arXiv:0908.2896v1 [hep-th] 20 Aug 2009

M2-Branes and Background Fields

Neil Lambert^1 and Paul Richmond^2 Department of Mathematics King’s College London The Strand London WC2R 2LS, UK

Abstract

We discuss the coupling of multiple M2-branes to the background 3-form and 6-form gauge fields of eleven-dimensional supergravity, including the coupling of the Fermions. In particular we show in detail how a natural generalization of the Myers flux-terms, along with the resulting curvature of the background metric, leads to mass terms in the effective field theory.

1neil.lambert@kcl.ac.uk 2paul.richmond@kcl.ac.uk

1 Introduction

For a single M2-brane propagating in an eleven-dimensional spacetime with coordinates x^m the full non-linear effective action including Fermions and κ-symmetry was obtained in [1]. The Bosonic part of the effective action is S = −T_{M2} ∫ d^3σ √ −det(∂_μx^m∂_ν x^ng_{mn}) + T_{M2} 3! ∫ d^3σ ϵ^{μνλ}∂_μx^m∂_ν x^n∂_λx^pC_{mnp} . (1) Here C_{mnp} is the M-theory 3-form potential, g_{mn} the eleven-dimensional metric and T_{M2} ∝ M^3_{pl} is the M2-brane tension.

If we go to static gauge, σ^μ = x^μ, μ = 0, 1, 2 then the M2-brane has worldvolume coordinates x^μ and the x^I , I = 3, 4, 5, ...., 10 become 8 scalar fields. In this paper we will be interested in the lowest order terms in an expansion in the eleven-dimensional Planck scale M_{pl}. In this case the canonically normalized scalars are X^I = x^I / √ T_{M2}. These have mass-dimension 1/2 whereas g_{mn} and C_{mnp} are dimensionless.

We next seek a generalization of this action to lowest order in M_{pl} but for multiple M2-branes. The generalization of the first term in (1) was first proposed in [2][3][4][5]. This has the maximal N = 8 supersymmetry and describes two M2-branes in an R^8 /Z_2 orbifold [19][20] but cannot be extended to more M2-branes [6][7] (although there are interesting models with Lorentzian signature on the 3-algebra [8][9]). It was then further generalized in [10][11] for arbitrary M2-branes and manifest N = 6 supersymmetry in an R^8 /Z_k orbifold.

In this paper we will obtain the generalization of the second term (i.e. the Wess-Zumino term) which gives the coupling of the M2-branes to background gauge fields. In the well studied case of D-branes, where the low energy effective theory is a maximally supersymmetric Yang-Mills gauge theory with fields in the adjoint representation, the appropriate generalization was given by Myers [12]. In the case of multiple M2-branes the scalar fields X^I and Fermions now take values in a 3-algebra which carries a bifundamental representation of the gauge group. Thus we wish to adapt the Myers construction to M2-branes. For alternative discussions of the coupling of multiple M2- branes to background fields see [17],[18].

The rest of this paper is as follows. In section 2 we will discuss the relevant couplings, to lowest order in M_{pl}, for the N = 8 Lagrangian of

[4] and demonstrate that, by an appropriate choice of terms, the action is local and gauge invariant. We will also supersymmetrize the case where the background field G_{IJKL} is non-vanishing and demonstrate that this leads to the mass-deformed theories first proposed in [13][14]. In section 3 we will repeat our analysis for the case of N = 6 supersymmetry, which includes both the ABJM [10] and ABJ [11] models leading to the mass deformed models of [15],[16]. In section 4 we will discuss the physical origin of the flux-squared term that arises by supersymmetry. In particular we will demonstrate that this term arises via back reaction of the fluxes which leads to a curvature of spacetime. Section 5 will conclude with a discussion of our results.

2 N = 8 Theories

Let us first consider the maximally supersymmetric case. We follow the notion and conventions of [24]. Although this case has only been concretely identified with the effective action of two M2-branes in an R^8 /Z_2 orbifold [19][20] it is simpler to handle and hence the presentation is clearer. In the next section we will repeat our analysis for the case of N = 6.

2.1 Non-Abelian Couplings to Background Fluxes

The scalars X^I live in a 3-algebra with totally anti-symmetric triple product [X^I , X^J , X^K ] and invariant inner product Tr(X^I , X^J ) subject to a quadratic fundamental identity and the condition that Tr(X^I , [X^J , X^K , X^L]) is totally anti-symmetric in I, J, K, L [4]. An important distinction with the usual case of D-branes based on Lie algebras is that Tr is an inner-product and not a map from the Lie algebra to the real numbers. In particular there is no gauge invariant object such as Tr(X^I ). Thus the only gauge-invariant terms that we can construct involve an even number of scalar fields.

In this paper we wish to consider the decoupling limit T_{M2} → ∞ since, unlike String Theory, there are no other parameters that we can tune to turn off the coupling to gravity. In particular it is not clear to what extent finite T_{M2} effects can be consistently dealt with in the absence of the full eleven-dimensional dynamics.

Assuming that there is no metric dependence we start with the most general form for a non-Abelian pull-back of the background gauge fields to the M2-brane world-volume:

S_C = 1 3! ϵ^{μνλ} ∫ d^3x ( aT_{M2}C_{μνλ} + 3bC_{μIJ} Tr(D_ν X^I , D_λX^J )

+12cC_{μνIJKL} Tr(D_λX^I , [X^J , X^K , X^L])

+12dC_{[μIJ} C_{νKL]} Tr(D_λX^I , [X^J , X^K , X^L]) + . . . ) (2) where a, b, c, d are dimensionless constants that we have included for generality and the ellipsis denotes terms that are proportional to negative powers of T_{M2} and hence vanish in the limit T_{M2} → ∞.

Let us make several comments. First note that we have allowed the possibility of higher powers of the background fields. In D-branes the Myers terms are linear in the R-R fields however they also include non-linear couplings to the NS-NS 2-form. Since all these fields come from the M-theory 3-form or 6-form this suggests that we allow for a non-linear dependence in the M2-brane action.

Note that gauge invariance has ruled out any terms where the C-fields have an odd number of indices that are transverse to the M2-branes (although the last term could have a part of the form C_{μνI} C_{JKL}). This is consistent with the observation that the N = 8 theory describes M2-branes in an R^8 /Z_2 orbifold and hence we must set to zero any components of C_3 or C_6 with an odd number of I, J indices.

The first term is the ordinary coupling of an M2-brane to the background 3-form and hence we should take a = N for N M2’s. The second line leads to a non-Lorentz invariant modification of the effective 3- dimensional kinetic terms. It is also present in the case of a single M2-brane action (1) where we find b = 1 which we will assume to be the case in the non-Abelian theory.^3 The final term proportional to d in fact vanishes as Tr(D_λX^{[I} , [X^J , X^K , X^{L]}]) =^1_4 ∂_λTr(X^I , [X^J , X^K , X^L]) which is symmetric under I, J ↔ K, L. Thus we can set d = 0.

Finally note that we have allowed the M2-brane to couple to both the 3-form gauge field and its electromagnetic 6-form dual defined by G_4 = dC_3, G_7 = dC_6 where G_7 = ⋆G_4 − 1 2 C_3 ∧ G_4 . (3)

3This is an assumption since the overall centre of mass zero mode x^μ that appears in (1) is absent in the non-Abelian generalizations.

The equations of motion of eleven-dimensional supergravity imply that dG_7 = 0. However G_7 is not gauge invariant under δC_3 = dΛ_2. Thus S_C is not obviously gauge invariant or even local as a functional of the eleven-dimensional gauge fields. As such one should integrate by parts whenever possible and seek to find an expression which is manifestly gauge invariant.

To discuss the gauge invariance under δC_3 = dΛ_2 we first integrate by parts and discard all boundary terms

S_C = 1 3! ϵ^{μνλ} ∫ d^3x ( NT_{M2}C_{μνλ} + 3 2 G_{μνIJ} Tr(X^I , D_λX^J ) − 3 2 C_{μIJ} Tr(X^I , F̃_{νλ}X^J ) (4) −cG_{μνλIJKL} Tr(X^I , [X^J , X^K , X^L]) ) . Here we have used the fact that C_{μνI} and C_{μνλIJK} have been projected out by the orbifold and hence G_{μνIJ} = 2∂_{[μ}C_{ν]IJ} and G_{μνλIJKL} = 3∂_{[μ}C_{νλ]IJKL}.

We find a coupling to the world-volume gauge field strength F̃_{νλ} but this term is not invariant under the gauge transformation δC_3 = dΛ_2. However it can be cancelled by adding the term

S_F = 1 4 ϵ^{μνλ} ∫ d^3x Tr(X^I , F̃_{μν} X^J )C_{λIJ} , (5)

to S_C . Such terms involving the world-volume gauge field strength also arise in the action of multiple D-branes.

Next consider the terms on the third line. Although G_7 is not gauge invariant G_7 +^1_2 C_3 ∧ G_4 is. Thus we also add the term S_{CG} = − c 2 · 3! ϵ^{μνλ} ∫ d^3x Tr(X^I , [X^J , X^K , X^L])(C_3 ∧ G_4)_{μνλIJKL} . (6)

and obtain a gauge invariant action.

To summarize we find that the total flux terms are, in the limit T_{M2} → ∞, S_{flux} = S_C + S_F + S_{CG} = 1 3! ϵ^{μνλ} ∫ d^3x ( NT_{M2}C_{μνλ} + 3 2 G_{μνIJ} Tr(X^I , D_λX^J ) (7)

−c(G_7 + 1 2 C_3 ∧ G_4)_{μνλIJKL} Tr(X^I , [X^J , X^K , X^L]) ) . In section 4 we will argue that c = 2.

2.2 Supersymmetry

In this section we wish to supersymmetrize the flux term S_{flux} that we found above. There are also similar calculations in [21][22][23] where the flux-induced Fermion masses on D-branes were obtained. Here we will be interested in the final term since only it preserves 3-dimensional Lorentz invariance (the first term is just a constant if it is Lorentz invariant). Thus for the rest of this section we will consider backgrounds where L_{flux} = cG̃_{IJKL} Tr(X^I , [X^J , X^K , X^L]) , (8) with G̃_{IJKL} = − 1 3! ϵ^{μνλ}(G_7 + 1 2 C_3 ∧ G_4)_{μνλIJKL} = 1 4! ϵ_{IJKLMNP Q}G^{MNP Q} (9) and G_{IJKL} is assumed to be constant.

To proceed we take the ansatz for the Lagrangian in the presence of background fields to be L = L_{N =8} + L_{mass} + L_{flux} , (10) where L_{N =8} is the Lagrangian detailed in [4], L_{mass} = − 1 2 m^2δ_{IJ} Tr(X^I , X^J ) + b Tr(Ψ̄Γ^{IJKL}, Ψ)G̃_{IJKL} , (11) and m^2 and B are constants. We use conventions where Ψ and ϵ are elevendimensional spinors satisfying the constraints Γ_{012}Ψ = −Ψ and Γ_{012}ϵ = ϵ.

As shown in [4], L_{N =8} is invariant under the supersymmetry transformations δX^I_a = iϵ̄Γ^I Ψ_a δÃ_μ^b_a = iϵ̄Γ_μΓ_I X^I_c Ψ_df^{cdb}_a (12) δΨ_a = D_μX^I_a Γ^μΓ^I ϵ − 1 6 X^I_b X^J_c X^K_d f^{bcd}_aΓ^{IJK} ϵ . We propose additional supersymmetry transformations of the following form δ^′X^I_a = 0 δ^′Ã_μ^b_a = 0 (13) δ^′Ψ_a = ωΓ^{IJKL}Γ^M ϵX^M_a G̃_{IJKL} , where ω is a real dimensionless parameter.

Applying the supersymmetry transformations to the mass deformed Lagrangian gives

δ̃L = (δ^′ + δ)(L_{N =8} + L_{mass} + L_{flux}) (14) = (iω + 2b) Tr(Ψ̄Γ^μΓ^{MNOP} Γ^I ϵ, D_μX^I )G̃_{MNOP} + iω 2 Tr(Ψ̄Γ^{IJ} Γ^{MNOP} Γ^K ϵ, [X^I , X^J , X^K])G̃_{MNOP} − 2b 6 Tr(Ψ̄Γ^{MNOP} Γ^{IJK}ϵ, [X^I , X^J , X^K ])G̃_{MNOP} +4ic Tr(Ψ̄Γ^I ϵ, [X^J , X^K, X^L])G̃_{IJKL} +im^2δ_{IJ} Tr(Ψ̄Γ^I ϵ, X^J ) +2bω Tr(Ψ̄Γ^{IJKL}Γ^{MNOP} Γ^Qϵ, X^Q)G̃_{IJKL}G̃_{MNOP} . (15) To eliminate the term involving the covariant derivative we must set b = −iω/2. Substituting for b, expanding out the gamma matrices and using anti-symmetry of the indices yields δ̃L = 2iω 3 Tr(Ψ̄Γ^{IJKMNOP} ϵ, [X^I , X^J , X^K ])G̃_{MNOP} +(4ic − 16iω) Tr(Ψ̄Γ^Lϵ, [X^I , X^J , X^K ])G̃_{LIJK} +im^2δ_{IJ} Tr(Ψ̄Γ^I ϵ, X^J ) −iω^2 Tr(Ψ̄Γ^{JKLM} Γ^{NOP Q}Γ^I ϵ, X^I )G̃_{JKLM}G̃_{NOP Q} . (16) Defining /G̃ = G̃_{JKLM} Γ^{JKLM} and using Hodge duality of the gamma matrices leads to δ̃L = 96iω 6 ( −1 + c 4ω − ⋆ ) G̃_{LIJK} Tr(Ψ̄Γ^Lϵ, [X^I , X^J , X^K ])

+i Tr(Ψ̄ ( m^2 − ω^2 /G̃ /G̃ ) Γ^I ϵ, X^I ) . (17)

Invariance then follows if the following equations hold ( −1 + c 4ω − ⋆ ) G̃_{LIJK} = 0 and ( m^2 − ω^2 /G̃ /G̃ ) Γ^I ϵ = 0 . (18)

Since we assume that c ≠ 0, the first equation implies ω = c/8 and G̃ is selfdual. It follows from the result Γ^{3456789(10)} /G̃ = /G̃ that the second equation is satisfied by /G̃ /G̃ = 32m^2 c^2 ( 1 + Γ^{3456789(10)} ) . (19)

Expanding out the left hand side and using the self-duality of G̃ one sees that this is equivalent to the two conditions

m^2 = c^2 32 · 4!

G^2 and G_{MN[IJ} G_{KL]}^{MN} = 0 , (20)

where G^2 = G_{IJKL}G^{IJKL}.

The superalgebra can be shown to close on-shell. We first consider the gauge field and find that the transformations close into the same translation and gauge transformation as in the un-deformed theory;

[δ̃_1, δ̃_2]Ã_μ^b_a = [δ_1 + δ^′_1, δ_2 + δ^′_2]Ã_μ^b_a

= v^νF̃_{μν}^b_a + D_μΛ̃^b_a , (21)

where v^ν = −2iϵ̄_2Γ^ν ϵ_1 and Λ̃^b_a = iϵ̄_2Γ_{JK} ϵ_1X^J_c X^K_d f^{cdb}_a.

In considering the scalars we find a term, 2iωϵ̄_2Γ^{MNOP IJ} ϵ_1X^J_a G̃_{MNOP} , which can be transformed into an object with two gamma matrix indices by utilizing the self-duality of the flux. We find that the scalars close into a translation plus a gauge transformation and an SO(8) R-symmetry,

[δ̃_1, δ̃_2]X^I_a = [δ_1 + δ^′_1, δ_2 + δ^′_2]X^I_a = v^μD_μX^I_a + Λ̃^b_aX^I_b + iR^I_J X^J_a , (22)

where R^I_J = 48ωϵ̄_2Γ^{MN} ϵ_1G̃_{MNIJ} is the R-symmetry.

Finally we examine the closure of the Fermions. We find again a term incorporating Γ^{(6)} which can be converted to Γ^{(2)} using self-duality of G̃. Continuing, we find

[δ̃_1, δ̃_2]Ψ_a = [δ_1 + δ^′_1, δ_2 + δ^′_2]Ψ_a (23)

= v^μD_μΨ_a + Λ̃^b_aΨ_b + i(ϵ̄_2Γ_μϵ_1)Γ^μE^′_Ψ − i 4 (ϵ̄_2Γ_{JK} ϵ_1)Γ^{JK} E^′_Ψ + i 4 R_{MN} Γ^{MN} Ψ_a . (24)

Here E^′_Ψ is the mass deformed Fermionic equation of motion,

E^′_Ψ = Γ^ν D_ν Ψ_a + 1 2 Γ_{IJ} X^I_c X^J_d Ψ_bf^{cdb}_a − ωΓ^{MNOP} Ψ_aG̃_{MNOP} . (25)

Consequently, we find that on-shell

[δ̃_1, δ̃_2]Ψ_a = v^μD_μΨ_a + Λ̃^b_aΨ_b + i 4 R_{MN} Γ^{MN} Ψ_a . (26)

We also verify that the Fermionic equation of motion maps to the Bosonic equations of motion under the supersymmetry transformations. From the proposed mass deformed Lagrangian the scalar equation of motion is

E^′_X = D^2X^I_a − i 2 Ψ̄_cΓ^{IJ} X^J_d Ψ_bf^{cdb}_a− ∂V ∂X^{Ia} −m^2X^I_a −4cX^J_c X^K_d X^L_b f^{cdb}_aG̃_{IJKL} = 0 . (27) The equation of motion for the gauge field is unchanged and is given by

E^′_Ã = F̃_{μν}^b_a + ε_{μνλ}(X^J_c D^λX^J_d + i 2 Ψ̄_cΓ^λΨ_d)f^{cdb}_a = 0 . (28)

Taking the variation of the Fermionic equation of motion (25) gives 0 = Γ^I Γ_λX^I_b E^′_Ãϵ + Γ^I E^′_X ϵ + 96iω 6 ( −1 + c 4ω − ⋆ ) G̃_{LIJK} Γ^LϵX^I_c X^J_d X^K_b f^{cdb}_a + ( m^2 − ω^2Γ^{MNOP} Γ^{W XY Z}G̃_{W XY Z}G̃_{MNOP} ) Γ^I ϵX^I_a . (29)

Therefore consistency of the equations of motion under supersymmetry again implies that the conditions (18) must be satisfied.

Let us summarize our results. The Lagrangian L = − 1 2 Tr(D_μX^I , D^μX^I ) + i 2 Tr(Ψ̄Γ^μ, D_μΨ) + i 4 Tr(Ψ̄Γ_{IJ} , [X^I , X^J , Ψ]) −V − L_{CS} − 1 2 m^2δ_{IJ} Tr(X^I , X^J ) − ic 16 Tr(Ψ̄Γ^{IJKL}, Ψ)G̃_{IJKL} +c Tr([X^I , X^J , X^K ], X^L)G̃_{IJKL} (30) is invariant under the supersymmetries

δX^I_a = iϵ̄Γ^I Ψ_a δÃ_μ^b_a = iϵ̄Γ_μΓ_I X^I_c Ψ_df^{cdb}_a (31)

δΨ_a = D_μX^I_a Γ^μΓ^I ϵ − 1 6 X^I_b X^J_c X^K_d f^{bcd}_aΓ^{IJK} ϵ + c 8 Γ^{IJKL}Γ^M ϵX^M_a G̃_{IJKL} provided G̃_{IJKL} is self-dual and satisfies (20). Moreover the supersymmetry algebra closes according to [δ_1, δ_2]Ã_μ^b_a = v^νF̃_{μν}^b_a + D_μΛ̃^b_a [δ_1, δ_2]X^I_a = v^μD_μX^I_a + Λ̃^b_aX^I_b + iR^I_J X^J_a (32)

[δ_1, δ_2]Ψ_a = v^μD_μΨ_a + Λ̃^b_aΨ_b + i 4 R_{MN} Γ^{MN} Ψ_a .

Taking

G = μ(dx^3 ∧ dx^4 ∧ dx^5 ∧ dx^6 + dx^7 ∧ dx^8 ∧ dx^9 ∧ dx^{10}) (33)

readily leads to the mass-deformed Lagrangian of [13][14].

3 N = 6 Theories

Let us now consider the more general case of N = 6 supersymmetry and in particular the ABJM [10] and ABJ [11] models which describe an arbitrary number of M2-branes in an R^8 /Z_k orbifold. We will use the notation and conventions of [24]. Since the discussion is similar in spirit to the N = 8 case we will shorten our discussion and largely just present the results of our calculations.

3.1 Non-Abelian Couplings to Background Fluxes

In the N = 6 theories there are 4 complex scalars Z^A and their complex conjugates Z̄_A. These are defined in terms of the spacetime coordinates through

Z^1 = 1 √ 2T_{M2} (x^3 + ix^4) Z^2 = 1 √ 2T_{M2} (x^5 + ix^6)

Z^3 = 1 √ 2T_{M2} (x^7 − ix^9) Z^4 = 1 √ 2T_{M2} (x^8 − ix^{10}) .

In particular we will take the formulation in [24]. The scalars and Fermions are endowed with a triple product [Z^A, Z^B; Z̄_C ] or [Z̄_A, Z̄_b; Z^C ] and an innerproduct Tr(Z̄_A, Z^B) subject to a quadratic fundamental identity as well as the condition Tr(Z̄_D, [Z^A, Z^B ; Z̄_C ])^⋆ = −Tr(Z̄_A, [Z^C , Z^D; Z̄_B]). To obtain the ABJM/ABJ models [11][10] one should let the fields be m × n matrices and define [Z^A, Z^B; Z̄_C ] = λ(Z^AZ̄^†_C Z^B − Z^BZ̄^†_C Z^A) . (34)

where λ is an arbitrary (but quantized) coupling constant. As such the gauge invariant terms always involve an equal number of Z and Z̄ coordinates. Again this is consistent with the interpretation that the M2-branes are in an C^4 /Z_k orbifold which acts as Z^A → e^{2πi}k Z^A.

Following the discussion of the previous section we start with

S_C = 1 3! ϵ^{μνλ} ∫ d^3 x ( NT_{M2}C_{μνλ} + 3 2 C_μ^A_B Tr(D_νZ̄_A, D_λZ^B ) + 3 2 C_{μA}^B Tr(D_ν Z^A, D_λZ̄_B ) + 3c 2 C_{μνAB}^{CD} Tr([D_λZ̄_D, [Z^A, Z^B; Z̄_C ]) + 3c 2 C_{μν}^{AB}_{CD} Tr([D_λZ^D, [Z̄_A, Z̄_B; Z^C ]) ) . (35)

Integrating by parts we again find a non-gauge invariant term proportional to ϵ^{μνλ}F̃_{νλ}C_μ^A_B which is cancelled by adding

S_F = 1 8 ϵ^{μνλ} ∫ d^3x C_μ^A_B Tr(Z̄_A, F̃_{νλ}Z^B ) + C_{μA}^B Tr(Z^A, F̃_{νλ}Z̄_B ) . (36)

As with the case above we also must add S_{CG} = − c 8 · 3! ϵ^{μνλ} ∫ d^3x (C_3 ∧ G_4)_{μνAB}^{CD} Tr(Z̄_D, [Z^A, Z^B; Z̄_C ]) (37)

to ensure that the last term is gauge invariant. Thus in total we have S_{flux} = S_C + S_F + S_{CG} = 1 3! ϵ^{μνλ} ∫ d^3x ( NT_{M2}C_{μνλ} + 3 4 G_{μν}^A_B Tr(Z̄_A, D_λZ^B ) + 3 4 G_{μν A}^B Tr(Z^A, D_λZ̄_B) (38) − c 4 (G_7 + 1 2 C_3 ∧ G_4)_{μνλAB}^{CD} Tr([Z̄_D, [Z^A, Z^B; Z̄_C ]) ) . 3.2 Supersymmetry

Following on as before we wish to supersymmetrize the action

L = L_{N =6} + L_{mass} + L_{flux} , (39)

where L_{N =6} is the N = 6 Chern-Simons-Matter Lagrangian. We restrict to backgrounds where L_{flux} = c 4 Tr([Z̄_D, [Z^A, Z^B; Z̄_C ])G̃_{AB}^{CD} , (40) with G̃_{AB}^{CD} = − 1 3! ϵ^{μνλ}(G_7 + 1 2 C_3 ∧ G_4)_{μνλAB}^{CD} = 1 4 ϵ_{ABEF} ϵ^{CDGH} G^{EF}_{GH} . (41) Finally we take the ansatz for L_{mass} to be

L_{mass} = −m^2 Tr(Z̄_A, Z^A) + b Tr(ψ̄^A, ψ_F )G̃_{AE}^{EF} . (42)

We propose the following modification to the Fermion supersymmetry variation δ^′ψ_{Ad} = ωϵ_{DF} Z^F_d G̃_{AE}^{ED} , (43) where ω is a real parameter.

After applying the supersymmetry transformations to L we find that taking b = −iω eliminates the covariant derivative terms. The terms that are second order in G̃ must vanish separately and this gives the condition

G̃_{AE}^{EB}G̃_{BF}^{F C} = m^2 ω^2 δ^C_A . (44)

The remaining terms in the variation are δL = +2iω Tr(Z̄_D, [ψ̄_F ϵ^{DA}, Z^Q; Z̄_Q])G̃_{AE}^{EF} +iω Tr(Z̄_D, [ψ̄_F ϵ^{QD}, Z^A; Z̄_Q])G̃_{AE}^{EF} +2iω Tr(Z̄_D, [ψ̄_K ϵ^{AD}, Z^K ; Z̄_F ])G̃_{AE}^{EF} (45) + ic 2 Tr(Z̄_D, [ψ̄_K ϵ^{AK} , Z^B ; Z̄_C ])G̃_{AB}^{CD} + iω 2 ε^{AKQD}ε_{IJF P} Tr(Z̄_D, [ψ̄_K ϵ^{IJ} , Z^P ; Z̄_Q])G̃_{AE}^{EF} +c.c. ,

where we have made use of the reality condition ϵ_{F P} =^1_2 ε_{IJF P} ϵ^{IJ} . To proceed we need to restrict G̃ to have the form

G̃_{AB}^{CD} = 1 2 δ^C_BG̃_{AE}^{ED} − 1 2 δ^C_AG̃_{BE}^{ED} − 1 2 δ^D_B G̃_{AE}^{EC} + 1 2 δ^D_A G̃_{BE}^{EC} , (46)

with G̃_{AE}^{EA} = 0. Substituting for G̃_{AB}^{CD} allows us to factor out the common term Tr(Z̄_D, [ψ̄_K ϵ^{IJ} , Z^P ; Z̄_Q])G̃_{AE}^{EF} . This factor is separately antisymmetric in IJ and DQ so after expanding out ε^{AQKD}ε_{IJF P} = 4!δ^{[AQKD]}_{IJF P} we have δL = iω ( c 2ω − 2 ) (δ^A_I δ^K_J δ^D_F δ^Q_P + δ^K_I δ^Q_J δ^D_F δ^A_P ) × Tr(Z̄_D, [ψ̄_K ϵ^{IJ} , Z^P ; Z̄_Q])G̃_{AE}^{EF} (47) +c.c.

Therefore the Lagrangian is invariant under supersymmetry if ω = c/4. Taking the trace of equation (44) allows us to deduce that m^2 = 1 32 · 4!

c^2G^2 (48) where G^2 = 6G_{AB}^{CD}G^{AB}_{CD} = 12G_{AE}^{EB}G_{BF}^{F A}.

In examining the closure of the superalgebra we find [δ_1, δ_2] Ã_μ^c_d = v^νF̃_{μν}^c_d + D_μ(Λ_{āb}f^{cbā}_d) (49) [δ_1, δ_2] Z^A_d = v^μD_μZ^A_d + Λ_{c̄b}f^{abc̄}_dZ^A_a − iR^A_BZ^B_d − iY Z^A_d (50) where

v^μ = i 2 ϵ̄^{CD}_2 γ^μϵ^1_{CD} (51) Λ_{c̄b} = i(ϵ̄^{DE}_2 ϵ^1_{CE} − ϵ̄^{DE}_1 ϵ^2_{CE} )Z̄_{Dc̄}Z^C_b (52) R^A_B = ω ( (ϵ̄^{AC}_1 ϵ^2_{DB} − ϵ̄^{AC}_2 ϵ^1_{DB} ) − 1 4 (ϵ̄^{EC}_1 ϵ^2_{DE} − ϵ̄^{EC}_2 ϵ^1_{DE})δ^A_B ) G̃_{CM}^{MD}(53) Y = ω 4 (ϵ̄^{EC}_1 ϵ^2_{DE} − ϵ̄^{EC}_2 ϵ^1_{DE} )G̃_{CM}^{MD} . (54) Acting with the commutator on the Fermions gives [δ_1, δ_2]ψ_{Dd} = v^μD_μψ_{Dd} + Λ_{āb}f^{cbā}_dψ_{Dc} − i 2 (ϵ̄^{AC}_1 ϵ_{2AD} − ϵ̄^{AC}_2 ϵ_{1AD})E^′_{Cd} + i 4 (ϵ̄^{AB}_1 γ_ν ϵ_{2AB} )γ^ν E^′_{Dd} +iR^A_Dψ_{Ad} − iY ψ_{Dd} (55) provided the 4-form satisfies G̃_{AE}^{EA} = 0. The new Fermionic equation of motion is E^′_{Cd} = γ^μD_μψ_{Cd} + f^{abc̄}_dψ_{Ca}Z^D_b Z̄_{Dc̄} − 2f^{abc̄}_dψ_{Da}Z^D_b Z̄_{Cc̄} −ε_{CDEF} f^{abc̄}_dψ^D_{c̄} Z^E_a Z^F_b + c 4 G̃_{CE}^{EB}ψ_{Bd} . (56)

Consistency of the Bosonic and Fermionic equations of motion under supersymmetry requires that G̃_{AE}^{EB}G̃_{BF}^{F C} =^{m2}_{ω2} δ^C_A , which is the same condition as found in demonstrating invariance of the action.

Choosing G̃_{AB}^{CD} to have the form (46) with

G̃_{AB}^{BC} = μ 0 0 0 0 μ 0 0 0 0 −μ 0 0 0 0 −μ , (57)

gives the mass-deformed Lagrangian of [15][16].

4 Background Curvature

Our final point is to understand the physical origin of the mass-squared term in the effective action which is quadratic in the masses. Note that this term is a simple, SO(8)-invariant mass term for all the scalar fields. Furthermore it does not depend on any non-Abelian features of the theory. Therefore we can derive this term by simply considering a single M2-brane and compute the unknown constant c.

We can understand the origin of this term as follows. We have seen that it arises as a consequence of supersymmetry. For a single M2-brane supersymmetry arises as a consequence of κ-symmetry and κ-symmetry is valid whenever an M2-brane is propagating in a background that satisfies the equations of motion of eleven-dimensional supergravity [1].

The multiple M2-brane actions implicitly assume that the background is simply flat space or an orbifold thereof. However the inclusion of a nontrivial flux implies that there is now a source for the eleven-dimensional metric which is of order flux-squared. Thus for there to be κ-supersymmetry and hence supersymmetry it follows that the background must be curved. This in turn will lead to a potential in the effective action of an M2-brane. In particular given a 4-form flux G_4 the Bosonic equations of eleven-dimensional supergravity are R_{mn} − 1 2 g_{mn}R = 1 2 · 3! G_{mpqr}G_n^{pqr} − 1 4 · 4! g_{mn}G^2 d ⋆ G_4 − 1 2 G_4 ∧ G_4 = 0 . (58)

At lowest order in fluxes we see that g_{mn} = η_{mn} and G_4 is constant. However at second order there are source terms. To start with we will assume that, at lowest order, only G_{IJKL} is non-vanishing. To solve these equations we introduce a non-trivial metric of the form g_{mn} = ( e^{2ω}η_{μν} 0 0 g_{IJ} ) , (59)

where ω = ω(x^I ) = ω(X^I /T^{12}_{M2}) and g_{IJ} = g_{IJ} (x^I ) = g_{IJ} (X^I /T^{12}_{M2}).

Let us look at an M2-brane in this background. The first term in the action (1) is

S_1 = −T_{M2} ∫ d^3x √ −det(e^{2ω}η_{μν} + ∂_μx^I ∂_ν x^J g_{IJ} ) = −T_{M2} ∫ d^3x e^{3ω} ( 1 + 1 2 e^{−2ω}∂_μx^I ∂^μx^J g_{IJ} + . . . ) (60) = − ∫ d^3x ( T_{M2}e^{3ω} + 1 2 e^ω∂_μX^I ∂^μX^J g_{IJ} + . . . ) . Next we note that, in the decoupling limit T_{M2} → ∞, we can expand

e^{2ω(x)} = e^{2ω(XI /√TM2)} = 1 + 2 T_{M2} ω_{IJ} X^I X^J + . . . , (61) and g_{IJ} (x) = g_{IJ} (X^I / √ T_{M2}) = δ_{IJ} + . . . , (62) so that

S_1 = − ∫ d^3x ( T_{M2} + 3ω_{IJ} X^I X^J + 1 2 ∂_μX^I ∂^μX^J δ_{IJ} + . . . ) , (63)

where the ellipsis denotes terms that vanish as T_{M2} → ∞. Thus we see that in the decoupling limit we obtain the mass term for the scalars. Similar mass terms for M2-branes were also studied in [25] for pp-waves.

To compute the warp-factor ω we can expand g_{mn} = η_{mn} + h_{mn}, where h_{mn} is second order in the fluxes, and linearize the Einstein equation. If we impose the gauge ∂^mh_{mn} −^1_2 ∂_nh^p_p = 0 then Einstein’s equation becomes − 1 2 ∂_p∂^p ( h_{mn} − 1 2 η_{mn}h_q^q ) = 1 2 · 3! G_{mpqr}G_n^{pqr} − 1 4 · 4!

g_{mn}G^2 . (64)

This reduces to two coupled sets of equations corresponding to choosing indices (m, n) = (μ, ν) and (m, n) = (I, J). Contracting the latter with δ^{IJ} one finds that h_I^I = 4h_p^p and hence h_p^p = −^1_3 h_μ^μ. With this in hand the (m, n) = (μ, ν) terms in Einstein’s equation reduce to

∂_I ∂^I e^{2ω} = 1 3 · 4!

G^2 , (65)

and hence, to leading order in the fluxes,

e^{2ω} = 1 + 1 48 · 4!

G^2δ_{IJ} x^I x^J , (66)

so that S_1 contributes the term

S_1 = − ∫ d^3x 1 32 · 4!

G^2X^2 (67)

to the potential.

Next we must look at the second, Wess-Zumino term, in (1);

S_2 = T_{M2} 3! ∫ d^3x ϵ^{μνλ}C_{μνλ} . (68) Although we have assumed that C_{μνλ} = 0 at leading order, the C-field equation of motion implies that G_{Iμνλ} = ∂_I C_{μνλ} is second order in G_{IJKL}. In particular if we write C_{μνλ} = C_0ϵ_{μνλ} we find, assuming G_{IJKL} is self-dual, the equation ∂_I ∂^I C_0 = 1 2 · 4!

G^2 , (69)

where G^2 = G_{IJKL}G^{IJKL}. The solution is

C_0 = 1 32 · 4!

G^2δ_{IJ} x^I x^J . (70)

Thus we find that S_2 gives a second contribution to the scalar potential

S_2 = − ∫ d^3x 1 32 · 4!

G^2X^2 . (71)

Note that this is equal to the scalar potential derived from S_1. Therefore if we were to break supersymmetry and consider anti-M2-branes, where the sign of the Wess-Zumino term changes, we would not find a mass for the scalars.

In total we find the mass-squared

m^2 = 1 8 · 4!

G^2 . (72)

Comparing with (20) we see that c^2 = 4, e.g. c = 2. Note that we have performed this calculation using the notation of the N = 8 theory, however a similar calculation also holds in the N = 6 case with the same result.

5 Conclusions

In this paper we discussed the coupling of multiple M2-branes with N = 6, 8 supersymmetry to the background gauge fields of eleven-dimensional supergravity. In particular we gave a local and gauge invariant form for the ‘Myers terms’ in the limit M_{pl} → ∞. We supersymmetrized these flux terms in the case where the fluxes preserve the supersymmetry and Lorentz symmetry of M2-branes to obtain the massive models of [13][14][15][16]. We also showed how the flux-squared term in the effective action, which arises as a mass term for the scalar fields, is generated through a back reaction of the fluxes on the eleven-dimensional geometry.

The results we have found using gauge invariance fit naturally with the R^8 /Z_k orbifold interpretation of the background. However for the N = 6 theories with k = 1, 2 the orbifold action is less restrictive and this allows for additional terms. In particular for k = 2 we expect terms where total number of Z^A and Z̄_B fields are even (but not necessarily equal). In addition for k = 1 there should be terms with any number of Z^A and Z̄_B fields. Such terms are not gauge invariant on their own but presumably can be made so by including monopole operators which, for k = 1, 2, are local.

Acknowledgements

We would like to thank Greg Moore, Rob Myers and Costis Papageorgakis for insightful discussions. This work is supported in part by the PPARC rolling grant PP/C5071745/1 the EU Marie Curie Research Training Grant MRTN-CT-2004-512194 and STFC rolling grant ST/G000/395/1.

References

[1] E. Bergshoeff, E. Sezgin and P. K. Townsend, Phys. Lett. B 189 (1987) 75. [2] J. Bagger and N. Lambert, Phys. Rev. D 75 (2007) 045020 [arXiv:hep-th/0611108].

[3] A. Gustavsson, Nucl. Phys. B 811 (2009) 66 [arXiv:0709.1260 [hep-th]]. [4] J. Bagger and N. Lambert, Phys. Rev. D 77 (2008) 065008 [arXiv:0711.0955 [hep-th]].

[5] J. Bagger and N. Lambert, JHEP 0802 (2008) 105 [arXiv:0712.3738 [hep-th]].

[6] J. P. Gauntlett and J. B. Gutowski, arXiv:0804.3078 [hep-th]. [7] G. Papadopoulos, JHEP 0805 (2008) 054 [arXiv:0804.2662 [hep-th]]. [8] J. Gomis, G. Milanesi and J. G. Russo, JHEP 0806 (2008) 075 [arXiv:0805.1012 [hep-th]].

[9] S. Benvenuti, D. Rodriguez-Gomez, E. Tonni and H. Verlinde, JHEP 0901 (2009) 078 [arXiv:0805.1087 [hep-th]].

[10] O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena, JHEP 0810 (2008) 091 [arXiv:0806.1218 [hep-th]].

[11] O. Aharony, O. Bergman and D. L. Jafferis, JHEP 0811 (2008) 043 [arXiv:0807.4924 [hep-th]].

[12] R. C. Myers, JHEP 9912 (1999) 022 [arXiv:hep-th/9910053]. [13] K. Hosomichi, K. M. Lee and S. Lee, Phys. Rev. D 78 (2008) 066015 [arXiv:0804.2519 [hep-th]].

[14] J. Gomis, A. J. Salim and F. Passerini, JHEP 0808 (2008) 002 [arXiv:0804.2186 [hep-th]].

[15] K. Hosomichi, K. M. Lee, S. Lee, S. Lee and J. Park, JHEP 0809 (2008) 002 [arXiv:0806.4977 [hep-th]].

[16] J. Gomis, D. Rodriguez-Gomez, M. Van Raamsdonk and H. Verlinde, JHEP 0809 (2008) 113 [arXiv:0807.1074 [hep-th]].

[17] M. Li and T. Wang, JHEP 0807 (2008) 093 [arXiv:0805.3427 [hep-th]]. [18] Y. Kim, O. K. Kwon, H. Nakajima and D. D. Tolla, arXiv:0905.4840 [hep-th].

[19] N. Lambert and D. Tong, Phys. Rev. Lett. 101 (2008) 041602 [arXiv:0804.1114 [hep-th]].

[20] J. Distler, S. Mukhi, C. Papageorgakis and M. Van Raamsdonk, JHEP 0805 (2008) 038 [arXiv:0804.1256 [hep-th]].

[21] M. Grana, Phys. Rev. D 66 (2002) 045014 [arXiv:hep-th/0202118]. [22] D. Marolf, L. Martucci and P. J. Silva, JHEP 0307 (2003) 019 [arXiv:hep-th/0306066].

[23] P. G. Camara, L. E. Ibanez and A. M. Uranga, Nucl. Phys. B 689 (2004) 195 [arXiv:hep-th/0311241].

[24] J. Bagger and N. Lambert, Phys. Rev. D 79 (2009) 025002 [arXiv:0807.0163 [hep-th]].

[25] K. Skenderis and M. Taylor, JHEP 0402 (2004) 030 [arXiv:hep-th/0311079].