arXiv:0908.0577v4 [math.DG] 14 Oct 2010

FORM–TYPE CALABI–YAU EQUATIONS

JIXIANG FU, ZHIZHANG WANG, AND DAMIN WU

Abstract. Motivated from mathematical aspects of the superstring theory, we introduce a new equation on a balanced, hermitian manifold, with zero first Chern class. Solving the equation, one will obtain, in each Bott–Chern cohomology class, a balanced metric which is hermitian Ricci–flat. T his can be viewed as a differential form level generalization of the classical Calabi–Yau equation. We establish the existence and uniqueness of the equation on complex tori, and prove certain uniqueness and openness on a general Kähler manifold.

1. Setting and Equations

In the superstring theory, the internal space X^3 is a complex three-dimensional manifold with a non-vanishing holomorphic three-form Ω [15] (cf. [1]). The N = 1 supersymmetry requires [15, 10]

d(‖ Ω ‖_ω ω^2) = 0, for some hermitian metric (form) ω. The above equation in mathematics says that ω is a conformally balanced metric. (We recall that [14] a hermitian metric ω on an n-dimensional complex manifold X^n is called balanced if ω satisfies that d(ω^{n−1}) = 0 on X^n. ) Note that [8, 6] the torus bundles over K3 surfaces and over complex abelian surfaces twisted by two anti-self dual (1, 1)-forms admit a non-vanishing holomorphic threeform Ω and a natural balanced metric ω_0 such that (1.1) ‖ Ω ‖_{ω0} = 1.

As important examples in the superstring theory and non-Kähler complex geometry, the complex manifolds #_k(S^3 × S^3) for any k ≥ 2 [4, 12] also admit a non-vanishing holomorphic three-form [4] and a balanced metric [5]. Moreover, we know that #_k(S^3 × S^3) satisfies the ∂ ¯∂–lemma [4]. A natural question to ask is, whether #_k(S^3 × S^3) admits a balanced metric ω_0 such that (1.1) holds. Such a metric ω_0, if exists, will play an important role in the superstring theory and hermitian geometry.

More generally, let X^n (n ≥ 3) be a complex n-dimensional manifold with a nonvanishing holomorphic n-form Ω and with a balanced metric ω_0. We want to look for a balanced metric ω such that

(1.2) ω^{n−1} = ω^{n−1}_0 + √ −1 2 ∂ ¯∂φ, for some real (n − 2, n − 2)–form φ, and such that (1.3) ‖Ω‖_ω = some positive constant C_0.

1

In other words, we would like to find solutions of (1.3) in the cohomology class [ω^{n−1}_0 ] ∈ H^{n−1,n−1} BC (X). Here H^{p,q}_{BC} (X) stands for the Bott–Chern cohomology: H^{p,q}_{BC} (X) = (ker ∂ ∩ ker ¯∂) ∩ Ω^{p,q}(X) im ∂ ¯∂ ∩ Ω^{p,q}(X) . One can certainly normalize the constant C_0 in (1.3) to be 1, as in (1.1). However, it may be more convenient to set

C_0 = (∫ X ω^n )_− 1_2 , from the equation point of view. As in the Kähler case, equation (1.3) is equivalent to the equation

(1.4) det ω det ω_0 = ‖ Ω ‖^2_{ω0} ‖ Ω ‖^2_ω = e^f ∫ X ω^n ∫ X ω^n_0 . Here we denote e^f = ‖Ω‖^2_{ω0} ∫ X ω^n_0 ,

and denote

det ω = det(g_i¯_j ), if ω = √ −1 2 n∑ i,j=1 g_i¯_jdz_i ∧ dz̄_j . At the moment, we write

ω^{n−1}_0 + √ −1 2 ∂ ¯∂φ = ( √−1 2 )_{n−1} (n − 1)! · n∑ i,j=1 (Ψ_φ)_i¯_j s(i, j)dz_1 ∧ dz̄_1 ∧ · · · ∧ ^dz_i ∧ · · · ^dz̄_j ∧ · · · ∧ dz_n ∧ dz̄_n. Here the sign function s(i, j) is equal to 1 if i ≤ j, and is equal to −1 if i > j. By (1.2) and

ω^{n−1} = (√−1 2 )_{n−1} (n − 1)!

· (det ω) n∑ i,j=1 g^{ij̄} s(i, j)dz_1 ∧ dz̄_1 ∧ · · · ∧ ^dz_i ∧ · · · ^dz̄_j ∧ · · · ∧ dz_n ∧ dz̄_n, we have (det ω)g^{ij̄} = (Ψ_φ)_i¯_j , for all 1 ≤ i, j ≤ n.

Hence,

det ω = { det [ (Ψ_φ)_i¯_j ]} 1_{n−1} = { det [ ω^{n−1}_0 + ( √ −1/2)∂ ¯∂φ ]} 1_{n−1} .

Here det[ω^{n−1}_0 + ( √ −1/2)∂ ¯∂φ] stands for the determinant of n × n matrix of its coefficients. Thus, equation (1.4) is equivalent to

(1.5) det[ω^{n−1}_0 + ( √ −1/2)∂ ¯∂φ] det ω^{n−1}_0 = e^{(n−1)f} (∫ X ω^n ∫ X ω^n_0 )_{n−1} . We call the above equation the form-type Calabi–Yau equation. Clearly, by integrating (1.4), we obtain a compatibility condition

(1.6) ∫ X e^f ω^n_0 = ∫ X ω^n_0 .

Let us denote by P(ω_0) the set of all smooth real (n − 2, n − 2)–forms ψ such that

(1.7) ω^{n−1}_0 + √ −1 2 ∂ ¯∂ψ > 0 on X. The question is therefore reduced to find, for a given f ∈ C^∞(X) with (1.6), a smooth real (n − 2, n − 2)–form φ ∈ P(ω_0) satisfying (1.5).

Here is the geometric interpretation of our equation. Let us briefly recall some definitions related to the hermitian connection. We follow [9]. Let R be the curvature of hermitian connection with respect to metric ω. Then,

R_i¯_{jk}¯_l = −

∂^2g_i¯_j ∂z_k∂z̄_l + n∑ p,q=1 g^{pq̄} ∂g_{iq̄} ∂z_k ∂g_p¯_j ∂z̄_l . We set

R_k¯_l = n∑ i,j=1 g^{ij̄} R_i¯_{jk}¯_l,

and associate with it a real (1, 1)-form given by Ric^h = √ −1 n∑ k,l=1 R_k¯_ldz_k ∧ dz̄_l. We call Ric^h the Ricci curvature of hermitian connection. Clearly, Ric^h = √ −1 ¯∂∂ log(det ω).

So ‖ Ω ‖_ω= C_0 is equivalent to the Ricci curvature Ric^h = 0.

On the other hand, we can also define the Ricci form Ric^s of the spin connection (i.e. Bismut connection) on a hermitian manifold. The relation between the two Ricci forms is given by [11] Ric^s = Ric^h − dd^∗ω. Here d^∗ is the adjoint operator of d with respect to the metric ω. So when ω is balanced, Ric^s = Ric^h, and hence, ‖ Ω ‖_ω= C_0 is also equivalent to the Ricci curvature of the spin connection is zero.

In particular, if ω_0 is Kähler and let φ to be

either u n−2∑ i=0 ( n − 1 i )(√ −1 2 ∂ ¯∂u )_{n−i−2} ∧ ω^i_0, or

− √ −1 2 ∂u ∧ ¯∂u ∧ n−3∑ i=0 ( n − 1 i )(√ −1 2 ∂ ¯∂u )_{n−i−3} ∧ ω^i_0, then (1.5) is reduced to

det(ω_0 + √ −1 2 ∂ ¯∂u) det ω_0

= e^f .

This is the classic equation in the Calabi Conjecture on c_1(X) = 0, which was settled by Yau [16].

It seems to us that a form-type equation such as (1.5) has not yet been studied. To begin with, we consider the form-type Calabi–Yau equation on T^n, the complex n-torus. Let (z_1, . . . , z_n) be the complex coordinates on T^n induced from C^n . Then, any non-vanishing holomorphic n-form Ω on T^n is equal to dz_1 ∧ · · · ∧ dz_n up to multiplying a nonzero constant. We fix such an n-form Ω. By a constant form or a constant metric on T^n we mean a differential form or a metric on T^n with constant coefficients. Let ω_0 be a balanced metric on T^n. As far as the Bott–Chern cohomology class of ω^{n−1}_0 is concerned, we can assume, without loss of generality, that ω_0 is a constant metric on T^n. This is due to the fact that any closed differential form on T^n is cohomologous to a constant form, and the ∂ ¯∂–Lemma. Our result is as follows:

Theorem 1. Let Ω be a non-vanishing holomorphic n-form on T^n (n ≥ 3), and ω_0 is a constant metric on T^n such that ‖Ω‖_{ω0} = 1. We denote by C_0 a positive constant.

(1) If C_0 ≤ 1, then for any metric ω on T^n such that [ω^{n−1}] = [ω^{n−1}_0 ] ∈ H^{n−1,n−1} BC (T^n) and that ‖Ω‖_ω = C_0, we must have C_0 = 1 and

ω = ω_0.

(2) For each C_0 > 1, there exists a metric ω on T^n such that [ω^{n−1}] = [ω^{n−1}_0 ] and that ‖Ω‖_ω = C_0.

One can see from Theorem 1 that the normalization constant C_0 plays a role here. When C_0 ≤ 1, the theorem tells us that the Calabi–Yau metric is the unique canonical balanced metric. It is the second case, C_0 > 1, that marks the difference between a form-type equation and a usual function-type equation. In this case, we establish the existence of a desired balanced metric which is not Calabi–Yau. We further generalize the uniqueness part, Theorem 1 (1), to an arbitrary Calabi–Yau manifold:

Theorem 2. Let X be a compact Kähler manifold with a non-vanishing holomorphic n-form Ω. Let ω_0 be a Calabi–Yau metric such that ‖Ω‖_{ω0} = 1. Then, for any balanced metric ω on X such that ω^{n−1} represents the Bott–Chern cohomology class of ω^{n−1}_0 and such that ‖Ω‖_ω = C_0 ≤ 1, we have

ω = ω_0.

For a general case that ω_0 is non-Kähler, one can use the continuity method to solve (1.5). As an initial step we consider the openness. Here we have to assume X to be a Kähler manifold, endowed with a Kähler metric η. For nonnegative integers k and m, and a real number 0 < α < 1, we denote by C^{k,α}(Λ^{m,m}(X)) the Hölder space of real (m, m)–forms on X, and in particular, C^{k,α}(Λ^{0,0}(X)) ≡ C^{k,α}(X). Let F^{k,α}(X) = { g ∈ C^{k,α}(X); ∫ X e^g ω^n_0 = ∫ X ω^n_0 } . Then F^{k,α}(X) is a hypersurface in the Banach space C^{k,α}(X). Let ω_0 be a Hermitian metric on X, and P(ω_0) be the set given by (1.7). We define a map M : P(ω_0) ∩ C^{k+2,α}(Λ^{n−2,n−2}(X)) → F^{k,α}(X) by M(ψ) = log (ω_{nψ} ω^n_0 ) − log (∫ X ω^n_ψ ∫ X ω^n_0 ) , where, by abuse of notation, P(ω_0) ∩ C^{k+2,α}(Λ^{n−2,n−2}(X)) stands for { ψ ∈ C^{k+2,α}(Λ^{n−2,n−2}(X)); ω^{n−1}_0 + ( √ −1/2)∂ ¯∂ψ > 0 } , and for each ψ ∈ P(ω_0)∩C^{k+2,α}(Λ^{n−2,n−2}(X)), we denote by ω_ψ the positive (1, 1)– form on X such that ω^{n−1}_ψ = ω^{n−1}_0 + ( √ −1/2)∂ ¯∂ψ. Note that equation (1.5) can be written as M(φ) = f. Theorem 3. Let X be an n-dimensional Kähler manifold (n ≥ 3), ω_0 be a Hermitian metric on X, k ≥ n + 4 be an integer, and 0 < α < 1 be a real number. Given f ∈ F^{k,α}(X), suppose that φ ∈ P(ω_0) ∩ C^{k+2,α}(Λ^{n−2,n−2}(X)) satisfies M(φ) = f. Then, there is a positive number δ, such that for any g ∈ F^{k,α}(X) with ‖g − f‖_Ck,α_{(X)} ≤ δ, there exists a function ψ ∈ P(ω_0) ∩ C^{k+2,α}(Λ^{n−2,n−2}(X)) such that M(ψ) = g. The rest of the paper is organized as follows: In Section 2, we first show Theorem 1 (1). Next, we prove Theorem 1 (2) by explicitly constructing a smooth solution φ ∈ P(ω_0) for the form-type equation. These arguments make use of special properties such as the flat structure of T^n. We prove Theorem 2 at the end of Section 2. In this respect, we essentially present two proofs for the uniqueness on T^n, as they may have interests of their own. In Section 3, we prove Theorem 3 in full details, where one can see the compatibility condition is crucial. Moreover, the approach differs from the standard one in that, the special (n − 2, n − 2)–forms (uη^{n−2}) are taken, and also in the argument of Proposition 15 and Proposition 16.

Acknowledgment. The authors would like to thank Professor S.-T. Yau and also L.-S. Tseng for helpful discussion. Part of the work was done while the third named author was visiting Fudan University, he would like to thank their warm hospitality. Fu is supported in part by NSFC grants 10771037 and 10831008.

2. Uniqueness and Existence In this section, we adopt the following index convention, unless otherwise indicated. For an (n − 1, n − 1)–form Θ, we denote Θ = (√−1 2 )_{n−1} (n − 1)! · ∑ p,q s(p, q)Θ_{pq̄}dz^1 ∧ dz̄^1 · · · ∧ ^dz^p ∧ dz̄^p ∧ · · · ∧ dz̄^q ∧ ^dz̄^q ∧ · · · ∧ dz^n ∧ dz̄^n, in which

(2.1) s(p, q) = { −1, if p > q; 1, if p ≤ q. Here we introduce the sign function s so that, dz^p ∧ dz̄^q ∧ s(p, q)dz^1 ∧ dz̄^1 · · · ∧ ^dz^p ∧ dz̄^p ∧ · · · ∧ dz̄^q ∧ ^dz̄^q ∧ · · · ∧ dz^n ∧ dz̄^n = dz^1 ∧ dz̄^1 ∧ · · · ∧ dz^n ∧ dz̄^n, for all 1 ≤ p, q ≤ n. And, if the matrix (Θ_{pq̄}) is invertible, we denote by (Θ^{pq̄}) the transposed inverse of (Θ_{pq̄}), i.e., ∑ l Θ_i¯_lΘ^{jl̄} = δ_{ij} .

In the following, we may also use the summation convention on repeating indices.

2.1. Torus case. Throughout this subsection, we consider X = T^n, the complex n-torus with n ≥ 3. We shall prove Theorem 1. Note that the first part of Theorem 1 follows immediately from Lemma 4 below. We shall prove the second part in Lemma 7.

Lemma 4. Let ω_0 be a constant metric on T^n. Suppose that there exists an (n − 2, n − 2)–form φ ∈ P(ω_0) and a constant 0 < C_0 ≤ 1 such that

(2.2) C_0 det ( ω^{n−1}_0 + √ −1 2 ∂ ¯∂φ ) = det ω^{n−1}_0 .

Then, we have C_0 = 1 and √ −1∂ ¯∂φ = 0.

We need two propositions to derive Lemma 4. Let (z_1, . . . , z_n) be the complex coordinates on T^n induced from C^n . The corresponding real coordinates are (x_1, . . . , x_{2n}). Here we denote

(2.3) z_i = x_{2i−1} + √ −1x_{2i}, and hence, ∂ ∂z_i = 1 2 ( ∂ ∂x_{2i−1} − √ −1 ∂ ∂x_{2i} ) , for all 1 ≤ i ≤ n. We choose the following volume form on T^n: dV = ( √ −1/2)^ndz_1 ∧ dz̄_1 ∧ · · · ∧ dz_n ∧ dz̄_n. Here are two elementary facts:

Proposition 5. For any smooth complex function f defined on T^n, we have ∫ T^n ∂^2f ∂z_i∂z_j dV = 0, for all i, j = 1 · · · , n.

Proof. We write f = f_1 + √ −1f_2, where f_1, f_2 are real functions on T^n. Then, 4 ∂^2f_1 ∂z_i∂z_j = ∂^2f_1 ∂x_{2i−1}∂x_{2j−1} − ∂^2f_1 ∂x_{2i}∂x_{2j} − √ −1 ( ∂^2f_1 ∂x_{2i}∂x_{2j−1} + ∂^2f_1 ∂x_{2i−1}∂x_{2j} ) . We have a similar equation for f_2. And note that dV = dx_1 ∧ · · · ∧ dx_{2n}. The result then obviously follows from the fundamental theorem of calculus. □ Proposition 6. Let B = (b_i¯_j ) be a hermitian matrix on T^n, in which each entry b_i¯_j is a complex smooth function defined on T^n such that ∫ T^n b_i¯_j dV = 0.

Assume that I + B is everywhere positive definite, and there is a constant c ≥ 1 such that det(I + B) = c on T^n, where I ≡ (δ_i¯_j ).

Then, c = 1 and B = 0.

Proof. Since I + B is positive definite, we have tr(I + B) n ≧^n √ det(I + B) =^n √ c on T^n.

(2.4)

Integrating (2.4) over T^n, we obtain ∫ T^n dV = ∫ T^n tr(I + B) n dV ≥^n √ c ∫ T^n dV. Thus, c = 1, and the inequality of (2.4) is in fact an equality. That is, tr(I + B) n =^n √ det(I + B) = 1, on T^n.

(2.5)

Now at an arbitrary point x in T^n, we choose a unitary matrix U such that UBŪ^T = dial{λ_1, · · · , λ_n}. Then (2.5) is equivalent to that 1 + λ_1 = 1 + λ_2 = · · · = 1 + λ_n = 1.

This implies that λ_i = 0, for all i = 1, . . . , n.

Therefore, B = 0 at x. Since x is arbitrary, this finishes the proof. □ Let us now proceed to prove Lemma 4:

Proof of Lemma 4. Let

ω^{n−1}_0 = (√−1 2 )_{n−1} (n − 1)! · ∑ p,q Ψ_{pq̄}s(p, q)dz^1 ∧ dz̄^1 ∧ · · · ∧ ^dz^p ∧ · · · ∧ · · · ∧ ^dz̄^q ∧ · · · ∧ dz^n ∧ dz̄^n. Here (Ψ_i¯_j) is a constant, positive definite, hermitian matrix, and s(p, q) is given by (2.1). We can then take a non-degenerate constant matrix A such that A(Ψ_i¯_j)Ā^T = I.

(2.6) We define a hermitian matrix F_φ = ((F_φ)_i¯_j ) on T^n by √ −1 2 ∂ ¯∂φ = ( √−1 2 )_{n−1} (n − 1)! · ∑ p,q (F_φ)_{pq̄}s(p, q)dz^1 ∧ dz̄^1 ∧ · · · ∧ ^dz^p ∧ · · · ∧ · · · ∧ ^dz̄^q ∧ · · · ∧ dz^n ∧ dz̄^n. It follows from Proposition 5 that ∫ T^n (F_φ)_i¯_j dV = 0.

Then, by (2.2) and (2.6), det(I + AF_φĀ^T ) = C^{−1}_0 .

Since φ ∈ P(ω_0), we obtain I + AF_φĀ^T > 0 on T^n.

Applying Proposition 6 yields that C_0 = 1, and AF_φĀ^T = 0, and therefore, F_φ = 0. □

The following lemma establishes the second part of Theorem 1. By a linear transformation, if necessary, we can assume the constant metric ω_0 on T^n to be the standard metric:

ω_0 = √ −1 2 ( dz_1 ∧ dz̄_1 + · · · + dz_n ∧ dz̄_n ) . Lemma 7. For any 0 < δ < 1, there exists a smooth (n − 2, n − 2)–form φ ∈ P(ω_0) such that det ( ω^{n−1}_0 + √ −1 2 ∂ ¯∂φ ) = δ det ω^{n−1}_0 .

(2.7)

Proof of Lemma 7. We set

φ = (n − 1)! ( √ −1 2 )_{n−2} [ u(z_1, z̄_1)dz_3 ∧ dz̄_3 ∧ · · · ∧ dz_n ∧ dz̄_n + v(z_1, z̄_1)dz_2 ∧ dz̄_2 ∧ ^dz_3 ∧ ^dz̄_3 ∧ dz_4 ∧ dz̄_4 ∧ · · · ∧ dz_n ∧ dz̄_n ] . (2.8)

Here u, v are two real, smooth, periodic functions to be determined, with 1+Δu > 0 and 1 + Δv > 0. Since u and v depend only on the first variable, the equation (2.7) becomes that

(2.9) ( 1 + ∂^2u ∂z_1∂z̄_1 )( 1 + ∂^2v ∂z_1∂z̄_1 ) = δ. This reduces to an equation on T^1. Note that ∂^2u ∂z_1∂z̄_1 = Δu, ∂^2v ∂z_1∂z̄_1 = Δv, where Δ is the standard Laplacian on T^1, i.e., the Laplacian associated with ω_0|_T 1 . We can rewrite (2.9) as

(2.10) 1 + Δu = δ 1 + Δv . Our strategy is to fix a function v and then solve (2.10) for a function u. Note that for a fixed v, the necessary and sufficient condition to solve (2.10) is that

(2.11) ∫ T^1

ω_0|_T 1 = δ ∫ T^1

ω_0|_T 1 1 + Δv . Now let (2.12) v = −4k sin

(z_1 + z̄_1 2 ) = −4k sin x_1,

where 0 < k < 1 is a constant to be determined, and the change of coordinates is given by (2.3). Then, (2.11) becomes that ∫ T^1

dx_1 ∧ dx_2 = ∫ T^1 δ 1 + k sin x_1 dx_1 ∧ dx_2, that is, ∫_{2π} 0 δ 1 + k sin x_1 dx_1 = 2π.

(2.13)

It follows from the proposition below that, for each 0 < δ < 1, there exists a real number 0 < k < 1, depending only on δ, such that (2.13) holds. Therefore, for v given by (2.12), there is a smooth function u, unique up to a constant, satisfies (2.10). Also, by the construction, 1 + Δv > 0, 1 + Δu > 0.

Thus, by (2.8) we obtain an (n − 2, n − 2)–form φ ∈ P(ω_0) which solves (2.7). □

Proposition 8. Let Z(k) = 1 2π ∫_{2π} 0 1 1 + k sin x dx, for all 0 ≤ k < 1.

(2.14)

Then, for any 0 < δ < 1, there exists a unique number 0 < k_δ < 1 such that Z(k_δ ) = δ^{−1}.

Proof. Clearly, the function Z is smooth on 0 ≤ k < 1. Note that Z(0) = 1, and that Z(k) ≥ 1 2π ∫_{2π} 3π/2 dx 1 + k sin x = 1 π √ 1 − k^2 arctan √ 1 + k 1 − k → +∞, as k → 1^−. The existence then follows from the intermediate value theorem in calculus. The uniqueness is due to the monotonicity of Z on [0, 1), which is readily seen by verifying Z^′(0) = 0 and Z^{′′}(k) > 0 on [0, 1). □

Lemma 7 can be easily generalized to the case of the product of a compact hermitian manifold with T^k, k ≥ 3. See the corollary below:

Corollary 9. Let M^n = N^{n−k} × T^k, k ≥ 3, where (N^{n−k}, ω_N ) is an (n − k)- dimensional compact hermitian manifold. We denote ω = ω_N + ω_0, where ω_0 is a constant metric on T^k. Then, for any 1 > δ > 0, there exists a smooth (n−2, n−2)– form ψ ∈ P(ω) on M such that det ( ω^{n−1} + √ −1 2 ∂ ¯∂ψ ) = δ det(ω^{n−1}).

Proof. Let ψ = ω^{n−k}_N ∧ φ, where φ is the (k − 2, k − 2)–form on T^k obtained by Lemma 7, i.e., φ ∈ P(ω_0) satisfies that such that det ( ω^{k−1}_0 + √ −1 2 ∂ ¯∂φ ) = δ det(ω^{k−1}_0 ).

Then, obviously ψ satisfies the requirement. □

2.2. Kähler case. In this subsection, we shall prove Theorem 2. Observe that it is sufficient to prove the following lemma.

Lemma 10. Let (X, ω_0) be a compact Kähler manifold. Consider det ( ω^{n−1}_0 + √ −1 2 ∂ ¯∂φ ) = C_1 det ω^{n−1}_0 ,

where φ ∈ P(ω_0), and C_1 > 0 is a constant. If C_1 ≥ 1, then √ −1∂ ¯∂φ = 0. Proof. By a direct calculation, since ω_0 is Kähler, we have ∫ X (ω^{n−1}_0 )^{ij̄} ( √−1 2 ∂ ¯∂φ ) ij̄ ω^n_0 = n ∫ X ω_0 ∧ ( √−1 2 ∂ ¯∂φ ) = 0.

Similar to the torus case, we apply the arithmetic–geometric mean inequality to obtain

C^{1/n}_1 = [ det(ω^{n−1}_φ ) det(ω^{n−1}_0 ) ]_{1/n}

≤ 1 + 1 n ∑ i,j (ω^{n−1}_0 )^{ij̄} (√−1 2 ∂ ¯∂φ ) ij̄ . (2.15)

Integrating over X with respect to ω_0 and using first equality yields that C^{1/n}_1 ∫ X ω^n_0 ≤ ∫ X ω^n_0 .

This shows that C_1 = 1 and we must have a pointwise equality in (2.15). This forces that √ −1 2 ∂ ¯∂φ = 0. □ 3. Openness Let (X, η) be a Kähler manifold, and ω_0 be a Hermitian metric on X. Given f ∈ C^∞(X), we would like to study the solution φ ∈ P(ω_0) of the following equation

(3.1) ω^n_φ ω^n_0 = e^f V ∫ X ω^n_φ. Here ω_φ is a positive (1, 1)–form on X such that ω^{n−1}_φ = ω^{n−1}_0 + ( √ −1/2)∂ ¯∂φ, and V = ∫ X ω^n_0 .

Equation (3.1) is the same as (1.4), which is equivalent to the form-type Calabi–Yau equation (1.5). A compatibility condition for (3.1) is ∫ X e^f ω^n_0 = V.

In what follows, we fix k to be an integer greater than n+3, and fix a real number α with 0 < α < 1. We denote by C^{k,α}(X) the usual Hölder space of real-valued functions on X. Recall that F^{k,α}(X) = { g ∈ C^{k,α}(X); ∫ X e^g ω^n_0 = V } , which is a hypersurface in the Banach space C^{k,α}(X). For any ψ contained in the intersection of P(ω_0) and C^{k+2,α}(Λ^{n−2,n−2}(X)),

M(ψ) ≡ log ω^n_ψ ω^n_0

− log ( 1 V ∫ X ω^n_ψ ) ∈ F^{k,α}(X). By the map M, equation (3.1) can be rewritten as M(φ) = f. To prove Theorem 3, we first compute the linearization of M.

Proposition 11. Let G(φ) = ω^n_φ for all φ ∈ P(ω_0), and denote by G_φ the Fréchet derivative of G at φ. Then, given φ ∈ P(ω_0), we have

G_φ(ψ) = n √ −1 2(n − 1) ∂ ¯∂ψ ∧ ω_φ, for all ψ ∈ C^{k+2,α}(Λ^{n−2,n−2}(X)). Proof. For any real (n − 2, n − 2)–form ψ,

G_φ(ψ) = d ds ( ω^n_{φ+sψ} ) | | | s=0 = nω^{n−1}_φ ∧ d ds (ω_{φ+sψ}) | | |_{s=0} (3.2) = d ds (ω^{n−1}_{φ+sψ}) | | s=0 ∧ ω_φ + ω^{n−1}_φ ∧ d ds (ω_{φ+sψ}) | | s=0 = ( √ −1/2)∂ ¯∂ψ ∧ ω_φ + ω^{n−1}_φ ∧ d ds (ω_{φ+sψ}) | | |_{s=0} .

(3.3)

Comparing (3.2) with (3.3), we obtain that

G_φ(ψ) = n n − 1 ( √ −1/2)∂ ¯∂ψ ∧ ω_φ. □ Corollary 12. For any φ ∈ P(ω_0), the Fréchet derivative of M at φ is given by

M_φ(ψ) = n( √ −1/2)∂ ¯∂ψ ∧ ω_φ (n − 1)ω^n_φ − n ∫ X ( √ −1/2)∂ ¯∂ψ ∧ ω_φ (n − 1) ∫ X ω^n_φ , for all ψ ∈ C^{k+2,α}(Λ^{n−2,n−2}(X)).

Next, we recall the Local Surjectivity Theorem (see [13, p. 175 and p. 108], for example).

Theorem (Local Surjectivity Theorem). Let E and F be Banach manifolds, and U ⊂ E be an open subset. If F : U → F is a C^1 map, and F_ξ ≡ DF(ξ) is onto from the tangent space T_ξE to the tangent space T_{F(ξ)}F, then F is locally onto; that is, there exist open neighborhoods U_1 of ξ and V_1 of F(ξ) such that F|_{U1} : U_1 → V_1 is onto.

Thus, to show Theorem 3, it suffices to show that the linearization M_φ is surjective from C^{k+2,α}(Λ^{n−2,n−2}(X)) to T_f F^{k,α}(X), which denotes the tangent space of F^{k,α}(X) at f. Now let us introduce the space E^{k,α}(X) = { h ∈ C^{k,α}(X); ∫ X h ω^n_φ = 0 } . Note that E^{k,α}(X) is itself a Banach space, as a closed subspace in C^{k,α}(X). There is another point of view: We can define an equivalence relation on the elements in C^{k,α}(X) by h ∼ g if and only if h − g ≡ some constant.

In this regard, E^{k,α}(X) = C^{k,α}(X)/ ∼. Observe that T_f F^{k,α}(X) = E^{k,α}(X). To prove the surjectivity of M_φ, we consider a special class of the (n − 2, n − 2)– forms, that is, (3.4) ψ = uη^{n−2}, where u ∈ E^{k+2,α}(X). We recall that η is the Kähler metric on X. For simplicity we denote L(u) = M_φ(uη^{n−2}). Then, by Corollary 12,

(3.5) Lu = n( √ −1/2)∂ ¯∂u ∧ η^{n−2} ∧ ω_φ (n − 1)ω^n_φ − n ∫ X ( √ −1/2)∂ ¯∂u ∧ η^{n−2} ∧ ω_φ (n − 1) ∫ X ω^n_φ . We shall prove the following result:

Lemma 13. Let k ≥ n + 4, and 0 < α < 1. For any h ∈ E^{k,α}(X), there exists a unique function u ∈ E^{k+2,α}(X) satisfying that (3.6) Lu = h.

Lemma 13 implies that M_φ : C^{k+2,α}(Λ^{n−2,n−2}(X)) → E^{k,α}(X) is surjective, and hence, Theorem 3 follows.

The rest of this section is devoted to prove Lemma 13. We denote by W^{k,p}(Ω, ω_φ) the usual Sobolev space with respect to ω_φ on a domain Ω in X. In the rest of this section, we may denote W^{k,p}(Ω) = W^{k,p}(Ω, ω_φ) for simplicity; furthermore, when Ω = X, we abbreviate W^{k,p} = W^{k,p}(X) = W^{k,p}(X, ω_φ). Notice that W^{0,2}(X) ≡ L^2(X).

We introduce the following spaces: H = { v ∈ W^{1,2}(X); ∫ X v ω^n_φ = 0 } , and L = { v ∈ L^2(X); ∫ X v ω^n_φ = 0 } . Clearly, H and L are Hilbert spaces, as closed subspaces in W^{1,2}(X) and L^2(X), respectively. We define a bilinear map A : H × H → R by A(u, v) = n √ −1 4(n − 1) ∫ X η^{n−2} ∧ ω_φ ∧ ( ∂u ∧ ¯∂v + ∂v ∧ ¯∂u )

+ n √ −1 4(n − 1) ∫ X vη^{n−2} ∧ ( ∂u ∧ ¯∂ω_φ + ∂ω_φ ∧ ¯∂u ) . Definition 14. Given h ∈ L, we say that u ∈ H is a weak solution of the equation (3.7) − Lu = h, if u satisfies that (3.8) A(u, v) = ∫ X hv ω^n_φ ≡ ⟨h, v⟩_L2 , for all v ∈ H. Let us remark that, if u is a classical solution of (3.7), i.e., u ∈ C^2(X), then one can obtain (3.8) by integrating (3.7) by parts with respect to ω^n_φ. Conversely, we have the following result:

Proposition 15. If u ∈ C^3(X) satisfies (3.8) for some h ∈ C^1(X) ∩ L, then −Lu = h. Proof. First, we claim the following fact: If χ ∈ C^1(X) satisfy that (3.9) ∫ X χv ω^n_φ = 0, for all v ∈ H, then χ is a constant function on X. To see this, let v = χ − ∫ X χω^n_φ ∫ X ω^n_φ ; then v ∈ H and (3.9) implies that ∫ X |v|^2ω^n_φ = 0.

This proves the claim. It follows that n( √ −1/2)∂ ¯∂u ∧ η^{n−2} ∧ ω_φ (n − 1)ω^n_φ − h = some constant.

Thus, integrating with respect to ω^n_φ yields the result. □

The following weak maximum principle is similar to that on a domain in the Euclidean space (see, for example, Gilbarg–Trudinger [7, p. 179]). Proposition 16 is trivial, if dω_φ = 0.

Proposition 16. Suppose that u ∈ H satisfies (3.10) A(u, v) = 0, for all v ∈ H. Then, u = 0.

Proof. It suffices to prove sup_X u ≤ 0, as one can then replace u by −u. (Here sup stands for the essential supremum.) Suppose the contrary. Take a constant δ such that 0 < δ < sup_X u, and define

(3.11) v = (u − δ)^+ − ∫ X (u − δ)^+ω^n_φ ∫ X ω^n_φ , in which (u − δ)^+ = max{u − δ, 0}. Then, v ∈ H and

dv = d(u − δ)^+ = { du, if u > δ, 0, if u ≤ δ. Let us denote by Γ the compact support of dv. Then, we obtain by (3.10) and metric equivalence of η, ω_φ, that ‖∇v‖^2_L2 = ∫ Γ |∇v|^2ω^n_φ ≤ C ∫ Γ |v||∇v|ω^n_φ. Here and below, we denote by C a generic positive constant depending only on η, ω_φ, and n. Apply Hölder’s inequality to get (3.12) ‖∇v‖_L2 ≤ C‖v‖_L2_{(Γ)}.

On the other hand, combining the Sobolev inequality and Poincaré inequality yields that (3.13) ‖v‖_L2n/(n−1) ≤ C(‖∇v‖_L2 + ‖v‖_L2 ) ≤ C‖∇v‖_L2 . Hence, by (3.12) and (3.13), ‖v‖_L2n/(n−1) ≤ C‖v‖_L2_{(Γ)} ≤ C|Γ|^{12n} ‖v‖_L2n/(n−1) , in which |Γ| denotes the measure of Γ with respect to ω_φ. It follows that (3.14) |Γ| = |{u > δ, |du| > 0}| ≥ C^{−1}. Letting δ tend to sup u implies that |du| > 0 on a set of positive measure in {x ∈ X; u(x) = sup_X u}, which is evidently impossible by Lemma 7.7 in Gilbarg– Trudinger [7, p. 152]. This proves that sup u ≤ 0. □ The next two propositions are standard, for which we need the Lax–Milgram Theorem (see Evans [2, p. 297], for example) and the Fredholm alternative (see [2, p. 641] for example). We include them here for completeness.

Theorem (Lax–Milgram Theorem). Let H be a real Hilbert space, and I : H × H → R be a bilinear mapping. Assume that, there exist positive constants β and μ such that |I(u, v)| ≤ β‖u‖‖v‖, for all u, v ∈ H, and I(v, v) ≥ μ‖v‖^2, for all v ∈ H. Then, for any bounded linear functional f on H, there exists a unique element u ∈ H satisfying that I(u, v) = f(v) for all v ∈ H. Theorem (Fredholm alternative). Let E be a Banach space and K : E → E be a compact linear operator. Then, ker(I − K) = {0} if and only if Im(I − K) = E, where I : E → E is the identity operator.

Proposition 17. There exists a nonnegative constant γ, depending on ω_φ and η, such that for any h ∈ L, there exists a unique weak solution u ∈ H of (3.15) − L_γ u ≡ −Lu + γu = h. That is, the function u satisfies (3.16) A(u, v) + γ⟨u, v⟩_L2 = ⟨h, v⟩_L2 , for all v ∈ H. Proof. We have, by the metric equivalence of η and ω_φ, |A(u, v)| ≤ β‖u‖_W 1,2 ‖v‖_W 1,2 , and A(u, u) + γ‖u‖_L2 ≥ μ‖u‖_W 1,2 . Here β > 0, γ ≥ 0, and μ > 0 are constants depending only on η and ω_φ. The result then follows from applying Lax–Milgram Theorem to I(u, v) = A(u, v) + γ⟨u, v⟩_L2 , for all u, v ∈ H. □ Proposition 18. For any h ∈ L, there exists a unique weak solution u ∈ H of −Lu = h. Proof. By Proposition 17 we can define a map L^{−1}_γ : L → H as follows: For each f ∈ L, we define L^{−1}_γ (f) to be the unique function w ∈ H satisfying A(w, v) + γ⟨w, v⟩_L2 = ⟨f, v⟩_L2 . Clearly, L^{−1}_γ is linear, and is a compact operator from L to L, in view of Rellich Theorem. To prove the result, it suffices to show that, for a given h ∈ L, there exists a unique u ∈ L satisfying that u = L^{−1}_γ (h + γu). Equivalently, we need to solve a unique u ∈ L for the following equation: (I − γL^{−1}_γ )u = L^{−1}_γ h.

To invoke the Fredholm alternative, we turn to the kernel of (I − γL^{−1}_γ ) in L, i.e., {u ∈ L; u − γL^{−1}_γ u = 0}. This is equivalent to investigate the function u ∈ H such that A(u, v) = 0 for all v ∈ H.

By Proposition 16, u = 0. The result then follows from the Fredholm alternative. □

Now we are in a position to prove Lemma 13:

Proof of Lemma 13. The uniqueness of (3.6) is an immediate consequence of Proposition 18, since a C^2 solution of (3.6) is in particular a weak solution of −Lu = −h. Given h ∈ C^{k,α}(X), we have h ∈ W^{k,2}(X), since X is compact. Then, by Proposition 18, equation (3.6) has a weak solution u ∈ W^{1,2}(X). Then, we obtain u ∈ W^{k+2,2}(X), by the local regularity theorem (see, for example, Evans [2, p. 314] or Gilbarg– Trudinger [7, p. 186]). Since k ≥ n + 4, k − 2n/2 − 1 ≥ 3. We apply the Sobolev imbedding theorem to obtain that u ∈ C^3(X). By Proposition 15, u is the classical solution for (3.6). It follows from the bootstrap argument ([7, p. 109]) that u ∈ C^{k+2,α}(X). □ References

[1] K. Becker, M. Becker, J.-X. Fu, L.-S. Tseng and S.-T. Yau, Anomaly cancellation and smooth non-Kähler solutions in heterotic string theory, Nuclear Phys. B 751 (2006), 108–128, MR 2245852.

[2] L. C. Evans, Partial Differential Equations, Graduate Studies in Mathematics, Vol 19, AMS Press, 1998, MR 1625845.

[3] R. Friedman, Simultaneous resolution of threefold double points, Math. Ann. 274 (1986), 671–689, MR 0848512.

[4] R. Friedman, On threefolds with trivial canonical bundle, Complex geometry and Lie theory (Sundance, UT, 1989), 103–134, Proc. Sympos. Pure Math., 53, Amer. Math. Soc., Providence, RI, 1991, MR 1141199.

[5] J.-X. Fu, J. Li and S.-T. Yau, Constructing Balanced metrics on some families of non-Kähler Calabi–Yau threefolds, arXiv:0809.4748v1 [math.DG].

[6] J.-X. Fu and S.-T. Yau, The theory of superstring with flux on non-Kähler manifolds and the complex Monge–Ampère equation, J. Differential Geom. 78 (2008), 369–428, MR 2396248.

[7] D. Gilbarg and N. Trudinger, Elliptic Partial Differential Equations of Second order, Springer, Paperback edition, 2001, MR 0473443.

[8] E. Goldstein and S. Prokushkin, Geometric model for complex non-Kähler manifolds with SU(3) structure, Comm. Math. Phys. 251 (2004), 65–78, MR 2096734.

[9] S. Kobayashi, Differential Geometry of Complex Vector Bundles, Iwanami Shoten and Princeton Univ. Press 1987, MR 0909698.

[10] J. Li and S.-T. Yau, The existence of supersymmetric string theory with torsion, J. Differential Geom. 70 (2005), 143–181, MR 2192064.

[11] J. Li, S.-T. Yau and F.-Y. Zheng, On projectively flat Hermitian manifolds, Comm. Anal.

Geom. 2 (1994), 103-109, MR 1312680.

[12] P. Lu and G. Tian, complex structures on connected sums of S^3 ×S^3, Manifolds and Geometry (Pisa, 1993), 284-293, Sympos. Math., XXXVI, Cambridge Univ. Press, Cambridge, 1996, MR 1410077.

[13] J. Marsden and T. Ratiu, Manifolds, Tensor Analysis, and Applications, with the collaboration of R. Abraham, Third Edition, Springer–Verlag, 2001.

[14] M. L. Michelsohn, On the existence of special metrics in complex geometry, Acta Math. 149 (1982), 261–295, MR 0688351.

[15] A. Strominger, Superstings with Torsion, Nuclear Physics B 274 (1986), 253–284, MR 0851702.

[16] S.-T. Yau, On the Ricci curvature of a compact Kähler manifold and the complex Monge– Ampère equation, I, Comm. Pure Appl. Math. 31 (1978), 339–411, MR 0480350.

Institute of Mathematics, Fudan University, Shanghai 200433, China E-mail address: majxfu@fudan.edu.cn

Institute of Mathematics, Fudan University, Shanghai 200433, China E-mail address: youxiang163wang@163.com

Department of Mathematics, The Ohio State University, 1179 University Drive, Newark, OH 43055, U.S.A.

E-mail address: dwu@math.ohio-state.edu