The lapse and shift functions have the following expressions

1 + n(τ, σ^u) = ϵ z^μ_τ (τ, σ^u) l_μ(τ, σ^u) = ( ϵ √ γ ϵ_{μαβγ} z^μ_τ z^α_1 z^β_2 z^γ_3 ) (τ, σ^u) = = ( ḟ^τ (τ) + ∂_τ F^τ (τ, σ^u) ) l^τ (τ, σ^u) − − ∑ u ( ḟ^u(τ) + ∂_τ F^u(τ, σ^u) ) l^u(τ, σ^u) > 0,

n_r(τ, σ^u) = h_{rs}(τ, σ^u) n^s(τ, σ^u) = ∑ u ( ḟ^u(τ) + ∂_τ F^u(τ, σ^v) ) ∂_r F^u(τ, σ^v) − − ( ḟ^τ (τ) + ∂_τ F^τ (τ, σ^v) ) ∂_r F^τ (τ, σ^v). (2.11)

Let us also remark that all the information carried by ϵ^μ_A f^A(τ), i.e. the velocity and acceleration of the time-like observer x^μ(τ), is hidden in the lapse and shift functions.

The extrinsic curvature of the instantaneous 3-space Στ can be evaluated by means of the formula^3K_{rs} =^1_{2 (1+n)} (n_{r|s} + n_{s|r} − ∂_τ h_{rs}), by using the Christoffel symbols associated to h_{rs} for the 3-covariant derivatives n_{r|s}.

In conclusion the relevant conditions on the functions f^A(τ), F^A(τ, σ^u) of an admissible 3+1 splitting of Minkowski space-time are ϵ ẋ^2(τ) > 0, 1 + n(τ, σ^u) > 0, ϵ g_{τ τ} (τ, σ^u) > 0 and λ_a(τ, σ^u) > 0.

Finally Eq.(2.10) suggests that it must be z^μ_r (τ, σ^u) = Λ^μ_a(τ, σ^u) e_{(a)r}(τ, σ^u), where Λ(τ, σ^u) is some Lorentz matrix, so that −ϵ g_{rs} = ϵ η_{μν} Λ^μ_a Λ^ν_b e_{(a)r} e_{(b)s} = −ϵ η_{ab} e_{(a)r} e_{(b)s} = h_{rs}. To find Λ(τ, σ^u) let us remember that in tetrad gravity in the York canonical basis (see Ref.[12]) the expression of the tetrads adapted to Σ_τ (Schwinger time gauge) in terms of the unit normal l^A and of the triads e^r_{(a)} are^∘E A (o) = l^A,^∘E A (a) = (0; e^r_{(a)}). In terms of them we have^∘V A = (1 + n)^∘E A (o) + e^s_{(a)} n_s^∘E A (a) = (1; 0)^A. The world components of this vector are^∘V μ = z^μ_A^∘V A = z^μ_τ , while those of^∘E A (a) are^∘E μ (a) = z^μ_A^∘E A (a) = z^μ_r e^r_{(a)}, so that we get z^μ_r = e_{(a)r}^∘E μ (a). For the unit normal we have l^μ = z^μ_A l^A.

In Minkowski space-time our parametrization of the embedding uses the asymptotic tetrads ϵ^μ_A and we have z^μ_A = ϵ^μ_B ∂_A F^B and l^μ = ϵ^μ_A l^A = ϵ^μ_o (l). Therefore a set of tetrads adapted to Σ_τ in the point (τ, σ^u) is given by the orthonormal tetrads ϵ^μ_A(l(τ, σ^u)) defined in Eqs.(2.8): they replace the adapted tetrads l^μ,^∘E μ (a) of tetrad gravity. Therefore, consistently with Eq.(2.10), we must have

z^μ_r (τ, σ^u) = ϵ^μ_A ∂_r F^A(τ, σ^u) = ϵ^μ_a (l(τ, σ^u)) e_{(a)r}(τ, σ^u). (2.12)

This implies z^μ_τ = [ (1 + n) l^A + ϵ^s_{(a)} n_s ϵ^μ_a (l) ] (τ, σ^u) = L^μ_ν (l(τ, σ^u),^∘l) G^ν(τ, σ^u) with G^μ = (1+n; e^s_{(r)} n_s). Eqs.(2.12) are a set of non-linear partial differential equations for ∂_r F^A(τ, ⃗σ).

It is difficult to construct explicit examples of admissible 3+1 splittings. Let us consider the following two examples in which the instantaneous 3-spaces are space-like hyper-planes.

A) Rigid non-inertial reference frames with translational acceleration. An example are the following embeddings z^μ(τ, σ^u) = x^μ_o + ϵ^μ_τ f(τ) + ϵ^μ_r σ^r,

g_{τ τ} (τ, σ^u) = ϵ (df(τ) dτ )_2 , g_{τ r}(τ, σ^u) = 0, g_{rs}(τ, σ^u) = −ϵ δ_{rs}. (2.13) This is a foliation with parallel hyper-planes with normal l^μ = ϵ^μ_τ = const. and with the time-like observer x^μ(τ) = x^μ_o + ϵ^μ_τ f(τ) as origin of the 3-coordinates. The hyper-planes have translational acceleration ẍ^μ(τ) = ϵ^μ_τ f̈(τ), so that they are not uniformly distributed like in the inertial case f(τ) = τ.

B) As shown in Refs.[3], the simplest example of 3+1 splitting, whose instantaneous 3- spaces are space-like hyper-planes carrying admissible differentially rotating 3-coordinates^6, is given by the embedding (σ = |⃗σ|; ϵ^μ_r are the asymptotic space-like axes and the unit normal is l^μ = ϵ^μ_τ = const.; α_i(τ, ⃗σ) = F (σ) α̃_i(τ), i = 1, 2, 3, are Euler angles; R^r_s(α_i(τ, σ)) is a rotation matrix satisfying the asymptotic conditions R^r_s(τ, σ) →_{σ→∞}δ^r_s , ∂_A R^r_s(τ, σ) →_{σ→∞} 0)

6 As shown in Refs.[3], if we use the embedding z^μ(τ, σ^u) = x^μ(τ) + ϵ^μ_r R^r_s(τ) σ^s such that Ω^r = Ω^r(τ), then the resulting g_{τ τ} (τ, σ^u) violates Møller conditions, because it vanishes at σ = σ_R =^1_{Ω(τ )} [ − ẋ_μ(τ) ϵ^μ_r R^r_s(τ) (σ̂ × Ω̂(τ))^r + √ ẋ^2(τ) + [ẋ_μ(τ) ϵ^μ_r R^r_s(τ) (σ̂ × Ω̂(τ))^r ]^2 ] . We use the notations σ^u = σ σ̂^u, Ω^r = Ω Ω̂^r, σ̂^2 = Ω̂^2 = 1. At this distance from the rotation axis the tangential rotational velocity becomes equal to the velocity of light. This is the horizon problem of the rotating disk. This pathology is common to most of the rotating coordinate systems quoted after Eq.(2.16) and in Appendices A (see also th first Section of the next paper on the rotating disk). Let us remark that an analogous pathology happens on the event horizon of the Schwarzschild black hole, where the time-like Killing vector of the static space-time becomes light-like: in this case we do not have a coordinate singularity but an intrinsic geometric property of the solution of Einstein’s equations. For the rotating Kerr black hole the same phenomenon happens already at the boundary of the ergosphere [13], as a consequence of the Killing vectors own by this solution. Let us remark that in the existing theory of rotating relativistic stars [14], where differential rotations are replacing the rigid ones in model building, it is assumed that in certain rotation regimes an ergosphere may form [15]: however in this case it is not known whether Killing vectors and a dynamical ergosphere exist, so that the horizon problem,arising if one uses 4-coordinates adapted to the Killing vectors, could be associated to a coordinate singularity like for the rotating disk. In the study of the magnetosphere of pulsars the horizon of the rotating disk is named the light cylinder (see Appendix A).

z^μ(τ, σ^u) = x^μ(τ) + ϵ^μ_r R^r_s(τ, σ) σ^s, x^μ(τ) = x^μ_o + f^A(τ) ϵ^μ_A,

R^r_s(τ, σ) = R^r_s(α_i(τ, σ)) = R^r_s(F (σ) α̃_i(τ)),

0 < F (σ) < 1 A σ , d F (σ) dσ ≠ 0 (Moller conditions),

z^μ_τ (τ, σ^u) = ẋ^μ(τ) − ϵ^μ_r R^r_s(τ, σ) δ^{sw} ϵ_{wuv} σ^u Ω^v(τ, σ) c , z^μ_r (τ, σ^u) = ϵ^μ_k R^k_v(τ, σ) ( δ^v_r + Ω^v_{(r)u}(τ, σ) σ^u ) ,

ϵ g_{τ τ} (τ, σ^u) = ϵ ẋ^2(τ) − 2 ϵ ẋ_μ(τ) ϵ^μ_r R^r_s(τ, σ) δ^{sw} ϵ_{wuv} σ^u Ω^v(τ, σ) c − − 1 c^2 ∑ k ϵ_{krs} σ^r Ω^s(τ, σ) ϵ_{kuv} σ^u Ω^v (τ, σ), n_r(τ, ⃗σ) = −ϵ g_{τ r}(τ, σ) = −ϵ ẋ_μ(τ) ϵ^μ_k R^k_v(τ, σ) ( δ^v_r + Ω^v_{(r)u}(τ, σ) σ^u ) − − ϵ_{smn} σ^m Ω^n(τ, σ) c ( δ^s_r + Ω^s_{(r)u}(τ, σ) σ^u ) , h_{rs}(τ, σ^u) = −ϵ g_{rs}(τ, σ^u) = δ_{rs} + ( Ω^r_{(s)u}(τ, σ) + Ω^s_{(r)u}(τ, σ) ) σ^u + + ∑ w Ω^w_{(r)u}(τ, σ) Ω^w_{(s)v}(τ, σ) σ^u σ^v, (2.14)

where ( R^{−1}(τ, σ) ∂_τ R(τ, σ) )_u v = δ^{um} ϵ_{mvr}^{Ωr (τ,σ)}_c , ∂_τ R(τ, σ)^u_v = R^u_n(τ, σ) δ^{nm} ϵ_{mvr}^{Ωr(τ,σ)}_c with Ω^r(τ, σ) = F (σ) Ω̃(τ, σ) n̂^r(τ, σ)^7 being the angular velocity and with Ω_{(r)}(τ, σ) = R^{−1}(τ, ⃗σ) ∂_r R(τ, σ). The angular velocity vanishes at spatial infinity and has an upper bound proportional to the minimum of the linear velocity v_l(τ) = ẋ_μ l^μ orthogonal to the space-like hyper-planes. When the rotation axis is fixed and Ω̃(τ, σ) = ω = const., a simple choice for the function F (σ) is F (σ) =^1_{1+ ω2 σ2c2}^8.

Let us remark that the unit normal is l^μ(τ, σ^u) = ϵ^μ_τ = const. and the lapse function is 1 + n(τ, σ^u) = ϵ ( z^μ_τ l_μ ) (τ, σ^u) = ϵ ϵ^μ_τ ẋ_μ(τ).

7 n̂^r(τ, σ) defines the instantaneous rotation axis and 0 < Ω̃(τ, σ) < 2 max ( ˙α̃(τ), ˙β̃(τ), ˙γ̃(τ) ) . 8 Nearly rigid rotating systems, like a rotating disk of radius σ_o, can be described by using a function F (σ) approximating the step function θ(σ − σ_o).

The embedding (2.14) has been used in the first paper of Ref.[10], on quantum mechanics in non-inertial frames, in the form z^μ(τ, σ^u) = x^μ(τ) + F^μ(τ, σ^u) = θ(τ) ϵ^μ_τ + A^r(τ, σ^u) ϵ^μ_r with x^μ_o = 0, θ(τ) = f^τ (τ), A^r(τ, σ^u) = f^r(τ) + R^r_s(τ, σ) σ^s, describing the freedom in the choice of the mathematical time τ and with the world-line of the time-like observer having the expression x^μ(τ) = ϵ^μ_τ θ(τ) + ϵ^μ_r A^r(τ, 0), namely with f^r(τ) = A^r(τ, o) and ḟ^r(τ) =^{wr(τ )}_c ( ⃗w(τ) is the ordinary 3-velocity). If we choose θ(τ) = τ, we get from Eq.(2.2) u^μ(τ) = ϵ^μ_A u^A(τ) =^{ϵμτ +ϵμr w} r (τ ) c √ 1−^{⃗w2(τ )}_{c2}

, a^μ(τ) = ϵ^μ_A u^A(τ) =^1_{c2} ∑ u ẇ^u(τ) ẅ^u(τ) ( 1−^{⃗w2(τ )}_{c2} )_{−3/2} ( ϵ^μ_τ +ϵ^μ_r^{wr(τ )}_c ) . The lapse function is 1 + n(τ) = ḟ^τ (τ).

To evaluate the non-relativistic limit for c → ∞, where τ = c t with t the absolute Newtonian time and ∂_τ =^1_c ∂_t, we choose the gauge function F (σ) =^1_{1+ ω2 σ2c2} →_{c→∞} 1 −

ω^2 σ^2

c^2 + O(c

−4). This implies

R^a_r(τ, σ) →_{c→∞} R^a_r(τ) − ω^2 σ^2 c^2 ∑ i α̃_i(τ) ∂ R^a_r(τ, σ) ∂ α_i |_{F (σ)=1} + O(c^{−4}) = def = R^a_r(τ) − ω^2 σ^2 c^2

R^{(1)a}_r(τ) + O(c^{−4}), (2.15)

and we can introduce a new 3-velocity ⃗v(τ) by means of w^r(τ) = c ḟ^r(τ) = R^r_s(τ) v^s(τ). We have Ω^r(τ, σ) = Ω̃(τ)n̂^r(τ) + O(c^{−1}) for the angular velocity and Ω_{(r)}(τ, σ) = 0 + O(c^{−2}).

Therefore the corrections to rigidly-rotating non-inertial frames coming from Møller conditions are of order O(c^{−2}) and become important at the distance from the rotation axis where the horizon problem for rigid rotations appears.

Then, from Eqs. (2.14), (2.4), (2.7) and (2.11) we get

z^μ(τ, σ^u) → x^μ(τ) + ϵ^μ_r R^r_s(τ) σ^s − ω^2 σ^2 c^2 ϵ^μ_r R^{(1)r}_s(τ) σ^s + O(c^{−4}),

z^μ_τ (τ, σ^u) → ẋ^μ(τ) + ϵ^μ_r ∂_τ R^r_s(τ) σ^s + O(c^{−3}) = = ϵ^μ_τ + ϵ^μ_r ḟ^r(τ) + 1 c ϵ^μ_r R^r_s(τ) ϵ_{suv} Ω^u(τ) σ^v + O(c^{−3}), z^μ_r (τ, σ^u) → ϵ^μ_s [ R^s_r(τ) − ω^2 c^2

R^{(1)s}_u(τ) (δ^u_r σ^2 + 2 σ^u σ^v δ_{vr}) ] + O(c^{−4}),

h_{rs}(τ, σ^u) → δ_{rs} − 2 ω^2 c^2 ∑ u R^u_r(τ) R^{(1)u}_v(τ) (δ^v_s + 2 σ^v σ^n δ_{ns}) + O(c^{−4}),

n(τ) = 0, n_r(τ, σ^u) → 1 c ( δ_{rs} v^s(τ) + ϵ_{ruv} Ω^u(τ) σ^v ) + O(c^{−3}). (2.16)

There is the enormous amount of bibliography, reviewed in Ref.[16], about the problems of the rotating disk and of the rotating coordinate systems. Independently from the fact whether the disk is a material extended object or a geometrical congruence of time-like world-lines (integral lines of some time-like unit vector field), the idea followed by many researchers [6, 17, 18] (in Refs.[18] are quoted the attempts to develop electro-dynamics in rotating frames) is to start from the Cartesian 4-coordinates of a given inertial system, to pass to cylindrical 3-coordinates and then to make a either Galilean (assuming a nonrelativistic behaviour of rotations at the relativistic level) or Lorentz transformation to comoving rotating 4-coordinates (see the locality hypothesis in the next Subsection), with a subsequent evaluation of the 4-metric in the new coordinates. In other cases [19] a suitable global 4-coordinate transformation is postulated, which avoids the horizon problem. Various authors (see for instance Refs.[20]) do not define a coordinate transformation but only a rotating 4-metric. Just starting from Møller rotating 4-metric [6], Nelson (see the second paper in Ref.[13]) was able to deduce a 4-coordinate transformation implying it.

See the first Section of the second paper for the description of the rotating disk and of the Sagnac effect in the 3+1 framework.

B. Congruences of Time-Like Observers Associated with an Admissible 3+1 Splitting, the 1+3 Point of View and the Locality Hypothesis

Each admissible 3+1 splitting of Minkowski space-time, having the time-like observer x^μ(τ) as origin of the 3-coordinates on the instantaneous 3-spaces Σ_τ , automatically determines two time-like vector fields and therefore two congruences of (in general) non-inertial time-like observers:

i) The time-like vector field l^μ(τ, σ^u) ∂_μ of the normals to the simultaneity surfaces Σ_τ (by construction surface-forming, i.e. irrotational), whose flux lines are the world-lines x^μ_{l,τo,σ}u_o (τ), u^μ(τ) =^ẋ μ l,τo,σuo √ ϵ ẋ^2_{l.τo,σ}u_o (τ ) , u μ l,τ_o,σ^u_o (τo) = l μ(τ_o, σ^u_o ), of the so-called (in general non-inertial) Eulerian observers. The simultaneity surfaces Σ_τ are (in general non-flat) Riemannian 3-spaces in which every physical system is visualized and in each point the tangent space to Σ_τ is the local observer rest frame of the Eulerian observer through that point. The 3+1 viewpoint of these observers is called hyper-surface 3+1 splitting.

ii) The time-like evolution vector field^{zμτ (τ,⃗σ)}√ϵ_{gτ τ (τ,⃗σ)} ∂_μ, which in general is not surfaceforming (i.e. it has non-zero vorticity like in the case of the rotating disk). The observers associated to its flux lines x^μ_{z,σ}u_o (τ) = z^μ(τ, σ^u_o ), u^μ_{z,σ}u_o (τ) =^{zμτ (τ,⃗σ)}√ϵ_{gτ τ (τ,⃗σ)} , have the local observer rest frames, the tangent 3-spaces orthogonal to the evolution vector field, not tangent to Σ_τ : there is no notion of 3-space for these observers (1+3 point of view or threading splitting) and no visualization of the physical system in large. However these observers can use the notion of simultaneity associated to the embedding z^μ(τ, ⃗σ), which determines their 4-velocity. Like for the observer x^μ(τ), their 4-velocity is not parallel to l^μ(τ, σ^u). The 3+1 viewpoint of these observers is called slicing 3+1 splitting.

Every 1+3 point of view considers only a time-like observer (either x^μ(τ) or x^μ_{l,τo,σ}u_o (τ) or x^μ_{z,σ}u_o (τ)) and tries to give a description of the physics in a region around the observer’s worldline assumed known. Since there is no global notion of simultaneity, namely of instantaneous 3-space, one identifies the space-like hyper-planes orthogonal to the observer unit 4-velocity u^μ_{obs}(τ) at every instant τ (the observer local rest frames) as local instantaneous 3-spaces Σ_{obs τ} (strictly speaking it is a tangent space and not a 3-space). Then one makes a choice of a tetrad V^μ_{obs A}((τ)) = ( u^μ_{obs}(τ); V^μ_{obs (r)}(τ) ) , η_{μν} V^μ_{obs (A)}(τ) V^ν_{obs (B)}(τ) = η_{(A)(B)}. The space axes V^μ_{obs (r)}(τ) can be chosen arbitrarily, even if often they are chosen as the tangents to three space-like geodesics on Σ_{obs τ} at the observer position. After parallel transport of the tetrad to the points of Σ_{obs τ} not on the observer world-line one tries to build an accelerated 4-coordinate system having the observer as origin of the 3-coordinates [21]. In the case of the tangents to space-like geodesics one builds a local system of Fermi coordinates around the observer world-line [22] (see also Ref.[23] for an updated discussion of Fermi-Walker and Fermi normal coordinates).

The drawback of this construction is that the τ-dependent family of hyper-planes Σ_{obs τ} will have hyper-planes at different τ’s intersecting at some distance from the observer worldline, usually estimated by using the so-called acceleration radii of the observer. This implies that every system of accelerated 4-coordinates of this type will develop coordinate singularities when the hyper-planes intersect. As a consequence it is not possible to formulate a well-posed Cauchy problem for Maxwell equations in these accelerated coordinate systems: they can only be used for evaluating local semi-relativistic inertial effects.

At each instant τ the tetrads V^μ_{obs (A)}(τ) coincide with some Lorentz matrix V^μ_{obs (A)}(τ) = Λ^μ_{ν=A}(τ), which connects the reference inertial frame to the instantaneous comoving inertial frame associated with the accelerated observer at τ. A possibility is to use the tetrads ϵ^μ_A(u_{obs}(τ)) associated with the Wigner boost L^μ_ν (u_{obs}(τ),^∘u_{obs}). This fact is at the heart of the locality hypothesis [24] according to which an accelerated observer is physically equivalent (for measurements) to a continuous family of hypothetical momentarily comoving inertial observers.

If we parametrize the Lorentz transformation Λ(τ) as the product of a pure boost with a pure rotation Λ(τ) = B(⃗β(τ)) R(α(τ), β(τ), γ(τ)) and we call R^r_s(τ) = R^r_s(τ), we can write (from Eq.(2.8) we have B^{jk}(⃗β(τ)) = δ^{jk} + (γ(τ) − 1)^{βj (τ ) βk(τ )∑}_{n (βn(τ ))2} )

V^μ_{obs (A)}(τ) = Λ^μ_{ν=A}(τ) = 1 √_{1−⃗β2(τ )}^{Rik(τ ) βk(τ )} √_{1−⃗β2(τ )} β^j (τ ) √_{1−⃗β2(τ )} R^i_k(τ) B^{jk}(⃗β(τ)) . (2.17)

Let us define the angular velocity ω_r(τ) by means of^{d Rrs (τ )}_{dτ}^{def}= ϵ_{ruv} ω_u(τ) R^v_s (τ). Even if the observer is connected with the embedding z^μ(τ, ⃗σ), this angular velocity is not related to the angular velocity defined after Eq.(2.14).

Finally, if we write

dV^μ_{obs (A)}(τ) dτ = A_{obs (A)}^{(B)}(τ) V^μ_{obs (B)}(τ),

⇒ A_{obs (A)(B)}(τ) = −A_{obs (B)(A)}(τ) = dV^μ_{obs (A)}(τ) dτ η_{μν} V^ν_{obs (B)}(τ), (2.18)

and we introduce the definitions a_{obs r}(τ) = A_{obs (τ )(r)}(τ), Ω_{obs r}(τ) =^1_2 ϵ_{ruv} A_{obs (u)(v)}(τ), then the acceleration radii have the following definition [24]: I_1(τ) = ∑ r ( Ω^2_{obs r}(τ) − a^2_{obs r}(τ) ) , I_2(τ) = ∑ r a_{obs r}(τ) Ω_{obs r}(τ). By means of Eq.(2.17) they can be expressed in terms of the parameters of the Lorentz transformation and their τ-derivatives.

Let us remark that, since each instantaneous 3-space Σ_τ centered on an accelerated observer is in general a non-flat Riemannian 3-manifold with 3-metric g_{rs}(τ, σ^u) and Riemann 3-curvature tensor^3R_{rsmn}(τ, σ^u), we can look for special 3-coordinate systems on Σ_τ such that the curvature effects are second order near the observer, mimicking what is done in general relativity [21, 22, 23] to define local inertial frames and to visualize inertial effects. On σ_τ around the observer, origin of the 3-coordinates and whose world-line (in the flat Minkowski space-time) is a 4-geodesics if the observer is inertial, we can introduce:a) Riemann 3-coordinates such that ∂_v g_{rs}(τ, σ^u)|_σu_{=0} = 0;b) Riemann normal 3-coordintes (the three coordinate lines are 3-geodesics of Σ_τ ) such that ∂_m ∂_n g_{rs}(τ, σ^u)|_σu_{=0} = 0 and ∂_m^3Γ^r_{uv}(τ, σ^u)|_σu_{=0} are proportional to suitable combinations of the 3-curvature tensor.

In this way it is possible to simplify the expression of the special relativistic effects in non-inertial frames near the observer as first order corrections depending on the observer acceleration.

Finally let us remark that given an admissible 3+1 splitting of Minkowski space-time, the infinitesimal spatial length dl in the instantaneous 3-spaces Σ_τ is defined by putting dτ = 0 in the line element ds^2 = g_{AB}(τ, σ^u) dσ^A dσ^B, namely we have dl^2 = g_{rs}(τ, σ^u) dσ^r dσ^s.

This global, but coordinate-dependent, definition has to be contrasted with the local, but coordinate-independent, definition used in the 1+3 point of view as it is done for instance in Landau-Lifschitz [17]. This definition is only locally valid in the local rest frame of an observer: since there is no notion of instantaneous 3-space it cannot be used in a global way. For a detailed comparison of these two notions of spatial length see Section II of the first paper of Ref.[3].

C. Notations for the Electro-Magnetic Field in Non-Inertial Frames

Let us add some notations for the electro-magnetic field in the non-inertial frames, where the instantaneous 3-space is either curved or flat but with rotating coordinates [in both cases it is not Euclidean and has the 3-metric h_{rs} of signature (+ + +)].

The basic field is the electro-magnetic potential A_A = (A_τ ; A_r). We have A^A = (A^τ ; A^A) = g^{AB} A_B = g^{Aτ} A_τ + g^{As} A_s. Instead in inertial frames we have A^τ = ϵ A_τ , A^r = −ϵ A_r.

In non-inertial frames it is convenient to introduce the following ”Euclidean” notation: Ãr = hrs A_s ≠ Ar (in inertial frames: Ãr = A_r = −ϵ Ar)

We shall adopt the following conventions for the electric and magnetic fields in terms of F_{AB} = ∂_A A_B − ∂_B A_A^9 :

a) In inertial frames we have^{10}

E_r = −F_{τ r} = F^{τ r} = Ẽ^r,

B_r = 1 2 ϵ_{ruv} F_{uv} = 1 2 ϵ_{ruv} F^{uv} = B̃^r, F_{uv} = F^{uv} = ϵ_{uvr} B_r = ϵ_{uvr} B̃^r. (2.19)

b) In non-inertial frames we put the definitions

9 In the inertial case, where h_{rs} = δ_{rs} implies V^{rdef}= Ṽ^r = V_r for the components of 3-vector ⃗V not being the vector part of a 4-vector (like ⃗E and ⃗B), we can use the vector notation ⃗E = {E_r} = {Ẽ^r}, ⃗B = {B_r} = {B̃^r}, ⃗E^2 = ∑_r E^2_r = ∑_r (Ẽ^r)^2, ⃗B^2 = ∑_r B^2_r = ∑_r (B̃^r)^2, ( ˙⃗η_i × ⃗B)_r = ∑_{uv} ϵ_{ruv} η̇^u_i B_v = ∑ uv ϵ_{ruv} η̇^u_i B̃^v , ( ⃗E × ⃗B)_r = ∑ uv ϵ_{ruv} E_u B_v = ∑ uv ϵ_{ruv} Ẽ^u B̃^v. Since Ṽ^r = h^{rs} V_s ≠ V^r, we are not going to use the vector notation in non-inertial frames.

10 ϵ_{uvr} is the Euclidean Levi-Civita tensor with ϵ_{123} = 1; ϵ^{uvr} is never introduced.

E_r^{def}= − F_{τ r}, B_r^{def}= 1 2 ϵ_{ruv} F_{uv}, F_{rs} = ϵ_{rsu} B_u. (2.20) Since we have

F^{AB} = g^{AC} g^{BD} F_{CD} = (g^{Aτ} g^{Br} − g^{Ar} g^{Bτ} ) F_{τ r} + g^{Ar} g^{Bs} F_{rs} = = (g^{Ar} g^{Bτ} − g^{Aτ} g^{Br}) E_r + ϵ_{rsu} g^{Ar} g^{Bs} B_u,

F^{τ u} = (g^{τ r} g^{τ u} − g^{τ τ} g^{ur}) E_r + ϵ_{rsn} g^{τ r} g^{us} B_n =

= h^{ur} E_r + 1 (1 + n)^2 ϵ_{rsn} n^r h^{us} B_n, F^{uv} = (g^{ur} g^{τ v} − g^{τ u} g^{vr}) E_r + ϵ_{rsn} g^{ur} g^{vs} B_n = = (h^{ur} n^v − h^{vr} n^u) E_r (1 + n)^2 + ϵ_{rsn} ( h^{ur} h^{vs} − n^r (n^v h^{us} − n^u h^{us}) (1 + n)^2 ) B_n, (2.21)

by analogy with inertial frames we can put

F^{τ r def}= Ě^r, Ě^r = Ẽ^r + ϵ_{uvn} n^u h^{rv} h_{nm} B̃^m (1 + n)^2 ≠ Ẽ^r = h^{rs} E_s,

F^{uv def}= ϵ_{uvr} B̌^r, B̌^r = 2 (1 + n)^2 ϵ_{ruv} Ẽ^u n^v + + ϵ_{ruv} ϵ_{ksn} ( h^{uk} h^{vs} − n^k (n^v h^{us} − n^u h^{vs}) (1 + n)^2 ) h_{nm} B̃^m ≠ B̃^r = h^{rs} B_s. (2.22)

III. PARAMETRIZED MINKOWSKI THEORIES AND THE INERTIAL REST- FRAME INSTANT FORM FOR CHARGED PARTICLES PLUS THE ELECTRO- MAGNETIC FIELD.

In this Section we will give a review of the description of the isolated system ”N charged positive-energy scalar particles with Grassmann-valued electric charges plus the electromagnetic field” [9] in the framework of parametrized Minkowski theories [1, 5] (see also the Appendix of the first paper in Refs.[11]).

Let be given an admissible 3+1 splitting of Minkowski space-time centered on a time-like observer x^μ(τ). Let σ^A = (τ; σ^u) be the adapted observer-dependent radar 4-coordinates and z^μ(τ, σ^u) the embedding of the instantaneous 3-spaces Σ_τ into Minkowski space-time as seen from an arbitrary reference inertial observer. Let g_{AB} (τ, σ^u) = z^μ_A(τ, σ^u) η_{μν} z^ν_B (τ, σ^u) be the associated 4-metric.

The electro-magnetic field is described by the Lorentz-scalar potential A_A(τ, σ^u) knowing the equal-time surface. The field strength is F_{AB} (τ, σ^u) = ( ∂_A A_B − ∂_B A_A ) (τ, σ^u). The scalar positive-energy particles are described by the Lorentz-scalar 3-coordinates η^r_i (τ) defined by x^μ_i (τ) = z^μ(τ, η^u_i (τ)), where x^μ_i (τ) are their world-lines. Q_i are the Grassmann-valued electric charges satisfying Q^2_i = 0, Q_i Q_j = Q_j Q_i ≠ 0 for i ≠ j. Each Q_i is an even bilinear function of a complex Grassmann variable θ_i(τ): Q_i = e θ^∗_i (τ) θ_i(τ).

As shown in Ref.[9] the description of N scalar positive-energy particles with Grassmannvalued electric charges plus the electro-magnetic field is done in parametrized Minkowski theories with the action

S = ∫ dτ d^3σ L(τ, σ^u) = ∫ dτ L(τ),

L(τ, σ^u) = i 2 N∑ i=1 δ^3(σ^u − η^u_i (τ)) [ θ^∗_i (τ)θ̇_i(τ) − θ̇^∗_i (τ)θ_i(τ) ] −

− N∑ i=1 δ^3(σ^u − η^u_i (τ)) [ m_i c √ ϵ [g_{τ τ} (τ, σ^u) + 2 g_{τ r}(τ, σ^u) η̇^r_i (τ) + g_{rs}(τ, σ^u) η̇^r_i (τ) η̇^s_i (τ)]−

− Q_i(τ) c ( A_τ (τ, σ^u) + A_r(τ, σ^u) η̇^r_i (τ) )] −

− 1 4c √ −g(τ, σ^u) g^{AC} (τ, σ^u) g^{BD}(τ, σ^u) F_{AB}(τ, σ^u) F_{CD}(τ, σ^u). (3.1)

The canonical momenta are (for dimensional convenience we introduce a c factor in the definition of the electro-magnetic momenta)

ρ_μ(τ, σ^u) = −ϵ ∂L(τ, σ^u) ∂z^μτ (τ, σ^u) =

= N∑ i=1 δ^3(σ^u − η^u_i (τ)) m_i c z_{τ μ}(τ, σ^u) + z_{rμ}(τ, σ^u) η̇^r_i (τ) √ ϵ [g_{τ τ} (τ, σ^u) + 2 g_{τ r}(τ, σ^u) η̇^r_i (τ) + g_{rs}(τ, σ^u) η̇^r_i (τ) η̇^s_i (τ)] +

+ ϵ √ −g(τ, σ^u) 4c [ (g^{τ τ} z_{τ μ} + g^{τ r} z_{rμ}) g^{AC} g^{BD} F_{AB} F_{CD} −

− 2 ( z_{τ μ} (g^{Aτ} g^{τ C} g^{BD} + g^{AC} g^{Bτ} g^{τ D}) +

+ z_{rμ} (g^{Ar} g^{τ C} + g^{Aτ} g^{rC} ) g^{BD} ) F_{AB} F_{CD}) ] (τ, σ^u) =

= [(ρ_ν l^ν ) l_μ + (ρ_ν z^ν_r ) γ^{rs} z_{sμ}](τ, σ^u),

π^τ (τ, σ^u) = c ∂L ∂∂_τ A_τ (τ, σ^u) = 0,

π^r(τ, σ^u) = c ∂L ∂∂_τ A_r(τ, σ^u) = γ(τ, σ^u) √ −g(τ, σ^u) h^{rs}(τ, σ^u) (F_{τ s} − n^u F_{us})(τ, σ^u) = = − √ γ(τ, σ^u) 1 + n(τ, σ^u) h^{rs}(τ, σ^u) ( E_s − ϵ_{suv} n^u B_v ) (τ, σ^u),

κ_{ir}(τ) = + ∂L(τ) ∂ η̇^r_i (τ) = Q_i c A_r(τ, η^u_i (τ)) −

− ϵ m_i c g_{τ r}(τ, η^u_i (τ)) + g_{rs}(τ, η^u_i (τ)) η̇^s_i (τ) √ ϵ [g_{τ τ} (τ, η^u_i (τ)) + 2 g_{τ r}(τ, η^u_i (τ)) η̇^r_i (τ) + g_{rs}(τ, η^u_i (τ)) η̇^r_i (τ) η̇^s_i (τ)] ,

π_{θ i}(τ) = ∂L(τ) ∂θ̇_i(τ) = − i 2 θ^∗_i (τ), π_θ∗_i(τ) = ∂L(τ) ∂ θ̇^∗_i (τ) = − i 2 θ_i(τ). (3.2)

The following Poisson brackets are assumed

{z^μ(τ, σ^u), ρ_ν (τ, σ^{′ u}} = −ϵ η^μ_ν δ^3(σ^u − σ^{′u}),

{A_A(τ, σ^u), π^B (τ, σ^{′u})} = c η^B_A δ^3(σ^u − σ^{′u}), {η^r_i (τ), κ_{js}(τ)} = +δ_{ij} δ^r_s ,

{θ_i(τ), π_{θ j} (τ)} = −δ_{ij} , {θ^∗_i (τ), π_θ∗_j(τ)} = −δ_{ij} . (3.3) The Grassmann momenta give rise to the second class constraints

π_{θ i} + i 2 θ^∗_i ≈ 0, π_θ∗_i + i 2 θ_i ≈ 0, {π_{θ i} + i 2 θ^∗_i , π_θ∗_j + i 2 θ_j } = −iδ_{ij} , (3.4)

so that π_{θ i} and π_θ∗_i can be eliminated with the help of Dirac brackets

{A, B}^∗ = {A, B} − i [{A, π_{θ i} + i 2 θ^∗_i }{π_θ∗_i + i 2 θ_i, B} + {A, π_θ∗_i + i 2 θ_i}{π_{θ i} + i 2 θ^∗_i , B}]. (3.5)

As a consequence, the Grassmann variables θ_i(τ), θ^∗_i (τ), have the fundamental Dirac brackets ( we will still denote it as {., .} for the sake of simplicity) {θ_i(τ), θ_j (τ)} = {θ^∗_i (τ), θ^∗_j (τ)} = 0, {θ_i(τ), θ^∗_j (τ)} = −i δ_{ij} . (3.6) If we introduce the energy-momentum tensor of the isolated system (in inertial frames we have T_{⊥⊥} = T^{τ τ} and T_{⊥r} = δ_{rs} T^{τ s})

T^{AB}(τ, σ^u) = − 2 √ g(τ, σ^u) δ S δ g_{AB}(τ, σ^u) ,

T^{μν} = z^μ_A z^ν_B T^{AB} = l^μ l^ν T_{⊥⊥} + (l^μ z^ν_r + l^ν z^μ_r ) γ^{rs} T_{⊥s} + z^μ_r z^μ_s T^{rs},

T_{⊥⊥} = l_μ l_ν T^{μν} = (1 + n)^2 T^{τ τ} , T_{⊥r} = l_μ z_{r ν} T^{μν} = −(1 + n) h_{rs} (T^{τ τ} n^s + T^{τ s}), T_{rs} = z_{r μ} z_{s ν} T^{μν} = n_r n_s T^{τ τ} + (n_r h_{su} + n_s h_{ru}) T^{τ u} + h_{ru} h_{sv} T^{uv},

T_{⊥⊥}(τ, σ^u) = ( 1 2 c √ γ [ 1 √ γ h_{rs} π^r π^s + √ γ 2 h^{rs} h^{uv} F_{ru} F_{sv} ]) (τ, σ^u) +

+ N∑ i=1 δ^3(σ^u − η^u_i (τ)) √ γ(τ, σ^u) (√ m^2_i c^2 + h^{rs} [ κ_{ir}(τ) − Q_i c A_r ] [ κ_{is}(τ) − Q_i c A_s ) (τ, σ^u) ] ,

T_{⊥s}(τ, σ^u) = (F_{rs} πs c √ γ ) (τ, ⃗σ) − N∑ i=1 δ^3(σ^u − η^u_i (τ)) √ γ(τ, σ^u) [ κ_{i s} − Q_i c A_s(τ, σ^u) ] ,

T_{rs}(τ, σ^u) = ( h_{ru} h_{sv} [ − π^u π^v γ + n^u n^v (1 + n)^2 ( n_m πm (1 + n) √ γ )_2] + + 1 2 h_{rs} [h_{lm} πl πm γ + 1 2 h^{lm} h^{uv} F_{lu} F_{mv} ] + [ h^{lm} − n^l n^m (1 + n)^2 ] F_{rl} F_{sm} ) (τ, σ^u) +

+ N∑ i=1 δ^3(σ^u − η^u_i (τ)) √ γ(τ, σ^u) ( [ κ_{i r} −^{Qi}_c A_r ] [ κ_{i s} −^{Qi}_c A_s ] √ m^2_i c^2 + h^{uv} [ κ_{iu}(τ) −^{Qi}_c A_u ] [ κ_{iv}(τ) −^{Qi}_c A_v ] ) (τ, σ^u),

(3.7)

then from Eq.(3.2) we get

ρ_μ(τ, σ^u) = (√ −g z_{A μ} T^{τ A} ) (τ, σ^u) = = ( (1 + n)^2 √ γ T^{τ τ} l_μ + (1 + n) √ γ [ T^{τ r} + T^{τ τ} n^r ] z_{r μ} ) (τ, σ^u) = = (√ γ [ l_μ T_{⊥⊥} − z_{r μ} h^{rs} T_{⊥s} ]) (τ, σ^u). (3.8)

Let us remark that, since all the dependence on the embeddings is in the 4-metric, the Euler-Lagrange equations for the embeddings z^μ(τ, σ^u) associated with the Lagrangian (3.1)

are (the symbol ’^∘=’ means evaluated on the solutions of the equations of motion)

δ S δ z^μ(τ, σ^u) = ( ∂L ∂z^μ − ∂_A ∂L ∂z^μ_A ) (τ, σ^u) = 2 η_{μν} ∂_A [√ −g T^{AB} z^ν_B ] (τ, σ^u) = = (√ −g z^C_μ g_{CD} T^{DA}_{;A} ) (τ, σ^u)^∘= 0, (3.9)

where T^{AB}_{;B} (τ, σ^u) is the covariant derivative associated to the 4-metric g_{AB}(τ, σ^u) induced by the admissible 3+1 splitting of Minkowski space-time.

They may be rewritten in a form valid for every isolated system ( ∂_A T^{AB} z^μ_B ) (τ, σ^u)^∘= − (_{1√} −g ∂_A [ √ −g z^μ_B ] T^{AB} ) (τ, σ^u). When ∂_A [ √ −g z^μ_B ](τ, σ^u) = 0, as it happens in inertial frames in inertial Cartesian coordinates, we get the conservation of the energy-momentum tensor T^{AB}|_{inertial}, i.e. ∂_A T^{AB}|_{inertial}^∘= 0. Then, after integrating over a 4-volume bounded by a 3-volume V_1 at τ_1, a 3-volume V_2 at τ_2 > τ_1 and a time-like 3-surface S_{12} joining them and with section S_τ , boundary of a 3-volume V_τ , at τ, we get^d_{dτ} ∫ V_τ d 3σ T^{Aτ} |_{inertial}(τ, σ^u) = − ∫ S_τ d 2Σ_B T^{AB}|_{inertial}(τ, σ^u), namely the time-variation of the 4-momentum contained in V_τ is balanced by the flux of energy-momentum through the boundary S_τ . For infinite volume and suitable boundary conditions we get the conservation of the 4-momentum P^A = ∫ Σ_τ d 3σ T^{Aτ} |_{inertial}(τ, σ^u). Otherwise, in non-inertial frames and also in inertial frames with non-Cartesian coordinates we do not have a real conservation law, but the equation T^{AB}_{;B}(τ, σ^u)^∘=0, which, like in general relativity, could be rewritten as a conservation law ∂_B ( T^{AB} + t^{AB} ) (τ, σ^u)^∘=0 involving a coordinate-dependent energy-momentum pseudo-tensor describing the ”energymomentum” of the foliation associated to the 3+1 splitting. Moreover a quantity as ∫ Σ_τ d

3Σ_B T^{AB}|_{non−inertial}(τ, σ^u) is not a tensor under frame-preserving diffeomorphisms (even when T^{AB}_{non−inertial} transforms correctly as a tensor density), so that it cannot give rise to a well defined coordinate-independent quantity. However, differently from general relativity where the equivalence principle says that global inertial frames do not exist, in Minkowski space-time it is always possible to revert to inertial frames and to find the standard 4- momentum constant of motion, which is a 4-vector under the Poincare’ transformations connecting inertial frames.

At the Hamiltonian level from Eqs.(3.2) we obtain the following five primary constraints

π^τ (τ, σ^u) ≈ 0,

H_μ(τ, σ^u) = ρ_μ(τ, σ^u) − l_μ(τ, σ^u) √ γ(τ, σ^u) T_{⊥⊥}(τ, σ^u) + + z_{rμ}(τ, σ^u) h^{rs}(τ, σ^u) √ γ(τ, σ^u) T_{⊥s}(τ, σ^u) ≈ 0, (3.10)

The Lorentz-scalar primary constraint π^τ (τ, σ^u) ≈ 0 is a consequence of the invariance of the action under electro-magnetic gauge transformations.

The canonical Hamiltonian H_c is

H_c = + N∑ i=1 κ_{ir}(τ) η̇^r_i (τ) + ∫ d^3σ [1 c π^A ∂_τ A_A − ρ_μ z^μ_τ − L ] (τ, σ^u) = = 1 c ∫ d^3σ [ ∂_r ( π^r(τ, σ^u) A_τ (τ, σ^u) ) − A_τ (τ, σ^u) Γ(τ, σ^u) ] = − 1 c ∫ d^3σ A_τ (τ, σ^u) Γ(τ, σ^u),

(3.11)

after the elimination of a surface term and the introduction of the quantity

Γ(τ, σ^u) ≡ ∂_r π^r(τ, σ^u) + N∑ i=1 Q_i δ^3(σ^u − η^u_i (τ)). (3.12)

As a consequence, the Dirac Hamiltonian is

H_D = ∫ d^3σ [ λ^μ H_μ + μ π^τ − 1 c A_τ Γ ] (τ, σ^u). (3.13)

Here λ^μ(τ, σ^u) and μ(τ, σ^u) are the Dirac multipliers associated with the primary constraints.

The requirement that the five primary constraints be τ-independent, i.e. {π^τ (τ, σ^u), H_D} ≈ 0, {H^μ(τ, σ^u), H_D} ≈ 0, implies only the Gauss’ law secondary constraint

Γ(τ, σ^u) ≈ 0. (3.14)

The 6 constraints are all first class, since they satisfy the following Poisson brackets

{Γ(τ, σ^u), π^τ (τ, σ^{′ u})} = {Γ(τ, σ^u), H_μ(τ, σ^{′ u})} = {π^τ (τ, σ^u), H_μ(τ, σ^{′ u})} = 0

{H_μ(τ, σ^u), H_ν (τ, σ^{′ u})} = 1 c ( [l_μ z_{rν} − l_ν z_{rμ}] π^r √ γ −

−z_{uμ} h^{ur} F_{rs} h^{sv} z_{vν} ) (τ, σ^u) Γ(τ, σ^u) δ^3(σ^u − σ^{′ u}) ≈ 0. (3.15)

The constraints π^τ (τ, σ^u) ≈ 0 and Γ(τ, σ^u) ≈ 0 are the canonical generators of the electro-magnetic gauge transformations.

Instead the constraints H_μ(τ, σ^u) ≈ 0 generate the gauge transformations from an admissible 3+1 splitting of Minkowski space-time to another one. These constraints can be replaced with their projections H_r(τ, σ^u) = H_μ(τ, σ^u) z^μ_r (τ, σ^u) ≈ 0, H_⊥(τ, σ^u) =

H_μ(τ, σ^u) l^μ(τ, σ^u) ≈ 0, tangent and normal to the instantaneous 3-space Σ_τ respectively. Modulo the Gauss law constraint Γ(τ, σ^u) ≈ 0, the new constraints satisfy the universal

Dirac algebra of the super-hamiltonian and super-momentum constraints of canonical metric gravity (see the first paper in Refs.[11]). The gauge transformations generated by the

constraint H_⊥(τ, σ^u) change the instantaneous 3-spaces Σ_τ (i.e. the clock synchronization convention), while those generated by the constraints H_r(τ, σ^u) change the 3-coordinates on

Σ_τ .

The Hamilton-Dirac equations are ∂ z^μ(τ, σ^u) ∂ τ = ( (1 + n) l^μ + n^r z^μ_r ) (τ, σ^u)^∘= − ϵ λ^μ(τ, σ^u),

∂A_τ (τ, σ^u) ∂τ ∘= {A_τ (τ, σ^u), H_D} = μ(τ, σ^u), ∂A_r(τ, σ^u) ∂τ ∘= {A_r(τ, σ^u), H_D} = − ∫ d^3σ^′ [( λ_μ l^μ √ γ ) (τ, σ^{′ u}) {A_r(τ, σ^u), T_{⊥⊥}(τ, σ^{′ u})} −

− ( λ_μ z^μ_u h^{us} √ γ ) (τ, σ^{′ u}) {A_r(τ, σ^u), T_{⊥s}(τ, σ^{′ u})} +

+ 1 c A_τ (τ, σ^{′ u}) {A_r(τ, σ^u), Γ(τ, σ^{′ u})} ] ,

∂π^r(τ, σ^u) ∂τ ∘= {π^r(τ, σ^u), H_D} = − ∫ d^3σ^′ [( λ_μ l^μ √ γ ) (τ, σ^{′ u}) {π^r(τ, σ^u), T_{⊥⊥}(τ, σ^{′ u})} −

− ( λ_μ z^μ_u h^{us} √ γ ) (τ, σ^{′ u}) {π^r(τ, σ^u), T_{⊥s}(τ, σ^{′ u})} ] ,

dη^r_i (τ) dτ ∘= {η^r_i (τ), H_D} = − ∫ d^3σ^′ [( λ_μ l^{mu} √ γ ) (τ, σ^{′ u}) {η^r_i (τ), T_{⊥⊥}(τ, σ^{′ u})} −

− ( λ_μ z^μ_u h^{us} √ γ ) (τ, σ^{′ u}) {η^r_i (τ), T_{⊥s}(τ, σ^{′ u})}, dκ_{ir}(τ) dτ ∘= {κ_{ir}(τ), H_D} = − ∫ d^3σ^′ [( λ_μ l^{mu} √ γ ) (τ, σ^{′ u}) {κ_{ir}(τ), T_{⊥⊥}(τ, σ^{′ u})} −

− ( λ_μ z^μ_u h^{us} √ γ ) (τ, σ^{′ u}) {κ_{ir}(τ), T_{⊥s}(τ, σ^{′ u})} +

+ 1 c A_τ (τ, σ^{′ u}) {κ_{ir}(τ), Γ(τ, σ^{′ u})} ] . (3.16)

The Grassmann-valued electric charges are constants of the motion,^{d Qi(τ )}_{dτ}^∘= 0. Since the embedding variables z^μ(τ, σ^u) are the only configuration variables with Lorentz indices, the ten conserved generators of the Poincaré transformations are:

P^μ = ∫ d^3σρ^μ(τ, σ^u), J^{μν} = ∫ d^3σ(z^μρ^ν − z^ν ρ^μ)(τ, σ^u). (3.17)

The determination of the radiation gauge of the electro-magnetic field in non-inertial frames will be done in the next Section.

IV. THE HAMILTONIAN DESCRIPTION OF CHARGED PARTICLES AND THE ELECTRO-MAGNETIC FIELD IN NON-INERTIAL FRAMES

In this Section we study the system of charged positive-energy scalar particles plus the electro-magnetic field in a given admissible non-inertial frame. Then we define the radiation gauge in non-inertial frames.

A. The Hamilton Equations in an Admissible Non-Inertial Frame.

Let us choose an admissible 3+1 splitting of the type (2.1) by adding the gauge fixing constraints

χ(τ, σ^u) = z^μ(τ, σ^u) − z^μ_F (τ, σ^u) ≈ 0,

z^μ_F (τ, σ^u) = x^μ(τ) + F^μ(τ, σ^u), F^μ(τ, 0) = 0, (4.1)

to the first class constraints H_μ(τ, σ^u) ≈ 0 of Eqs.(3.10).

From the Hamilton-Dirac equations (3.16) we have that the Dirac multipliers λ^μ(τ, σ^u) in the Dirac Hamiltonian (3.13) take the form

λ^μ(τ, σ^u)^∘= −ϵ ( ẋ^μ(τ) + ∂ F^μ(τ, σ^u) ∂ τ ) = −ϵ z^μ_{F τ} (τ, σ^u) = = −ϵ [ (1 + n_F ) l^μ_F + n^r_F ∂_r F^μ ] (τ, σ^u),

−λ_μ l^μ_F = 1 + n_F , λ_μ z^μ_{F s} h^{sr}_F = n^r_F . (4.2)

H_μ(τ, σ^u) ≈ 0 and χ(τ, σ^u) ≈ 0 are second class constraints^{11}, which eliminate the variables z^μ(τ, ⃗σ) and ρ_μ(τ, σ^u). If we go to Dirac brackets, so that these constraints become strongly zero, the Dirac Hamiltonian does not depend any more upon the constraints H_μ(τ, σ^u) ≈ 0.

To find the new Dirac Hamiltonian H_{D F} at the level of Dirac brackets (still denoted {., .}) let us put the Dirac multiplier (4.2) in the Hamilton-Dirac equations (3.16) for all the variables F = A_τ , A_r, π^r, η^r_i , κ_{ir} independent from the embeddings and their momenta

11 We assume {H_μ(τ, σ^u_1 ), χ(τ, σ^u_2 )} ≠ 0 as a restriction of F^μ(τ, σ^u)

∂ F(..) ∂ τ ∘= {F(..), H_D} = = ∫ d^3σ {F(..), ( λ^μ H_μ + μ π^τ − 1 c A_τ Γ ) (τ, σ^u)} =

∘= ∫ d^3σ {F(..), ( (1 + n_F ) √ γ_F T_{⊥⊥} + n^r_F √ γ_F T_{⊥r} + μ π^τ − 1 c A_τ Γ ) (τ, σ^u)} = def = {F(..), H_{D F} }. (4.3) As a consequence the new Dirac Hamiltonian is

H_{D F} = ∫ d^3σ ( (1 + n_F ) √ γ_F T_{⊥⊥} + n^r_F √ γ_F T_{⊥r} + μ π^τ − 1 c A_τ Γ ) (τ, σ^u) =

= ∫ d^3σ ( (1 + n_F (τ, σ^u)) [√ γ_F (τ, σ^u) T^′_{⊥⊥}(τ, σ^u) + + ∑ i δ^3(σ^u − η^u_i (τ)) (√ m^2_i c^2 + h^{rs}_F ( κ_{ir}(τ) − Q_i c A_r ) ( κ_{is}(τ) − Q_i c A_s )) (τ, σ^u) ]

+ n^r_F (τ, σ^u) [ 1 c F_{rs}(τ, σ^u) π^s(τ, σ^u) − ∑ i δ^3(σ^u − η^u_i (τ)) ( κ_{ir}(τ) − Q_i c A_r(τ, σ^u) ) ]

+ μ(τ, σ^u) π^τ (τ, σ^u) − 1 c A_τ (τ, σ^u) Γ(τ, σ^u) ) , (4.4)

where the energy-momentum tensor is evaluated at z^μ(τ, σ^u) = z^μ_F (τ, σ^u) (√ γ_F T^′_{⊥⊥} ) (τ, σ^u) = 1 2c ( 1 √ γ_F (τ, σ^u) h_{F rs}(τ, σ^u)π^r(τ, σ^u) π^s(τ, σ^u) + + √ γ_F (τ, σ^u) 2 h^{rs}_F (τ, σ^u) h^{uv}_F (τ, σ^u) F_{ru}(τ, σ^u) F_{sv}(τ, σ^u) ) . (4.5)

The Hamilton-Dirac equations for the particle positions take the form

η̇^r_i (τ)^∘= ( 1 + n_F ) h^{rs}_F ( κ_{is}(τ) −^{Qi}_c A_s ) √ m^2_i c^2 + h^{uv}_F ( κ_{iu}(τ) −^{Qi}_c A_u ) ( κ_{iv}(τ) −^{Qi}_c A_v ) (τ, η^{ui} (τ)) − − n^r_F (τ, η^u_i (τ)), (4.6)

which can be inverted to get κ_{ir}(τ) = ( h_{F rs}(τ, η^u_i (τ)) m_ic ( η̇^s_i (τ) + n^s_F ) √( 1 + n_F

)_2 − h_{F uv} ( η̇^u_i (τ) + n^u_F ) ( η̇^v_i (τ) + n^v_F ) ) (τ, η^u_i (τ)) +

+ Q_i c A_r(τ, η^u_i (τ)). (4.7)

For the particle momenta we get the Hamilton-Dirac equations

d dτ κ_{ir}(τ)^∘= Q_i c η̇^u_i (τ) ∂ A_u(τ, η^u_i (τ)) ∂η^r_i + Q_i c ∂ A_τ (τ, η^u_i (τ)) ∂η^r_i + F_{ir}(τ),

F_{ir}(τ) = ( m_i c [ 1 + n_F ]_{−1} √( 1 + n_F

)_2 − h_{F uv} ( η̇^u_i (τ) + n^u_F ) ( η̇^v_i (τ) + n^v_F ) ) (τ, η^u_i (τ))

(∂h_{F st}(τ, ηu_i (τ)) ∂η^r_i ( η̇^s_i (τ) + n^s_F (τ, η^u_i (τ)) ) ( η̇^t_i (τ) + n^t_F (τ, η^u_i (τ)) ) − ∂n_F (τ, η^u_i (τ)) ∂η^r_i +

+ ∂n^s_F (τ, η^u_i (τ)) ∂η^r_i h_{F st}(τ, η^u_i (τ)) ( η̇^t_i (τ) + n^t_F (τ, η^u_i (τ)) ) ) , (4.8)

where F_{ir}(τ) denotes a set of relativistic inertial forces.

As a consequence, the second order form of the particle equations of motion implied by Eqs. (4.7) and (4.8) is

d dτ h_{F rs} m_i c ( η̇^s_i (τ) + n^s_F ) √( 1 + n_F

)_2 − h_{F uv} ( η̇^u_i (τ) + n^u_F ) ( η̇^v_i (τ) + n^v_F ) (τ, η^{ui} (τ))^∘=

∘= Q_i c [ η̇^u_i (τ) ( ∂A_u(τ, η^u_i (τ)) ∂η^r_i − ∂A_r(τ, η^u_i (τ)) ∂η^u_i ) + ( ∂A_τ (τ, η^U_i (τ)) ∂η^r_i − ∂A_r(τ, η^u_i (τ)) ∂τ )] +

+ F_{ir}(τ), or

m_i c d dτ η̇^s_i (τ) + n^s_F √( 1 + n_F

)_2 − h_{F uv} ( η̇^u_i (τ) + n^u_F ) ( η̇^v_i (τ) + n^v_F ) (τ, η^{ui} (τ))^∘=

∘= Q_i c h^{sr}_F (τ, η^u_i (τ)) [ η̇^u_i (τ) ( ∂A_u(τ, η^u_i (τ)) ∂η^r_i − ∂A_r(τ, η^u_i (τ)) ∂η^u_i ) + + ( ∂A_τ (τ, η^u_i (τ)) ∂η^r_i − ∂A_r(τ, η^u_i (τ)) ∂τ ) ] + F̃^s_i (τ),

F̃^s_i (τ) = = ( m_i c ( 1 + n_F )_{−1} h^{sr}_F √( 1 + n_F

)_2 − h_{F uv} ( η̇^u_i (τ) + n^u_F ) ( η̇^v_i (τ) + n^v_F ) ) (τ, η^u_i (τ)) [(∂h_{F st}(τ, ηu_i (τ)) ∂η^r_i ( η̇^s_i (τ) + n^s_F (τ, η^u_i (τ)) ) ( η̇^t_i (τ) + n^t_F (τ, η^u_i (τ)) ) −

− ∂n_F (τ, η^u_i (τ)) ∂η^r_i + ∂n^s_F (τ, η^u_i (τ)) ∂η^r_i h_{F st}(τ, η^u_i (τ)) ( η̇^t_i (τ) + n^t_F (τ, η^u_i (τ)) ) ) − − (∂ h_{F ru} ∂ τ + η̇^v_i (τ) ∂ h_{F ru} ∂ η^v_i ) (τ, η^u_i (τ)) ( η̇^u_i (τ) + n^u_F (τ, η^u_i (τ)) )] . (4.9)

Here F̃_{ir}(τ) is the form of inertial forces whose non-relativistic limit to rigid non-inertial frames is evaluated in Subsection C.

If, as in Eqs.(2.20), we define the non-inertial electric and magnetic fields in the form^{12}

E_r^{def}= ( ∂A_τ ∂η^r_i − ∂A_r ∂τ ) = −F_{τ r},

B_r^{def}= 1 2 ε_{ruv} F_{uv} = ϵ_{ruv} ∂_u A_{⊥ v} ⇒ F_{uv} = ε_{uvr} B_r, (4.10)

12 In the inertial case Eqs.(2.19) and (3.2) imply π^{s ∘}= −δ^{sr} E^r = −Ẽ^s, so that the components of the energy-momentum tensor are T_{τ τ}^∘=^1_{2c} ( ⃗E2 + ⃗B2 ) , T_{τ r}^∘=^1_c ( ⃗E × ⃗B ) r .

the homogeneous Maxwell equations, allowing the introduction of the electro-magnetic potentials, have the standard inertial form ϵ_{ruv} ∂_u B_v = 0, ϵ_{ruv} ∂_u E_v +^1_c^{∂ Br}_{∂τ} = 0.

Then also Eqs.(4.9) take the standard inertial form plus inertial forces

d dτ h_{F rs} m_ic ( η̇^s_i (τ) + n^s_F ) √( 1 + n_F

)_2 − h_{F uv} ( η̇^u_i (τ) + n^u_F ) ( η̇^v_i (τ) + n^v_F ) (τ, η^{ui} (τ))^∘=

∘= Q_i c [E_r + ϵ_{ruv} η̇^u_i (τ)B_v ] (τ, η^u_i (τ)) + F_{ir}(τ). (4.11)

The Hamilton-Dirac equations for the electro-magnetic field are

∂ ∂τ A_τ (τ, σ^u)^∘= c μ(τ, σ^u), ∂ ∂τ A_r(τ, σ^u)^∘= ( ∂ ∂σ^r A_τ +

1 + n_F √ γ_F h_{F rs} π^s + n^s_F F_{sr} ) (τ, σ^u), ∂ ∂τ π^r(τ, σ^u)^∘= ∑ i Q_i η̇^r_i (τ) δ^3(σ^u − η^u_i (τ)) + + ( ∂ ∂σ^s [ (1 + n_F ) √ γ_F h^{rs}_F h^{uv}_F F_{uv} − (n^s_F π^r − n^r_F π^s) ]) (τ, σ^u). (4.12)

Eqs.(4.12) imply

π^s(τ, σ^u) = − [ − √ γ_F 1 + n_F h^{sr}_F (F_{τ r} − n^v_F F_{vr}) ] (τ, σ^u) =

= − √ −g_F (τ, σ^u) g^{τ A}_F (τ, σ^u) g^{sB}_F (τ, σ^u) F_{AB}(τ, σ^u). (4.13) If we introduce the charge density ρ̄, the charge current density j̄^r and the total charge Q_{tot} = ∑ i Q_i on Σ_τ

ρ(τ, σ^u) = 1 √ γ_F (τ, σ^u) N∑ i=1 Q_i δ^3(σ^u − η^u_i (τ)),

J^r(τ, σ^u) = 1 √ γ_F (τ, σ^u) N∑ i=1 Q_i η̇^r_i (τ) δ^3(σ^u − η^u_i (τ)),

⇒ Q_{tot} = ∫ d^3σ √ γ_F (τ, σ^u) ρ(τ, σ^u), (4.14) then the last of Eqs.(4.12) can be rewritten in form ∂ ∂σ^r π^r(τ, σ^u) ≈ − √ γ_F (τ, σ^u) ρ(τ, σ^u), ∂ π^r(τ, σ^u) ∂τ ∘= ∂ ∂σ^s [√ −g_F h^{sv}_F h^{ru}_F F_{vu} − (n^s_F π^r − n^r_F π^s) ] (τ, σ^u) +

+ √ γ_F (τ, σ^u) J^r(τ, σ^u). (4.15)

If we introduce the 4-current density s^A(τ, σ^u)

s^τ (τ, σ^u) = 1 √ −g_F (τ, σ^u) N∑ i=1 Q_i δ^3(σ^u − η^u_i (τ)),

s^r(τ, σ^u) = 1 √ −g_F (τ, σ^u) N∑ i=1 Q_i η̇^r_i (τ) δ^3(σ^u − η^u_i (τ)), (4.16)

and we use (4.13), then Eqs.(4.15) can be rewritten as manifestly covariant equations for

the field strengths as in Ref.[25] 1 √ −g_F (τ, σ^u) ∂ ∂σ^A [√ −g_F (τ, σ^u) g^{AB}_F (τ, σ^u) g^{CD}_F (τ, σ^u) F_{BD}(τ, σ^u) ]_∘ = − s^C (τ, σ^u). (4.17)

Eqs.(4.17) imply the following continuity equation due to the skew-symmetry of F_{AB} 1 √ −g_F (τ, σ^u) ∂ ∂σ^C [√ −g_F (τ, σ^u) s^C (τ, σ^u) ]_∘ = 0,

or 1 √ γ_F (τ, σ^u) ∂ ∂τ [√ γ_F (τ, σ^u) ρ(τ, σ^u) ] + 1 √ γ_F (τ, σ^u) ∂ ∂σ^r [√ γ_F (τ, σ^u) J^r(τ, σ^u) ]_∘ = 0,

(4.18)

so that consistently we recover^d_{dτ} Q_{tot}^∘= 0.

See Appendix A for the expression of the Landau-Lifschitz non-inertial electro-magnetic

fields [17].

B. The Radiation Gauge for the Electro-Magnetic Field in Non-Inertial Frames.

In Appendix B there is a general discussion about the non-covariant decomposition of the vector potential ⃗A(τ, σ^u) and its conjugate momentum ⃗π(τ, σ^u) (the electric field) into longitudinal and transverse parts in absence of matter. Only with this decomposition we can define a Shanmugadhasan canonical transformation adapted to the two first class constraints generating electro-magnetic gauge transformations and identify the physical degrees of freedom (Dirac observables) of the electro-magnetic field without sources. This method identifies the radiation gauge as the natural one from the point of view of constraint theory. Here we extend the construction to the case in which there are charged particles: this will allow us to find the expression of the mutual Coulomb interaction among the charges in non-inertial frames .

As in Eq.(B3) let us introduce the non-covariant flat Laplacian Δ = ∑ r ∂^2_r in the instantaneous non-Euclidean 3-space Σ_τ . We use the non-covariant notation ^∂^r = δ^{rs} ∂_s relying on the positive signature of the 3-metric h_{F rs}(τ, σ^u) = −ϵ g_{F rs}(τ, σ^u). Since we have:

Δ ( − 1 4π 1 √∑ u (σ^u − σ^{′ u})^2 ) = δ^3(σ^u, σ^{′ u}), or 1 Δ δ^3(σ^u, σ^{′ u}) = − 1 4π 1 √∑ u (σ^u − σ^{′ u})^2 , (4.19) with δ^3(σ^u, σ^{′ u}) the delta function for Σ_τ^{13}, we can introduce the projectors

P^{rs}(σ^u, σ^{′ u}) = δ^{rs} δ^3(σ^u, σ^{′ u}) − ^∂^r ^∂^s ( − 1 4π 1 √∑ u (σ^u − σ^{′ u})^2 ) = P^{rs}_⊥ (σ^u) δ^3(σ^u, σ^{′ u}),

P^{rs}_⊥ (σ^u) = δ^{rs} − ^∂r ^∂s Δ . (4.20)

As a consequence the transverse part of the electro-magnetic quantities ( ^∂^r A_{⊥r} = ∂_r A_{⊥r} = 0, ∂_r π^r_⊥ = 0) are

A_{⊥r}(τ, σ^u) = δ_{ru} ∫ d^3σ^′ P^{rs}(σ^u, σ^{′ u}) A_s(τ, σ^{′ u}) = δ_{ru} P^{us}_⊥ (σ^u) A_s(τ, σ^u),

π^r_⊥(τ, σ^u) = ∑ s ∫ d^3σ^′ P^{rs}(σ^u, σ^{′ u}) π^s(τ, σ^{′ u}) = ∑ s P^{rs}_⊥ (σ^u) π^s(τ, σ^u). (4.21)

Therefore the Gauss law constraint (3.12) implies the following decomposition of π^r(τ, σ^u)

13 The delta functions are defined in Appendix B after Eq.(B3).

π^r(τ, σ^u) = π^r_⊥(τ, σ^u)+ ^∂^r ∫ d^3σ^′ ( − 1 4π 1 √∑ u (σ^u − σ^{′ u})^2 ) ( Γ(τ, σ^{′ u}) − ∑ i Q_i δ^3(σ^{′ u}, η^u_i (τ)) ) . (4.22) If, following Dirac [26], we introduce the variable canonically conjugate to Γ(τ, σ^u) (it describes a Coulomb cloud of longitudinal photons)

η_{em}(τ, σ^u) = − ∫ d^3σ^′ ( − 1 4π 1 √∑ u (σ^u − σ^{′ u})^2 ) ( ∑ r ^∂^{′ r} A_r(τ, σ^{′ u}) ) ,

{η_{em}(τ, σ^u), Γ(τ, σ^{′ u})} = δ^3(σ^u, σ^{′ u}), (4.23)

we have the following non-covariant decomposition of the vector potential

A_r(τ, σ^u) = A_{⊥ r}(τ, σ^u) − ∂_r η_{em}(τ, σ^u). (4.24)

If we introduce the following new Coulomb-dressed momenta for the particles

κ̌_{ir}(τ) = κ_{ir}(τ) + Q_i c ∂ ∂η^r_i η_{em}(τ, η^u_i (τ)),

⇒ κ_{ir}(τ) − Q_i c A_r(τ, η^u_i (τ)) = κ̌_{ir}(τ) − Q_i c A_{⊥ r}(τ, η^u_i (τ)) (4.25)

we arrive at the following non-covariant Shanmugadhasan canonical transformation in noninertial frames

A_r(τ, σ^u) η^r_i (τ) π^r(τ, σ^u) κ_{ir}(τ) → A_{⊥ r}(τ, σ^u) η_{em}(τ, σ^u) η^r_i (τ) π^r_⊥(τ, σ^u) Γ(τ, σ^u) ≈ 0 κ̌_{ir}(τ) ,

{A_{⊥r}(τ, σ^u), π^s_⊥(τ, σ^{′ u})} = c P^{rs}(σ^u, σ^{′ u}) = c P^{rs}_⊥ (σ^u) δ^3(σ^u, σ^{′ u}),

{η^r_i (τ), κ̌_{is}(τ)} = δ^r_s δ_{ij} . (4.26)

The electromagnetic part of the hamiltonian (4.4) can be expressed in terms of the new canonical variables, since we have:

∫ d^3σ √ γ(τ, σ^u) [ (1 + n_F ) T^′_{⊥⊥} + n^r_F c F_{rs} π^s ] (τ, σ^u) =

= 1 c W(η^u_1 (τ), ..., η^u_N (τ)) + ∫ d^3σ √ γ(τ, σ^u) [ (1 + n_F ) Ť_{⊥⊥} + n^r_F Ť_{⊥r} ] (τ, σ^u) +

+ 1 c ∫ d^3σ a_τ (τ, σ^u) Γ(τ, σ^u) + O(Γ^2), (4.27)

where the energy-momentum tensor has the form √ γ(τ, σ^u) Ť_{⊥⊥}(τ, σ^u) = + h_{F rs}(τ, σ^u) 2 c √ γ_F (τ, σ^u) π^r_⊥(τ, σ^u) π^s_⊥(τ, σ^u) +

+ √ γ_F (τ, σ^u) 4 c h^{rs}_F (τ, σ^u) h^{uv}_F (τ, σ^u) F_{ru}(τ, σ^u) F_{sv}(τ, σ^u),

√ γ(τ, σ^u) Ť_{⊥r}(τ, σ^u) = 1 c F_{rs}(τ, σ^u) π^s_⊥(τ, σ^u). (4.28)

In Eq.(4.27) we have introduced the potentials (F_{rs} = ∂_r A_{⊥s} − ∂_s A_{⊥r} )

W(η^u_1 (τ), ..., η^u_N (τ)) =

= + ∫ d^3σ h_{F rs}(τ, σ^u) ( 1 + n_F (τ, σ^u) ) 2 √ γ_F (τ, σ^u) ( 2 π^r_⊥(τ, σ^u) + 1 4π ∑ i ∂ ∂σ^r Q_i √∑ u (σ^u − η^u_i (τ))^2 )

1 4π ∑ j ∂ ∂σ^s Q_j √∑ u (σ^u − η^u_j (τ))^2 +

+ n^r_F (τ, σ^u) F_{rs}(τ, σ^u) 1 4π ∑ j ∂ ∂σ^s Q_j √∑ u (σ^u − η^u_j (τ))^2

, (4.29)

and the function

a_τ (τ, σ^u) = ∫ d^3σ^′ 1 4π √∑ u (σ^u − σ^{′ u})^2 ∂ ∂σ^{′ r} [ n^s_F (τ, σ^{′ u}) F_{sr}(τ, σ^{′ u}) +

+ (1 + n_F (τ, σ^{′ u})) h_{F rs}(τ, σ^′ ) √ γ_F (τ, σ^{′ u}) π^s_⊥(τ, σ^{′ u}) + 1 4π ∑ j ∂ ∂σ^{′ s} Q_j √∑ u (σ^u − η^u_j (τ))^2 ] . (4.30)

Then, the Dirac Hamiltonian (4.4) has the following form in the new variables

H_{D F} = ∑ i ( 1 + n_F (τ, η^u_i (τ)) ) ×

× √ m^2_i c^2 + h^{rs}_F (τ, η^u_i (τ)) (κ̌_{ir}(τ) − Q_i c A_{⊥ r}(τ, η^u_i (τ))) (κ̌_{is}(τ) − Q_i c A_{⊥ s}(τ, η^u_i (τ))) −

− ∑ i n^r_F (τ, η^u_i (τ)) (κ̌_{ir}(τ) − Q_i c A_{⊥ r}(τ, η^u_i (τ))) +

+ 1 c W(η^u_1 (τ), ..., η^u_N (τ)) + ∫ d^3σ √ γ(τ, σ^u) [ (1 + n_F ) Ť_{⊥⊥} + n^r_F Ť_{⊥r} ] (τ, σ^u)

+ ∫ d^3σ μ(τ, σ^u) π^τ (τ, σ^u) − 1 c ( A_τ (τ, σ^u) − a_τ (τ, σ^u) ) Γ(τ, σ^u) ) + O(Γ^2), (4.31)

In Eq.(4.31) we can discard the term quadratic in the constraint Γ(τ, σ^u) ≈ 0, because it is strongly zero according to constraint theory: it does never contribute to the dynamics on the constraint sub-manifold (the only relevant region of phase space for constrained systems).

To get the non-covariant radiation gauge we add the gauge fixing

η_{em}(τ, σ^u) ≈ 0, (4.32)

implying A_r ≈ A_{⊥r} due to Eq.(4.26). The τ-constancy,^{∂ηem(τ,σu)}_{∂τ} ≈ 0, of this gauge fixing, together with the Gauss law constraint Γ(τ, σ^u) ≈ 0, implies the secondary gauge fixing

A_τ (τ, σ^u) − a_τ (τ, σ^u) ≈ 0, (4.33)

so that we get

A_τ (τ, σ^u) ≈ ∫ d^3σ^′ 1 4π √∑ u (σ^u − σ^{′ u})^2 ∂ ∂σ^{′ r} [ n^s_F (τ, σ^{′ u}) F_{sr}(τ, σ^{′ u}) +

+ ( 1 + n_F (τ, σ^{′ u}) ) h_{F rs}(τ, σ^{′ u}) √ γ_F (τ, σ^{′ u}) π^s_⊥(τ, σ^{′ u}) + 1 4π ∑ j ∂ ∂σ^{′ s} Q_j √∑ u (σ^{′ u} − η^u_j (τ))^2 ) . (4.34)

Therefore, in the radiation gauge the magnetic field of Eqs.(2.19) is transverse: B_r = ϵ_{ruv} ∂_u A_{⊥ v}. But the electric field E_r = −F_{τ r} = −∂_τ A_{⊥ r} + ∂_r A_τ is not transverse: it has

E_{⊥ r} = −∂_τ A_{⊥ r} as a transverse component. Instead the transverse quantity is π^r_⊥, which coincides with δ^{rs} E_{⊥ s} only in inertial frames, and whose expression in terms of the electric and magnetic fields, determined by Eqs.(4.22) and (3.2), is π^r_⊥(τ, σ^u) = [_{√γ} 1+n h^{rs} (E_s − ϵ_{suv} n^u B_v) ] (τ, σ^u) + ^∂^r ( ∑ i Q_i 4π √_{∑u (σu−ηui (τ ))2} ) . The final form of the Dirac Hamiltonian in the radiation gauge (after the elimination of the variables η_{em}, Γ, A_τ , π^τ by going to Dirac brackets) is

H_{D F} = ∑ i ( 1 + n_F (τ, η^u_i (τ)) ) ×

× √ m^2_i c^2 + h^{rs}_F (τ, η^u_i (τ)) (κ̌_{ir}(τ) − Q_i c A_{⊥ r}(τ, η^u_i (τ))) (κ̌_{is}(τ) − Q_i c A_{⊥ s}(τ, η^u_i (τ))) −

− ∑ i n^r_F (τ, η^u_i (τ)) (κ̌_{ir}(τ) − Q_i c A_{⊥ r}(τ, η^u_i (τ))) +

+ 1 c W(η^u_1 (τ), ..., η^u_N (τ)) + ∫ d^3σ √ γ(τ, σ^u) [ (1 + n_F ) Ť_{⊥⊥} + n^r_F Ť_{⊥r} ] (τ, σ^u) (4.35)

where Ť_{AB} is given in Eq.(4.28). In H_{DF} the components of g_{AB}(τ, σ^u) are the inertial potentials giving rise to the relativistic inertial forces.

The Hamilton-Dirac equations for the particles are (F_{ir}(τ) is defined in Eq.(4.8))

η̇^r_i (τ)^∘= ( 1 + n_F (τ, η^u_i (τ)) ) h^{rs}_F (τ, η^u_i (τ)) ( κ̌_{is}(τ) −^{Qi}_c A_{⊥ s}(τ, η^u_i (τ)) ) √ m^2_i c^2 + h^{uv}_F (τ, η^u_i (τ)) ( κ̌_{iu}(τ) −^{Qi}_c A_{⊥ u}(τ, η^u_i (τ)) ) ( κ̌_{iv}(τ) −^{Qi}_c A_{⊥ v}(τ, η^u_i (τ)) ) − − n^r_F (τ, η^u_i (τ)), d dτ κ̌_{ir}(τ)^∘= Q_i c η̇^u_i (τ) ∂ A_{⊥ u}(τ, η^u_i (τ)) ∂ η^r_i − 1 c ∂ ∂η^r_i W(η^u_1 (τ), ..., η^u_N (τ)) + F_{ir}(τ). (4.36)

In the second half of Eqs.(4.36) the sum of the inertial 2-body Coulomb potentials is replaced by the non-inertial N-body potential W(η^u_1 (τ), ..., η^u_N (τ)) of Eq.(4.29), which can be shown to have the following property due to Eq.(4.30) ∂W ∂η^r_i = −Q_i ( ∂a_τ ∂σ^r ) σ^u=η^u_i ≈ −Q_i ( ∂A_τ ∂σ^r ) σ^u=η^u_i . (4.37)

In the radiation gauge the electric field of Eq.(2.19) is E_r ≈ −∂_τ A_{⊥r} +∂_r A_τ . Consistently with Eq.(4.11) we have

Q_i E_r(τ, η^u_i (τ)) = −Q_i ∂A_{⊥r}(τ, η^u_i (τ)) ∂τ + Q_i ( ∂A_τ (τ, σ^u) ∂σ^r ) σ^u=η^u_i ≈ ≈ −Q_i ∂A_{⊥r}(τ, η^u_i (τ)) ∂τ − ∂W(η^u_1 (τ), ..., η^u_N (τ)) ∂η^r_i = = Q_i E_{⊥r}(τ, η^u_i (τ)) − ∂W(η^u_1 (τ), ..., η^u_N (τ)) ∂η^r_i . (4.38)

The first of Eqs.(4.36) can be inverted to get

κ̌_{ir}(τ) = ( h_{F rs} m_ic ( η̇^s_i (τ) + n^s_F ) √( 1 + n_F

)_2 − h_{F uv} ( η̇^u_i (τ) + n^u_F ) ( η̇^v_i (τ) + n^v_F ) ) (τ, η^u_i (τ)) +

+ Q_i c A_{⊥ r}(τ, η^u_i (τ)). (4.39)

See the next Subsection for its expression in a nearly non-relativistic frame.

In the general case to evaluate the integral in Eq.(4.39) we must regularize the function

t^{rs}(σ^u) =^1 (_∑ u (σ^u)^2

)_3 /2 δ^{rs} − 3^{σr σs} (_∑ u (σ^u)^2 ) , which is singular at σ^u = 0. By considering

it as a distribution, we must give a prescription to define the integral ∫ d^3σ t^{rs}(σ^u) f(σ^u), where f(σ^u) is a test function. Following Ref. [27], we consider the sphere S_R centered in the origin and defined by the relation √∑ u (σ^u)^2 < R and the space Ω_R external to it of the points such that √∑ u (σ^u)^2 ≥ R. The integral is written in the form ∫ d^3σ t^{rs}(σ^u) f(σ^u) = ∫ S_R d^3σ t^{rs}(σ^u) f(σ^u) + ∫ Ω_R

d^3σ t^{rs}(σ^u) f(σ^u). (4.40)

The first term, containing the singularity, can be shown to have the expression

lim_{R→0} ∫ S_R d^3σ t^{rs}(σ^u) f(σ^u) = 4π 3 δ^{rs} f(0). (4.41)

Regarding the second term in Eq.(4.40) we can define a distribution t^{rs}(σ^u) such that the following integral

lim_{R→0} ∫ Ω_R

d^3σ t^{rs}(σ^u) f(σ^u) = ∫ d^3σ t^{rs}(σ^u) f(σ^u) (4.42)

has no singularity in the origin. As a consequence we get t^{rs}(σ^u) = 4π 3 δ^{rs} δ^3(σ^u) + t^{rs}(σ^u). (4.43)

Therefore we get

W(η^u_1 (τ), ..., η^u_N (τ)) =

= ∑ i≠j ∫ d^3σ h_{F rs}(τ, σ^u) ( 1 + n_F (τ, σ^u) ) 2 √ γ_F (τ, σ^u) ( 1 4π ∂ ∂σ^r Q_i √∑ u (σ^u − η^u_i (τ))^2 ) 1 4π ∂ ∂σ^s Q_j √∑ u (σ^u − η^u_j (τ))^2 +

+ ∫ d^3σ h_{F rs} ( 1 + n_F ) √ γ_F π^r_⊥ + n^r_F F_{rs} (τ, σ^u) 1 4π ∑ j ∂ ∂σ^s Q_j √∑ u (σ^u − η^u_j (τ))^2 . (4.44)

After some integrations by parts we get

W(η^u_1 (τ), ..., η^u_N (τ)) =

= ∑ i≠j ∫ d^3σ h_{F rs}(τ, σ^u) ( 1 + n_F (τ, σ^u) ) 2 √ γ_F (τ, σ^u) ( 1 16π^2 Q_i Q_j √∑ u (σ^u − η^u_i (τ))^2 ) t^{rs}(σ^u − η^u_j (τ)) −

+ ∑ i≠j ∫ d^3σ ∂ ∂σ^s h_{F rs}(τ, σ^u) ( 1 + n_F (τ, σ^u) ) 2 √ γ_F (τ, σ^u) ( 1 4π Q_i Q_j √∑ u (σ^u − η^u_i (τ))^2 ) 1 4π σ^r − η^r_j (τ) ( ∑ u (σ^u − η^u_j (τ))^2

)_3 /2 −

− ∫ d^3σ 1 4π ∑ j Q_j √∑ u (σ^u − η^u_j (τ))^2 ∂ ∂σ^s h_{F rs} ( 1 + n_F ) √ γ_F π^r_⊥ + n^r_F F_{rs} (τ, σ^u), (4.45)

and then we can get the following form

W(η^u_1 (τ), ..., η^u_N (τ)) =

= ∑ i≠j 1 12π ∑ r h_{F rr}(τ, η^u_j (τ)) ( 1 + n_F (τ, η^u_j (τ)) )

2 √ γ_F (τ, η^u_j (τ)) Q^i Q^j √∑ u (η^u_j (τ) − η^u_i (τ))^2 +

+ ∑ i≠j ∫ d^3σ ( 1 4π Q_i Q_j √∑ u (σ^u − η^u_i (τ))^2 ) [h_{F rs}(τ, σ^u) ( 1 + n_F (τ, σ^u) ) 2 √ γ_F (τ, σ^u) t^{rs}(σ^u − η^u_j (τ)) −

+ 1 4π σ^r − η^r_j (τ) ( ∑ u (σ^u − η^u_j (τ))^2

)_3 /2 ∂ ∂σ^s h_{F rs}(τ, σ^u) ( 1 + n_F (τ, σ^u) ) 2 √ γ_F (τ, σ^u) ] −

− ∫ d^3σ 1 4π ∑ j Q_j √∑ u (σ^u − η^u_j (τ))^2 ∂ ∂σ^s h_{F rs} ( 1 + n_F ) √ γ_F π^r_⊥ + n^r_F F_{rs} (τ, σ^u), (4.46)

which can be checked to be explicitly symmetric in the exchange of ⃗η_i with ⃗η_j .

Finally the Hamilton equations for the transverse electro-magnetic fields A_{⊥r} and π^r_⊥ in

the radiation gauge implied by the Dirac Hamiltonian (4.35) are

∂_τ A_{⊥ r}(τ, ⃗σ)^∘= {A_{⊥ r}(τ, ⃗σ), H_{DF} } = = δ_{rn} P^{nu}_⊥ (⃗σ) [(1 + n) 3e_{(a)u} 3e_{(a)v} 3e ( π^v_⊥ − δ^{vm} ∑ i Q_i η_i ∂ c(⃗σ, ⃗η_i(τ)) ∂ σ^m ) + + n̄_{(a)}^3e^v_{(a)} F_{vu} ] (τ, ⃗σ),

∂_τ π^r_⊥(τ, ⃗σ)^∘= {π^r_⊥(τ, ⃗σ), H_{DF} } = = P^{rn}_⊥ (⃗σ) δ_{nm} ( ∑ i η_i Q_i δ^3(⃗σ, ⃗η_i(τ))^3e^m_{(a)}(τ, ⃗η_i(τ))

[ (1 + n) 3es_{(a)} κ̌_{is}(τ) √ m^2_i c^2 +^3e^r_{(a)} ( κ̌_{ir}(τ) −^{Qi}_c A_{⊥ r} )_3 e^s_{(a)} ( κ̌_{is}(τ) −^{Qi}_c A_{⊥ s} ) −

− n̄_{(a)} ] (τ, ⃗η_i(τ))+

+ [ (1 + n)

(_3 e^3e^s_{(a)}^3e^v_{(b)} (^3e^r_{(a)}^3e^m_{(b)} −^3e^m_{(a)}^3e^r_{(b)}) ∂_r F_{sv} + + ∂_r [_3

e^3e^s_{(a)}^3e^v_{(b)} (^3e^r_{(a)}^3e^m_{(b)} −^3e^m_{(a)}^3e^r_{(b)}) ] F_{sv} ) + + ∂_r n^3e^3e^s_{(a)}^3e^v_{(b)} (^3e^r_{(a)}^3e^m_{(b)} −^3e^m_{(a)}^3e^r_{(b)}) F_{sv} +

+ n̄_{(a)}

(_3

e^r_{(a)} ∂_r π^m_⊥ + ∂_r^3e^r_{(a)} π^m_⊥ − ∂_r^3e^m_{(a)} π^r_⊥ +

+ (∂_r^3e^r_{(a)} δ^{mt} − ∂_r^3e^m_{(a)} δ^{rt}) ∑ i η_i Q_i ∂ c(⃗σ, ⃗η_i(τ))) ∂ σ^t + + (^3e^r_{(a)} δ^{mt} −^3e^m_{(a)} δ^{rt}) ∑ i η_i Q_i ∂^2 c(⃗σ, ⃗η_i(τ))) ∂ σ^t ∂ σ^r ) + + ∂_r n̄_{(a)} (^3e^r_{(a)} δ^{mt} −^3e^m_{(a)} δ^{rt}) ∑ i η_i Q_i ∂ c(⃗σ, ⃗η_i(τ))) ∂ σ^t ] (τ, ⃗σ) ) . (4.47)

Here c(σ^u, σ^{′ u}) =^1_{4π} √∑_{u (σu−σ′ u)2} and, following the general relativity notation of Ref.[12], the metric has been expressed in terms of triads^3e^r_{(a)} and cotriads^3e_{(a)r} on Σ_τ as in Eq.(2.10): h_{F rs} = ∑ a 3e_{(a)r}^3e_{(a)s}, h^{rs}_F = ∑ a 3e^r_{(a)}^3e^s_{(a)}, γ_F =^3e. The shift functions of Eq.(2.4) are replaced by n̄_{(a)} = n^{r 3}e_{(a)r} .

C. On the Non-Relativistic Limit

Let us consider the nearly non-relativistic limit of the embedding (2.10) given in Eqs.(2.16). It can be done either before or after the choice of the radiation gauge.

Since we have h_{rs} = δ_{rs} + O(c^{−2}), we can use the vector notation of the inertial frames for the 3-vectors: ⃗V = {V_r = Ṽ^r} (since g_{τ τ} = ϵ ( 1 − ∑ r (n^r_F )^2 ) + O(c^{−2}) = ϵ + O(c^{−2}),

we still have V^r = g^{rA} V_A ≠ Ṽ^r for 4-vectors V_A). Therefore we have ˇ⃗κ_i = {κ̌^r_i }^{def}= {κ̌_{ir}}, ⃗E = {E_r = Ẽr} + O(c−2), ⃗B = {B_r = B̃r} + O(c−2), but ⃗A_⊥ = {A_{⊥r} = Ãr_⊥ ≠ Ar_⊥} + O(c−2).

In these rigidly-rotating non-inertial frames the equations of motion (4.9) takes the form (the Newtonian functions are f̃(t) = f(τ = c t); ⃗Ω(c t) has the components Ω̃(c t) defined after Eq. (2.15))

m_i d dt [d ⃗η_i(c t) dt + ⃗v(c t) + ⃗Ω(c t) × ⃗η_i(c t) ]_∘ = Q_i [ ⃗E + 1 c d ⃗η_i(c t) dt × ⃗B ] (c t, ⃗η_i(c t)) + + ⃗F_i(c t),

⃗F_i(c t) = −m_i ⃗Ω(c t) × [ d ⃗η_i(c t) dt + ⃗v(c t) + ⃗Ω(c t) × ⃗η_i(c t) ] . (4.48)

As a consequence the final form of the equations of motion of the particles is

m_i d^2 ⃗η_i(c t) dt^2 ∘= +Q_i [ ⃗E + d ⃗η^i(c t) dt × ⃗B ] (c t, ⃗η_i(c t)) + ⃗F^{(in)}_i (c t),

⃗F^{(in)}_i (c t) = ⃗F_i(c t) + m_i d dt ( ⃗v(c t) + ⃗Ω(c t) × ⃗η_i(c t) ) = = −m_i [ ⃗Ω(c t) × ( ⃗Ω(c t) × ⃗η_i(c t) ) + 2 ⃗Ω(c t) × d ⃗η_i(c t) dt + d ⃗Ω(c t) dt × ⃗η_i(c t) + + d ⃗v(c t) dt + ⃗Ω(c t) × ⃗v(c t) ] , (4.49)

⃗F^{(in)}_i (τ) is the sum of all the inertial forces (centrifugal, Coriolis, Jacobi, the two pieces of the linear acceleration) present in Newtonian rigid non-inertial frames.

The equations of motion (4.36), (4.29) of the particles in the radiation gauge become

m_i d^2 ⃗η_i(c t) dt^2 ∘= − ∂ ∂ ⃗η_i W( ⃗η_1(τ), ..., ⃗η_N (τ)) + Q_i [ − 1 c ∂ ⃗A_⊥ ∂ t + 1 c d ⃗η_i(c t) dt × ⃗B ] (c t, ⃗η_i(c t)) + + ⃗F^{(in)}_i (c t), (4.50)

where the non-inertial Coulomb potential takes the form (τ = ct)^{14}

W( ⃗η_1(τ), ..., ⃗η_N (τ)) =

= + ∑ i>j Q_i Q_j 4π | ⃗η_i(τ) − ⃗η_j (τ) | − ∑ i Q_i c [ ⃗v(τ) · ⃗A_⊥(τ, ⃗η_i(τ)) + ⃗Ω(τ) × ⃗η_i(τ) · ⃗A_⊥(τ, ⃗η_i(τ)) ] . (4.51)

Finally the Hamiltonian (4.35) becomes

14 In this case from Eq.(4.30) we get a_τ (τ, ⃗σ) = − [ ∑ k Q_k 4π | ⃗σ − ⃗η_k | − ⃗v c · ⃗A_⊥(τ, ⃗σ) − ⃗Ω c × ⃗σ · ⃗A_⊥(τ, ⃗σ) ] ,

Ȟ_R = ∑ i √ m^2_i c^2 + ( ˇ⃗κ_i(τ) − Q^i c ⃗A_⊥(τ, ⃗η_i(τ)) )_2 + ∑ i>j Q_i Q_j 4π c | ⃗η_i(τ) − ⃗η_j (τ) | +

+ 1 2c ∫ d^3σ ( ⃗π^2_⊥(τ, ⃗σ) − ⃗A_⊥(τ, ⃗σ) · [ Δ ⃗A_⊥(τ, ⃗σ) ] ) +

− ⃗v(τ) c · [ ∑ i ˇ⃗κ_i(τ) − 1 c ∫ d^3σ ⃗π_⊥(τ, ⃗σ) × (⃗∂ × ⃗A_⊥(τ, ⃗σ)) ] +

− ⃗Ω(τ) c · [ ∑ i ⃗η_i(τ) × ˇ⃗κ_i(τ) + ⃗J (τ) ] ,

⃗J (τ) = −1 c ∫ d^3σ ∑ r π^r_⊥(τ, ⃗σ) ( ⃗σ × ⃗∂ ) Ã^r_⊥(τ, ⃗σ) − ⃗A_⊥(τ, ⃗σ) × ⃗π_⊥(τ, ⃗σ), (4.52)

where ⃗J (τ) is the total angular momentum of the electro-magnetic field.

It can be checked that this Hamiltonian generates the previous limit of the equations of motion of the particles. In particular the first set of Hamilton equations is

1 c d ⃗η_i(τ) dt = ˇ⃗κ_i(τ) −^Qi_c ⃗A_⊥(τ, ⃗η_i(τ)) √ m^2_i c^2 + ( ˇ⃗κ_i(τ) −^Qi_c ⃗A_⊥(τ, ⃗η_i(τ)) )_2 − ⃗v(τ) c − ⃗Ω(τ) c × ⃗η_i(τ). (4.53)

V. THE INSTANT FORM OF DYNAMICS IN NON-INERTIAL FRAMES AND IN THE INERTIAL AND NON-INERTIAL REST FRAMES.

In this Section we study the problem of the separation of the relativistic non-covariant canonical 4-center of mass of an isolated system from the relative variables describing its dynamics. We first recall how this problem is solved in the inertial rest-frame instant form of dynamics [1, 3, 4, 5, 8]. As said in the Introduction the isolated system is described as a decoupled pseudo-particle (described by the non-covariant canonical variables ⃗z and ⃗h) carrying a pole-dipole structure given by its invariant mass and its rest spin. On each instantaneous Wigner 3-space, centered on the inertial observer corresponding to the Fokker- Pryce 4-center of inertia, these quantities are functions of the relative variables of the isolated system after the elimination of the internal 3-center of mass. The double counting of the center of mass is avoided by the presence of three pairs of second class constraints: the rest-frame conditions, i.e. the vanishing of the internal 3-momentum, and the vanishing of the internal boosts.

In Subsection A we will show how to get these conditions in the inertial rest frames starting from the embeddings (1.1), from the determination (3.8) of their conjugate momenta and from the Poincare’ generators (3.17).

In Subsection B we will extend this construction to determine the three pairs of second class constraints in an arbitrary admissible non-inertial frame described by the embeddings (2.1) and centered on an arbitrary time-like observer. Again the isolated system can be visualized as a pole-dipole carried by the external decoupled center of mass.

In Subsection C we will define the special family of the non-inertial rest-frames, centered on the inertial Fokker-Pryce 4-center of inertia, and the associated non-inertial rest-frame instant form. They are relevant because they are the only global non-inertial frames allowed by the equivalence principle (forbidding the existence of global inertial frames) in canonical metric and tetrad gravity in globally hyperbolic, asymptotically flat (asymptotically Minkowskian) space-times without super-translations, so to have the asymptotic ADM Poincare’ group [11]. Also in this case we identify the three pairs of second class constraints eliminating the internal 3-center of mass, visualizing the isolated system as a pole-dipole and allowing to describe the dynamics on the instantaneous (non-Euclidean) 3-spaces only in terms of relative variables. Then in Subsection D we show how the Hamiltonian description of Section IV has to be modified if we take this point of view in the description of the isolated system. We also delineate the analogue of this procedure for the general case of Subsection B.

A. The Inertial Rest-Frame Instant Form

As said in the Introduction every configuration of an isolated system, with associated finite Poincare’ generators P^μ, J^{μν} , identifies a unique inertial frame in an intrinsic way: the inertial rest frame whose Euclidean instantaneous 3-spaces (the Wigner 3-spaces) are orthogonal to the conserved 4-momentum P^μ of the configuration. The embedding corresponding to the inertial rest frame, centered on the Fokker-Pryce center of inertia, is given in Eq.(1.1)

The generators of the external realization of the Poincare’ algebra are (following footnote 10 we use only ϵ_{ijk}; M and ⃗S̄ have vanishing Poisson brackets with ⃗z and ⃗h and we have {S̄^i, S̄^j} = δ^{im} δ^{jn} ϵ_{mnk} S̄^k)

P^o = Mc h^μ, h^μ = (√ 1 + ⃗h^2;⃗h ) , J^i = δ^{im} ϵ_{mnk} ( z^n h^k + S̄^k ) , K^i = − √ 1 + ⃗h^2 z^i + δ^{in} ϵ_{njk} S̄^j h^k 1 + √ 1 + ⃗h^2 , (5.1)

while those of the unfaithful internal realization of the Poincare’ algebra determined by the energy-momentum tensor (in inertial frames Eqs.(3.8) imply T_{⊥⊥} = T^{τ τ} and T_{⊥r} = δ_{rs} T^{τ s}) are

Mc = ∫ d^3σ T^{τ τ} (τ, σ^u), S̄^r = 1 2 δ^{rs} ϵ_{suv} ∫ d^3σ σ^u T^{τ v}(τ, σ^u),

P^r = ∫ d^3σ T^{τ r}(τ, σ^u) ≈ 0, K^r = − ∫ d^3σ σ^r T^{τ τ} (τ, σ^u) ≈ 0. (5.2)

The constraints ⃗P ≈ 0 are the rest-frame conditions identifying the inertial rest frame. Having chosen the Fokker-Pryce center of inertia as origin of the 3-coordinates, the (interaction-dependent) constraints ⃗K ≈ 0 are their gauge fixing: they eliminate the internal 3-center of mass so not to have a double counting (external, internal). Therefore the isolated system is described by the external non-covariant 3-center of mass ⃗z, ⃗h, and by an internal space of Wigner-covariant relative variables (M and ⃗S̄ depend only upon them).

Eqs. (5.1) and (5.2) are obtained in the following way. If we put the embedding (1.1), namely z^μ(τ, σ^u) = Y^μ(0)+h^μ τ +ϵ^μ_r (⃗h) σ^r = Y^μ(0)+ϵ^μ_A(⃗h) σ^A, in Eq.(3.8), we get ρ^μ(τ, σ^u) ≈ h^μ T^{τ τ} (τ, σ^u) + ϵ^μ_r (⃗h) T^{τ r}(τ, σ^u) = ϵ^μ_A(⃗h) T^{Aτ} (τ, σ^u). Then the first of Eqs.(3.17) implies P^μ = Mc h^μ if Mc = ∫ d^3σ T^{τ τ} (τ, σ^u) and P^r = ∫ d^3σ T^{τ r}(τ, σ^u) ≈ 0.

The second of Eqs.(3.17) gives J^{μν} = ( Y^μ(o) ϵ^ν_A(⃗h) − Y^ν (0) ϵ^μ_A(⃗h) ) ∫ d^3σ T^{Aτ} (τ, σ^u) + ϵ^μ_A(⃗h) ϵ^ν_B (⃗h) S^{AB} with S^{AB} = ∫ d^3σ ( σ^A T^{Bτ} − σ^B T^{Aτ} ) (τ, σ^u). By using P^r ≈ 0 we get J^{μν} ≈ Mc ( Y^μ(0) h^ν − Y^ν (0) h^μ ) + ϵ^μ_A(⃗h) ϵ^ν_B(⃗h) S^{AB} with S^{τ r} ≈ ∫ d^3σ σ^r T^{τ τ} (τ, σ^u) and S^{rs} = ∫ d^3σ ( σ^r T^{sτ} − σ^s T^{rτ} ) (τ, σ^u). Then, by using the expression of the Fokker-Pryce 4-center of inertia given in Eq.(2.20) of Ref.[8], i.e. Y^μ(τ) = Y^μ(0) + h^μ τ with Y^μ(0) = (√ 1 + ⃗h^{2 ⃗h·⃗z}_{Mc} ;^{⃗z}_{Mc} +^{⃗h·⃗z}_{Mc} ⃗h +^{⃗VS}_{Mc (1+}√_{1+⃗h2)} ) , as a function of τ, ⃗z, ⃗h, Mc and of ⃗S̄, and the expression of ϵ^μ_A(⃗h) given after Eq.(1.1), we get:

a) J^{ij} = z^i h^j − z^j h^i + δ^{ir} δ^{js} ϵ_{rsk} ∫ d^3σ σ^r T^{sτ} (τ, σ^u), which coincides with Eq.(5.1) if ⃗S̄ has the expression given in Eq.(5.2);

b) J^{oi} = − √ 1 + ⃗h^2 z^i + δ^{in} ϵ_{njk} S̄^j h^k + ϵ^o_τ (⃗h) ϵ^i_r(⃗h) S^{τ r}, which coincides with Eq.(5.1) if K^r = −S^{τ r} ≈ 0 as in Eqs.(5.2).

Therefore we have S^{AB} ≈ (δ^A_r δ^B_τ − δ^A_τ δ^B_r ) K^r + δ^{Ar} δ^{Bs} ϵ_{rsk} S̄^k ≈ δ^{Ar} δ^{Bs} ϵ_{rsk} S̄^k.

As shown in Ref.[8], the restriction of the embedding z^μ(τ, σ^u) to the Wigner 3-spaces (1.1) implies the replacement of the Dirac Hamiltonian (3.13) with the new one H_{D W} = Mc + ∫ d^3σ ( μ π^τ − A_τ Γ ) (τ, σ^u). (5.3)

Therefore, consistently with Eqs.(5.2), the effective Hamiltonian is the invariant mass of the isolated system, whose conserved rest spin is ⃗S̄. As already said, the three pairs of second class constraints ⃗P ≈ 0, ⃗K ≈ 0, eliminate the internal 3-center of mass.

As shown in Refs.[8, 9], in the rest-frame instant form it is possible to restrict the description of N charged positive-energy particles plus the electro-magnetic field to the radiation gauge (see next Section for the non-inertial case), where all the electro-magnetic quantities are transverse. The mutual Coulomb interaction among the particles appears in this gauge, the Hamiltonian (5.3) reduces to Mc and we get the following form of the internal Poincare’ generators (5.2)^{15}

15 In this equation we use the notation ⃗κ_i(τ) for the Coulomb-dressed momenta ˇ⃗κ_i(τ) = ⃗κ_i(τ) −^{∂ ηem(τ,⃗ηi(τ ))}_{∂ ⃗ηi} belonging to the Shanmugadhasan canonical basis defined in Eqs.(4.26).

E_{(int)} = P^τ_{(int)} c = M c^2 = c ∫ d^3σ T^{τ τ} (τ, ⃗σ) = = c N∑ i=1 √ m^2_i c^2 + ( ⃗κ_i(τ) − Q_i c ⃗A_⊥(τ, ⃗η_i(τ)) )_2 + + ∑ i≠j Q_i Q_j 4π | ⃗η_i(τ) − ⃗η_j (τ) | + 1 2 ∫ d^3σ [⃗π^2_⊥ + ⃗B^2](τ, ⃗σ) =

= c N∑ i=1 (√ m^2_i c^2 + ⃗κ^2_i (τ) − Q_i c ⃗κ_i(τ) · ⃗A_⊥(τ, ⃗η_i(τ)) √ m^2_i c^2 + ⃗κ^2_i (τ) ) + + ∑ i≠j Q_i Q_j 4π | ⃗η_i(τ) − ⃗η_j (τ) | + 1 2 ∫ d^3σ [⃗π^2_⊥ + ⃗B^2](τ, ⃗σ),

⃗P_{(int)} = ∫ d^3σ T^{rτ} (τ, ⃗σ) = N∑ i=1 ⃗κ_i(τ) + 1 c ∫ d^3σ [⃗π_⊥ × ⃗B](τ, ⃗σ) ≈ 0,

J^r_{(int)} = S̄^r = 1 2 δ^{rs} ϵ_{suv} ∫ d^3σ σ^u T^{vτ} (τ, ⃗σ) = = N∑ i=1 ( ⃗η_i(τ) × ⃗κ_i(τ) )_r + 1 c ∫ d^3σ(⃗σ × ( [⃗π_⊥ × ⃗B] )_r (τ, ⃗σ),

K^r_{(int)} = S̄^{τ r} = −S̄^{rτ} = − ∫ d^3σ σ^r T^{τ τ} (τ, ⃗σ) = = − N∑ i=1 η^r_i (τ) (√ m^2_i c^2 + ⃗κ^2_i (τ) − Q_i c ⃗κ_i(τ) · ⃗A_⊥(τ, ⃗η_i(τ)) √ m^2_i c^2 + ⃗κ^2_i (τ) ) +

+ 1 c N∑ i=1

1..N∑

j≠i Q_i Q_j [ ∫ d^3σ 1 4π |⃗σ − ⃗η_j (τ)| ∂ ∂ σ^r 1 4π |⃗σ − ⃗η_i(τ)| +

+ η^r_j (τ) 4π |⃗η_i(τ) − ⃗η_j(τ)| ] − − 1 c N∑ i=1 Q_i ∫ d^3σ π^r_⊥(τ, ⃗σ) 4π |⃗σ − ⃗η_i(τ)| − 1 2c ∫ d^3σ σ^r (⃗π^2_⊥ + ⃗B^2)(τ, ⃗σ) ≈ 0. (5.4)

Note that, as required by the Poincare’ algebra in an instant form of dynamics, there are interaction terms both in the internal energy and in the internal Lorentz boosts, but not in the 3-momentum and in the angular momentum.

As shown in Ref.[8], we can reconstruct the original gauge potential Ã_μ(x) in the radiation gauge. It has the following form

Ã^μ(Y^α(τ) + ϵ^α_r (⃗h) σ^r) = P^μ Mc ∑ i Q_i |⃗σ − ⃗η_i(τ)| − ϵ^μ_r (⃗h) A^r_⊥(τ, σ^u). (5.5)

B. Amissible Non-Inertial Frames

Let us now see whether in an arbitrary admissible non-inertial frame, centered on an arbitrary non-inertial observer and described by the embeddings (2.1), we can arrive at the same picture of an isolated system as a decoupled external canonical non-covariant center of mass ⃗z, ⃗h, carrying a pole-dipole structure, with the external Poincare’ generators given by expressions like Eqs.(5.1) and with the dynamics described by suitable relative variables after an appropriate elimination of the internal 3-center of mass inside the instantaneous 3-spaces. If this is possible, there will be a new expression for the internal invariant mass M, a new effective spin ⃗S̃ (supposed to satisfy the Poisson brackets of an angular momentum and such that J^i = δ^{im} ϵ_{mnk} ( z^n h^k + S̃^k ) ) and a new form of the three pairs of second class constraints replacing the expressions given in Eqs.(5.2) for the case of the inertial rest frame centered on the Fokker-Pryce center of inertia.

Now the embeddings (2.1) imply the form (3.8) for the conjugate momenta ρ^μ(τ, σ^u). Therefore we must evaluate the Poincare’ generators (3.17) by using Eqs.(2.1) and (3.8). By equating the resulting expressions with Eqs.(5.1) we will find the new expression of the invariant mass, of the effective spin and of the second class constraints.

Since the embedding (2.1) depend on the asymptotic tetrads ϵ^μ_A, we must express them in terms of the tetrads ϵ^μ_A(⃗h) determined by P^μ (whose expression is given after Eq.(1.1)): ϵ^μ_A = Λ_A^B (⃗h) ϵ^μ_B (⃗h) with Λ(⃗h) a Lorentz matrix.

Then, by using Eqs.(2.1), (3.8) and (5.1) the first of Eqs.(3.17) becomes

P^μ = Mc h^μ = Mc ϵ^μ_τ (⃗h) ≈ ϵ^μ_A P̂^A = P̂^A Λ_A^B (⃗h) ϵ^μ_B (⃗h) = = P̂^A [ Λ_A^τ (⃗h) h^μ + Λ_A^r(⃗h) ϵ^μ_r (⃗h) ] ,

P̂^A = ∫ d^3σ √ γ(τ, σ^u) [ T_{⊥⊥} l^A − T_{⊥s} h^{sr} ∂_r F^A ] (τ, σ^u), (5.6)

with l^A(τ, σ^u) given in Eq.(2.7).

Therefore the invariant mass M and the three constraints P̃^r ≈ 0 replacing the rest-frame conditions are

Mc ≈ P̂^A Λ_A^τ (⃗h), P̃^r = P̂^A Λ_A^r(⃗h) ≈ 0, ⇒ P̂^A ≈ Mc Λ_τ^A(⃗h). (5.7)

If we define

Ŝ^{AB} = ∫ d^3σ √ γ(τ, σ^u) [( f^A(τ) + F^A(τ, σ^u) ) ( T_{⊥⊥} l^B − T_{⊥s} h^{sr} ∂_r F^B ) (τ, σ^u) − − ( f^B (τ) + F^B(τ, σ^u) ) ( T_{⊥⊥} l^A − T_{⊥s} h^{sr} ∂_r F^A ) (τ, σ^u) ] = = f^A(τ) P̂^B − f^B (τ) P̂^A + Ŝ^{CD} Λ_C^A(⃗h) Λ_D^B (⃗h),

Ŝ^{AB} = ∫ d^3σ √ γ(τ, σ^u) [ F^C (τ, σ^u) ( T_{⊥⊥} l^D − T_{⊥s} h^{sr} ∂_r F^D ) (τ, σ^u) − − F^D(τ, σ^u) ( T_{⊥⊥} l^C − T_{⊥s} h^{sr} ∂_r F^C ) (τ, σ^u) ] Λ_C^A(⃗h) Λ_D^B(⃗h) = def = (δ^A_r δ^B_τ − δ^A_τ δ^B_r ) K̂^r + δ^{Ar} δ^{Bs} ϵ_{rsk} Ŝ^k, (5.8)

then, by using Eq.(5.7), the second of Eqs.(3.17) becomes

J^{μν} ≈ (x^μ_o ϵ^ν_A − x^ν_o ϵ^μ_A) P̂^A + ϵ^μ_A ϵ^ν_B Ŝ^{AB} =

= P̂^B Λ_B^A(⃗h) ( x^μ_o ϵ^ν_A(⃗h) − x^ν_o ϵ^μ_A(⃗h) ) + Ŝ^{CD} Λ_C^A(⃗h) Λ_D^B(⃗h) ϵ^μ_A(⃗h) ϵ^ν_B(⃗h) =

= P̂^A Λ_A^D(⃗h) [( x^μ_o + f^B(τ) Λ_B^C (⃗h) ϵ^μ_C (⃗h) ) ϵ^ν_D(⃗h) − − ( x^ν_o + f^B (τ) Λ_B^C (⃗h) ϵ^ν_C (⃗h) ) ϵ^μ_D(⃗h) ] + ϵ^μ_A(⃗h) ϵ^ν_B (⃗h) Ŝ^{AB} ≈ ≈ Mc [( x^μ_o + f^B(τ) Λ_B^C (⃗h) ϵ^μ_C (⃗h) ) h^ν − − ( x^ν_o + f^B (τ) Λ_B^C (⃗h) ϵ^ν_C (⃗h) ) h^μ ] + ϵ^μ_A(⃗h) ϵ^ν_B(⃗h) Ŝ^{AB} . (5.9)

After some algebra Eqs.(5.1) and (5.9) imply

J^{ij} = z^i h^j − z^j h^i + δ^{iu} δ^{jv} ϵ_{uvk} S̃^k ≈

≈ Mc [( x^i_o + f^B(τ) Λ_B^C (⃗h) ϵ^i_C (⃗h) + 1 Mc [ ϵ^i_r(⃗h) K̃^r + δ^{im} ϵ_{mnk} h^n Ŝ^k 1 + √ 1 + ⃗h^2 ]) h^j − − ( x^j_o + f^B (τ) Λ_B^C (⃗h) ϵ^j_C (⃗h) + 1 Mc [ ϵ^j_r(⃗h) K̂^r + δ^{jm} ϵ_{mnk} h^n Ŝ^k 1 + √ 1 + ⃗h^2 ]) h^i ] + + δ^{im} δ^{jn} ϵ_{mnk} Ŝ^k = def = X^i h^j − X^j h^i + δ^{iu} δ^{jv} ϵ_{uvk} Ŝ^k, (5.10)

J^{oi} = − √ 1 + ⃗h^2 z^i − δ^{im} ϵ_{mnk} h^n S̃^k 1 + √ 1 + ⃗h^2 ≈ ≈ Mc [ x^o + f^B (τ) Λ_B^C (⃗h) ϵ^o_C (⃗h) + ∑ r h^r K̂^r Mc ] h^i − − √ 1 + ⃗h^2 [ x^i_o + f^B(τ) Λ_B^C (⃗h) ϵ^i_C (⃗h) + 1 Mc ( ϵ^i_r(⃗h) K̂^r + δ^{im} ϵ_{mnk} h^n Ŝ^k 1 + √ 1 + ⃗h^2 )] − − δ^{im} ϵ_{mnk} h^n Ŝ^k 1 + √ 1 + ⃗h^2 = def = X^o h^i − √ 1 + ⃗h^2 X^i − δ^{im} ϵ_{mnk} h^n Ŝ^k 1 + √ 1 + ⃗h^2

, (5.11)

where in the last lines we introduced the definition of the quantities X^o and X^i.

This implies the reformulation of the isolated system as an external center of mass ⃗z, ⃗h, plus a pole-dipole structure M and ⃗S̃.

If we solve Eq.(5.11) in ⃗z, we get ⃗z = ⃗X − X^{o ⃗h}√_{1+⃗h2} −^{(⃗Ŝ−⃗S̃)×⃗h}√_{1+⃗h2 (1+}√_{1+⃗h2)} (we use a vector

notation). If we put this expression in Eq.(5.10), we get the following equation: [(⃗Ŝ − ⃗S̃) × ⃗h] × ⃗h = √ 1 + ⃗h^2 (1 + √ 1 + ⃗h^2) (⃗Ŝ − ⃗S̃). It implies (⃗Ŝ − ⃗S̃) · ⃗h = 0 and then we get

S̃^r ≈ Ŝ^r, (5.12)

namely the effective spin ⃗S̃ is given by Ŝ^{rs} of Eqs.(5.8).

By using Eq.(5.12) inside Eq.(5.11) we get three constraints, eliminating the internal 3-center of mass and allowing to re-express the dynamics inside the instantaneous 3-spaces only in terms of relative variables, which are

Mc [ x^o + f^B(τ) Λ_B^C (⃗h) ϵ^o_C (⃗h) + ∑ r h^r K̂^r Mc ] h^i − √ 1 + ⃗h^2 [ x^i_o − z^i +

+ f^B(τ) Λ_B^C (⃗h) ϵ^i_C (⃗h) + 1 Mc ( ϵ^i_r(⃗h) K̂^r + δ^{im} ϵ_{mnk} h^n Ŝ^k 1 + √ 1 + ⃗h^2 )] ≈ 0,

⇓

K̂^r ≈ Mc h^r ( x^o + f^B (τ) Λ_B^C (⃗h) ϵ^o_C (⃗h) − ∑ u h^u ( x^u_o − z^u + f^B(τ) Λ_B^C (⃗h) ϵ^u_C (⃗h) ) 1 + √ 1 + ⃗h^2 ) − − ( x^r_o − z^r + f^B(τ) Λ_B^C (⃗h) ϵ^r_C (⃗h) + δ^{rm} ϵ_{mnk} h^n Ŝ^k Mc (1 + √ 1 + ⃗h^2) ) . (5.13)

They replace the constraints K^r ≈ 0 of Subsection A. Now we have Ŝ^{AB} ≈ δ^{Ar} δ^{Bs} ϵ_{rsk} Ŝ^k + (δ^A_r δ^B_τ − δ^A_τ δ^B_r ) K̂^r.

Let us remark that that if we put Λ_A^B (⃗h) = δ^B_A and x^μ_o + f^B(τ) Λ_B^C (⃗h) ϵ^μ_C (⃗h) = Y^μ(0) + h^μ τ, then we recover the results of Subsection A for the inertial rest frame centered on the Fokker-Pryce inertial observer.

Instead the conditions Λ_A^B (⃗h) = δ^B_A and f^B(τ) Λ_B^C (⃗h) ϵ^μ_C (⃗h) = h^μ τ, identifying the inertial rest frame centered on the inertial observer x^μ_o + h^μ τ, have the constraints K^r ≈ 0 replaced by Eqs.(5.13).

Equations of the type (5.7), (5.12) and (5.13) holds not only for admissible embeddings with pure differential rotations like the ones of Eq.(2.14), but also for the admissible embeddings with pure linear acceleration. If in Eq.(2.1) we put F^τ (τ, σ^u) = 0, F^r(τ, σ^u) = σ^r, so that the embedding becomes z^μ(τ, σ^u) = x^μ_o + ϵ^μ_τ f^τ (τ) + ϵ^μ_r ( f^r(τ) + σ^r ) , the instantaneous 3-spaces are space-like hyper-planes orthogonal to l^μ = ϵ^μ_τ and we get h_{rs} = δ_{rs}, 1+n(τ) = ḟ^τ (τ), n_r(τ) = δ_{rs} ḟ^s(τ). In the case of Eq.(2.13), i.e. f^r(τ) = 0 and f^τ (τ) = f(τ), we get 1 + n(τ) = ḟ(τ), n_r = 0. If f^τ (τ) = τ and f^r(τ) = a^r = const., we have inertial frames centered on inertial observers: changing a^r we change the inertial observer origin of the 3-coordinates σ^r.

Let us remark that the final Dirac Hamiltonian (4.35) does not coincide with Mc due to the presence of the inertial potentials g_{AB}(τ, σ^u).

C. The Non-Inertial Rest Frames

The family of non-inertial rest frames for an isolated system consists of all the admissible 3+1 splittings of Minkowski space-time whose instantaneous 3-spaces Σ_τ tend to space-like hyper-planes orthogonal to the conserved 4-momentum of the isolated system at spatial infinity. Therefore they tend to the Wigner 3-spaces (1.1) of the inertial rest frame asymptotically.

These non-inertial frames can be centered on the external Fokker-Pryce center of inertia like the inertial ones and are described by the following embeddings

z^μ(τ, σ^u) ≈ z^μ_F (τ, σ^u) = Y^μ(τ) + u^μ(⃗h) g(τ, σ^u) + ϵ^μ_r (⃗h) [σ^r + g^r(τ, σ^u)],

→_{|⃗σ| →∞}z^μ_W (τ, σ^u) = Y^μ(τ) + ϵ^μ_r (⃗h) σ^r, x^μ(τ) = z^μ_F (τ, 0^u),

g(τ, 0^u) = g^r(τ, 0^u) = 0, g(τ, σ^u) →_{|⃗σ|→∞} 0, g^r(τ, σ^u) →_{|⃗σ|→∞} 0. (5.14) These embeddings are a special case of Eqs.(4.1) with x^μ(τ) = Y^μ(τ) and F^μ(τ, σ^u) = ϵ^μ_τ (⃗h) g(τ, σ^u) + ϵ^μ_r (⃗h) [σ^r + g^r(τ, σ^u)] , ϵ^μ_τ (⃗h) = h^μ = Ẏ^μ(τ).

For the induced metric we have

z^μ_τ (τ, σ^u) ≈ z^μ_{F τ} (τ, σ^u) = h^μ [1 + ∂_τ g(τ, σ^u)] + ϵ^μ_r (⃗h) ∂_τ g^r(τ, σ^u),

z^μ_r (τ, σ^u) ≈ z^μ_{F r}(τ, σ^u) = h^μ ∂_r g(τ, σ^u) + ϵ^μ_s (⃗h) [δ^s_r + ∂_r g^s(τ, σ^u)],

ϵ g_{F τ τ} (τ, σ^u) = [1 + ∂_τ g(τ, σ^u)]^2 − ∑ r [∂_τ g^r(τ, σ^u)]^2 = = [ (1 + n_F )^2 − h^{rs}_F n_{F r} n_{F s} ] (τ, σ^u),

ϵ g_{F τ u}(τ, σ^u) = [1 + ∂_τ g(τ, σ^u)] ∂_u g(τ, σ^u) − ∑ r ∂_τ g^r(τ, σ^u) [δ^r_u + ∂_u g^r(τ, σ^u)] = = ( [1 + ∂_τ g] ∂_u g − ∂_τ g^u − ∑ r ∂_τ g^r ∂_u g^r ) (τ, σ^u) = −n_{F u}(τ, σ^u), ϵ g_{F uv}(τ, σ^u) = −h_{F uv}(τ, σ^u) = = ∂_u g(τ, σ^u) ∂_v g(τ, σ^u) − ∑ r [δ^r_u + ∂_u g^r(τ, σ^u)] [δ^r_v + ∂_v g^r(τ, σ^u)] = = −δ_{uv} + ( ∂_u g ∂_v g − (∂_u g^v + ∂_v g^u) − ∑ r ∂_u g^r ∂_v g^r ) (τ, σ^u), (5.15)

The admissibility conditions of Eqs.(2.9), plus the requirement 1 + n_F (τ, σ^u) > 0, can be written as restrictions on the functions g(τ, σ^u) and g^r(τ, σ^u).

The unit normal l^μ_F (τ, σ^u) and the tangent 4-vectors z^μ_{F r}(τ, σ^u) to the instantaneous 3-

spaces Σ_τ can be projected on the asymptotic tetrad h^μ = ϵ^μ_τ (⃗h), ϵ^μ_r (⃗h)

z^μ_{F r}(τ, σ^u) = [ ∂_r g h^μ + ∂_r g^s ϵ^μ_s (⃗h) ] (τ, σ^u)

l^μ_F (τ, σ^u) = [ 1 √ γ ϵ^μ_{αβγ} z^α_{F 1} z^β_{F 2} z^γ_{F 3} ] (τ, σ^u) = = 1 √ γ(τ, σ^u) [ det (δ^s_r + ∂_r g^s) h^μ − − δ^{ra} ϵ_{asu} ϵ_{vwt} ∂_v g ∂_w g^s ∂_t g^u ϵ^μ_r (⃗h) ] (τ, σ^u),

1 + n_F (τ, σ^u) = ϵ z^μ_τ (τ, σ^u) l_{F μ}(τ, σ^u) = = 1 √ γ(τ, σ^u) [ (1 + ∂_τ g det (δ^s_r + ∂_r g^s) − − ∂_τ g^r ϵ_{rsu} ϵ_{vwt} ∂_v g ∂_w g^s ∂_t g^u ] (τ, σ^u),

l^2_F (τ, σ^u) = ϵ, ⇒ γ_F (τ, σ^u) = [( det (δ^s_r + ∂_r g^s)

)_2 − − 2 ϵ_{vwt} ∂_v g ∂_w g^s ∂_t g^u ϵ_{hmn} ∂_h g ∂_m g^s ∂_n g^u ] (τ, σ^u). (5.16)

To define the non-inertial rest-frame instant form we must find the form of the internal

Poincare’ generators replacing the ones of the inertial rest-frame one, given in Eqs.(5.2).

Eq.(3.8) and the first of Eqs.(3.17) imply

P^μ = Mc h^μ = ∫ d^3σ ρ^μ(τ, σ^u) ≈ ≈ h^μ ∫ d^3σ √ γ(τ, σ^u) (det (δs_r + ∂_r gs) √ γ_F T_{F ⊥⊥} − − ∂_r g h^{rs}_F T_{F ⊥s} ) (τ, σ^u) + + ϵ^μ_u(⃗h) ∫ d^3σ ( − δ^{ua} ϵ_{asr} ϵ_{vwt} ∂_v g ∂_w g^s ∂_t g^r √ γ_F T_{F ⊥⊥} − − (δ^u_r + ∂_r g^u) h^{rs}_F T_{F ⊥s} ) (τ, σ^u) = def = ∫ d^3σ T^μ_F (τ, σ^u), (5.17)

so that the internal mass and the rest-frame conditions become (Eqs.(5.2) are recovered for the inertial rest frame)

Mc = ∫ d^3σ (det (δs_r + ∂_r gs) √ γ T_{F ⊥⊥} − ∂_r g h^{rs}_F T_{F ⊥s} ) (τ, σ^u),

P̂^u = ∫ d^3σ ( − δ^{ua} ϵ_{asr} ϵ_{vwt} ∂_v g ∂_w g^s ∂_t g^r √ γ_F T_{F ⊥⊥} − − (δ^u_r + ∂_r g^u) h^{rs}_F T_{F ⊥s} ) (τ, σ^u) ≈ 0. (5.18)

By using Eqs.(3.17) for the angular momentum we get J^{μν} ≈ ∫ d^3σ ( z^μ_F ρ^ν_F −z^ν_F ρ^μ_F ) (τ, σ^u) with ρ^μ_F (τ, σ^u) = [√ γ_F ( T_{⊥⊥} l^μ_F − T_{⊥s} h^{sr}_F z^μ_{F r} )] (τ, σ^u), where z^μ_F , z^μ_{F r} and l^μ_F are given in Eqs.(5.14), (5.15) and (5.16) respectively. The description of the isolated system as a poledipole carried by the external center of mass ⃗z requires that we must identify the previous J^{ij} and J^{oi} with the expressions like the ones given in Eqs.(5.1), now functions of ⃗z, ⃗h, Mc of Eq.(5.18) and of an effective spin ⃗S̃. This identification will allow to find the effective spin ⃗S̃ and three constraints K̃^r ≈ 0 eliminating the internal 3-center of mass: in the limit of the inertial rest frame they must reproduce the quantities in Eqs.(5.2).

By using Eqs.(5.18) this procedure implies (K̂^r and Ŝ^r are the analogue of the quantities defined in Eqs.(5.8) for the embedding (5.14))

J^{μν} ≈ ∫ d^3σ ( z^μ_F ρ^ν_F − z^ν_F ρ^μ_F ) (τ, σ^u) = = Mc ( Y^μ(0) h^ν − Y^ν (0) h^μ ) + P̂^u ( Y^μ(0) ϵ^ν_u(⃗h) − Y^ν (0) ϵ^μ_u(⃗h) ) + + ( τ P̂^u + K̂^u ) ( h^μ ϵ^ν_u(⃗h) − h^ν ϵ^μ_u(⃗h) ) + δ^{un} ϵ_{nvr} Ŝ^r ϵ^μ_u(⃗h) ϵ^ν_v (⃗h) ≈ ≈ Mc ( Y^μ(0) h^ν − Y^ν (0) h^μ ) + K̂^u ( h^μ ϵ^ν_u(⃗h) − h^ν ϵ^μ_u(⃗h) ) + + δ^{un} ϵ_{nvr} Ŝ^r ϵ^μ_u(⃗h) ϵ^ν_v (⃗h),

so that we get

J^{ij} = z^i h^j − z^j h^i + δ^{iu} δ^{jv} ϵ_{uvk} S̃^k ≈ ≈ Mc ( Y^i(0) h^j − Y^j(0) h^i ) + K̂^u ( h^i ϵ^j_u(⃗h) − h^j ϵ^i_u(⃗h) ) + + δ^{un} ϵ_{nvr} Ŝ^r ϵ^i_u(⃗h) ϵ^j_v(⃗h),

J^{oi} = − √ 1 + ⃗h^2 z^i + δ^{in} ϵ_{njk} S̃^j h^k 1 + √ 1 + ⃗h^2 ≈ ≈ Mc ( Y^o(0) h^i − Y^i(0) h^o ) + K̂^u ( h^o ϵ^i_u(⃗h) − h^i ϵ^o_u(⃗h) ) + + δ^{un} δ^{vm} ϵ_{nmr} Ŝ^r ϵ^o_u(⃗h) ϵ^i_v(⃗h). (5.19)

As a consequence, by using the expression of Y^μ(0) given after Eq.(5.2), the constraints eliminating the 3-center of mass and the effective spin are

K̂^u = ∫ d^3σ ( g [ δ^{ur} ∂_r g T_{F ⊥⊥} − (δ^u_r + ∂_r g^u) h^{rs}_F T_{F ⊥s} ] − − (σ^u + g^u) [det (δs_r + ∂_r gs) √ γ T_{F ⊥⊥} − ∂_r g h^{rs}_F T_{F ⊥s} ]) (τ, σ^u) ≈ 0,

S̃^r ≈ Ŝ^r = 1 2 δ^{rn} ϵ_{nuv} ∫ d^3σ ( (σ^u + g^u) [ δ^{vm} ∂_m g T_{F ⊥⊥} − (δ^v_r + ∂_r g^v) h^{rs}_F T_{F ⊥s} ] − − (σ^v + g^v) [ δ^{um} ∂_m g T_{F ⊥⊥} − (δ^u_r + ∂_r g^u) h^{rs}_F T_{F ⊥s} ]) (τ, σ^u). (5.20)

and these formulas allow to recover Eqs.(5.2) of the inertial rest frame.

Therefore the non-inertial rest-frame instant form of dynamics is well defined.

D. The Hamiltonian of the Non-Inertial Rest-Frame Instant Form

We have now to find which is the effective Hamiltonian of the non-inertial rest-frame instant form replacing Mc of the inertial rest-frame one. The gauge fixing (5.20) is a special case of Eqs.(4.1), whose final Dirac Hamiltonian is given in Eq.(4.4) [or in Eq.(4.35) in the radiation gauge].

To be able to impose this gauge fixing, let us put F^μ(τ, σ^u) = h^μ g(τ, σ^u) + ϵ^μ_r (⃗h) [σ^r + g^r(τ, σ^u)] in Eq.(4.1), but let us leave x^μ(τ) as an arbitrary time-like observer to be restricted to Y^μ(τ) at the end. We will only assume that x^μ(τ) is canonically conjugate with P^μ = ∫ d^3σ ρ^μ(τ, σ^u), {x^μ(τ), P^ν } = −ϵ η^{μν} . Due to the dependence of F^μ(τ, σ^u) and of Y^μ(τ) on ⃗h = ⃗P / √ ϵ P^2 we must develop a different procedure for the identification of the Dirac Hamiltonian.

In this case the constraints (3.10) can be rewritten in the following form (T^μ_F (τ, σ^u) is defined in Eq.(5.17))

H^μ(τ, σ^u) = H̃^μ(τ, σ^u) + δ^3(σ^u) ∫ d^3σ_1 H^μ(τ, σ^u_1 ) ≈ 0, with ∫ d^3σ H̃^μ(τ, σ^u) ≡ 0,

⇓

ρ^μ(τ, σ^u) ≈ P^μ δ^3(σ^u) + [ T^μ_F (τ, σ^u) − δ^3(σ^u) R^μ_F (τ) ] = = δ^3(σ^u) H^μ(τ) + T^μ_F (τ, σ^u),

H^μ(τ) = P^μ − R^μ_F (τ) ≈ 0, R_F (τ)^{def}= ∫ d^3σ T^μ_F (τ, σ^u). (5.21)

In this way the original canonical variables z^μ(τ, ⃗σ), ρ^μ(τ, ⃗σ) are replaced by the observer x^μ(τ), P^μ and by relative variables with respect to it.

From Eq.(5.14) we get:

a) the gauge fixing to the constraints H̃^μ(τ, σ^u) ≈ 0 is

ψ^μ_r (τ, σ^u) = ∂ χ^μ(τ, σ^u) ∂ σ^r = ( z^μ_r − ϵ^μ_s (⃗h) [ δ^s_r + ∂ g^s ∂ σ^r − u^μ(⃗h) ∂ g ∂ σ^r ]) (τ, σ^u) ≈ 0; (5.22) b) the gauge fixing to the constraints H^μ(τ) = P^μ − R^μ_F ≈ 0 is χ^μ(τ, 0) = z^μ(τ, 0) − Y^μ(τ) = x^μ(τ) − Y^μ(τ) ≈ 0.

The gauge fixing (5.22) has the following Poisson brackets with the collective variables x^μ(τ), P^μ

{P^μ, ψ^ν_r (τ, σ^u)} = 0, {x^μ(τ), ψ^ν_r (τ, σ^u)} = − ∂ ϵ^ν_s (⃗h) ∂ P_μ ( δ^s_r + ∂ g^s(τ, σ^u) ∂ σ^r ) − ∂ ϵ^ν_τ (⃗h) ∂ P_μ ∂ g(τ, σ^u) ∂ σ^r ≠ 0. (5.23)

Therefore x^μ(τ) is no more a canonical variable after the gauge fixing ψ^μ_r (τ, σ^u) ≈ 0.

By introducing the notation (ϵ^A_μ = η^{AB} ϵ_{Bμ} ⇒ ϵ^τ_μ(⃗h) = ϵ h_μ)

T^μ_F (τ, σ^u)^{def}= h^μ T^τ_F (τ, σ^u) + ϵ^μ_r (⃗h) T^r_F (τ, σ^u), ⇒ T^A_F (τ, σ^u) = ϵ^A_μ (⃗h) T^μ_F (τ, σ^u), (5.24)

the angular momentum generator of Eq.(3.17) takes the form

J^{μν} = x^μ(τ) P^ν − x^ν (τ) P^μ + S^{μν} ,

S^{μν} ≈ ϵ^μ_r (⃗h) ϵ^ν_s (⃗h) ∫ d^3σ [ (σ^r + g^r) T^s − (σ^s + g^s) T^r ] (τ, σ^u) +

+ ( ϵ^μ_r (⃗h) ϵ^ν_τ (⃗h) − ϵ^ν_r (⃗h) ϵ^μ_τ (⃗h) ) ∫ d^3σ [ (σ^r + g^r) T^τ + g T^r ] (τ, σ^u) =

= ϵ^μ_A(⃗h) ϵ^ν_B (⃗h) S^{AB},

S^{rs} = ∫ d^3σ [ (σ^r + g^r) T^s − (σ^s + g^s) T^r ] (τ, σ^u)^{def}= δ^{rn} ϵ_{nsu} J^u, S^{τ r} = −S^{rτ} = − ∫ d^3σ [ (σ^r + g^r) T^τ + g T^r ] (τ, σ^u)^{def}= K^r, (5.25)

where only the constraints H̃^μ(τ, σ^u) ≈ 0 have been used.

Since we have

{x^μ(τ), S^{αβ}} = 0,

{ ∂ z^μ(τ, σ^u) ∂ σ^r , S^{αβ}} = (∂ zβ ∂ σ^r η^{μα} − ∂ z^α ∂ σ^r η^{μβ} ) (τ, σ^u) ≈ ≈ ([ ϵ^β_s (⃗h) (δ^s_r + ∂ g^s ∂^r ) + h^β ∂ g ∂ σ^r ] η^{μα} ) (τ, σ^u), (5.26) after the gauge fixing the new canonical variable for the observer becomes

x̃^μ(τ) = x^μ(τ) − 1 2 ϵ_{σ A}(⃗h) ∂ ϵ^A_ρ (⃗h) ∂ P_μ S^{σρ}, {x̃^μ(τ), ψ^ν_r (τ, ⃗σ)} = 0. (5.27)

If we eliminate the relative variables by going to Dirac brackets with respect to the second class constrainta H̃^μ(τ, σ^u) ≈ 0, ψ^μ_r (τ, σ^u) ≈ 0, the canonical variables z^μ(τ, σ^u), ρ_μ(τ, σ^u) are reduced to the canonical variables x̃^μ(τ), P^μ.

By defining R_F (τ) = ϵ h_μ R^μ_F (τ) ≈ Mc = √ ϵ P^2, the remaining constraints are

H^μ(τ) = h^μ (√ ϵ P^2 − R_f (τ) ) + ϵ^μ_r (⃗h) P̂^r,

or ϵ h^μ H_μ(τ) = √ ϵ P^2 − R_F (τ) ≈ 0, ϵ^r_μ(⃗h)H^μ(τ) = P̂^r ≈ 0. (5.28)

Like in Eqs.(4.1) and (4.2), after this reduction the Dirac multiplier λ^μ(τ, σ^u) in the Dirac Hamiltonian (3.16) becomes

λ_μ(τ, σ^u) = ϵ h_μ ( λ_τ (τ) − ∂g(τ, σ^u) ∂τ ) + ϵ ϵ_{μ r}(⃗h) ( λ^r(τ) − ∂g^r(τ, σ^u) ∂τ )_∘ = ∘= −ϵ ∂z^μ_F (τ, σ^u) ∂τ (5.29)

At this stage the Dirac Hamiltonian depends only on the residual Dirac multipliers λ_τ (τ) and ⃗λ(τ)

H_D = λ_τ (τ) ( √ ϵ P^2 − R_F ) − ⃗λ(τ) · ^⃗P + ∫ d^3σ (∂ gr ∂ τ T_{F r} + ∂g ∂τ T_{F τ} ) (τ, σ^u), (5.30)

where we introduced the notation T_{F A}(τ, σ^u)^{def}= ϵ ϵ_{μ A}(⃗h) T^μ_F (τ, σ^u) so that T^τ_F = T_{F τ} , T^r_F = −ϵ T_{F r}. To implement the gauge fixing x^μ(τ) − Y^μ(τ) ≈ 0 requires two other steps:

1) Firstly we impose the gauge fixing x̃^μ(τ) h_μ = ϵ τ. It implies λ_τ (τ) = −1 and √ ϵ P^2 = Mc ≡ R_F . The Dirac Hamiltonian becomes

H_{F D} = M c − ⃗λ(τ) · ^⃗P + ∫ d^3σ [ μ π^τ − A_τ Γ ] (τ, σ^u),

M c = Mc + ∫ d^3σ (∂ gr ∂ τ T_{F r} + ∂g ∂τ T_{F τ} ) (τ, σ^u). (5.31)

2) Then we add the gauge fixing K̂^r ≈ 0 to the rest-frame conditions P̂^r ≈ 0: this implies ⃗λ(τ) = 0. In this way we get xμ(τ) ≈ Y μ(τ) and we also eliminate the internal 3-center of mass. Having chosen the Fokker-Pryce external 4-center of inertia Y^μ(τ) as origin of the 3-coordinates the constraints K̂^r ≈ 0 correspond to the requirement S^{τ r} ≈ 0.

In conclusion the effective Hamiltonian M c (modulo electro-magnetic gauge transformations) of the non-inertial rest-frame instant form is not the internal mass Mc, since Mc describes the evolution from the point of view of the asymptotic inertial observers. There is an additional term interpretable as an inertial potential producing relativistic inertial effects (see Eqs.(5.16) for 1 + n_F (τ, σ^u) and Eqs.(5.15) for n_{F r}(τ, σ^u))

M c = Mc + ∫ d^3σ (∂ gr ∂ τ T_{F r} + ∂g ∂τ T_{F τ} ) (τ, σ^u) =

= ∫ d^3σ ϵ ([ h_μ ( 1 + ∂g ∂τ ) + ϵ_{μ r} ∂g^r ∂τ ] T^μ_F ) (τ, σ^u) =

= ∫ d^3σ √ γ(τ, σ^u) ( (1 + n_F ) T_{F ⊥⊥} + n^r_F T_{F ⊥ r} ) (τ, σ^u) (5.32)

where √ γ(τ, σ^u) T_{F ⊥⊥}(τ, σ^u) = √ γ(τ, σ^u) T^′_{F ⊥⊥}(τ, σ^u) + + ∑ i δ(σ^u − η^u_i ) √ m^2_i c^2 + h^{rs}_F (τ, σ^u) (κ_{ir}(τ) − Q_i A_r(τ, σ^u)) (κ_{is}(τ) − Q_i A_s(τ, σ^u)), √ γ(τ, σ^u) T_{F ⊥ r}(τ, σ^u) = F_{rs}(τ, σ^u) π^s(τ, σ^u) − ∑ i δ(σ^u − η^u_i ) (κ_{ir}(τ) − Q_i A_r(τ, σ^u)),(5.33)

with T^′_{⊥⊥} given in Eq. (4.28).

Let us remark that a similar procedure should be applied also to the gauge fixing (4.1) if we want to reproduce the results of Subsection B for arbitrary non-inertial frames. We do not add these calculations, because they agrees substantially with the results of this Subsection and do not alter the conclusions of Section IV.

VI. CONCLUSION

In this paper we have defined the general theory of non-inertial frames in Minkowski space-time. It is based on Møller-admissible 3+1 splittings of Minkowski space-time (they give conventions for clock synchronization, i.e. for the identification of instantaneous 3- spaces) and on parametrized Minkowski theories for isolated systems admitting a Lagrangian description. The transition from a non-inertial frame to every other one is formalized as a gauge transformation, so that physical results do not depend on how the clock are synchronized.

The Møller conditions, implying the absence of rotational velocities higher than the velocity of light c and requiring that the three eigenvalues of the non-inertial 3-metric inside the instantaneous Riemannian 3-spaces has three non-null positive eigenvalues, have to be implemented with the following two extra conditions:

a) the lapse function must be positive definite in each point of the instantaneous 3-space, so to avoid the intersection of 3-spaces at different times;

b) the space-like hyper-surfaces corresponding to the Riemannian 3-spaces must become space-like hyper-planes (Euclidean 3-spaces) at spatial infinity with a direction-independent unit normal l^μ_{(∞)} (asymptotic inertial observers to be identified with the fixed stars).

Among the admissible non-inertial frames we identified the non-inertial rest frames, generalizing the inertial rest frames and relevant for canonical gravity [5, 11, 12].

All the properties of the inertial rest-frame instant form of dynamics, studied in details in Refs.[8], have been extended to non-inertial frames. Again every isolated system may be described as a decoupled non-covariant external center of mass carrying a pole-dipole structure: the internal mass of the system and an effective spin (becoming the rest spin in the inertial rest frame). In particular we have found the non-inertial generalization of the second class constraints eliminating the internal 3-center of mass inside the instantaneous 3-spaces.

This theory of non-inertial frames is free by construction from the coordinate singularities of all the approaches to accelerated frames based on the 1+3 point of view, in which the instantaneous 3-spaces are identified with the local rest frames of the observer. The pathologies of this approach are either the horizon problem of the rotating disk (rotational velocities higher than c), which is still present in all the calculations of pulsar magnetosphere in the form of the light cylinder, or the intersection of the local rest 3-spaces. The main difference between the 3+1 and 1+3 points of view is that the Møller conditions forbid rigid rotations in relativistic theories.

We have done a detailed study of the isolated system of positive-energy scalar particles with Grassmann-valued electric charges plus the electro-magnetic field extending to noninertial frames its Hamiltonian description given in the inertial rest frame in Ref.[8].

By using a non-covariant (i.e. coordinate-dependent) decomposition of the electromagnetic potential we obtained the non-inertial radiation gauge, in which the electromagnetic field is described by means of transverse quantities (the Dirac observables). This allowed us to find the non-inertial expression of the Coulomb potential, which is now dependent also on the field strengths and the inertial potentials. The non-covariance of the description is natural due to the presence in the Hamiltonian of the relativistic inertial potentials, namely the components g_{AB}(τ, σ^r) of the 4-metric induced by the 3+1 splitting, which are intrinsically coordinate dependent. The non-relativistic limit of the inertial potentials reproduces the standard (again coordinate-dependent) Newtonian ones. The Hamiltonian in non-inertial frames turns out to be the sum of the invariant mass (now coordinate-dependent due to its dependence on the 4-metric) of the system plus terms in the inertial potentials disappearing in the inertial rest frame.

In the second paper we will give the simplest example of 3+1 splitting with differential rotations and we will develop the 3+1 point of view for the rotating disk and the Sagnac effect. Then we will study properties of Maxwell equations in admissible nearly rigidly rotating frames like the wrap-up effect, the Faraday rotation in astrophysics and the pulsar magnetosphere.

APPENDIX A: THE LANDAU-LIFSCHITZ NON-INERTIAL ELECTRO- MAGNETIC FIELDS

Sometimes, see for instance Ref.[17], the following generalized non-inertial electric and magnetic fields are introduced

E^s_{(F )}(τ, σ^u) = − [ √ γ_F √ 1 + n_F h^{sr}_F (F_{τ r} − n^v_F F_{vr}) ] (τ, σ^u)^∘= π^s(τ, σ^u)),

B^w_{(F )}(τ, σ^u) = 1 2 δ^{wt} ϵ_{tsr} [(1 + n_F ) √ γ_F h^{sv}_F h^{ru}_F F_{vu} − (n^s_F π^r − n^r_F π^s)] (τ, σ^u), (A1)

They allow us to rewrite the Hamilton-Dirac Eqs.(4.15) in the following form (we use a vector notation as in the 3-dimensional Euclidean case)

∂_r E^r_{(F )}(τ, σ^u) = √ γ_F (τ, σ^u) ρ(τ, σ^u),

ϵ_{ruv} ∂_u B^v_{(F )}(τ, σ^u) − ∂E^r_{(F )}(τ, σ^u) ∂τ = √ γ_F (τ, σ^u) J^r(τ, σ^u), (A2)

namely in the same form of the usual source- dependent Maxwell equations in an inertial frame.

Since Eqs.(A1) can be rewritten in the form

E^s_{(F )}(τ, σ^u) = [ + √ γ_F √ (1 + n_F ) h^{sr}_F E_r − √ γ_F √ (1 + n_F ) h^{sr}_F ϵ_{ruv} n^u_F B_v ] (τ, σ^u),

B^w_{(F )}(τ, σ^u) = δ^{wt} ϵ_{tsr} [ 1 2 (1 + n_F ) √ γ_F h^{sv}_F h^{ru}_F ϵ_{vuℓ} B_ℓ + n^s_F E_r ] (τ, σ^u), (A3)

we get the following form of the Maxwell equations for the field strengths E_r and B_r

∂_r E_r(τ, σ^u) = √ γ_F (τ, σ^u) [ ρ(τ, σ^u) − ρ_R(τ, σ^u) ] ,

ϵ_{suv} ∂_u B_v(τ, σ^u) − ∂ E_s(τ, σ^u) ∂τ = δ_{sr} √ γ_F (τ, σ^u) [ J^r(τ, σ^u) − J^r_R(τ, σ^u) ] , (A4)

where the new charge and current densities are the following functions only of the metric tensor and of the fields E_r, B_r ρ_R(τ, σ^u) = 1 √ γ_F (τ, σ^u) ∂_r ( E^r_{(F )}(τ, σ^u) − δ^{rs} E_s(τ, σ^u) ) ,

J^r_R(τ, σ^u) = 1 √ γ_F (τ, σ^u) [ − ∂ ∂τ ( E^r_{(F )}(τ, σ^u) − δ^{rs} E_s(τ, σ^u) ) + + δ^{rs} ϵ_{suv} ∂_u ( B^v_{(F )} − δ^{vk} B_k ) (τ, σ^u) ] . (A5)

Instead, as a consequence of Eqs.(4.10), the homogeneous equations take the form ϵ_{ruv} ∂_u E_v (τ, σ^s) = − ∂ B_r(τ, σ^s) ∂ τ , ϵ_{ruv} ∂_u B_v(τ, σ^s) = 0. (A6)

By using Eq.(3.2) of the second paper we find the results of the Appendix A of Ref.[28]

⃗E_{(F )}(τ, σ^u) = ⃗E(τ, σ^u) + ( ⃗Ω(τ) c × ⃗σ) × ⃗B(τ, σ^u),

⃗B_{(F )}(τ, σ^u) = ⃗B + ( ⃗Ω(τ) c × ⃗σ) × ⃗E(τ, σ^u) + ( ⃗Ω(τ) c × ⃗σ) × [( ⃗Ω(τ) c × ⃗σ) × ⃗B(τ, σ^u)].(A7) In absence of sources Eqs.(4.17) are the generally covariant equations ∇_ν F^{μν ∘}=0, suggested by the equivalence principle, in the 3+1 point of view after having taken care of the asymptotic properties at spatial infinity.

Let us remark that in the case of the nearly rigid limit of the foliation (2.14) (see Section VI) and with ⃗Ω(τ) = (0, 0, Ω̃ = const.) Eqs.(A4) and (A6) coincide with Eqs.(9) of Schiff [28] if we identify ρ̄_R with σ and j̄^r_R with j^r. This is due to the fact that Schiff’s fields ⃗E, ⃗B, have the components coinciding with the covariant fields E_r and B_r of Eqs.(4.10); these fields obviously differ from the fields (A3) defined in Ref.[17].

Eqs. (A4) and (A5), with the metric associated to the admissible notion of simultaneity (2.14), should be the starting point for the calculations in the magnetosphere of pulsars, where one always assumes a rigid rotation ω with the consequent appearance of the socalled light cylinder for ω R = c (the horizon problem of the rotating disk). See Refs.[29] based on Schiff’s equations [28] (A4) and (A7) or the more recent literature of Refs. [30]. Instead in Refs.[31] the light cylinder is avoided using the rotating coordinates of Refs.[19], but at the price of a bad behavior at spatial infinity.

These equations also show that the non-inertial electric and magnetic fields ⃗E_{(F )} and ⃗B_{(F )} are not, in general, equal to the fields obtained from the inertial ones ⃗E and ⃗B with a Lorentz transformations to the comoving inertial system like it is usually assumed following Rohrlich [32] and the locality hypothesis.

APPENDIX B: COVARIANT AND NON-COVARIANT DECOMPOSITIONS OF THE ELECTRO-MAGNETIC FIELD AND THE RADIATION GAUGE IN NON- INERTIAL REST FRAMES.

In inertial frames the identification of the physical degrees of freedom (Dirac observables) of the free electro-magnetic field was done in Refs. [26, 33, 34, 35] by means of the Shanmugadhasan canonical transformation adapted to the first class constraints π^τ (τ, σ^u) ≈ 0 and Γ(τ, σ^u) = ∂_r π^r(τ, σ^u) ≈ 0. The final canonical basis identifies the radiation gauge with its transverse fields as the natural one from the point of view of constraint theory.

In the parametrized Minkowski theories of Setion III Subsection A, due to the last two lines of Eqs.(3.15), we see that two successive gauge transformations, of generators G_i(τ, σ^u) = λ^μ_i (τ, σ^u) H_μ(τ, σ^u), i = 1, 2, do not commute but imply an electro-magnetic gauge transformation. Since the effect of the i = 1, 2 gauge transformations is to modify the notions of simultaneity, also the definition of the Dirac observables of the electro-magnetic field will change with the 3+1 splitting. In general, given two different 3+1 splittings, the two sets of Dirac observables associated with them will be connected by an electro-magnetic gauge transformation.

Since it is not clear whether it is possible to find a quasi-Shanmugadhasan canonical transformation adapted to H_r(τ, σ^u) = H_μ(τ, σ^u) z^μ_r (τ, σ^u) ≈ 0, π^τ (τ, σ^u) ≈ 0, Γ(τ, σ^u) ≈ 0 16, the search of the electro-magnetic Dirac observables must be done with the following strategy:

i) make the choice of an admissible 3+1 splitting by adding four gauge-fixing constraints determining the embedding z^μ(τ, σ^u), so that the induced 4-metric g_{AB} (τ, σ^u) becomes a numerical quantity and is no more a configuration variable;

ii) find the Dirac observables on the resulting completely fixed simultaneity surfaces Σ_τ with a suitable Shanmugadhasan canonical transformation adapted to the two remaining electro-magnetic constraints.

Let us remark that a similar scheme has to be followed also in the canonical Einstein- Maxwell theory: only after having fixed a 3+1 splitting (a system of 4-coordinates on the solutions of Einstein’s equations) we can find the Dirac observables of the electro-magnetic field.

This strategy is induced by the fact that, while the Gauss law constraint Γ(τ, σ^u) = ∂_r π^r(τ, σ^u) ≈ 0 is a scalar under change of admissible 3+1 splittings^{17}, the gauge vec-

16 H_⊥(τ, σ^u) = H^μ(τ, σ^u) l_μ(τ, σ^u) ≈ 0, like an ordinary Hamiltonian, can be included in the adapted Darboux-Shanmugadhasan basis only in case of integrability of the equations of motion.

17 π^r(τ, σ^u) is a vector density like in canonical metric gravity.

tor potential A_r(τ, σ^u) is the pull-back to the base of a connection one-form and can be considered as a tensor only with topologically trivial surfaces Σ_τ (like in the case we are considering). Since a Shanmugadhasan canonical transformation adapted to the Gauss law constraint transforms Γ(τ, σ^u) in one of the new momenta, it is not clear how to define a conjugate gauge variable η_{em}(τ, σ^u) such that {η_{em}(τ, σ^u), Γ(τ, σ^u_1 )} = δ^3(σ^u, σ^u_1 ) and two conjugate pairs of Dirac observables having vanishing Poisson brackets with both η_{em}(τ, σ^u) and Γ(τ, σ^u) when the 3-metric on Σ_τ is not Euclidean (g_{rs}(τ, σ^u) ≠ −ϵ δ_{rs}).

With every fixed type of instantaneous 3-space Σ_τ with non-trivial 3-metric, g_{rs}(τ, σ^u) ≠ −ϵ δ_{rs}, we have to find suitable gauge variable η_{em}(τ, σ^u) and the Dirac observables replacing A^r_⊥(τ, σ^u) and π^r_⊥(τ, σ^u).

Let us consider an arbitrary admissible non-inertial frame identified by the embedding z^μ_F (τ, σ^u) = x^μ(τ) + F^μ(τ, σ^u) of Eq.(4.1). In it the fields A_r(τ, σ^u) and π^r(τ, σ^u) admit both a covariant and a non-covariant decomposition.

The covariant decomposition [36] is

π^r(τ, σ^u) = π̂^r_⊥(τ, σ^u) + π̂^r_L(τ, σ^u)

π̂^r_⊥(τ, σ^u) = ( δ^r_s − ∇^r_F 1 Δ_F ∇_{F s} ) π^s(τ, σ^u) = ( δ^r_s − ∇^r_F 1 Δ_F ∂_s ) π^s(τ, σ^u), ⇒ ∇_{F r}π̂^r_⊥(τ, σ^u) = 0,

π̂^r_L(τ, σ^u) = ∇^r_F 1 Δ_F ∇_{F s} π^s(τ, σ^u) = ∇^r_F 1 Δ_F ∂_s π^s(τ, σ^u),

A_r(τ, σ^u) = Â_{⊥r}(τ, σ^u) + Â_{L r}(τ, σ^u),

Â_{⊥r}(τ, σ^u) = ( δ^s_r − ∇_{F r} 1 Δ_F

∇^r_F ) A_r(τ, σ^u) ⇒ ∇^r_F Â_{⊥ r}(τ, σ^u) = 0,

Â_{L r}(τ, σ^u) = ∇_{F r} 1 Δ_F

∇^s_F A_s(τ, σ^u). (B1)

Here ∇^r_F and △_F = ∇^r_F ∇_{F r} =^1√_{γF (τ,σu)} ∂_r (√ γ_F (τ, σ^u) γ^{rs}_F (τ, σ^u) ∂_s ) are the covariant derivative and the Laplace-Beltrami operator associated to the positive 3-metric h_{F rs}(τ, ⃗σ^u), respectively. The inverse of Laplace-Beltrami operator (1/Δ_F ) is defined by the fundamental solution of the Laplace-Beltrami operator G(σ^u, σ^{′ u})^{18} f(σ^u) =^1_{ΔF} g(σ^u)^{def}= ∫ d^3σ^′ √ γ(σ^{′ u}) G(σ^u, σ^{′ u}) g(σ^{′ u}), such that Δ_F f(σ^u) = g(σ^u).

Since π^r(τ, σ^u) is a vector density, we have ∂_r π^r(τ, σ^u) = ∇_{F r} π^r(τ, σ^u): this quantity is a 3-scalar density on Σ_τ .

Instead the non-covariant decomposition [1, 5, 9, 30] in a transverse and a longitudinal part ( ^∂^{r def}= δ^{rs} ∂_r, △ = ∂_r ^∂^r = ⃗∂^2) is

π^r(τ, σ^u) = π^r_⊥(τ, σ^u) + π^r_L(τ, σ^u),

π^r_⊥(τ, σ^u) = ( δ^r_s − ^∂^r 1 Δ ∂_s ) π^s(τ, σ^u) ⇒ ∂_r π^r_⊥(τ, σ^u) = 0,

π^r_L(τ, σ^u) = ^∂^r 1 Δ ∂_s π^s(τ, σ^u),

A_r(τ, σ^u) = A_{⊥ r}(τ, σ^u) + A_{L r}(τ, σ^u),

A_{⊥ r}(τ, σ^u) = ( δ^s_r − ∂_r 1 Δ ^∂^s ) A_s(τ, σ^u) ⇒ ^∂^r A_{⊥ r}(τ, σ^u) = 0,

A_{L r}(τ, σ^u) = ∂_r 1 Δ ^∂^sA_s(τ, σ^u). (B2)

In Eq.(B2) ^∂^r A_r = △ η_{em} is a non-covariant quantity.

Here the inverse of Laplacian is defined using the standard (Euclidean-like) fundamental solution: c(σ^u − σ^{′ u}) = −^1_{4π}^1√∑_{3u=1 (σu−σ ′ u)2} , so that f(σ^u) =^1_Δ g(σ^u)^{def}= ∫ d^3σ^′ c(σ^u −

σ^{′ u})g(σ^{′ u}) and Δ f(σ^u) = ( ∑_3 r=1 ^∂r ∂_r ) f(σ^u) = g(σ^u).

Eq.(B2) allow us to define the following non-covariant Shanmugadhasan canonical transformation

18 His existence is assured by existence’s theorem (see for example Ref.[37], but a closed analytic form is not known. A general property of these fundamental solutions is a singularity when the geodesic distance s(σ^u, σ^{′ u}) between P = {σ^u} and Q = {σ^{′ u}} goes to zero lim_{s→0} G(σ^u, σ^{′ u}) → −^1_{4π}^1_{s(σu ,σ ′ u)} .

A_A π^A −→ A_τ η_{em} A_{⊥ r} π^τ ≈ 0 Γ ≈ 0 π^r_⊥

A_r(τ, σ^u) = − ∂ ∂σ^r η_{em}(τ, σ^u) + A_{⊥ r}(τ, σ^u),

π^r(τ, σ^u) = π^r_⊥(τ, σ^u) + 1 Δ ^∂^r Γ(τ, σ^u),

η_{em}(τ, σ^u) = − ^∂^r A_r(τ, σ^u),

A_{⊥ r}(τ, σ^u) = ( δ^s_r − ∂_r 1 Δ ^∂^s ) A_s(τ, σ^u),

π^r_⊥(τ, σ^u) = ( δ^r_s − ^∂^r 1 Δ ∂_s ) π^s(τ, σ^u),

{η_{em}(τ, σ^u), Γ(τ, σ^{′ u})} = δ^3(σ^u, σ^{′ u}),

{A_{⊥ r}(τ, σ^u), π^s_⊥(τ, σ^{′ u})} = c (δ^{rs} − ∂_r ^∂^s Δ ) δ^3(σ^u, σ^{′ u}). (B3)

If we add the gauge fixing η_{em}(τ, σ^u) ≈ 0, then its τ-constancy implies A_τ (τ, σ^u) ≈ 0 and we get a non-inertial realization of the non-covariant radiation gauge.

While with the non-covariant decomposition we can easily find a Shanmugadhasan canonical transformation adapted to the Gauss law constraint with the standard canonically conjugate (but non-covariant) Dirac observables ⃗A_⊥ and ⃗π_⊥ of the radiation gauge, it is not clear whether the covariant decomposition can produce such a canonical basis. In any case, as shown in Ref.[36], the radiation gauge formalism is well defined in both cases if we add suitable gauge fixings.

In the inertial rest-frame instant form reviewed in Section III Subsection B the 3-metric inside the Wigner 3-spaces is g_{rs}(τ, σ^u) = −ϵ h_{rs}(τ, σ^u) = −ϵ δ_{rs} and the two decompositions coincide.

In Subsection B of Section IV there is the non-covariant Shanmugadhasan canonical transformation in non-inertial frames in presence of charged particles.

Let us remark that in the non-Euclidean 3-space we are using a delta function δ^3(σ^u, σ^{′ u}), with the properties δ^3(σ^u, σ^{′ u}) = δ^3(σ^{′ u}, σ^u) and^∂_{∂σr} δ^3(σ^u, σ^{′ u}) = −^∂_{∂σ ′ r} δ^3(σ^u, σ^{′ u}), such that d^3σ^′ δ^3(a^u, σ^{′ u}) f(σ^{′ u}) = f(a^u), and not a covariant one D^3(σ^u, σ^{′ u}) = 1 √_{γ(τ,σ ′ u)} δ^3(σ^u, σ^{′ u}) =^1√_{γ(τ,σu)} δ^3(σ^u, σ^{′ u}) such that ∫ d^3σ^′ √ γ(τ, σ^{′ u}) D^3(a^u, σ^{′ u}) f(σ^{′ u}) = f(a^u).

[1] L. Lusanna, The N- and 1-Time Classical Descriptions of N-Body Relativistic Kinematics and the Electromagnetic Interaction, Int. J. Mod. Phys. A12, 645 (1997).

[2] D.Alba, L.Lusanna and M.Pauri, New Directions in Non-Relativistic and Relativistic Rotational and Multipole Kinematics for N-Body and Continuous Systems (2005), in Atomic and Molecular Clusters: New Research, ed.Y.L.Ping (Nova Science, New York, 2006) (hepth/0505005).

[3] D. Alba and L.Lusanna, Simultaneity, Radar 4-Coordinates and the 3+1 Point of View about Accelerated Observers in Special Relativity (2003) (gr-qc/0311058); Generalized Radar 4-Coordinates and Equal-Time Cauchy Surfaces for Arbitrary Accelerated Observers (2005), Int.J.Mod.Phys. D16, 1149 (2007) (gr-qc/0501090).

[4] D.Alba, H.W.Crater and L.Lusanna, Hamiltonian Relativistic Two-Body Problem: Center of Mass and Orbit Reconstruction, J.Phys. A40, 9585 (2007) (gr-qc/0610200).

[5] L.Lusanna, The Chrono-Geometrical Structure of Special and General Relativity: A Re- Visitation of Canonical Geometrodynamics, lectures at 42nd Karpacz Winter School of Theoretical Physics: Current Mathematical Topics in Gravitation and Cosmology, Ladek, Poland, 6-11 Feb 2006, Int.J.Geom.Methods in Mod.Phys. 4, 79 (2007). (gr-qc/0604120).

[6] C.M. Møller, The Theory of Relativity (Oxford Univ.Press, Oxford, 1957).

C.Møller, Sur la dinamique des syste’mes ayant un moment angulaire interne, Ann.Inst.H.Poincare’ 11, 251 (1949).

[7] E.Schmutzer and J.Plebansi, Quantum Mechanics in Noninertial Frames of Reference, Fortschr.Phys. 25, 37 (1978).

[8] D.Alba, H.W.Crater and L.Lusanna, Towards Relativistic Atom Physics. I. The Rest-Frame Instant Form of Dynamics and a Canonical Transformation for a system of Charged Particles plus the Electro-Magnetic Field, to appear in Canad. J. Phys. (arXiv: 0806.2383).

[9] H.W.Crater and L.Lusanna, The Rest-Frame Darwin Potential from the Lienard-Wiechert Solution in the Radiation Gauge, Ann.Phys. (N.Y.) 289, 87 (2001).

[10] D.Alba and L.Lusanna, Quantum Mechanics in Noninertial Frames with a Multitemporal Quantization Scheme: I. Relativistic Particles, Int.J.Mod.Phys. A21, 2781 (2006) (hepth/0502194).

D.Alba, Quantum Mechanics in Non-Inertial Frames with a Multi-Temporal Quantization Scheme: II) Non-Relativistic Particles, Int.J.Mod.Phys. A21, 3917 (2006) (hep-th/0504060).

[11] L.Lusanna, The Rest-Frame Instant Form of Metric Gravity, Gen.Rel.Grav. 33, 1579 (2001)(gr-qc/0101048).

L.Lusanna and S.Russo, A New Parametrization for Tetrad Gravity, Gen.Rel.Grav. 34, 189 (2002)(gr-qc/0102074).

R.DePietri, L.Lusanna, L.Martucci and S.Russo, Dirac’s Observables for the Rest-Frame Instant Form of Tetrad Gravity in a Completely Fixed 3-Orthogonal Gauge, Gen.Rel.Grav. 34, 877 (2002) (gr-qc/0105084).

J.Agresti, R.De Pietri, L.Lusanna and L.Martucci, Hamiltonian Linearization of the Rest- Frame Instant Form of Tetrad Gravity in a Completely Fixed 3-Orthogonal Gauge: a Radiation Gauge for Background-Independent Gravitational Waves in a Post-Minkowskian Einstein Spacetime, Gen.Rel.Grav. 36, 1055 (2004) (gr-qc/0302084).

J.Agresti, R.De Pietri, L.Lusanna and L.Martucci, Hamiltonian Linearization of the Rest-

Frame Instant Form of Tetrad Gravity in a Completely Fixed 3-Orthogonal Gauge: a Radiation Gauge for Background-Independent Gravitational Waves in a Post-Minkowskian Einstein Spacetime, Gen.Rel.Grav. 36, 1055 (2004) (gr-qc/0302084).

[12] D.Alba and L.Lusanna, The York Map as a Shanmugadhasan Canonical Transformationn in Tetrad Gravity and the Role of Non-Inertial Frames in the Geometrical View of the Gravitational Field, Gen.Rel.Grav. 39, 2149 (2007) (gr-qc/0604086, v2; see v1 for an expanded version).

[13] R.M.Wald, General Relativity (Chicago Univ. Press, Chicago, 1984).

M.Heusler, Black Hole Uniqueness Theorems (Cambridge Univ.Press, Cambridge, 1996); Stationary Black Holes: Uniqueness and Beyond, Living Reviews in Relativity 1998 (www.livingreviews.org/Articles/Volume1/1998-6heusler).

[14] N.Stergioulas, Rotating Stars in Relativity, Living Reviews in Relativity 2003 (www.livingreviews.org/lrr-2003-3).

[15] J.M.Bardeen and R.Wagoner, Relativistic Disks. I. Uniform Rotation, Ap.J. 167, 359 (1971).

E.M.Butterworth and J.R.Ipser, On the Structure and Stability of Rapidly Rotating Fluid Bodies in General Relativity. I. The Numerical Method for Computing Structure and its Application to Uniformly Rotating Homogeneous Bodies, Ap.J. 204, 200 (1976). N.Comins and B.F.Schutz, On the Ergoregion Instability, Proc. R. Soc. London A364, 211 (1978); On the Existence of Ergoregions in Rotating Stars, Mon.Not.R.astr.Soc. 182, 69 (1978).

J.L.Friedman, Ergosphere Instability, Commun.Math.Phys. 63, 243 (1978). [16] G.Rizzi and M.L.Ruggiero eds., Relativity in Rotating Frames. Relativistic Physics in Rotating Reference Frames. (Kluwer, Dordrecht, 2003).

[17] L.Landau and E.Lifschitz, The Classical Theory of Fields (Addison-Wesley, Cambridge, 1951). [18] W.M.Irvine, Electrodynamics in a Rotating System of Reference, Physica 30, 1160 (1964).

See the rich bibliography in K.T. McDonald, Electrodynamics of Rotating Frames, 2008 (http://cosmology.princeton.edu/∼mcdonald/examples/).

Z.N.Osmanov, G.Z.Machabeli and A.D.Rogava, Electromagnetic Waves in a Rigidly Rotating Frame, Phys.Rev. A66, 042103 (2002).

J.C.Hauck and B.Mashhoon, Electromagnetic Waves in a Rotating Frame of Reference, Ann.Phys. (Leipzig) 12, 275 (2003) (gr-qc/0304069).

[19] G.Trocheris, Electrodynamics in a Rotating Frame of Reference, Philos.Mag. 40, 1143 (1949).

H.Takeno, On Relativistic Theory of Rotating Disk, Prog.Thor.Phys. 7, 367 (1952). [20] J.F.Corum, Relativistic Rotation and the Anholonomic Object, J.Math.Phys. 18, 770 (1977).

Relativistic Covariance and Rotational Electrodynamics, J.Math.Phys. 21, 2360 (1980). B.Chakraborty and S.Sarkar, Physics in Rotating Frames. I. On Uniform Rotation about a Fixed Axis in Some Holonomic and Anholonomic Frames, Ann.Phys. (N.Y.) 163, 167 (1985). P.N.Arendt jr, Electromagnetic Forces and Fields in a Rotating Reference Frame, (astroph/9801194).

V.Bashkov and M.Malakhaltsev, Relativistic Mechanics on Rotating Disk (gr-qc/0104078); Geometry of Rotating Disk and the Sagnac Effect (gr-qc/0011061).

[21] W.T.Ni and M.Zimmermann, Inertial and Gravitational Effects in the Proper Reference Frame of an Accelerated, Rotating Observer, Phys.Rev. D17, 1473 (1978).

R.A.Nelson, Generalized Lorentz Transformation for an Accelerated, Rotating Frame of Reference, J.Math.Phys. 28, 2379 (1987) [erratum J.Math.Phys. 35, 6224 (1994)]. R.N.Henriksen and L.A.Nelson, Clock Synchronization by Accelerated Observers: Metric Construction for Arbitrary Congruences of Worldlines, Can.J.Phys. 63, 1393 (1985).

[22] K.P.Marzlin, Fermi Coordinates for Weak Gravitational Fields, Phys.Rev. D50, 888 (1994).

B.Mashhoon and U.Muench, Length Measurement in Accelerated Systems, Ann.Phys. (Leipzig) 11, 532 (2002).

D.Bini, L.Lusanna and B.Mashhoon, Limitations of Radar Coordinates for Accelerated Observers, Int.J.Mod.Phys. D14, 1413 (2005) (gr-qc/0409052).

[23] D.Klein and P.Collas, General Transformation Formulas for Fermi-Walker Coordinates, Class.Quantum Grav. 25, 145019 (2008) (arXiv: 0712.3838).

P.Delva and M.C.Angonin, Extended Fermi Coordinates, 2009 (arXiv 0901.4465). [24] B.Mashhoon, Limitations of Spacetime Measurements, Phys.Lett. A143, 176 (1990). The Hypothesis of Locality in Relativistic Physics, Phys.Lett. A145, 147 (1990). Measurement Theory and General Relativity, in Black Holes: Theory and Observation, Lecture Notes in Physics 514, ed. F.W.Hehl, C.Kiefer and R.J.K.Metzler (Springer, Heidelberg, 1998), p.269. Acceleration-Induced Nonlocality, in Advances in General Relativity and Cosmology, ed. G.Ferrarese (Pitagora, Bologna, 2003) (gr-qc/0301065). The Hypothesis of Locality and its Limitations, (gr-qc/0303029).

[25] S.Weinberg, Gravitation and Cosmology, ch.5 (Wiley, New York, 1972). [26] P.A.M.Dirac, Gauge Invariant Formulation of Quantum Electrodynamics, Can.J.Phys. 33, 650 (1955).

[27] See for instance H.Bethe and E.E.Salpeter, Quantum Mechanics of One and Two Electron Atoms (Springer, Berlin, 1957) and O.Keller, On the Theory of Spatial Photon Localization, Phys.Rep. 411, 1 (2005).

[28] L.I.Schiff, A Question in General Relativity, Proc.Nat.Acad.Sci. 25, 391 (1939). [29] W.M.Fawley, J.Arons and E.T.Scherlemann, Potential Drops above Pulsar Polar Caps: Acceleration on Nonneutral Beams from the Stellar Surface, Astrop.J. 217, 227 (1977).

[30] F.C.Michel, Theory of Pulsar Magnetosphere, Rev.Mod.Phys. 54, 1 (1982); The State of Pulsar Theory, Adv.Space Research 31, 542 (2004).

S.P.Goodwin, J.Mestel, L.Mestel and G.A.E.Wright, An Idealized Pulsar Magnetosphere: the Relativistic Force-Free Approximation, Mon.Not.R.Astron.Soc. 349, 213 (2004). A.G.Muslimov and A.K.Harding, Effects of Rotation and Relativistic Charge Flow on Pulsar Magnetospheric Structure, Astron.J. 630, 454 (2005).

Z.Osmanov, O.Dolakishvili and G.Machabeli, On the Reconstruction of a Magnetosphere nearby the Light Cylinder Surface, Mon.Not. R.Astron. Soc. 383, 1007 (2008).

[31] S.Kichenassamy and R.A.Krikorian, The Relativistic Rotation Transformation and the Corotating Source Model, Astrop.J. 371, 277 (1991); The Relativistic Rotation Transformation and Pulsar Electrodynamics, Astrop.J. 431, 715 (1994).

O.V.Chedia, T.A.Kahniashvili, G.Z.Machabeli and I.S.Nanobashvili, On the Kinematics of a Corotating Relativistic Plasma Stream in the Perpendicular Rotator Model of a Pulsar Magnetosphere, Astrophys.Space Science 239, 57 (1996).

[32] F.Rohrlich, The Principle of Equivalence, Ann.Phys.(N.Y.) 22, 169 (1963). [33] S.Shanmugadhasan, Canonical Formalism for Degenerate Lagrangians, J.Math.Phys. 14, 677 (1973).

[34] L.Lusanna, The Shanmugadhasan Canonical Transformation, Function Groups and the Extended Second Noether Theorem, Int.J.Mod.Phys. A8, 4193 (1993).

[35] L.Lusanna, Towards a Unified Description of the Four Interactions in Terms of Dirac- Bergmann Observables, invited contribution to the book Quantum Field Theory: a 20th Century Profile, of the Indian National Science Academy, ed.A.N.Mitra, forewards by F.J.Dyson (Hindustan Book Agency, New Delhi, 2000) (hep-th/9907081).

[36] S.Deser, Covariant Decomposition of Symmetric Tensors and the Gravitational Cauchy Problem, Ann.Inst.H.Poincare’ VII, 146 (1967).

R.Arnowitt, S.Deser and C.W.Misner, Gravitational Electromagnetic Coupling and the Classical Self-Energy Problem, Phys.Rev. 120, 313 (1960).

[37] G.F.D. Duff, Partial Differential Equations (Univ. of Toronto Press, Toronto, 1956)),