arXiv:0908.2190v1 [hep-th] 15 Aug 2009

The Power of Nekrasov Functions

A.Mironov^∗ and A.Morozov^†

FIAN/TD-18/09 ITEP/TH-34/09

Abstract

The recent AGT suggestion [1] to use the set of Nekrasov functions [2] as a basis for a linear decomposition of generic conformal blocks works very well not only in the case of Virasoro symmetry, but also for conformal theories with extended chiral algebra. This is rather natural, because Nekrasov functions are introduced as expansion basis for generalized hypergeometric integrals, very similar to those which arise in expansion of Dotsenko-Fateev integrals in powers of alpha-parameters. Thus, the AGT conjecture is closely related to the old belief that conformal theory can be effectively described in the free field formalism, and it can actually be a key to clear formulating and proof this long-standing hypothesis. As an application of this kind of reasoning we use knowledge of the exact hypergeometric conformal block for complete proof of the AGT relation for a restricted class of external states.

1 Introduction

Along with the matrix-model τ-functions [3], the Nekrasov functions [2], being coefficients of character expansions of the former ones [4], are very important new special functions, badly needed for developing a quantitative string theory [5]. They originally appeared in the framework of the instanton expansion of Seiberg-Witten quasi-classical (Whitham) τ-functions [6] and provide a kind of a quantization of Seiberg-Witten prepotential [7]. These functions with the theory of Hurwitz-Kontsevich functions [8], describing combinatorics of ramified Riemann surfaces, an essential subject for perturbative and non-perturbative string theory [9]. A new important application was recently suggested in [1]: generic Virasoro conformal blocks [10]-[20] can be nicely represented as linear combinations of Nekrasov functions for the U(2) quiver models [21]. For technical details of this AGT relation see [22, 23]. The AGT suggestion has a number of natural generalizations, the first in the line being that to SU(N) models, which, on the conformal side, should correspond to theories with the conformal algebra extended from Virasoro to W^{(N)}. The most straightforward idea in this direction would be to simply decompose certain W^{(N)} conformal blocks as combinations of U(N)-quiver Nekrasov functions [22]. This idea works perfectly well for the ”perturbative” (quasiclassical) Nekrasov functions which coincide not only with the DOZZ triple vertices [24] in Liouville model (U(2)-case), but also with the Fateev-Litvinov vertices [25] in affine Toda models (U(N)-case). It is now checked up to level two (order x^2) in the W^{(3)} conformal blocks [26], where calculation depends on some knowledge about W^{(3)} conformal blocks (we refer for details to a dedicated elementary-level summary in [27]).

In this short note we want to attract attention to another aspect of the AGT proposal. The Nekrasov integrals can be considered as an appropriate analytical continuation of expansion coefficients of the Dotsenko- Fateev integrals (”screening charges”) [13] in powers of α-parameters. Thus, an apparent success of the AGT conjecture in description of generic conformal blocks can be considered as a strong support of the old hypothesis that the free field formalism can indeed be used to describe generic conformal theories. This is well established in particular distinguished examples [13, 18, 16], but in the check of the AGT relations in [1, 22, 23, 26] one actually works without any reference to particular model, only to its conformal properties. In what follows, we briefly list a small set of examples, which show how expansion in Nekrasov functions generalizes the standard hypergeometric series to the ones needed in description of the Dotsenko-Fateev integrals. Transition to generic conformal blocks still looks mysterious. However, now it can be formulated in a very clear and general form, and further work on the AGT relations would presumably clarify the old mysteries of representation theory of chiral algebras and make the subject much more transparent and understandable.

∗Lebedev Physics Institute and ITEP, Moscow, Russia; mironov@itep.ru; mironov@lpi.ru †ITEP, Moscow, Russia; morozov@itep.ru

⃗α_1

⃗α_2

⃗α_3

⃗α_4 ⃗α 2 Conformal blocks and their expansions

Conformal blocks often have a pronounced form of hypergeometric series.

Free field conformal block:

B(x) = (1 − x)^{−2⃗α1 ⃗α3} = (1 − x)^{−A} = 1 + A x +

A(A + 1) 2 x^2 +

A(A + 1)(A + 2) 6 x^3 + . . . (1)

Fateev-Litvinov conformal block for one special and one maximally degenerate states at external lines: In [25] it was shown that generic hypergeometric series is represented by subset of conformal blocks of the SL(N) Toda model with restricted external states:

B(x) =_N F_{N−1}(A_1, ..., A_N ; B_1, ..., B_{N−1}; x) = 1 + x A_1...A_N B_1...B_{N−1} + x^2 2 A_1(A_1 + 1)...A_N (A_N + 1) B_1(B_1 + 1)...B_{N−1}(B_{N−1} + 1)

+ . . . (2)

The free field case is reproduced when A_i = B_i, A_N = A.

Thus, an arbitrary hypergeometric function is some conformal block. However, inverse is not true: the generic conformal block does not have this simple hypergeometric structure.

Dotsenko-Fateev integral:^1 B(x) = ⟨ : e^{α1ϕ(1)} : : e^{α2ϕ(0)} : : e^{α3ϕ(x)} : : e^{α4ϕ(∞)} : ∮ : e^{ϵ−ϕ(z)}dz : ⟩ ∼ ∼ (1 − x)^{−2α1 α3} ∫_1 0 z^{−2α2ϵ−} (1 − z)^{−2α3ϵ−} (z − x)^{2ϵ−ϵ−} dz ∼ (1 − x)^{−A} ∫_1 0 z^{−B}(1 − z)^{−C} (z − x)^{−D} dz ∼ ∼ (1 − x)^{−A} ∑ n x^n n! · Γ(D + n)Γ(B + C + D − 1 + n) Γ(B + D + n)

= (1 − x)^{−A} ·_2F_1(D, B + C + D − 1; B + D; x) (3)

Multiple Dotsenko-Fateev integrals: when several screenings are inserted, one obtains instead of (3) B(x) = (1 − x)^{−A} ∮ . . . ∮ ∏ i z^{−Bi}_i (1 − z_i)^{−Ci} (z_i − x)^{−Di} ∏ i<j (z_i − z_j )^{Eij} ∏ i dz_i (4)

In variance with (3) such integrals are no longer hypergeometric, but they are similar in some respects and are often called ”generalized hypergeometric integrals”, see for example [28]. Still, if we are interested in expansion bases, the terminological does not help: such B(x) is not an ordinary hypergeometric series of the type_pF_q , unless the matrix E_{ij} is very special (roughly, E_{ij} ∼ E_iδ_{i+1,j} , see the last paper in [28]). It also deserves mentioning that there is a certain difference between these integrals for a single free field and for multiple (r = N − 1) fields: the less fields, the more relations between the numerous parameters A, B_i, C_i, D_i, E_{ij} : they are all made from ϵ_± and four (N − 1)-component vectors ⃗α_1, . . . , ⃗α_4.^2 Increasing N, one actually enlarges class of the Fateev-Dotsenko integrals, they span the entire space of generalized hypergeometric series only for N → ∞. Virasoro case without external fields [23]:

1 + x · Δ 2 + x^2 2 · Δ ( 8Δ^3 + (c + 8)Δ^2 + (2c − 8)Δ + c ) 2 ( 16Δ^2 + (2c − 10)Δ + c ) + x^3 6 · Δ(Δ + 2) ( 8Δ^3 + (c + 18)Δ^2 + (3c − 14)Δ + 2c ) 4 ( 16Δ^2 + (2c − 10)Δ + c ) + . . .

1 We denote the screening charge parameter ϵ_− rather than ϵ_+, because after rescaling of dimensions [23] Δ → Δ/(ϵ_+ϵ_−) the Gamma-functions acquire the form Γ (_{2α3 ϵ−} ϵ+ϵ− + n ) ∼ 2α_3 (2α_3 + ϵ_+) . . . ( 2α_3 + (n − 1)ϵ_+ ) , which should be compared with the chiral Nekrasov function (15). The screenings with ϵ_+ correspond to anti-chiral functions.

2 In Dotsenko-Fateev approach, the dependence on the fifth vector ⃗α is presumably restored from a sophisticated analytical continuation of the answer with arbitrary number of screening insertions. An exact relation between the multiple Fateev-Dotsenko integrals and the Virasoro or W -conformal blocks is believed to exist, but remains uncovered. The AGT relation could be a key to resolve it.

In particular, for c = 1:

B(x) = 1 + x · Δ 2 + x^2 2 · Δ(8Δ^3 + 9Δ^2 − 6Δ + 1) 2(4Δ − 1)^2 + x^3 6 · Δ(Δ + 2)(8Δ^3 + 19Δ^2 − 11Δ + 2) 4(4Δ − 1)^2

+ . . . (5)

W^{(3)} case, general central charge c, two states ⃗α_1 and ⃗α_3 are special [26]:

1 + x DΔ 2 D_{12}D_{34} −^w_3 ( D_{12}W_{34} + W_{12}D_{34} ) +^{2Δ}_9 W_{12}W_{34} DΔ^2 − w^2

+ O(x^2) (6)

D_{12} = Δ + Δ_1 − Δ_2, D_{34} = Δ + Δ_3 − Δ_{34}

W_{12} = w + 2w_1 − w_2 +

3w_1 Δ_1

(Δ − Δ_1 − Δ_2), W_{34} = w + w_3 + w_4 −^{3w3}_{2Δ3} (Δ + Δ_3 − Δ_4) (7)

Note numerous differences between W_{34} and W_{12} in signs and coefficients, see [27]. The parameter D = Δ +^{3ϵ2}_4 and the central charge c = 2(1 − 12ϵ^2).

W^{(3)} case, no external states, c = 2 [26]:

B(x) = 1 + x · Δ ( Δ^3 −^8_9 w^2 ) 2(Δ^3 − w^2) + x^2 2 · 81Δ^4(Δ − 1)^4 ( 8Δ^3 + 9Δ^2 − 6Δ + 1 ) + G_2w^2 + G_4w^4 + G_6w^6

2 · 81 · (Δ^3 − w^2) ( (4Δ − 1)(Δ − 1)^2 − 4w^2

)_2 + . . . (8)

G_2 = −72Δ(Δ − 1)^2(25Δ^5 + 20Δ^4 − 25Δ^3 + 23Δ^2 − 8Δ + 1),

G_4 = 1664Δ^5 + 608Δ^4 − 2688Δ^3 + 2704Δ^2 − 608Δ + 48,

G_6 = −128Δ(4Δ + 7)

For w = 0 this expression reduces to (5), note that this happens despite c = 2 in (8), while c = 1 in (5). For

c ≠ 2 the level one term becomes x Δ ( DΔ^2 −^8_9 w^2 ) 2(DΔ^2 − w^2)

, a similar deformation occurs in the second term, see [26].

Formulas (5) and (8) do not have the free field limit, because for these values of central charge in the free field model the intermediate states have vanishing Δ and w whenever all the external momenta are zero.

To summarize, ordinary hypergeometric functions pF_q are not sufficient to describe arbitrary conformal blocks (at least, the poorly studied hypergeometric integrals [28] are needed), and it is a natural question what should be a reasonable extension of this class of functions to serve these purposes. The AGT conjecture is actually a claim that the Nekrasov functions can be an answer to this challenge.

3 Nekrasov functions for ordinary Young diagrams

The Nekrasov functions are defined as coefficients of the character-like expansion of Nekrasov integrals, very similar to those in (4). They are defined for the N-plets of Young diagrams. For our purposes we consider only 1-point quiver functions associated with N_f = 2N fundamentals. Extension to other representations and quivers can be immediately provided. In the next section, we will also put ϵ ≡ ϵ_+ + ϵ_− = 0 and ϵ_+ = −ϵ_− = 1. According to the AGT rules this corresponds to putting c = 1 and c = 2 in the Virasoro and W^{(3)} cases respectively. In this section we, however, keep ϵ arbitrary.

The general definition of the Nekrasov function in the SU(N) case is as follows

Z(Y_1, . . . , Y_N ) = ∏ i η(a_i, Y_i) ∏ i,j ξ(a_i − a_j , Y_i, Y_j ) (9) where η(a, Y ) = ∏ (p,q)∈Y P ( a + (p − 1)ϵ_+ + (q − 1)ϵ_− ) (10) for a polynomial P (a) = ∏_{Nf =2N} f =1 (ai + μf ), and ξ is a comprehensive deformation of the hook formula for

d^{−2}_Y = ξ(0, Y, Y ) with ϵ_− = −ϵ_+ = −1:

ξ(a, Y_1, Y_2) = − ∏ (p,q)∈Y_1 ( a + ϵ_+ ( k^T_j (Y_1) − i + 1 ) − ϵ_− (k_i(Y_2) − j) )( a + ϵ_+ ( k^T_j (Y_1) − i ) − ϵ_− (k_i(Y_2) − j + 1) ) (11)

Here k_i(Y ) is the height of the i-th column and k^T_j (Y ) is the length of the j-th row of the diagram Y , which is also denoted as Y = [k_1k_2 . . .]. Of course k_1 ≥ k_2 ≥ . . . ≥ 0 and k^T_1 ≥ k^T_2 ≥ . . . 0. Note that the product runs over the first diagram only, while the second diagram enters just through the coefficient k_i(Y_2) in the product. Therefore, it is not surprising that when the second diagram is empty, this expression simplifies to ξ(a, ∅, Y ) = 1, while the first diagram is empty, the expression reduces to ξ(a, Y, ∅) = ∏ (p,q)∈Y ( a + (p − 1)ϵ_+ + (q − 1)ϵ_− )( a + pϵ_+ + qϵ_− ) (12)

so that for fixed i ∏ j≠i ξ(a_i − a_j , Y_i, ∅) = ∏ (p,q)∈Y_i Q_i ( a_i + (p − 1)ϵ_+ + (q − 1)ϵ_− ) (13)

which is very similar to (10), only with P (a) of degree N_f = 2N substituted by the polynomial

Q_i(x) = ∏ j≠i (x − a_j )(x − a_j + ϵ) (14)

of degree 2N − 2. Further simplification occurs when one restricts Y to be either a line or a column.

These chiral Nekrasov functions have a clear form of the hypergeometric series terms: Z(∅ . . . [1^n] . . . ∅) = 1 ϵ_−ϵ^n_+n!

P (a_i)P (a_i + ϵ_+) . . . P ( a_i + (n − 1)ϵ_+ ) (−ϵ_−)(−ϵ_− + ϵ_+)...(−ϵ_− + (n − 1)ϵ_+)Q_i(a_i)Q_i ( a_i + ϵ_+ ) . . . Q_i ( a_i + (n − 1)ϵ_+

) (15)

where the diagram Y_i = [1^n] stands on the i-th place in the N-plet and the additional ϵ-dependent factor comes from ξ(0, Y_i, Y_i).

The anti-chiral functions Z(∅ . . . [n] . . . ∅) have exactly the same form with ϵ_+ → ϵ_−.

4 AGT relations

4.1 Fateev-Litvinov conformal block via Nekrasov functions

The polynomial P (a) can be adjusted so that only one diagram contributes at each level:

P (a_j ) = 0 for j ≠ i and P (a_i + ϵ_−) = 0 (16)

this fixes N out of N_f = 2N parameters μ_f . The first condition is needed to eliminate all N-plets of Young diagrams, where any non-empty diagram stands at any position, different from i, including all mixed diagrams, where at least two non-trivial diagrams are present in the N-plet. The second condition eliminates in addition all diagrams except for the single-row [1^n], standing in the i-th position in the N-plet. Both kind of requirements should be clear from a look at (10).

In this way, one can describe various hypergeometric series by the Fateev-Litvinov conformal blocks (2) which depend on exactly 2N free parameters: ⃗α_2, ⃗α_4, α_1 and c, all combined in a sophisticated way into A_1, ..., A_N , B_1, ..., B_{N−1}. Similarly to the free field case, the intermediate-state momentum ⃗α for these specific external states is almost (up to N possible values) dictated by the external momenta due to severe selection rules of the Toda-chain model). This argument provides a complete proof of the AGT relation in this restricted setting (such a possibility has been also anticipated in [22]).

+ −

Figure 1: Three examples of Young diagrams: a generic type diagram Y = [64332221], a column Y = [6] and a chain Y =

[11111111] = [1^8]. With the chains and columns are associated the chiral and anti-chiral Nekrasov functions respectively. Horizontal and vertical directions are called + and −, because the ”natural” position of the Young diagram is rotated by 45^∘ counterclockwise.

4.2 Deviations from chirality and hypergeometricity

The non-chiral SU(2) Nekrasov functions can be used to introduce the needed corrections for the Virasoro conformal block, which deviates it from the hypergeometric form. For the Dotsenko-Fateev integrals it is almost obvious, if one recalls that the Nekrasov integrals [2] (P (x) was defined in s.3) Z^{SU(N)} k = ∫ k∏ i=1 dz_i 2πi 1 k! ( ϵ ϵ_+ϵ_− )_k Δ(0)Δ(ϵ) Δ(ϵ_+)Δ(ϵ_−)

P (z_i) Q(z_i) , (17) Δ(x) ≡ ∏ i<j ( (z_i − z_j )^2 − x^2 ) , Q(x) ≡ ∏ i (x − a_i)(x − a_i + ϵ), (18)

are nothing but the generalized hypergeometric integrals [28] which appeared in (4). It is not that clear what they have to do with the series like (5) and (8) – but they do, as successful tests of the AGT relation clearly demonstrate, and this is in perfect agreement with beliefs in conformal field theory and representation theory of loop algebras, where conformal blocks are thought to be somehow expandable in analytically continued Dotsenko-Fateev integrals. As it is now obvious, the further character-like expansion of integrals in the Nekrasov functions converts the problem into the very clearly formulated AGT conjecture, and hopefully provides a key for its final resolution.

4.3 SU(2)/Virasoro case

The SU(2) case illustrates nicely that including the non-chiral Nekrasov function allows one to extend hypergeometric series into an interesting direction: for example, to describe the Virasoro conformal blocks.

Let us see how it works at the first two levels [23]:

Z^{SU(2)}(x) = 1 + x ( Z(□, ∅) + Z(∅, □) ) + x^2 ( Z(□□, ∅) + Z(∅, □□) + Z( □ □ , ∅) + Z(∅, □ □ ) + Z(□, □) ) + . . . =

= 1 + x · Z^{SU(2)}_1 + x^2 · Z^{SU(2)}_2 + . . . = 1 + x ( P (a) Q(2a) + P (−a) Q(−2a) ) + (19)

+x^2 ( P (a)P (a + 1) 4Q(2a)Q(2a + 1) + P (−a)P (−a + 1) 4Q(−2a)Q(−2a + 1) + P (a)P (a − 1) 4Q(2a)Q(2a − 1) + P (−a)P (−a − 1) 4Q(−2a)Q(−2a − 1) + P (a)P (a) Q(2a − 1)Q(2a + 1) )

Here a_2 = −a_1 = −a and we denote Q_1(a_1) = Q(2a), Q_2(a_2) = Q(−2a). Underlined and double-underlined are the chiral and anti-chiral contributions, non-underlined remains the mixing contribution from the pair of diagrams. At level one, there is no difference between the chiral and anti-chiral diagrams.

Matching with (5) is achieved if one takes P (a) = a^4, Q(2a) = (2a)^2:

Z = 1 + x · a^2 2 + x^2 · ( 2 a^4(a + 1)^4 16a^2(2a + 1)^2 + 2 a^4(a − 1)^4 16a^2(2a − 1)^2 + a^8 (2a − 1)^2(2a + 1)^2 ) + . . . =

= 1 + x · a^2 2 + x^2 2 · a^2 ( (a + 1)^4(2a − 1)^2 + (a − 1)^2(2a + 1)^2 + 8a^6 ) 4(4a^2 − 1)^2 + . . . = = 1 + x · a^2 2 + x^2 2 · a^2(8a^6 + 9a^4 − 6a^2 + 1)

2(4a^2 − 1)^2

+ . . . (20)

If one now identifies Δ = a^2, then this expression reproduces (5). It is straightforward to generalize this calculation to arbitrary central charges and external states, to level 3 [23] and further [1].

4.4 SU(3)/W^{(3)} case

Instead of (19) one now has

Z^{SU(3)} = 1 + x ( Z(□, ∅, ∅) + Z(∅, □, ∅) + Z(∅, ∅, □) ) + x^2 ( Z(□□, ∅, ∅) + Z(∅, □□, ∅) + Z(∅, ∅, □□)+ +Z( □ □ , ∅, ∅) + Z(∅, □ □ , ∅) + Z(∅, ∅, □ □ ) + Z(□, □, ∅) + Z(□, ∅, □) + Z(∅, □, □) ) + . . . = 1 + xZ_1 + x^2Z_2 + . . . =

= 1 + x ( P (a_1) Q(a_1) + P (a_2) Q(a_2) + P (a_3) Q(a_3) ) + (21)

+x^2 ( P (a_1)P (a_1 + 1) 4Q(a_1)Q(a_1 + 1) + P (a_2)P (a_2 + 1) 4Q(a_2)Q(a_2 + 1) + P (a_3)P (a_3 + 1) 4Q(a_3)Q(a_3 + 1) +

+ P (a_1)P (a_1 − 1) 4Q(a_1)Q(a_1 − 1) + P (a_2)P (a_2 − 1) 4Q(a_2)Q(a_2 − 1) + P (a_3)P (a_3 − 1) 4Q(a_3)Q(a_3 − 1) +

+ P (a_1)P (a_2) Q_{12}(a_1, a_2) + P (a_2)P (a_3) Q_{23}(a_2, a_3) + P (a_3)P (a_1) Q_{13}(a_1, a_3) )

where Q_{ij} (a_i, a_j ) = Q_{ji}(a_j , a_i) = (a^2_{ij} − ϵ^2_+)(a^2_{ij} − ϵ^2_−) ∏ k≠i,j aik (aik + ϵ)ajk(ajk + ϵ). Matching with (8) at the first level defines the AGT relation between the dimensions

Δ = α^2 + β^2, w = α(α^2 − 3β^2) (22)

and the Nekrasov parameters a_1, a_2, a_3 = −a_1 − a_2. As usual, in terms of the α-parametrization, the AGT is a linear relation (defined modulo rotations and Weyl reflections):

AGT : a_1 = α √ 3 − β, a_2 = α √ 3 + β, a_3 = − 2α √ 3 (23)

Then, 3∑ i=1 a^6_i ∏ j≠i(ai − aj ) 2 = (α^2 + β^2)(α^6 + 75α^4β^2 − 45α^2β^4 + 9β^6) 2β^2(β^2 − 3α^2)^2 = Δ ( Δ^3 −^8_9 w^2 ) 2(Δ^3 − w^2)

(24)

i.e. the level one term in (21) nicely reproduces the one in (8) with P (a) = a^6, as claimed in [22, 26].

Now we can substitute the same values of a_i and P (a) into the second level term in (21) and express the result back through Δ and w with the help of (22). Surprisingly or not, the latter step turns out possible. Moreover, the answer [26]is literally the same as in (8), in perfect accordance with the AGT conjecture. We do not need to include any U(1) factors in this simplified calculation, because we keep external momenta zero. Switching on ϵ ≠ 0 (c ≠ 2) and external momenta is a more difficult calculation, requiring also some knowledge from representation theory of W^{(3)} algebras (summarized for this purpose in [27]), but this tedious job [26] gives nothing new: the AGT relation remains to be true. Now there seem to be no room for doubt that the AGT conjecture is valid, time is now to learn lessons from it and apply it to resolution of old and new problems.

5 Some other comments on non-Virasoro AGT relations

To conclude this note, we briefly comment on another kind of problem [22] with the W^{(3)} conformal blocks, which appears for non-vanishing external momenta.

First, unlike the Virasoro case, the triple vertices for W^{(3)}-descendants are not fully defined by the W - symmetry alone: all the triple correlators of the form ⟨V_1 V_2 (W^k_{−1}V_3)⟩ remain free parameters. One can resolve this problem in two ways: either via specifying a concrete conformal model, like free fields or affine Toda, or imposing restrictions on possible choice of the external states, like the speciality conditions of [25], requiring two of the four external states (m − 2 in an m-point conformal block) to be the W -null-vectors at level one.

Second, there is a mismatch between the number of free parameters in conformal block and in the SU(3) Nekrasov function. The structure of this mismatch is better seen if one considers an arbitrary N > 2. In the SU(N) case, there are 3N parameters in the Nekrasov function (N − 1 a’s plus 2N μ’s plus 2 ϵ’s minus 1 common rescaling) and 5N − 4 parameters in the conformal block (4 external and 1 internal N − 1-component momenta plus 1 central charge). Thus the mismatch is: extra 2(N − 2) parameters on the CFT side.

If one tries to resolve the problem by considering the free field model, then one external and one internal momentum are fully defined by the 3 external momenta, so that the number of parameters on the CFT side decreases to 3(N − 1) + 1 = 3N − 2 and this is a slight overplay: there are extra 2 parameters on the Nekrasov side.

An exact matching in the number of parameters is achieved if one restricts to the special states [22]. For N = 3 this subtracts 2 out of 5N − 4 = 11 parameters on the CFT side what brings this number down to 9 = 3N, exactly the same as needed for the SU(3) Nekrasov functions.

The problem, however, persists. Not only a selected set of conformal blocks, but all of them can be one day calculated in a given conformal model, as they can, for example, in the model of N − 1 free fields. The W^{(N)}-symmetry does not fix them unambiguously, but in a given model they are all well defined. Nothing forbids these conformal blocks to have more free parameters than there are available on the Nekrasov side of the AGT relation. This does not happen to free fields, as we saw, but a mismatch seems to exist already in the affine-Toda model. Even for the free fields there is an open problem: the Nekrasov functions describe this case under speciality conditions, but what happens if they are lifted? In any case, this mismatch seems certain to occur in a generic model with the W^{(N)}-symmetry.

It is a very interesting and conceptually important question, if the Nekrasov functions would still provide a basis? If not, should their set be somehow extended? Do they really provide an exhaustive basis for expansion of arbitrary generalized hypergeometric integrals from [28]? What the mismatch, if any should mean from the point of view of the Dotsenko-Fateev approach? Further work on the AGT relation will hopefully provide answers to all these puzzles.

Acknowledgements

We are indebted for hospitality and support to Prof.T.Tomaras and the Institute of Theoretical and Computational Physics of University of Crete, where part of this work was done.

The work was partly supported by Russian Federal Nuclear Energy Agency and by RFBR grants 07-02- 00878 (A.Mir.), and 07-02-00645 (A.Mor.). The work was also partly supported by grant FP7-REGPOT-1 (Crete HEP Cosmo 228644), by joint grants 09-02-90493-Ukr, 09-02-93105-CNRSL, 09-01-92440-CE, 09-02- 91005-ANF, INTERREG IIIA (Greece-Cyprus) and by Russian President’s Grant of Support for the Scientific Schools NSh-3035.2008.2.

References

[1] L.Alday, D.Gaiotto and Y.Tachikawa, arXiv:0906.3219

D.Gaiotto, arXiv:0908.0307

[2] N.Nekrasov, Adv.Theor.Math.Phys. 7 (2004) 831-864, hep-th/0206161

[3] A.Morozov, Phys.Usp. 37 (1994) 1-55, hep-th/9303139; hep-th/9502091; hep-th/0502010 A.Mironov, Int.J.Mod.Phys. A9 (1994) 4355, hep-th/9312212; Phys.Part.Nucl. 33 (2002) 537

[4] M.Sato, RIMS Kokyuroku, 439 (1981) 30-40

M. Jimbo, T. Miwa, Publ.RIMS, Kyoto Univ,. 19 (1983) 943-1001 Y.Ohta, J.Satsuma, D.Takahashi, T.Tokihiro, Prog.Theor.Phys.Suppl., 94 (1988) 210-241 S.Kharchev, A.Marshakov, A.Mironov, A.Morozov, Int.J.Mod.Phys., A10 (1995) 2015-2052, hep-th/9312210 A.Mironov, A.Morozov and G.Semenoff, Int.J.Mod.Phys., A10 (1995) 2015, hep-th/9404005 A.Mironov, A.Morozov and S.Natanzon, Integrability and N -point Hurwitz Numbers, to appear

[5] A.Morozov, Sov. Phys. Usp. 35 (1992) 671-714

A.Alexandrov, A.Mironov and A.Morozov, Int.J.Mod.Phys. A19 (2004) 4127, Theor.Math.Phys. 142 (2005) 349, hep-th/0310113

[6] N.Seiberg and E.Witten, Nucl.Phys., B426 (1994) 19-52; Nucl.Phys., B431 (1994) 484-550 A.Gorsky, I.Krichever, A.Marshakov, A.Mironov, A.Morozov, Phys.Lett., B355 (1995) 466-477 R.Donagi and E.Witten, Nucl.Phys., B460 (1996) 299-334

[7] N.Nekrasov and S.Shatashvili, arXiv:0901.4748

[8] A.Mironov and A.Morozov, JHEP 0902 (2009) 024, arXiv:0807.2843

A.Mironov, A.Morozov and S.Natanzon, arXiv:0904.4227 and references therein

[9] V. Knizhnik, 32 (1989) #3, 945 (in Russian Edition: vol.159, p.451), sect. 12

D. Lebedev and A. Morozov, Statistical Sums Of Strings On Hyperelliptic Surfaces, Nucl.Phys. B302 (1988) 163

[10] A.Belavin, A.Polyakov, A.Zamolodchikov, Nucl.Phys., B241 (1984) 333-380 [11] Al.Zamolodchikov, Comm.Math.Phys. 96 (1984) 419 [12] Al.Zamolodchikov, Theor.Math.Phys. 73 (1987) 1088 [13] Vl.Dotsenko and V.Fateev, Nucl.Phys., B240 (1984) 312-348 [14] B.Feigin and D.Fuks, Funct.Anal.Appl. 16 (1982) 114-126 (Funkt.Anal.Pril. 16 (1982) 47-63) [15] A.Zamolodchikov, Theor.Math.Phys. 65 (1985) 1205-1213 (Teor.Mat.Fiz. 65 (1985) 347-359) [16] V.Fateev and A.Zamolodchikov, Nucl.Phys. B280 (1987) 644-660 [17] V.Fateev and S.Lukyanov, Int.J.Mod.Phys. A3 (1988) 507 [18] A.Gerasimov, A.Marshakov, A.Morozov, M.Olshanetsky and S.Shatashvili, Int.J.Mod.Phys., A5 (1990) 2495-2589 A.Gerasimov, A.Marshakov and A.Morozov, Nucl. Phys. B328 (1990) 664-676 [19] Al.Zamolodchikov and A.Zamolodchikov, Conformal field theory and critical phenomena in 2d systems, 2009, 168 p. (in Russian) [20] P.Di Francesco, P.Mathieu and D.Sénéchal, Conformal Field Theory, Springer, 1997 [21] F.Fucito, J.Morales and R.Poghossian, JHEP 0410 (2004) 037, arXiv:hep-th/0408090 [22] N.Wyllard, arXiv:0907.2189 [23] A.Marshakov, A.Mironov and A.Morozov, arXiv:0907.3946 [24] H.Dorn, H.-J.Otto, Phys.Lett., B291 (1992) 39-43, hep-th/9206053; Nucl.Phys., B429 (1994) 375-388, hep-th/9403141 Al.Zamolodchikov and A.Zamolodchikov, Nucl.Phys. B477 (1996) 577-605, hep-th/9506136 [25] V.Fateev and I.Litvinov, JHEP 0711 (2007) 002 [26] A.Mironov and A.Morozov, On AGT relation in the case of U(3), to appear [27] Andrey Mironov, Sergey Mironov, Alexei Morozov and Andrey Morozov, arXiv:0908.2064 [28] V.Schechtman and A.Varchenko, Integral representations of N-point conformal correlators in the WZW model, Preprint MPI/89-51, Max Planck Institut, Bonn(1989), 1-21 A.Morozov and L.Vinet, Mod.Phys.Lett. A8 (1993) 2891-2902, hep-th/9111023