arXiv:0908.0215v1 [gr-qc] 3 Aug 2009

August 4, 2009

Charged Particles and the Electro-Magnetic Field in Non-Inertial Frames of Minkowski Spacetime: II. Applications: Rotating Frames, Sagnac Effect, Faraday Rotation, Wrap-up Effect

David Alba

Sezione INFN di Firenze Polo Scientifico, via Sansone 1 50019 Sesto Fiorentino, Italy E-mail ALBA@FI.INFN.IT

Luca Lusanna

Sezione INFN di Firenze Polo Scientifico Via Sansone 1 50019 Sesto Fiorentino (FI), Italy Phone: 0039-055-4572334 FAX: 0039-055-4572364 E-mail: lusanna@fi.infn.it

Abstract

We apply the theory of non-inertial frames in Minkowski space-time, developed in the previous paper, to various relevant physical systems. We give the 3+1 description without coordinatesingularities of the rotating disk and the Sagnac effect, with added comments on pulsar magnetosphere and on a relativistic extension of the Earth-fixed coordinate system. Then we study properties of Maxwell equations in non-inertial frames like the wrap-up effect and the Faraday rotation in astrophysics.

I. INTRODUCTION

In the first paper [1] (quoted as paper I) we developed the general theory of non-inertial frames in Minkowski space-time, whose starting point are its admissible 3+1 splittings defining the allowed conventions for clock synchronization, namely the allowed notions of instantaneous 3-spaces needed, for instance, for setting a well-posed Cauchy problem for Maxwell equations. In this way the coordinate singularities of the traditional 1+3 approach are avoided by construction. In particular it is shown that rigidly rotating frames are not admissible in special relativity.

Also the formulation of charged particles and of the electro-magnetic in non-inertial frames was given.

In this second paper we reformulate relevant physical system, usually described in the 1+3 framework, in the non-inertial frames based on the admissible 3+1 splittings.

In Section II there is a review of the rotating disk and of the Sagnac effect in the 1+3 point of view followed by their description in the framework of the 3+1 point of view (Subsection A) and by a discussion on the ITRS rotating 3-coordinates fixed on the Earth surface (Subsection B).

In Section III we give the 3+1 point of view in admissible nearly rigidly rotating frames of the Wrap Up effect, of the Sagnac effect and of the inertial Faraday rotation by studying electro-magnetic wave solutions of the non-inertial Maxwell equations.

In the Conclusions we give an overview of the results obtained in these two papers and we identify the still open problems about electro-magnetism in non-inertial frames.

II. THE ROTATING DISK AND THE SAGNAC EFFECT

In this Section we give the description of a rotating disk and of the Sagnac effect starting from an admissible 3+1 splitting of Minkowski space-time of the type of Eqs.(2.14) of I, i.e. whose embedding has the form z^μ(τ, σ^u) = x^μ(τ)+ϵ^μ_r R^r_s(τ, σ) σ^s with x^μ(τ) = x^μ_o +f^A(τ) ϵ^μ_A describing the world-line of the observer origin of the 3-coordinates on the instantaneous 3-spaces Σ_τ . This is the simplest non-inertial frame whose 3-spaces are space-like hyperplanes with admissible differentially rotating 3-coordinates. The rotation matrix R^r_s(τ, σ) = R^r_s(α_i(τ, σ)) = R^r_s(F (σ) α̃_i(τ)) (σ = |⃗σ|) is admissible if the function F (σ) satisfies the Møller conditions 0 < F (σ) <^1_{A σ} and^{d F (σ)}_{dσ} ≠ 0.

An enlarged exposition of the material of this Section with a rich bibliography is given in Section I Subsection D and E and in Section VI Subsections B and C of the first paper in Ref.[2].

While at the non-relativistic level one can speak of a rigid (either geometrical or material) disk put in global rigid rotatory motion, the problem of the relativistic rotating disk is still under debate (see Refs.[3, 4]) after one century from the enunciation of the Ehrenfest paradox about the 3-geometry of the rotating disk. The problems arise when one tries to define measurements of length, in particular that of the circumference of the disk. Einstein [5] claims that while the rods along the radius R_o are unchanged those along the rim of the disk are Lorentz contracted: as a consequence more of them are needed to measure the circumference, which turns out to be greater than 2π R_o (non-Euclidean 3-geometry even if Minkowski space-time is 4-flat) and not smaller. This was his reply to Ehrenfest [6], who had pointed an inconsistency in the accepted special relativistic description of the disk^1 in which it is the circumference to be Lorentz contracted: as a consequence this fact was named the Eherenfest paradox (see the historical paper of Grøn in Ref.[7]).

Since relativistic rigid bodies do not exist, at best we can speak of Born rigid motions [8] and Born reference frames^2. However Grøn [7] has shown that the acceleration phase of a material disk is not compatible with Born rigid motions and, moreover, we do not have a well formulated and accepted relativistic framework to discuss a relativistic elastic material disk.

1 If R and R_o denote the radius of the disk in the rotating and inertial frame respectively, then we have R = R_o because the velocity is orthogonal to the radius. But the circumference of the rim of the disk is Lorentz contracted so that 2π R < 2π R_o inconsistently with Euclidean geometry.

2 A reference frame or platform is Born-rigid [9] if the expansion Θ and the shear σ_{μν} of the associated congruence of time-like observers vanish, i.e. if the spatial distance between neighboring world-lines remains constant.

As a consequence most of the authors treating the rotating disk (either explicitly or implicitly) consider it as a geometrical entity described by a congruence of time-like worldlines (helices in Ref.[10]) with non-zero vorticity, i.e. non-surface forming and therefore non-synchronizable (see for instance Ref.[11]). This means that there is no notion of instantaneous 3-space where to visualize the disk (see Ref.[3] for the attempts to define rods and clocks associated to this type of congruences): every observer on one of these time-like world-lines can only define the local rest frame and try to define a local accelerated reference frame as said in Section IIB of paper I.

In the 3+1 point of view the disk is considered to be a relativistic isolated system (either a relativistic material body or a relativistic fluid or a relativistic dust as a limit case^3) with compact support always contained in a finite time-like world-tube W , which in the Cartesian 4-coordinates of an inertial system is a time-like cylinder of radius R. Each admissible 3+1 splitting of Minkowski space-time, centered on an arbitrary time-like observer and with its two associated congruences of time-like observers (see Section IIB of paper I), gives a visualization of the disk in its instantaneous 3-spaces Σ_τ : at each instant τ the points of the disk in W ∩ Σ_τ are synchronized and through each one of them pass an Eulerian observer belonging to the surface forming congruence having as 4-velocity the unit normal to the instantaneous 3-spaces Σ_τ . Instead the irrotational congruence of the disk is described by the second congruence (whose unit 4-velocity is z^μ_τ (τ, σ^u)/ √ ϵ g_{τ τ} (τ, σ^u) and whose observers follow generalized helices σ^u = σ^u_o ) associated to the admissible 3+1 splitting: each of the observers of this congruence, whose world-lines are inside W , has no intrinsic notion of synchronization.

As a consequence, each instantaneous 3-space Σ_τ of an admissible 3+1 splitting has a well defined (in general Riemannian) notion of 3-geometry and of spatial length: the radius and the circumference of the disk are defined in W ∩ Σ_τ , so that the disk 3-geometry is 3+1 splitting dependent. When the material disk can be described by means of a parametrized Minkowski theory, all these 3-geometry are gauge equivalent like the notions of clock synchronization.

The other important phenomenon connected with the rotating disk is the Sagnac effect (see the recent review in Ref.[13] for how many interpretations of it exist), namely the phase difference generated by the difference in the time needed for a round-trip by two light rays, emitted in the same point, one co-rotating and the other counter-rotating with the

3 As an example of a congruence simulating a geometrical rotating disk we can consider the relativistic dust described by generalized Eulerian coordinates of Ref.[12] after the gauge fixing to a family of differentially rotating parallel hyper-planes.

disk^4. This effect, which has been tested (see the bibliography of Refs.[13, 17]) for light, X rays and matter waves (Cooper pairs, neutrons, electrons and atoms), has important technological applications and must be taken into account for the relativistic corrections to space navigation, has again an enormous number of theoretical interpretations (both in special and general relativity) like for the solutions of the Ehrenfest paradox. Here the lack of a good notion of simultaneity leads to problems of time discontinuities or desynchronization effects when comparing clocks on the rim of the rotating disk.

Another area which is in a not well established form is electrodynamics in non-inertial systems either in vacuum or in material media (problem of the non-inertial constitutive equations). Its clarification is needed both to derive the Sagnac effect from Maxwell equations without gauge ambiguities [14] and to determine which types of experiments can be explained by using the locality hypothesis (see Section IIB of paper I) to evaluate the electro-magnetic fields in the comoving system (see the Wilson experiment and the associated controversy [18] on the validity of the locality principle) without the need of a more elaborate treatment like for the radiation of accelerated charges. It would also help in the tests of the validity of special relativity (for instance on the possible existence of a preferred frame) based on Michelson-Morley - type experiments [19, 20].

Instead (see also Ref.[14]) we remark that the Sagnac effect and the Foucault pendulum are experiments which signal the rotational non-inertiality of the frame. The same is true for neutron interferometry [21], where different settings of the apparatus are used to detect either rotational or translational non-inertiality of the laboratory. As a consequence a null result of these experiments can be used to give a definition of relativistic quasi-inertial system.

Let us remark that the disturbing aspects of rotations are rooted in the fact that there is a deep difference between translations and rotations at every level both in Newtonian

4 For monochromatic light in vacuum with wavelength λ the fringe shift is δz = 4 ⃗Ω · ⃗A/λ c, where ⃗Ω is the Galilean velocity of the rotating disk supporting the interferometer and ⃗A is the vector associated to the area | ⃗A| enclosed by the light path. The time difference is δt = λ δz/c = 4 ⃗Ω · ⃗A/c^2, which agrees, at the lowest order, with the proper time difference δτ = (4 A Ω/c^2) (1 − Ω^2 R^2/c^2)^{−1/2}, A = π R^2, evaluated in an inertial system with the standard rotating disk coordinates. This proper time difference is twice the time lag due to the synchronization gap predicted for a clock on the rim of the rotating disk with a non-time orthogonal metric. See Refs.[13, 14, 15] for more details. See also Ref.[16] for the corrections included in the GPS protocol to allow the possibility of making the synchronization of the entire system of ground-based and orbiting atomic clocks in a reference local inertial system. Since usually, also in GPS, the rotating coordinate system has t^′ = t (t is the time of an inertial observer on the axis of the disk) the gap is a consequence of the impossibility to extend Einstein’s convention of the inertial system also to the non-inertial one rotating with the disk: after one period two nearby synchronized clocks on the rim are out of synchrony.

mechanics and special relativity: the generators of translations satisfy an Abelian algebra, while the rotational ones a non-Abelian algebra. As shown in Refs.[22], at the Hamiltonian level we have that the translation generators are the three components of the momentum, while the generators of rotations are a pair of canonical variables (L^3 and arctg^{L2}_{L1} ) and an unpaired variable (|⃗L|). As a consequence we can separate globally the motion of the 3-center of mass of an isolated system from the relative variables, but we cannot separate in a global and unique way three Euler angles describing an overall rotation, because the residual vibrational degrees of freedom are not uniquely defined.

We will now give the 3+1 point of view on these topics (Subsection A), followed by a discussion on the rotating 3-coordinates fixed to the Earth surface (Subsection B).

A. The 3+1 Point of View on the Rotating Disk and the Sagnac Effect.

Let us describe an abstract geometrical disk with an admissible 3+1 splitting of the type (2.14) of I, in which the instantaneous 3-spaces are parallel space-like hyper-planes with normal l^μ centered on an inertial observer x^μ(τ) = l^μ τ

z^μ(τ, ⃗σ) = l^μ τ + ϵ^μ_r R^r_{(3) s}(τ, σ) σ^s. (2.1)

The rotation matrix R_{(3)} describes a differential rotation around the fixed axis ”3” (we take a constant ω, but nothing changes with ω(τ))

R^r_{(3) s}(τ, σ) = cos θ(τ, σ) − sin θ(τ, σ) 0 sin θ(τ, σ) cos θ(τ, σ) 0 0 0 1 ,

θ(τ, σ) = F (σ) ω τ, F (σ) < c ω σ ,

Ω^r_s(τ, σ) = ( R^{−1}_{(3)} dR_{(3)} dτ )_r s(τ, σ) = ω F (σ) 0 −1 0 1 0 0 0 0 0 ,

Ω(τ, σ) = Ω(σ) = ω F (σ). (2.2)

A simple choice for the gauge function F (σ) is F (σ) =^1_{1+ ω2 σ2c2} (in the rest of the Section we put c = 1), so that at spatial infinity we get Ω(τ, σ) =^ω_{1+ ω2 σ2c2} →_{σ→∞} 0.

By introducing cylindrical 3-coordinates r, φ, h by means of the equations σ^1 = r cos φ, σ^2 = r sin φ, σ^3 = h, σ = √ r^2 + h^2, we get the following form of the embedding and of its gradients

z^μ(τ, ⃗σ) = l^μ τ + ϵ^μ_1 [cos θ(τ, σ) σ^1 − sin θ(τ, σ) σ^2] +

+ ϵ^μ_2 [sin θ(τ, σ) σ^1 + cos θ(τ, σ) σ^2] + ϵ^μ_3 σ^3 =

= l^μ τ + ϵ^μ_1 r cos [θ(τ, σ) + φ] + ϵ^μ_2 r sin [θ(τ, σ) + φ] + ϵ^μ_3 h,

∂z^μ(τ, ⃗σ) ∂τ = z^μ_τ (τ, ⃗σ) = l^μ − ω r F (σ) ( ϵ^μ_1 sin [θ(τ, σ) + φ] − ϵ^μ_2 cos [θ(τ, σ) + φ] ) , ∂z^μ(τ, ⃗σ) ∂φ = z^μ_φ(τ, ⃗σ) = −ϵ^μ_1 r sin [θ(τ, σ) + φ] + ϵ^μ_2 r cos [θ(τ, σ) + φ] ∂z^μ(τ, ⃗σ) ∂r = z^μ_{(r)}(τ, ⃗σ) = −ϵ^μ_1 ( (cos [θ(τ, σ) + φ] − r^2ωτ √ r^2 + h^2 dF (σ) dσ sin [θ(τ, σ) + φ] ) +

+ ϵ^μ_2 ( sin [θ(τ, σ) + φ] + r^2ωτ √ r^2 + h^2 cos [θ(τ, σ) + φ] )

∂z^μ(τ, ⃗σ) ∂h = z^μ_h (τ, ⃗σ) = ϵ^μ_3 − ϵ^μ_1 ( rhωτ √ r^2 + h^2 dF (σ) dσ sin [θ(τ, σ) + φ] ) +

+ ϵ^μ_2 ( rhωτ √ r^2 + h^2 dF (σ) dσ cos [θ(τ, σ) + φ] ) , (2.3)

where we have used the notation (r) to avoid confusion with the index r used as 3-vector index (for example in σ^r).

In the cylindrical 4-coordinates τ, r, φ and h the 4-metric is

ϵ g_{τ τ} (τ, ⃗σ) = 1 − ω^2 r^2 F^2(σ), ϵ g_{τ φ}(τ, ⃗σ) = −ω r^2 F (σ), ϵ g_{φφ}(τ, ⃗σ) = −r^2,

ϵ g_{τ (r)}(τ, ⃗σ) = − ω^2 r^3 τ √ r^2 + h^2 F (σ) dF (σ) dσ , ϵ g_{τ h}(τ, ⃗σ) = − ω^2 r^2 h τ √ r^2 + h^2 F (σ) dF (σ) dσ , ϵ g_{(r)(r)}(τ, ⃗σ) = −1 − r^4 ω^2 τ^2 r^2 + h^2 ( dF (σ) dσ )_2 ,

ϵ g_{hh}(τ, ⃗σ) = −1 − r^2 h^2 ω^2 τ^2 r^2 + h^2 ( dF (σ) dσ )_2 ,

ϵ g_{(r)φ}(τ, ⃗σ) = − ω r^3 τ √ r^2 + h^2 dF (σ) dσ , ϵ g_{hφ}(τ, ⃗σ) = − ω^2 r^2 h τ √ r^2 + h^2 dF (σ) dσ ,

ϵ g_{h(r)}(τ, ⃗σ) = − r^3 h ω^2 τ^2 r^2 + h^2 ( dF (σ) dσ )_2 ,

with inverse

ϵ g^{τ τ} (τ, ⃗σ) = 1, ϵ g^{τ φ}(τ, ⃗σ) = −ω F (σ),

ϵ g^{τ (r)}(τ, ⃗σ) = ϵ g^{τ h}(τ, ⃗σ) = 0, ϵ g^{(r)(r)}(τ, ⃗σ) = ϵ g^{hh}(τ, ⃗σ) = −1,

ϵ g^{φφ}(τ, ⃗σ) = − 1 + ω^2 r^2 [τ^2 (^{dF (σ)}_{dσ} )^2 − F^2(σ) r^2 ,

ϵ g^{φ(r)}(τ, ⃗σ) = ω r τ √ r^2 + h^2 dF (σ) dσ , ϵ g^{φh}(τ, ⃗σ) = ω h τ √ r^2 + h^2 dF (σ) dσ . (2.4)

It is easy to observe that the congruence of (non inertial) observers defined by the 4- velocity field z^μ_τ (τ, ⃗σ) √ ϵ g_{τ τ} (τ, ⃗σ) = l^μ − ω r F (σ) ( ϵ^μ_1 sin [θ(τ, σ) + φ] − ϵ^μ_2 cos [θ(τ, σ) + φ] ) 1 − ω^2 r^2 F^2(σ)

, (2.5)

has the observers moving along the world-lines

x^μ_{⃗σo} (τ) = z^μ(τ, ⃗σ_o) =

= l^μ τ + r_o ( ϵ^μ_1 cos [ω τ F (σ_o) + φ_o] + ϵ^μ_2 sin [ω τ F (σ_o) + φ_o] ) + ϵ^μ_3 h_o. (2.6)

The world-lines (2.6) are labeled by their initial value ⃗σ = ⃗σ_o = (φ_o, r_o, h_o) at τ = 0.

In particular for h_o = 0 and r_o = R these world-lines are helices on the cylinder in the Minkowski space

ϵ^μ_3 z_μ = 0, (ϵ^μ_1 z_μ)^2 + (ϵ^μ_2 z_μ)^2 = R^2, or r = R, h = 0. (2.7)

These helices are defined the equations φ = φ_o, r = R, h = 0 if expressed in the embedding adapted coordinates φ, r, h. Then the congruence of observers (2.5), defined by the foliation (2.1), defines on the cylinder (2.7) the rotating observers usually assigned to the rim of a rotating disk, namely observes running along the helices x^μ_{⃗σo} (τ) = l^μ τ + R ( ϵ^μ_1 cos [Ω(R) τ + φ_o] + ϵ^μ_2 sin [Ω(R) τ + φ_o] ) after having put Ω(R) ≡ ω F (R).

On the cylinder (2.7) the line element is obtained from the line element ds^2 = g_{AB} dσ^A dσ^B for the metric (2.4) by putting dh = dr = 0 and r = R, h = 0. Therefore the cylinder line element is

ϵ (ds_{cyl})^2 = [ 1 − ω^2 R^2 F^2(R) ] (dτ)^2 − 2 ω R^2 F (R) dτdφ − R^2 (dφ)^2. (2.8)

We can define the light rays on the cylinder, i.e. the null curves on it, by solving the equation

ϵ (ds_{cyl})^2 = (1 − R^2 Ω^2(R)) dτ^2 − 2 R^2 Ω(R) dτ dφ − R^2 dφ^2 = 0, (2.9)

which implies

R^2 ( dφ(τ) dτ )_2

+ 2 R^2 Ω(R) ( dφ(τ) dτ ) − (1 − R^2 Ω(R)) = 0. (2.10)

The two solutions dφ(τ) dτ = ± 1 R − Ω(R), (2.11)

define the world-lines on the cylinder for clockwise or anti-clockwise rays of light.

Γ_1 : φ(τ) − φ_o = ( +^1_R − Ω(R) ) τ, Γ_2 : φ(τ) − φ_o = ( −^1_R − Ω(R) ) τ . (2.12)

This is the geometric origin of the Sagnac effect. Since Γ_1 describes the world-line of the ray of light emitted at τ = 0 by the rotating observer φ = φ_o in the increasing sense of φ (anti-clockwise), while Γ_2 describes that of the ray of light emitted at τ = 0 by the same observer in the decreasing sense of φ (clockwise), then the two rays of light will be re-absorbed by the same observer at different τ-times^5 τ_{(± 2π)}, whose value, determined by the two conditions φ(τ_{(± 2π)}) − φ_o = ± 2π, is

Γ_1 : τ_{(+2π)} =^{2π R}_{1−Ω(R) R} , Γ_2 : τ_{(−2π)} =^{2π R}_{1+Ω(R) R} . (2.13)

The time difference between the re-absorption of the two light rays is

Δτ = τ_{(+2π)} − τ_{(−2π)} =

4π R^2 Ω(R) 1 − Ω^2(R) R^2 = 4π R^2 ω F (R) 1 − ω^2 F^2(R) R^2

, (2.14)

and it corresponds to the phase difference named the Sagnac effect (see footnote 4)

ΔΦ = Ω Δτ, Ω = Ω(R) = ω F (R). (2.15)

We see that we recover the standard result if we take a function F (σ) such that F (R) = 1. In the non-relativistic applications, where F (σ) → 1, the correction implied by admissible relativistic coordinates is totally irrelevant.

With an admissible notion of simultaneity, all the clocks on the rim of the rotating disk lying on a hyper-surface Σ_τ are automatically synchronized. Instead for rotating observers of the irrotational congruence there is a desynchronization effect or synchronization gap because they cannot make a global synchronization of their clocks: usually a discontinuity in the synchronization of clocks is accepted and taken into account (see Ref.[16] for the GPS).

To clarify this point and see the emergence of this gap, let us consider a reference observer (φ_o = const., τ) and another one (φ = const. ≠ φ_o, τ). If φ > φ_o we use the notation (φ_R, τ), while for φ < φ_o the notation (φ_L, τ) with φ_R − φ_o = −(φ_L − φ_o).

Let us consider the two rays of light Γ_{R −} and Γ_{L −}, with world-lines given by Eqs.(2.12), emitted in the right and left directions at the event (φ_o, τ_−) on the rim of the disk and received at τ at the events (φ_R, τ) and (φ_L, τ) respectively. Both of them are reflected towards the reference observer, so that we have two rays of light Γ_{R +} and Γ_{L +} which will be absorbed at the event (φ_o, τ_+). By using Eq.(2.13) for the light propagation, we get

5 Sometimes the proper time of the rotating observer is used: dT_o = dτ √ 1 − Ω^2(R) R^2.

Γ_{R −} : (φ − φ_o) = 1 − RΩ(R) R (τ − τ_−), Γ_{R +} : (φ − φ_o) =

1 + RΩ(R) R (τ_+ − τ),

Γ_{L −} : (φ − φ_o) = −

1 + RΩ(R) R (τ − τ_−), Γ_{L +} : (φ − φ_o) = − 1 − RΩ(R) R (τ_+ − τ).

(2.16)

As shown in Section II, Eqs.(2.17) and (2.18), of the first paper in Ref.[2], in a neighborhood of the observer (φ_o, τ) [(φ, τ) is an observer in the neighborhood] we can only define the following local synchronization^6

c Δ ~T = √ 1 − R^2 Ω^2(R) Δτ_E = √ 1 − R^2 Ω^2(R) Δτ −

R^2 Ω^2(R) √ 1 − R^2Ω^2(R)

Δφ. (2.17)

If we try to extend this local synchronization to a global one for two distant observers (φ_o, τ) and (φ, τ) in the form of an Einstein convention (the result is the same both for φ = φ_R and φ = φ_L)

τ_E = 1 2 (τ_+ + τ_−) = τ −

R^2Ω(R) 1 − R^2 Ω^2(R)

(φ − φ_o), (2.18)

we arrive at a contradiction, because the curves defined by τ_E = constant are not closed, since they are helices that assign the same time τ_E to different events on the world-line of an observer φ_o = constant. For example (φ_o, τ) and ( φ_o, τ + 2π^{R2Ω(R)}

1−R^2 Ω^2(R) ) are on the same helix τ_E = constant. As a consequence we get the synchronization gap.

As shown in both papers of Ref.[2], by using the global synchronization on the instantaneous 3-spaces Σ_τ we can define a generalization of Einstein’s convention for clock synchronization by using the radar time τ. If an accelerated observer A emits a light signal at τ_−, which is reflected at a point P of the world-line of a second observer B and then reabsorbed at τ_+, then the B clock at P has to be synchronized with the following instant of the A clock [n = + for φ = φ_R, n = − for φ = φ_L]

τ(τ_−, n, τ_+) = 1 2 (τ_+ + τ_−) − n R Ω(R) 2 (τ_+ − τ_−)^{def}= τ_− + E(τ_−, n, τ_+) (τ_+ − τ_−),

with E(τ_−, n, τ_+) = 1 − n R Ω(R) 2 , Ω(R) = ω F (R). (2.19)

6 See Ref.[15] for a derivation of the Sagnac effect in an inertial system by using Einstein’s synchronization in the locally comoving inertial frames on the rim of the disk and by asking for the equality of the one-way velocities in opposite directions.

Finally in the first paper of Ref.[2] [see Eqs.(6.37)-(6.47) of Section VI] there is the evaluation of the radius and the circumference of the rotating disk. If we choose the spatial length of the instantaneous 3-space Σ_τ of the admissible embedding (2.1), we get an Euclidean 3-geometry, i.e. a circumference 2π R and a radius R at each instant τ independently from the choice of the gauge function F (σ). With other admissible 3+1 splittings we would get non-Euclidean results: as said they are gauge equivalent when the disk can be described with a parametrized Minkowski theory. Instead the use of a local notion of synchronization from the observers of the irrotational congruence located on the rim of the rotating disk implies a local definition of spatial distance based on the 3-metric^3γ_{uv} = −ϵ ( g_{uv} −^{gτ u gτ v}_{gτ τ} ) , i.e. a non-Euclidean 3-geometry. In this case the radius is R, but the circumference is 2π R/ √ 1 − R^2 Ω^2(R). However this result holds only in the local rest frame of the observer with the tangent plane orthogonal to the observer 4-velocity (also called the abstract relative space) identified with a 3-space (see Section IIB of paper I).

See Subsection D of Section III for a derivation of the Sagnac effect in nearly rigid rotating frames.

B. The Rotating ITRS 3-Coordinates fixed on the Earth Surface.

The embedding (2.14) of I, describing admissible differential rotations in an Euclidean 3-space, could be used to improve the conventions IERS2003 (International Earth Rotation and Reference System Service) [23] on the non-relativistic transformation from the 4-coordinates of the Geocentric Celestial Reference System (GCRS) to the International Terrestrial Reference System (ITRS), the Earth-fixed geodetic system of the new theory of Earth rotation replacing the old precession-nutation theory. It would be a special relativistic improvement to be considered as an intermediate step till to a future development leading to a post-Newtonian (PN) general relativistic approach unifying the existing non-relativistic theory of the geo-potential below the Earth surface with the GCRS PN description of the geo-potential outside the Earth given by the conventions IAU2000 (International Astronomical Union) [23] for Astrometry, Celestial Mechanics and Metrology in the relativistic framework.

In the IAU 2000 Conventions the Solar System is described in the Barycentric Celestial Reference System (BCRS) as a quasi-inertial frame, centered on the barycenter of the Solar System, with respect to the Galaxy. BCRS is parametrized with harmonic PN 4-coordinates x^μ_{BCRS} = ( x^o_{BCRS} = c t_{BCRS} ; x^i_{BCRS} ) , where t_{BCRS} is the barycentric coordinate time and the mutually orthogonal spatial axes are kinematically non-rotating with respect to fixed radio sources. This a nearly Cartesian 4-coordinate system in a PN Einstein space-time and there is an assigned 4-metric, determined modulo O(c^{−4}) terms and containing the gravitational potentials of the Sun and of the planets, PN solution of Einstein equations in harmonic gauges: in practice it is considered as a special relativistic inertial frame with nearly Euclidean instantaneous 3-spaces t_{BCRS} = const. (modulo O(c^{−2}) deviations) and with Cartesian 3-coordinates x^i_{BCRS} . This frame is used for space navigation in the Solar System. The geo-center (a fictitious observer at the center of the earth geoid) has a world-line y^μ_{BCRS} (x^o_{BCRS} ) = ( x^o_{BCRS} ; y^i_{BCRS} (x^o_{BCRS} ) ) , which is approximately a straight line.

For space navigation near the Earth (for the Space Station and near Earth satellites using NASA coordinates) and for the studies from spaces of the geo-potential one uses the GCRS, which is defined outside the Earth surface as a local reference system centered on the geo-center. Due to the earth rotation of the Earth around the Sun, it deviates from a nearly inertial special relativistic frame on time scales of the order of the revolution time. Its harmonic 4-coordinates x^μ_{GCRS} = ( x^o_{GCRS} = c t_{GCRS} ; x^i_{GCRS} ) , where t_{GCRS} is the geocentric coordinate time, are obtained from the BCRS ones by means of a PN coordinate transformation which may be described as a special relativistic pure Lorentz boost without rotations (the parameter is the 3-velocity of the geo-center considered constant on small time scales) plus O(c^{−4}) corrections taking into account the gravitational acceleration of the geo-center induced by the Sun and the planets. As a consequence the GCRS spatial axes are kinematically non-rotating in BCRS and the relativistic inertial forces (for instance the Coriolis ones) are hidden in the geodetic precession; the same holds for the aberration effects and the dependence on angular variables. A PN 4-metric, determined modulo O(c^{−4}) terms, is given in IAU2000: it also contains the GCRS form of the geo-potential and the inertial and tidal effects of the Sun and of the planets. Again the instantaneous 3-spaces are considered nearly Euclidean (modulo O(c^{−2}) deviations) 3-spaces t_{GCRS} = const..

In IAU200 the coordinate times t_{BCRS} and t_{GCRS} are then connected with the time scales used on Earth: SI Atomic Second, TAI (International Atomic Time), TT (Terrestrial Time), T_{EP H} (Ephemerides Time), UT and UT1 and UTC (Universal Times for civil use), GPS (Mastr Time), ST (Station Time).

Finally we need a 4-coordinate system fixed on the Earth crust. It is the ITRS with 4-coordinates x^μ_{IT RS} = ( x^o_{ItRS}^{def}= c t_{GCRS} ; x^i_{IT RS} ) , which uses the same coordinate time as GCRS. It is obtained from GCRS by making a suitable set of non-relativistic time-dependent rigid rotations on the nearly Euclidean 3-spaces t_{GCRS} = const.. The geocentric rectangular 3-coordinates x^i_{IT RS} match the reference ellipsoid WGS-84 (basis of the terrestrial coordinates (latitude, longitude, height) obtainable from GPS) used in geodesy. As shown in IERS2003, we have x^i_{IT RS} = ( W^T (t_{GCRS} ) R^T_3 (−θ) C )_i j x^j_{GCRS} , where C = R^T_3 (s) R^T_3 (E) R^T_2 (−d) R^T_3 (−E) and W (t_{GCRS} ) = R_3(−s^′ ) R_2(x_p) R_1(y_p) are rotation matrices. This convention is based on the new definition of the Earth rotation axis (θ is the angle of rotation about this axis): it is the line through the geo-center in direction of the Celestial Intermediate Pole (CIP) at date t_{GCRS} , whose position in GCRS is n^i_{GCRS} = ( sin d cos E, sin d sin E, cos d ) . The new non-rotating origin (NLO) of the rotation angle θ on the Earth equator (orthogonal to the rotation axis) is a point named the Celestial Intermediate Origin (CIO), whose position in CGRS requires the angle s, called the CIO locator. Finally in the rotation matrix W^T (t_{GCRS} ) (named the polar motion or wobble matrix) the angles x_p and y_p are the angular coordinates of CIP in ITRS, while the angle s^′ is connected with the re-orientation of the pole from the ITRS z-axis to the CIP plus a motion of the origin of longitude from the ITRS x-axis to the so-called Terrestrial Intermediate Origin (TIO), used as origin of the azimuthal angle.

Let us now consider the embedding z^μ(τ, σ^u) = x^μ(τ) + ϵ^μ_r R^r_s(τ, σ) σ^s of Eq.(2.14) of I. Let us identify x^μ = z^μ(τ, σ^u) with the GCRS 4-coordinates x^μ_{GCRS} centered on the world-line of the geo-center assumed to move along a straight line. Then, if we identify the space-like vectors ϵ^μ_r with the GCRS non-rotating spatial axes, we have x^μ(τ) = ϵ^μ_τ τ = l^μ τ, where l^μ is orthogonal to the nearly Euclidean 3-spaces t_{GCRS} = const.. The proper time τ of the geo-center coincides with c t_{GCRS} modulo O(c^{−2}) corrections from the GCRS PN 4-metric.

Then a special relativistic definition of ITRS can be done by replacing the rigidly rotating 3-coordinates x^i_{IT RS} with the differentially rotating 3-coordinates σ^r. The rotation matrix R(τ, σ), with the choice F (σ) =^1_{1+ ω2 σ2c2} for the gauge function (ω can be taken equal to the mean angular velocity for the Earth rotation), will contain three Euler angles determined by putting R(τ, σ)|_{F (σ)=1} = C^T R_3(−θ) W (t_{GCRS} ).

In this way a special relativistic version of ITRS could be given as a preliminary step towards a PN general relativistic formulation of the geo-potential inside the Earth to be joined consistently with GCRS outside the Earth. Even if this is irrelevant for geodesy inside the geoid, it could lead to a refined treatment of effects like geodesic precession taking into account a model of geo-potential interpolating smoothly between inside and outside the geoid and the future theory of heights over the reference ellipsoid under development in a formulation of relativistic geodesy based on the use of the new generation of microwave and optical atomic clocks both on the Earth surface and in space.

III. NON-INERTIAL MAXWELL EQUATIONS IN NEARLY RIGID ROTATING FRAMES

In the 3+1 point of view the Maxwell equations (4.17) of I in an arbitrary inertial frame are identical to the Maxwell equations in general relativity, but now the 4-metric is describing only the inertial effects present in the given frame. Therefore we can adapt the techniques used in general relativity to non-inertial frames, for instance the definition of electric and magnetic fields done in Ref.[24] (see Appendix A of paper I) or the geometrical optic approximation to light rays of Ref.[25].

For the 1+3 point of view on this topic see for instance Ref.[26] and its bibliography. In particular, for the treatment of electromagnetic wave in rotating frame by means of Fermi coordinates [27] and for the determination of the helicity-rotation coupling, as a special case of spin-rotation coupling [28, 29]. In all these calculations the locality hypothesis (see Section IIB of paper I) is used.

In the case of linear acceleration an analysis of the inertial effects has been done in Ref.[20]. The same non-inertial 4-metric has been used in Ref.[30] to study the optical position meters constituents of the laser interferometers on ground used for the detection of gravitational waves. However the 4-metric used has a bad behavior at spatial infinity, so that the conclusions on the electro-magnetic waves in these frames (even if supposed to hold at distances smaller than those where there are coordinate singularities) are questionable because the Cauchy problem for Maxwell equations is not well posed.

In this Section we study some properties of electro-magnetic waves and of geometrical optic approximation to light rays in the radiation gauge in the admissible rotating noninertial frame defined by the embedding (2.14) of I, ensuring a well-posed Cauchy problem, at small distances from the rotation axis where the O(c^{−1}) deviations from rigid rotations is governed by Eqs.(2.15) and (2.16) of I. Even if we will ignore these deviations, doing the calculations in the radiation gauge in locally rigidly rotating frames, they could be taken into account in a more refined version of the subsequent calculations base on the 3+1 point of view, which is free from coordinate singularities. This would also allow to verify the validity of the locality hypothesis. In particular we consider the Phase Wrap Up effect [16, 27], the Sagnac effect [14, 31] and the Faraday Rotation [32].

A. The 3+1 Point of View on Electro-Magnetic Waves and Light Rays in Nearly Rigidly Rotating Non-Inertial Frames.

Let us consider a non-inertial frame of the type (2.14) of I with vanishing linear acceleration and τ-independent angular velocity and centered on an inertial observer. In the notation of Eqs.(2.15), (2.16) and (4.47) of I, we have x^μ(τ) = ϵ^μ_τ τ, i.e. ⃗v(τ) = ⃗w(τ) = 0, and ⃗Ω(τ) = ⃗Ω = const. (whose components are Ω̃^r = const.). We will ignore the higher order terms, so that locally we have a rigidly rotating frame, but with more effort small deviations from rigid rotation could be taken into account.

In this case the Hamiltonian (4.35), or (4.51), of I gives the following Hamilton equations for the transverse electro-magnetic field ( ⃗A_⊥ = {A_{⊥ r} = Ã^r_⊥ ≠ A^r_⊥} + O(c^{−2}))

∂Ã^r_⊥(τ, ⃗σ) ∂τ = π^r_⊥(τ, ⃗σ) − 1 c ∫ d^3σ^′ [ −⃗Ω · ⃗σ^′ × ⃗∂^′ ⃗A_⊥(τ, ⃗σ^′) + ⃗Ω × ⃗A_⊥(τ, ⃗σ^′) ]_s P^{sr}(⃗σ^′, ⃗σ), ∂π^r_⊥(τ, ⃗σ) ∂τ = ΔÃ^r_⊥(τ, ⃗σ) − 1 c ∫ d^3σ^′ [ −⃗Ω · ⃗σ^′ × ⃗∂^′ ⃗π_⊥(τ, ⃗σ^′) + ⃗Ω × ⃗π_⊥(τ, ⃗σ^′) ]_s P^{sr}(⃗σ^′, ⃗σ) +

+ ∑ i Q_i ( ˙⃗η_i(τ) + ⃗Ω × ⃗η_i(τ) )_s P^{sr}(⃗η_i, ⃗σ). (3.1)

For the study of homogeneous solutions of these equations, i.e. for incoming electromagnetic waves propagating in regions where there are no charged particles, these equations can be replaced with the following ones (we use the vector notation of Section IVC of paper I)

∂ ⃗A_⊥(τ, ⃗σ) ∂τ = ⃗π_⊥(τ, ⃗σ) − 1 c [ −⃗Ω · ⃗σ × ⃗∂ ⃗A_⊥(τ, ⃗σ) + ⃗Ω × ⃗A_⊥(τ, ⃗σ) ] , ∂⃗π_⊥(τ, ⃗σ) ∂τ = Δ ⃗A_⊥(τ, ⃗σ) − 1 c [ −⃗Ω · ⃗σ × ⃗∂ ⃗π_⊥(τ, ⃗σ) + ⃗Ω × ⃗π_⊥(τ, ⃗σ) ] . (3.2)

As shown in Appendix A of I, this result allows to recover the form given by Schiff in Appendix A of ref.[24] for the Landau-Lifschitz non-inertial electro-magnetic fields [33].

Let us look at solutions of Eqs.(3.2) in the following two ways.

1. Going back to an Inertial Frame

Let us look at solution by reverting to an inertial frame.

By introducing the 3-coordinates

X^a(τ) = R^a_r(τ) σ^r, (3.3) at each value of τ by means of a τ-dependent rotation (it would become also point-dependent if we go beyond rigid rotations) we can go from the rigidly rotating non-inertial frame with radar 4-coordinates (τ; σ^u) to an instantaneously comoving inertial frame, centered on the same inertial observer, with 4-coordinates (τ; X^a).

Let us assume that the non-inertial transverse electromagnetic potential A_{⊥ r}(τ, σ^u) can be obtained from the instantaneously comoving inertial transverse potential A^{(com)}_{⊥ a} (τ, X^a(τ)) by using the rotation matrix R(τ) A_{⊥ r}(τ, σ^u) = A^{(com)}_{⊥ a} ( τ, X^a(τ) = R^a_s(τ) σ^s ) R^a_r(τ). (3.4)

By definition A^{(com)}_{⊥ a} (τ, X^a(τ)) satisfies the inertial Maxwell equations in the radiation gauge (obtainable by putting Eqs.(3.4) into Eqs.(3.2))

∂^2 A^{(com)}_{⊥ a} (τ, X^b) ∂τ^2 − Δ_X A^{(com)}_{⊥ a} (τ, X^b) = 0, ∑ a ∂ ∂X^a A^{(com)}_{⊥ a} (τ, X^b) = 0. (3.5)

This result is in accord with the general covariance of non-inertial Maxwell equations and is also consistent with the locality hypothesis (see Section IIB of paper I) of the the 1+3 approach.

If we consider the following plane wave solution with constant F_a and K̂_a and ∑ a K̂_a F_a = 0 (transversality condition) A^{(com)}_{⊥ a} (τ, X^b) = 1 ω F_a e^{i ωc} (^{τ −∑a K̂a Xa}), (3.6) we get the following expression for the non-inertial solution

A_{⊥ r}(τ, σ^u) = F_a R^a_r(τ) e^{i ωc Φ(τ,σu)},

Φ(τ, σ^u) = τ − K̂_a R^a_r(τ) σ^r ≈ |_{⃗Ω=const.} τ ( 1 + ⃗Ω c · ⃗σ × K̂ ) − K̂ · ⃗σ + O(Ω^2/c^2).(3.7)

2. Eikonal Approximation

Let us now look at solutions by making the following eikonal approximation (without any commitment with the locality hypothesis) A_{⊥ r}(τ, σ^u) = 1 ω a_r(τ, σ^u) e^{i ωc Φ(τ,σu)} + O(1/ω^2). (3.8) and by putting this expression in Eqs.(3.2).

Let us consider the case in which we have ω/c >> 1 e Ω/c << 1, so that Eqs.(3.2) become a power series in ω/c. By neglecting terms in Ω^2/c^2 and terms in (c/ω)^{−k} for k ≥ 0, the dominant terms are:

a) at the order ω/c the equation for the phase Φ, named eikonal equation; b) at the order (ω/c)^o = 1 the equation for the amplitude a_r, named first-order transport equation.

These equations have the following form (⃗a = {a_r}) [ (∂Φ ∂τ )_2 − 2 ⃗Ω c · ⃗σ × ⃗∂ Φ − ( ⃗∂ Φ )_2 ] (τ, σ^u) + O(Ω^2/c^2) = 0

[∂Φ ∂τ ( ∂⃗a ∂τ + ⃗Ω c × ⃗a − ⃗Ω c · ⃗σ × ⃗∂ ⃗a ) − ∂⃗a ∂τ ⃗Ω c · ⃗σ × ⃗∂ Φ − ( ⃗∂ Φ · ⃗∂ ) ⃗a ] (τ, σ^u) =

= − 1 2 ( ∂^2Φ ∂τ^2 − 2 (⃗Ω × ⃗σ · ⃗∂) ∂Φ ∂τ − △Φ ) (τ, σ^u) + O(Ω^2/c^2)

[ ⃗a · ⃗∂ Φ ] (τ, σ^u) = 0 (transversality condition). (3.9) Let us look for solutions of the eikonal equation for Φ of the form

Φ(τ, σ^u) = τ + F (σ^u), (3.10) where we have chosen the boundary condition ∂Φ ∂τ = 1. (3.11) This condition implies that the solution of Eq.(3.8) describes a ray emitted from a source having a characteristic frequency ω when it is at rest in the non-inertial frame. Let us remark that in more general cases this type of boundary conditions are possible only if the 3-metric h_{rs} and the lapse (n) and shift (n^r) functions are stationary in the non-inertial frame.

An expansion in powers of Ω/c of F (σ^u), namely F (σ^u) = F_o(σ^u) +^Ω_c F_1(σ^u) + O

(_{Ω2}

c^2 ) , gives the following form of the eikonal equation [ 1 − ( ⃗∂ F_o(σ^u) )_2] − 2Ω c [ Ω̂ · ⃗σ × ⃗∂F_o(σ^u) + ⃗∂ F_o(σ^u) · ⃗∂ F_1(σ^u) ] + O (Ω2 c^2 ) = 0, (3.12) implying:

a) the equation 1 − ( ⃗∂ F_o(σu) )_2 = 0 at the order zero in Ω. If k̂ is an arbitrary unit vector (the propagation direction of the plane wave in the inertial limit Ω → 0), its solution is F_o(σ^u) = −k̂ · ⃗σ. (3.13)

b) the equation k̂ · ⃗∂ F_1(σ^u) = −Ω̂ · ⃗σ × k̂ for F_1(σ^u), after having used Eq.(3.13), at the order one in Ω. Since we have (k̂ · ⃗∂) (Ω̂ · ⃗σ × k̂) = 0 and (k̂ · ⃗∂) (k̂ · ⃗σ) = 1, the solution for F_1(σ^u) is

F_1(σ^u) = − ( Ω̂ · ⃗σ × k̂ ) (k̂ · ⃗σ). (3.14)

Therefore the solution for Φ is Φ(τ, σ^u) = τ − k̂ · ⃗σ ( 1 + ⃗Ω · ⃗σ × k̂ ) . (3.15)

The phases in the solutions (3.7) and (3.15) of Eqs.(3.2) are different since the solutions have different boundary conditions. The solution (3.7) satisfies also the eikonal equation but not the boundary condition (3.11), since we have^{∂ Φ}_{∂ τ} = 1 − K̂_a R^a_r(τ) ϵ_{ruv} Ω̃^u σ^v ≠ 1.

Let us remark that both the solutions (3.7) and (3.15) have the following structure Ã^r_⊥(τ, σ^u) ∼ A^r(τ, σ^u) e^{i φ(τ,σu)}, (3.16) where A^r(τ, σ^u) ∼ O(1/ω) is the amplitude and φ(τ, σ^u) ∼ O(ω) is the phase. The only difference is that the solution (3.7) holds for every value of ω (also for the small values corresponding to the radio waves of the GPS system), while the solution (3.15) for the phase of the eikonal approximation (3.8) holds only for higher values of ω, corresponding to visible light.

3. Light Rays

Given the phase of Eq.(3.16), the trajectories of the light rays are defined as the lines orthogonal (with respect to the 4-metric g_{AB} of the 3+1 splitting) to the hyper-surfaces φ(τ, σ^u) = const.. Therefore the trajectories σ^A(s) (s is n affine parameter) satisfy the equation dσ^A(s) ds = g^{AB}(σ(s)) ∂φ ∂σ^B (σ(s)). (3.17)

For instance in the case of our rigidly rotating foliation, for which Eqs.(2.14)-(2.16) of I imply g^{τ τ} = 1, g^{τ r} = −(⃗Ω × ⃗σ)^r, g^{rs} = −δ^{rs} + O(Ω^2/c^2), Eqs.(3.17) take the form

dτ(s) ds = ω + ⃗k · ( ⃗Ω c × ⃗σ ) + O(Ω^2/c^2), dσ^r(s) ds = ω ( ⃗Ω c × ⃗σ )_r + k^r ( 1 + ⃗Ω c × ⃗σ · k̂ ) − ( ⃗Ω c × k̂ )_r (⃗k · ⃗σ) + O(Ω^2/c^2),

(3.18)

whose solution has the form

⃗σ(τ) − ⃗σ(0) = k̂ τ + ( ⃗Ω c × k̂ ) τ^2 + O(Ω^2/c^2). (3.19)

This equation shows that in the rotating frame the ray of light appears to deviate from the inertial trajectory ⃗σ(τ) = k̂ τ due to the centrifugal correction ⃗c(τ) = (_{⃗Ω} c × k̂ ) τ^2 +O(Ω^2/c^2) implying k̂ · ⃗c(τ) = 0 + O(Ω^2/c^2).

B. Sources and Detectors

To connect the previous solutions to the interpretation of observed data we need a schematic description of sources and detectors.

In many applications sources and detectors are described as point-like objects, which follow a prescribed world-line ζ^A(τ) = (τ, η^u(τ)) with unit 4-velocity v^A(τ) = dζ^A(τ ) dτ ( g_{CD}(ζ(τ))^{dζC (τ )}_{dτ}^{dζD(τ )}_{dτ} )_{−1/2} . This description is enough for studying the influence of the relative motion between source and detector on the frequency emitted from the source and that observed by the detector (it works equally well for the Doppler effect and for the gravitational redshift in presence of gravity). With solutions like Eq.(3.16) the frequency emitted by a source located in ζ_s^A and moving with 4-velocity v_s^A and that observed by a detector in ζ_r^A and moving with 4-velocity v_r^A are ω_s = v_s^A ∂_A φ(ζ_s) and ω_r = v_r^A ∂_A φ(ζ_r), respectively.

This justifies the boundary condition (3.11), because sources at rest in the rotating frame with coordinates (τ, σ^r) have 4-velocity v^A = (1, 0).

However, to measure the electro-magnetic field in assigned (spatial) polarization direction we must assume that the detector is endowed with a tetrad orthonormal with respect to the 4-metric of the 3+1 splitting, such that the time-like 4-vector is the unit 4-velocity of the detector: in 4-coordinates adapted to the 3+1 splitting they are E^A_{(α)}(τ) = ( E^A_{(o)}(τ) = v^A(τ); E^A_{(i)}(τ) ) , g_{AB} (ζ_r(τ)) E^A_{(α)}(τ) E^B_{(β)}(τ) = η_{(α)(β)} (see Section IIB of paper I for the 1+3 point of view). A detector measures the following field strengths along the spatial polarization directions E^A_{(i)}(τ): Ě_{(i)} = F_{AB} v^A E^B_{(i)} and B̌_{(i)} = (1/2) ϵ_{(i)(j)(k)} F_{AB} E^A_{(j)} E^B_{(k)}.

Let us consider the following two cases.

1. Detectors at Rest in an Inertial Frame

A detector at rest in the instantaneous inertial frame with coordinates (τ; X^a(τ)) follows the straight world-line ζ^μ_{r,in}(τ) = τ ϵ^μ_τ + ϵ^μ_a η^a_{in} with η^a_{in} = const. and has the 4-velocity u^μ = ϵ^μ_τ . If the reference asymptotic tetrad ϵ^μ_A of the foliation is related by ϵ^μ_A = Λ^μ_{(o)ν} e^ν_{(A)} to a tetrad e^μ_{(A)} = δ^μ_A aligned to the axes of the inertial frame in Cartesian coordinates, then a generic time-independent non-rotating tetrad associated with the detector will be G^μ_{(A)} = Λ_{(A)}^{(B)} e^μ_{(B)} = Λ_{(A)}^{(μ)} if G^μ_{(τ )} = u^μ. Here the Λ’s denote Lorentz transformations. The detector will measure the standard electric and magnetic fields Ě_{(i)} = F_{μν} u^μ G^ν_{(i)} and B̌_{(i)} = (1/2) ϵ_{(i)(j)(k)} F_{μν} G^μ_{(j)} Gν_{(k)}.

2. Sources and Detectors at Rest in Rotating Frames

Lt us now consider sources and detectors at rest in the nearly rigid rotating frame described by the embedding z^μ(τ, σ^u) = ϵ^μ_τ τ + ϵ^μ_r R^r_s(τ) σ^s + O(Ω^2/c^2), so that z^μ_τ (τ, σ^u) = ϵ^μ_τ + ϵ^μ_r Ṙ^r_s(τ) σ^s + O(Ω^2/c^2) and z^μ_r (τ, σ^u) = ϵ^μ_s R^s_r(τ) + O(Ω^2/c^2).

The world-line of these objects will have the form ζ^μ(τ) = τ ϵ^μ_τ +ϵ^μ_r R^r_s(τ) η^s_o +O(Ω^2/c^2) = ϵ^μ_A ζ^A(τ) with η^r_o = const.. We have ζ^τ (τ) = τ and ζ^r(τ) = R^r_s(τ) η^s_o + O(Ω^2/c^2). Therefore these objects coincide with some of the observers belonging at the non-surface forming congruence generated by the evolution vector field as said in Section IIB of paper I. Since the world-lines of the Eulerian observers of the other congruence are not explicitly known, it is not possible to study the behavior of objects coinciding with some of these observers.

Therefore the unit 4-velocity u^μ(τ) = ϵ^μ_A v^A(τ) will have the components v^A(τ) proportional to ζ̇^A(τ) = ( 1; Ṙ^r_s(τ) η^s_o + O(Ω^2/c^2) ) ≈ |_{⃗Ω=const.} ( 1; R^r_s(τ) (⃗η_o × ⃗^Ω_c )^s + O(Ω^2/c^2) ) , where the definitions after Eq.(2.14) of I have been used.

We can also write u^μ(τ) = ũ^A(τ) z^μ_A(τ, η^u_o ) by using the non-orthonormal tetrads z^μ_A(τ, σ^u). Then we get v^τ (τ) = ũ^τ (τ)+O(Ω^2/c^2) and v^r(τ) = ũ^τ (τ) Ṙ^r_s(τ) η^s_o +R^r_s(τ) ũ^s(τ)+O(Ω^2/c^2). While the quantities v^A(τ) give the description of the 4-velocity with respect to the asymptotic non-rotating inertial observers, the quantities ũ^A(τ) explicitly show the effect of the rotation at the position η^r_o of the object. Therefore it should be ũ^A(τ) = (1; 0) at the lowest order: indeed we get ũ^τ (τ) = 1+O(Ω^2/c^2) and ũ^r(τ) = v^s(τ) R_s^r(τ)−ũ^τ ( R^{−1}(τ) Ṙ(τ) )_r s η^s_o = 0 + O(Ω^2/c^2).

For the constant unit normal to the instantaneous 3-spaces we get l^μ = ϵ^μ_τ = l̃^A(τ, η^r_o ) z^μ(τ, η^r_o) with l̃^τ (τ, η^r_o ) = 1 + O(Ω^2/c^2) and l̃^r(τ, η^u_o ) = −l̃^τ (τ, η^u_o ) ( R^{−1}(τ) Ṙ(τ) )_r s η^s_o = −(⃗η_o ×^{⃗Ω}_c )^r + O(Ω^2/c^2).

Let us introduce an orthonormal tetrad W^μ_{(α)}, η_{μν} W^μ_{(α)} W^ν_{(β)} = η_{(α)(β)}, whose time-like 4- vector is l^μ, i.e. We have W^μ_{(o)} = l^μ = ϵ^μ_τ = W^A_{(o)} ϵ^μ_A = W̃^A_{(o)}(τ, η^u_o ) z^μ_A(τ, η^u_o ) with .W^A_{(o)} = (1; 0) and W̃^A_{(o)}(τ, η^u_o ) = l̃^A(τ, η^u_o ) = ( 1; −(⃗η_o ×^{⃗Ω}_c )^r ) +O(Ω^2/c^2). The spatial axes W^μ_{(i)} = W^A_{(i)} ϵ^μ_A = W̃ A_{(i)}(τ, ηu_o ) z^μ_A(τ, ηu_o ) with l_μ W^μ_{(i)} = [l̃A g_{AB} W̃ B ](τ, ηu_o ) = 0 must be non-rotating with respect to the observer with 4-velocity proportional to z^μ_τ (τ, η^u_o ). Therefore we must have W̃^A_{(i)} = ( 0; W̃^r_{(i)} ) with W̃^r_{(i)} = const.. As a consequence we have W^A_{(i)}(τ) = ( 0; R^r_s(τ) W̃^s_{(i)} ) + O(Ω^2/c^2).

The polarization axes of sources and detectors will be defined by a tetrad E^μ_{(α)}(τ, η^r_o ) = E^A_{(α)}(τ, η^r_o) ϵ^μ_A = Ẽ^A_{(α)}(τ, η^r_o ) z^μ_A(τ, η^r_o), η_{μν} E^μ_{(α)} E^ν_{(β)} = η_{(α)(β)} with the following properties:

a) the time-like 4-vector E^μ_{(o)}(τ, η^r_o) is such that its components Ẽ^A_{(o)}(τ, η^r_o) coincide with the components ũ^A(τ) = (1; 0) + O(Ω^2/c^2) of the 4-velocity u^μ(τ) of the object located at ζ^μ(τ) = z^μ(τ, η^r_o): as a consequence we have E^μ_{(o)}(τ, η^r_o ) = z^μ_τ (τ, η^r_o ) + O(Ω^2/c^2) = u^μ(τ);

b) the spatial axes E^μ_{(i)}(τ, η^r_o), orthogonal to the 4-velocity u^μ(τ), must be at rest in the rotating frame: we have to identify their components Ẽ^A_{(i)}(τ, η^r_o).

If at the observer position we consider the Lorentz transformation sending l^μ to u^μ(τ), i.e. L^μ_ν (l → u(τ)), its projection L^A_B (⃗β)^{def}= ϵ^A_μ L^μ_ν (l → u(τ)) ϵ^ν_B is a Wigner boost, see Eq.(2.8) of I, with parameter ⃗β = {β^r = R^r_s(τ) ( ⃗η_o ×^{⃗Ω}_c )_s (so that γ = √ 1 − ⃗β^2 = 1 + O(Ω^2/c^2)).

Therefore the transformation sending the components l̃^A(τ, η^u_o ) of the unit normal into the components ũ^A(τ) of the 4-velocity modulo terms of order O(Ω^2/c^2) is

Ẽ^A_{(o)}(τ, η^u_o ) = ũ^A(τ) = (1; 0) + O(Ω^2/c^2) = = ( z^A_μ ϵ^μ_C L^C_D(⃗β) ϵ^D_ν z^ν_B l̃^B_{(o)} ) (τ, η^u_o ) + O(Ω^2/c^2) = = ( z^A_μ ϵ^μ_C L^C_D(⃗β) ϵ^D_ν z^ν_B W̃^B_{(o)} ) (τ, η^u_o ) + O(Ω^2/c^2),

Ẽ^A_{(i)}(τ, η^u_o ) = ( z^A_μ ϵ^μ_C L^C_D(⃗β) ϵ^D_ν z^ν_B ) (τ, η^u_o ) W̃^B_{(i)}. (3.20)

This complete the construction of the non-rotating tetrads E^μ_{(α)}(τ, η^u_o ) for the objects at rest at η^r_o .

A detector endowed of such a non-rotating tetrad will measure the following projections of the electro-magnetic field strength on its polarization directions

Ê_{(i)} = F_{AB} ũ^A Ẽ^B_{(i)}, B̂_{(i)} = 1 2 ϵ_{(i)(j)(k)} F_{AB} Ẽ^A_{(j)} Ẽ^B_{(k)}. (3.21)

These quantities have to be confronted with the non-inertial electric and magnetic fields E_r and B_r, whose projections on the non-rotating spatial axes W̃^A_{(i)} = (0; W̃^r_{(i)}) inside the instantaneous 3-space are

E_{(i)} = E_r W̃^r_{(i)}, B_{(i)} = B_r W̃^r_{(i)}. (3.22)

Eqs.(3.20) imply the following connection among these quantities

Ê_{(i)} = E_{(i)} + O(Ω^2/c^2),

B̂_{(i)} = B_{(i)} − ϵ_{ijk} W̃^r_{(j)} δ_{rs} ( ⃗η_o × ⃗Ω c )_s E_{(k)} + O(Ω^2/c^2). (3.23)

For radio wave (like in the case of GPS) the directions G^a_{(i)} or Ẽ^r_{(i)} are realized by means of antennas attached to both emitters and receivers. In the optical range the antennas are replaced by components of the macroscopic devices used for the emission and the detection.

C. The Phase Wrap Up Effect

The phase wrap up is a modification of the phase when a receiver in rotational motion analyzes the circularly polarized radiation emitted by a source at rest in an inertial frame. Till now the effect has been explained by using the 1+3 point of view and the locality hypothesis in Refs.[27], where it shown that it is a particular case of helicity-rotation coupling (the spin-rotation coupling for photons). It has been verified experimentally, in particular in GPS [16], where the receiving antenna on the Earth surface is rotating with Earth.

We will explain the effect by using the non-inertial solution (3.7) and an observer at rest in an inertial frame endowed of the tetrad G^μ_{(A)} defined in Subsubsection 1 of Subsection B. We rewrite the spatial axes in the form G^a_{(i)} = ( I^a_{(1)}, I^a_{(2)}, K̂^a ) with the vectors satisfying ⃗I_{(1)} · ⃗I_{(2)} = 0, ⃗I_{(λ)} ·K̂ = 0 (λ = 1, 2), ⃗I 2_{(λ)} = 1. Then we pass to a circular basis by introducing the vectors ⃗I_{(±)} =^{⃗I(1)+i ⃗I2√}_2 , which satisfy K̂ · ⃗I_{(±)} = 0, ⃗I^2_{(±)} = 0 and ⃗I_{(+)} · ⃗I_{(−)} = 1.

In the rotating non-inertial frame a right-circularly polarized wave, emitted in the inertial frame, will have the form (3.7) (K̂ · ⃗I_{(+)} = 0 is the transversality condition)

A_{⊥r}(τ, ⃗σ) = F ω I_{(+)a} R^a_r(τ) e^{i ωc Φ(τ,⃗σ)}. (3.24)

Let us remark that in the circular basis we have ⃗A_⊥ = A_n n̂ + A_+ ⃗I_{(+)} + A_− ⃗I_{(−)}, but the components A_n, A_±, coincide with either linearly or circularly polarized states of the electro-magnetic field only for n̂ = k̂, since K̂ =^ω_c k̂ (K̂^2 =^{ω2}_{c2} ) is the wave vector.

From Eqs(3.24) we obtain the following non-inertial magnetic and electric fields (2.19) of I

B_r = − F c I_{(+)a} R^a_r(τ) e^{i ωc Φ(τ,⃗σ) def}= B_o I_{(+)a}(K) R^a_r(τ) e^{i ωc Φ(τ,⃗σ)},

E_r = −i F c I_{(+)a} R^a_r(τ) e^{i ωc Φ(τ,⃗σ)} + 1 c (⃗Ω × ⃗σ) × ⃗B = def = E_o I_{(+)a} R^a_r(τ) e^{i ωc Φ(τ,⃗σ)} + E_ℓ K̂_a R^a_r(τ) e^{i ωc Φ(τ,⃗σ)},

B_o = − F c , E_o = −i F c + 1 c (⃗Ω × ⃗σ) × ⃗B · ⃗I_{(−)}, E_ℓ = 1 c (⃗Ω × ⃗σ) × ⃗B · K̂. (3.25)

Let us now consider a receiver at rest in the rotating frame. Since its 4-velocity is ũ^A = (1; 0), it can be endowed with the non-rotating tetrad W̃^A_{(α)} of Subsubsection 2 of Subsection B. If n̂ is the unit vector in the direction of the rotation axis, i.e. if ⃗Ω = Ω n̂, we can choose the spatial axes W̃^r_{(i)} = (ϵ^r_{(1)}, ϵ^r_{(2)}, n̂^r) with ⃗ϵ_{(1)} · ⃗ϵ_{(2)} = 0, ⃗ϵ_{(λ)} · K̂ = 0, ⃗ϵ^2_{(λ)} = 1. If we introduce the circular basis ⃗ϵ_{(±)} =^{⃗ϵ(1)+i⃗ϵ2√}_2 , we have n̂ · ⃗ϵ_{(±)} = 0, ⃗ϵ^2_{(±)} = 0, ⃗ϵ_{(+)} · ⃗ϵ_{(−)} = 1 and R^a_r(τ) ϵ_{(±)}^r = ϵ^a_{(±)} e[^{± i Ωc τ} ].

The receiver will measure the following magnetic and electric fields

B_n = B_r n̂^r = B_o ( ⃗I_{(+)a}n̂^a ) exp [ i ω c Φ ] ,

B_{(±)} = B_r ϵ^r_{(∓)} = B_o ( ⃗I_{(+)a}ϵ^a_{(∓)} ) exp [ i c (∓Ω τ + ω Φ(τ, ⃗σ)) ] ,

E_n = E_r n̂^r = [ E_o ( ⃗I_{(+)a}n̂^a ) + E_ℓ K̂_an̂^a ] exp [ i ω c Φ ] ,

E_{(±)} = E_r ϵ^r_{(∓)} = [ E_o ( ⃗I_{(+)a}ϵ^a_{(∓)} ) + E_ℓ K̂_a ϵ^a_{(±)} ] exp [ i c (∓Ω τ + ω Φ(τ, ⃗σ)) ] . (3.26)

In the case n̂^a = K̂^a we find

B_n = B_{(−)} = 0

B_{(+)} = B_o e [^{ic} (^{(ω−Ω)τ + ⃗K·⃗σ})],

E_n = E_ℓ e [^{i ωc} (^{ωτ + ⃗K·⃗σ})], E_{(+)} = 0

E_{(+)} = E_o e [^{ic} (^{(ω−Ω)τ + ⃗K·⃗σ})]. (3.27)

Therefore the components B_{(+)}, E_{(+)} have the frequency modified to ω → ω − Ω: this is the phase wrap up effect. These are same results as in Ref.[27] at the lowest order in Ω/c. The only new fact is the presence of the component E_n ≠ 0.

It would be interesting to make the calculation of the deviations of order O(Ω^2/c^2) from rigid rotation, to see whether the result ω → γ (ω ± Ω) (γ is a Lorentz factor), found in Ref.[27] by using the locality hypothesis and supporting the interpretation with the helicityrotation coupling, is confirmed.

D. The Sagnac Effect

Following a suggestion of Ref.[14] let us consider the solution (3.8) in the eikonal approximation, which describes the propagation of the radiation along a ray of light whose trajectory is given in Eq.(3.19). This solution allows to get a derivation of the Sagnac effect (described in Section II) along the lines of Ref.[31].

Let us consider two receivers A and B at rest in the rotating frame and characterized by the 3-coordinates η^r_A and η^r_B respectively. Let us assume that A and B lie in the same 2-plane containing the origin σ^r = 0 and orthogonal to ⃗Ω. Therefore we have ⃗Ω · ⃗η_A = ⃗Ω · ⃗η_B = 0. Let us assume that A and B are both on the trajectory of a ray of light, so that Eq.(3.19) implies the existence of a time τ_{AB} such that we have

⃗η_B − ⃗η_A = k̂ τ_{AB} + ( ⃗Ω c × k̂ ) τ^2_{AB} + O(Ω^2/c^2). (3.28)

The phase difference between A and B at the same instant τ is

Δφ_{AB} = ω c [Φ(τ, ⃗η_B ) − Φ(τ, ⃗η_A)] =

= − ω c [ k̂ · (⃗η_B − ⃗η_A) + (k̂ · ⃗η_B ) ( ⃗Ω c · ⃗η_B × k̂ ) − (k̂ · ⃗η_A) ( ⃗Ω c · ⃗η_A × k̂ )] +

+ O(Ω^2/c^2). (3.29)

Eq.(3.28) implies

⃗η_B = ⃗η_A + k̂ τ_{AB} + O(Ω/c) ⇒ ⃗Ω c · ⃗η_B × k̂ = ⃗Ω c · ⃗η_A × k̂ + O(Ω^2/c^2), (3.30) so that we get

Δφ_{AB} = − ω c [ k̂ · (⃗η_B − ⃗η_A) + k̂ · (⃗η_B − ⃗η_A) ( ⃗Ω c · ⃗η_A × k̂ ) + O(Ω^2/c^2) ] . (3.31)

Since Eq.(3.28) also implies ⃗η_B − ⃗η_A =| ⃗η_B − ⃗η_A | k̂ + O(Ω^2/c^2), we arrive at the result

Δφ_{AB} = − ω c [ | ⃗η_B − ⃗η_A | + ⃗Ω c · ⃗η_A × (⃗η_B − ⃗η_A) ] + O(Ω^2/c^2). (3.32)

If A_{BAO} is the area of the triangle BAO in the 2-plane orthogonal to ⃗Ω, we have^{⃗Ω}_c · ⃗η_A × (⃗η_B − ⃗η_A) = ±2^Ω_c A_{BAO} (the choice of ± depends on the direction of motion of the ray). As a consequence, the phase difference is the sum of the following two terms Δφ_{AB} = − ω c | ⃗η_B − ⃗η_A | +δφ_{AB} + O(Ω^2/c^2). (3.33) While the first term, −^ω_c | ⃗η_B − ⃗η_A |, is present also in the inertial frames, the second term δφ_{AB} = ∓ 2 ω Ω c^2

A_{BAO}, (3.34) is the extra phase variation due to the rotation of the frame. This is the Sagnac effect.

E. The Inertial Faraday Rotation

Let us give the derivation of the rotation of the polarization of an electro-magnetic wave in a rotating frame, named inertial Faraday rotation, which is important in astrophysics

[32], were it is induced by the gravitational field (due to the equivalence principle only noninertial frames are allowed in general relativity). Our approach is analogous to the one of Ref.[25] in the case of Post-Newtonian gravity.

Let us consider the amplitude ⃗a of the solution (3.8) in the eikonal approximation: it carries the information about the polarization of a ray of light. To study the first-order transport equation for it, the second of Eqs.(3.9), let us make the series expansion ⃗a(τ, ⃗σ) = ⃗a_o(τ, ⃗σ) + Ω c ⃗a_1(τ, ⃗σ) + O (Ω2 c^2 ) , (3.35)

and let us make the ansatz (in an inertial frame it corresponds to a plane wave) ⃗a_o(τ, ⃗σ) = ⃗a_o = const., ⇒ ∂ ⃗a_o ∂τ = 0, ∂_r ⃗a_o = 0. (3.36)

This ansatz implies the following form of the second and third equation in Eqs.(3.9)

Ω c [( ∂⃗a_1 ∂τ + Ω̂ × ⃗a_o ) − (k̂ · ⃗∂)⃗a_1 ] + O (Ω2 c^2 ) = 0,

⃗a_o · k̂ + Ω c [ ⃗a_o · ( k̂ (Ω̂ · ⃗σ × k̂) − (k̂ · ⃗σ) (Ω̂ × k̂) ) + ⃗a_1 · k̂ ] + O (Ω2 c^2 ) = 0. (3.37)

To study these equations, let us assume that each rotating receiver is endowed with a tetrad of the type given in Eq.(3.20): the spatial axes W̃^r_{(i)} = (R^r_1(k), R^r_2(k), k̂^r) with ⃗R_λ(k) · ⃗R_{λ′} (k) = δ_{λλ′} , ⃗R_λ(k) · k̂ = 0. The second of Eqs.(3.37) for the unknown ⃗a_o, ⃗a_1 is the transversality condition and it implies

order 0 in Ω → ⃗a_o · k̂ = 0 ⇒ ⃗a_o = a^λ_o ⃗R_λ(k), order 1 in Ω

⃗a_1 · k̂ = −⃗a_o · ( k̂ (Ω̂ · ⃗σ × k̂) + (k̂ · ⃗σ) (Ω̂ × k̂) ) =

= −a^λ_o ⃗R_λ(k) · (Ω̂ × k̂) (k̂ · ⃗σ). (3.38)

Due to the ansatz (3.36) the first of Eqs.(3.37) is of order 1 in Ω and gives the following condition on ⃗a_1

∂⃗a_1 ∂τ − Ω̂ × ⃗a_o + (k̂ · ⃗∂)⃗a_1 = 0. (3.39)

If we project this equation on the directions k̂, ⃗R_λ(k), we get

∂ ∂τ ( ⃗a_1 · k̂) − Ω̂ × ⃗a_o · k̂ + (k̂ · ⃗∂) (⃗a_1 · k̂) = 0, ∂a^λ_1 ∂τ − Ω̂ × ⃗R_λ′ (k) · ⃗R_λ(k) a^{λ′}_o + (k̂ · ⃗∂) a^λ_1 = 0. (3.40)

While the first of Eqs.(3.40) is automatically satisfied, the second one is an equation for the components a^λ_1 . The simplest solutions are obtained with the following ansatz ∂a^λ_1 ∂τ = 0, ⇒ a^λ_1 (τ) = [ Ω̂ × ⃗R_{λ′} (k) · ⃗R_λ(k) ] k̂ · ⃗σ a^{λ′}_o . (3.41) The final solution for the transverse electro-magnetic potential is

⃗A_⊥ = a^{o1} ω [ ⃗R_1 + θ(⃗σ) ⃗R_2(k) − k̂ · ⃗σ c (⃗Ω · ⃗R_2(k)) k̂ ] e (^{i ωc Φ}) +

+ a_o^2 ω [ ⃗R_2(k) − θ(⃗σ) ⃗R_1(k) + k̂ · ⃗σ c (⃗Ω · ⃗R_1(k)) k̂ ] e (^{i ωc Φ}) + O(1/ω^2),

with

θ(⃗σ) = 1 c (k̂ · ⃗σ) (⃗Ω · k̂). (3.42)

The resulting non-inertial magnetic and electric fields are ( ⃗B = {B_r}, ⃗E = {E_r})

⃗B = −i a^{o1} c [ ⃗R_2(k) − θ(⃗σ) ⃗R_1(k) ] e (^{i ωc Φ}) −

− i a_o^1 c [( ⃗Ω c × ⃗σ · k̂ ) ⃗R_2(k) − k̂ · ⃗σ c (⃗Ω · ⃗R_1(k)) k̂ ] e (^{i ωc Φ}) +

+ i a_o^2 c [ ⃗R_1(k) + θ(⃗σ) ⃗R_2(k) ] e (^{i ωc Φ}) +

+ i a_o^2 c [( ⃗Ω c × ⃗σ · k̂ ) ⃗R_1(k) + k̂ · ⃗σ c (⃗Ω · ⃗R_2(k)) k̂ ] e (^{i ωc Φ}) +

+ O(1/ω) + O(Ω^2/c^2) = def = b(⃗σ) e (^{i ωc Φ}) + O(1/ω) + O(Ω^2/c^2),

⃗E = −i a^{o1} c [ ⃗R_1(k) + θ(⃗σ) ⃗R_2(k) − k̂ · ⃗σ c (⃗Ω · ⃗R_2(k)) k̂ ] e (^{i ωc Φ}) −

− i a_o^2 c [ ⃗R_2(k) − θ(⃗σ) ⃗R_1(k) + k̂ · ⃗σ c (⃗Ω · ⃗R_1(k)) k̂ ] e (^{i ωc Φ}) +

+ O(1/ω) + O(Ω^2/c^2) = def = f(⃗σ) e (^{i ωc Φ}) + O(1/ω) + O(Ω^2/c^2). (3.43)

As in the case of the Sagnac effect let us consider two receivers A and B at the endpoints of the same light ray described by Eqs, (3.19) and (3.28). The magnetic field observed by A, ⃗B(τ, ⃗η_A), differs from the one observed by B, ⃗B(τ, ⃗η_B). Since the phase changes have been already analyzed for the Sagnac effect, let us concetrate on the amplitudes ⃗b(⃗η_A) and ⃗b(⃗η_B). Since Eq.(3.28) gives ⃗η_B − ⃗η_A = k̂ τ_{AB} + O(Ω/c), we find

⃗b(⃗η_B) −⃗b(⃗η_A) = i a^{o1} c δθ_{BA} ⃗R_1(k) + i a_o^2 c δθ_{BA} ⃗R_2(k) +

+ i a_o^1 c [ | ⃗η_B − ⃗η_A | c (⃗Ω · ⃗R_1(k)) k̂ ] +

+ i a_o^2 c [ | ⃗η_B − ⃗η_A | c (⃗Ω · ⃗R_2(k)) k̂ ] + O(Ω^2/c^2),

with

δθ_{BA} = θ(⃗η_B ) − θ(⃗η_A) = 1 c | ⃗η_B − ⃗η_A | (⃗Ω · k̂) + O(Ω^2/c^2). (3.44)

δθ_{BA} is the angle of the inertial Faraday rotation (in this case it is small, δθ_{AB} ∼ Ω/c). It agrees with Eq.(4) of Ref.[32], where it has the form δθ_{AB} = −^1_2 ∫_B A √ g_{τ τ} (∇ × ⃗n) · d⃗σ as a line integral along the spatial trajectory of the light ray. This formula agrees with our result, because, due to the approximations we have done, we have g_{τ τ} = 1, (∇ × ⃗n) = −^{2 ⃗Ω}_c and our ray trajectory is ⃗σ(τ) = k̂ τ + ⃗σ_o + O(Ω^2/c^2).

To make the rotation explicit, let us write the components along the two polarization directions: b_{(λ)}(⃗η_A) = ⃗b(⃗η_A) · ⃗R_λ(k) and b_{(λ)}(⃗η_B) = ⃗b(⃗η_B ) · ⃗R_λ(k). In this way we get

b_{(1)}(⃗η_B) = b_{(1)}(⃗η_A) + δθ_{AB} i a_o^1 c + O(Ω^2/c^2) = b_{(1)}(⃗η_A) − δθ_{AB} b_{(2)}(⃗η_A) + O(Ω^2/c^2),

b_{(2)}(⃗η_B) = b_{(2)}(⃗η_A) + δθ_{AB} i a_o^2 c + O(Ω^2/c^2) = b_{(2)}(⃗η_A) + δθ_{AB} b_{(1)}(⃗η_A) + O(Ω^2/c^2). (3.45)

This is just a small angle rotation with b_{(λ)}(⃗η_B ) = R_λ^{λ′} (k) (δθ_{AB}) b_{(λ}′_)(⃗η_A).

The electric field may be treated in the same way.

IV. CONCLUSIONS

The theory of non-inertial frames developed in these two papers is free by construction from the coordinate singularities of all the approaches to accelerated frames based on the 1+3 point of view, in which the instantaneous 3-spaces are identified with the local rest frames of the observer. The pathologies of this approach are either the horizon problem of the rotating disk (rotational velocities higher than c), which is still present in all the calculations of pulsar magnetosphere in the form of the light cylinder, or the intersection of the local rest 3-spaces. The main difference between the 3+1 and 1+3 points of view is that the Møller conditions forbid rigid rotations in relativistic theories.

In this paper we have given the simplest example of 3+1 splitting with differential rotations and we have revisited the rotating disk and the Sagnac effect following the 3+1 point of view. This splitting is also used to give a special relativistic generalization of the nonrelativistic non-inertial International Terrestrial Reference System (ITRS) used to describe fixed coordinates on the surface of the rotating Earth in the conventions IERS2003 [23].

Then we re-examined some properties of the electro-magnetic wave solutions of noninertial Maxwell equations, which till now were described only by means of the 1+3 point of view, in the 3+1 framework, where there is a well-posed Cauchy problem due to the absence of coordinate singularities. By considering admissible nearly rigid rotating frames we recover the results of the 1+3 approach and open the possibility to make these calculations in presence of deviations from rigid rotations.

A still open problem are the constitutive equations for electrodynamics in material media in non-inertial systems. For linear isotropic media see the Wilson-Wilson experiment in Refs.[18] and Refs.[14, 34], while for an attempt towards a general theory in arbitrary media (including the premetric extension of electro-magnetism) see Refs.[35]

In conclusion we have now a good understanding of particles and electro-magnetism in non-inertial frames in Minkowski space-time, where the 4-metric induced by the admissible 3+1 splitting describes all the inertial effects. Going to canonical gravity, in asymptotically Minkowskian space-times without super-translations and in the York canonical basis of Refs.[36, 37], it is possible to see which components remain inertial effects and which become dynamical tidal effects (the physical degrees of freedom of the gravitational field). Moreover the inertial 3-volume element and some inertial components of the extrinsic curvature of the instantaneous 3-spaces become complicated functions of both general relativistic inertial and tidal effects, because they are determined by the solution of the super-Hamiltonian constraint (the Lichnerowicz equation) and of the super-momentum constraints. Finally, in accord with the equivalence principle, the instantaneous 3-spaces are only partially determined by the freedom in choosing the convention for clock synchronization: after such a convention the final instantaneous 3-spaces associated to each solution of Einstein’s equations are dynamically determined, because in general relativity the metric structure of space-time is dynamical and not absolute like it happens in special relativity.

[1] D.Alba and L.Lusanna, Charged Particles and the Electro-Magnetic Field in Non-Inertial Frames of Minkowski Spacetime: I. Admissible 3+1 Splittings of Minkowski Spacetime and the Non-Inertial Rest Frames.

[2] D. Alba and L.Lusanna, Simultaneity, Radar 4-Coordinates and the 3+1 Point of View about Accelerated Observers in Special Relativity (2003) (gr-qc/0311058); Generalized Radar 4-Coordinates and Equal-Time Cauchy Surfaces for Arbitrary Accelerated Observers (2005), Int.J.Mod.Phys. D16, 1149 (2007) (gr-qc/0501090).

[3] G.Rizzi and M.L.Ruggiero, Space Geometry of Rotating Platforms: an Operational Approach, (gr-qc/0207104).

A.Tartaglia, Lengths on Rotating Platforms, Found.Phys.Lett. 12, 17 (1999). P.Dombrowski, J.Kuhlmann and U.Proff, On the Spatial Geometry of a Non-Inertial Observer in Special Relativity, in Global Riemannian Geometry, eds. T.J.Willmore and N.J.Hitchin (Horwood, Wiley, New York, 1984).

[4] G.Rizzi and M.L.Ruggiero eds., Relativity in Rotating Frames. Relativistic Physics in Rotating Reference Frames. (Kluwer, Dordrecht, 2003).

[5] A.Einstein, Zum Ehrenfestschen Paradoxon, Phys.Z. 12, 509 (1911); Die Grunlage der Allgemeinen Relativitatstheorie, Annalen der Physik 49, 769 (1916); The Meaning of Relativity (Princeton Univ.Press, Princeton, 1950).

[6] P.Ehrenfest, Gleichförmige Rotation starrer Körper und Relativitätheorie, Phys.Z. 10, 918 (1909).

[7] Ø. Grøn, Rotating Frames in Special Relativity, Int.J.Theor.Phys. 16, 603 (1977). Relativistic Description of a Rotating Disk, Am.J.Phys. 43, 869 (1975). Covariant Formulation of Hooke’s Law, Am.J.Phys. 49, 28 (1981).

[8] M.Born, Die Theorie des starren Elektrons in der Kinematik des Relativitätsprinzipe, Ann.Phys.(Leipzig) 30, 1 (1909).

[9] M.H.Soffel, Relativity in Astrometry, Celestial Mechanics and Geodesy (Springer, Berlin, 1989).

[10] J.L.Synge, Time-like Helices in Flat Space-Time, Proc. Royal Irish Acad. A 65, 27 (1967).

E.Honig, E.L.Schuking and C.V.Vishveshwara, Motion of Charged Particles in Homogeneous Electro-magnetic Fields, J.Math.Phys. 15, 774 (1974).

B.R.Iyer and C.V.Vishveshwara, The Frenet-Serret Formalism and Black Holes in Higher Dimensions, Class.Quantum Grav. 5, 961 (1988); The Frenet-Serret Description of Gyroscopic Precession, Phys.Rev. D48, 5706 (1993).

[11] W.A.Rodrigues jr and M.Sharif, Rotating Frames in SRT: the Sagnac Effect and Related Issues, Found.Phys. 31, 1767 (2001); Equivalence Principle and the Principle of Local Lorentz Invariance, Found.Phys. 31, 1785 (2001) [erratum Found.Phys. 32, 811 (2002)].

[12] D.Alba and L.Lusanna, Generalized Eulerian Coordinates for Relativistic Fluids: Hamiltonian Rest-Frame Instant Form, Relative Variables, Rotational Kinematics, to appear in Int.J.Mod.Phys. (hep-th/0209032).

L.Lusanna and D.Nowak-Szczepaniak, The Rest-Frame Instant Form of Relativistic Perfect Fluids with Equation of State ρ = ρ(n, s) and of Non-Dissipative Elastic Materials, Int. J. Mod. Phys. A15, 4943 (2000) (hep-th/0003095).

[13] G.E.Stedman, Ring-Laser Tests of Fundamental Physics and Geophysics, Rep.Prog.Phys. 60,

615 (1997).

[14] E.J.Post, Sagnac Effect, Rev.Mod.Phys. 39, 475 (1967).

[15] G.Rizzi and M.L.Ruggiero, The Relativistic Sagnac Effect: two Derivations (gr-qc/0305084). [16] N.Ashby, Relativity in the Global Positioning System, Living Reviews in Relativity (http://www.livingreviews.org).

N.Ashby and J.J.Spilker, Introduction to Relativistic Effects on the Global Positioning System, in Global Positioning System: Theory and Applications, Vol.1, eds. B.W.Parkinson and J.J.Spilker (American Institute of Aeronautics and Astronautics, 1995).

[17] A.Tartaglia, General Relativistic Corrections to the Sagnac Effect, Phys.Rev. D58, 064009 (1998).

[18] M.Wilson and H.A.Wilson, On the Electric Effect of Rotating a Magnetic Insulator in a Magnetic Field, Proc.R.Soc. London A89, 99 (1913).

G.N.Pellegrini and A.R.Swift, Maxwell’s Equations in a Rotating Medium” Is there a Problem?, Am.J.Phys. 63, 694 (1995).

T.A.Weber, Measurements on a Rotating Frame in Relativity and the Wilson and Wilson Experiment, Am.J.Phys. 65, 946 (1997).

C.T.Ridgely, Applying Relativistic Electrodynamics to a Rotating Material Medium, Am.J.Phys. 66, 114 (1998). Applying Covariant versus Contravariant Electromagnetic Tensors to Rotating Media, Am.J.Phys. 67, 414 (1998).

K.T.McDonald, The Wilson-Wilson Experiment, 2008 (http://cosmology.princeton.edu/∼mcdonald/examples/). [19] A.Brillet and J.L.Hall, Improved Laser Test of the Isotropy os Space, Phys.Rev.Lett. 42, 549 (1979).

C.Braxmaier, H.Müller, O.Pradl, J.Mlynek and A.Peters, Tests of Relativity Using a Cryogenic Optical Resonator, Phys.Rev.Lett. 88, 010401 (2002).

J.A.Lipa, J.A.Nissen, S.Wang, D.A.Stricker and D.Avaloff, New Limit on Signals of Lorentz Violation in Electrodynamics, Phys.Rev.Lett. 90, 060403 (2003).

P.Wolf, S.Bize, A.Clairon, A.N.Luiten, G.Santarelli and M.E.Tobar, Tests of Relativity using a Microwave Resonator, (gr-qc/0210049).

[20] R.Nutze and G.E.Stedman, Detecting the Effects of Linear Acceleration on the Optical Response of Matter, Phys.Rev. A58, 82 (1997).

[21] H.Rauch and S.A.Werner, Neutron Interferometry: Lessons in Experimental Quantum Mechanics (Clarendon Press, Oxford, 2000).

[22] D. Alba, L. Lusanna and M. Pauri, Dynamical Body Frames, Orientation-Shape Variables and Canonical Spin Bases for the Nonrelativistic N-Body Problem , J. Math. Phys. 43, 373 (2002) (hep-th/0011014).

[23] IERS Conventions (2003), eds. D.D.McCarthy and G.Petit, IERS TN 32 (2004), Verlag des BKG.

M.Soffel, S.A.Klioner, G.Petit, P.Wolf, S.M.Kopeikin, P.Bretagnon, V.A.Brumberg, N.Capitaine, T.Damour, T.Fukushima, B.Guinot, T.Huang, L.Lindegren, C.Ma, K.Nordtvedt, J.Ries, P.K.Seidelmann, D.Vokroulicky’, C.Will and Ch.Xu, The IAU 2000 Resolutions for Astrometry, Celestial Mechanics and Metrology in the Relativistic Framework: Explanatory Supplement Astron.J., 126, pp.2687-2706, (2003) (astro-ph/0303376).

G.H.Kaplan, The IAU Resolutions on Astronomical Reference Systems, Time Scales and Earth Rotation Models, U.S.Naval Observatory circular No. 179 (2005) (astro-ph/0602086).

[24] L.I.Schiff, A Question in General Relativity, Proc.Nat.Acad.Sci. 25, 391 (1939). [25] J.Plebanski, Electromagnetic Waves in Gravitational Fields, Phys.Rev. 111, 1396 (1960).

[26] C.G.Tsagas, Electromagnetic Fields in Curved Spacetimes, Class.Quantum Grav. 22, 393 (2005) (gr-qc/0407080).

J.D.Barrow and C.G.Tsagas, , Class.Quantum Grav. 14, 2539 (1997)(gr-qc/9704015). [27] J.C.Hauck and B.Mashhoon, Electromagnetic Waves in a Rotating Frame of Reference, Ann.Phys. (Leipzig) 12, 275 (2003) (gr-qc/0304069).

B.Mashhoon, R.Neutze, M.Hannam and G.E.Stedman, Observable Frequency Shifts via Spin- Rotation Couplings, Phys.Lett. A249, 161 (1998) (gr-qc/9808077).

B.Mashhoon, Spin-Gravity Coupling, Acta Phys,Polon. Suppl. 1, 113 (2008) (arXiv: 0801.2134).

[28] B.Mashhoon, Nonlocal Electrodynamics of Accelerated Systems, Phys.Lett. A366, 545 (2007).

Modification of the Doppler Effect due to the Helicity-Rotation Coupling, Phys.Lett. A306, 66 (2002). Nonlocal Electrodynamics of Linearly Accelerated Systems, Phys.Rev. A70, 062103 (2004). Nonlocal Electrodynamics of Rotating Systems, Phys.Rev. A72, 052105 (2005). J.D.Anderson and B.Mashhoon, Pioneer Anomaly and the Helicity-Rotation Coupling, Phys.Lett. A315, 199 (2003).

U.Muench, F.W.Hehl and B.Mashhoon, Acceleration-Induced Nonlocal Electrodynamics in Minkowski Spacetime, Phys.Lett. A271, 8 (2000).

[29] B.Mashhoon, Influence of Gravitation on the Propagation of Electromagnetic Radiation, Phys.Rev. D11, 2679 (1975). Can Einstein’s Theory of Gravitation be tested beyond the Geometric Optics Limit?, Nature 250, 316 (1974). Gravitational Coupling of Intrinsic Spin, Class.Quant.Grav. 17, 2399 (2000)(gr-qc/0003022). On the Spin-Rotation Gravity Coupling , Gen.Rel.Grav. 31, 681 (1999).

[30] S.P.Tarabrin and A.A.Seleznyov, Optical Position Meters analyzed in the Non-Inertial References Frames, (arXiv: 0804.4292).

[31] B.Mashhoon, R.Neutze, M.Hannam and G.E. Stedman, Observable Frequency Shifts via Spin- Rotation Coupling, Phys.Lett. A249, 161 (1998).

[32] M.Sereno, Gravitational Faraday Rotation in a Weak Gravitational Field, Phys.Rev. D69, 087501 (2004).

M.Giovannini and K.E.Kunze, Faraday Rotation, Stochastic Magnetic Fields and CMB Maps, arXiv 0804.3380 V.Faraoni, The Rotation of Polarization by Gravitational Waves, New Astronomy 13, 178 (2008) (arXiv 0709.0386).

M.Halilsoy and O.Gurtug, Search for Gravitational Waves through the Electromagnetic Faraday Rotation, Phys.Rev. D75, 124021 (2007).

V.Perlick and W.Hasse, Gravitational Faraday Effect in Conformally Stationary Spacetimes, Clas.Q.Grav. 10, 147 (1993).

P.Nag, S.Bharadwaj and S.Kar, Can the Rotation of the Dark Matter Halo of our Galaxy be detected through its Effect on the Cosmic Microwave Background Polarization?, arXiv astroph/0506009 [33] L.Landau and E.Lifschitz, The Classical Theory of Fields (Addison-Wesley, Cambridge, 1951). [34] E.J.Post and D.D.Bahulikar, Note on the Electrodynamics of Accelerated Systems, J.Math.Phys. 12, 1098 (1971).

E.J.Post, Kottler-Cartan-van Dantzig (KCD) and Noninertial Systems, Found.Phys. 9, 619 (1979).

B.M.Bolotovskii and S.N.Stolyarov, Current Status of the Electrodynamics of Moving Media (Infinite Media), Sov.Phys.Usp. 17, 875 (1975).

[35] F.W.Hehl, Maxwell’s Equations in Minkowski’s World: their Premetric Generalization and the Electromagnetic Energy-Momentum Tensor, 2008 (arXiv: 0807.4249). F.W.Hehl and Y.Obukov, Electrodynamics of Moving Magnetoelectric Media: Variational Approach, Phys.Lett. A371, 11 (2007); Forces and Momenta caused by Electromagnetic Waves in Magnetoelectric Media 2007 (arXiv: 0710.2219); Foundations of Classical Electrodynamics: Charges, Flux and Metric (Birkhauser, Boston, 2003).

V.A.De Lorenci and G.P.Goulart, Magnetoelectric Birifrangence Revisited, (arXiv: 0806.4685). [36] D.Alba and L.Lusanna, The York Map as a Shanmugadhasan Canonical Transformationn in Tetrad Gravity and the Role of Non-Inertial Frames in the Geometrical View of the Gravitational Field, Gen.Rel.Grav. 39, 2149 (2007) (gr-qc/0604086, v2; see v1 for an expanded version).

[37] D.Alba and L.Lusanna, The Einstein-Maxwell-Particle System in the York Canonical Basis of ADM Tetrad Gravity: I) The Equations of Motion in Arbitrary Schwinger Time Gauges., 2009 (arXiv 0907.4087).