arXiv:0908.3367v3 [gr-qc] 15 Dec 2010

Gravitational Higgs Mechanism: The Role of Determinantal Invariants

Nurettin Pirinççiog̃lu

Department of Physics, University of Dicle, Diyarbakır, TR21280. (August, 2009)

Abstract

The Higgs mechanism for gravity, as proposed by ’t Hooft in arXiv: 0708.3184[hep-th], can be augmented by including determinantal invariants. We analyze the effects of determinantal invariants in such a set up. We find that the part of the potential that depends on the determinantal invariants, if obtains a specific exponential form in terms of its argument, may not affect the graviton mass calculated.

Department of Physics, Faculty of Science, University of Dicle, Diyarbakır, 21280 TURKEY npirinc@dicle.edu.tr

1 Introduction

In gauge theories, Higgs mechanism is the most fundamental framework for generating gauge boson masses in a renormalizable and continuous fashion. Namely, in non-Abelian gauge theories the discontinuity in physical amplitudes as gauge boson mass tends to vanish is lifted by the Higgs mechanism [1]. There has been a recent activity as to derive a Higgs mechanism for gravity such that discontinuity in graviton mass [2] is lifted by the associated Higgs mechanism. To this end, Moffat proposed the spontaneous symmetry breaking of local Lorentz invariance [3]. ’t Hooft [4] studied the Brout-Englert Higgs mechanism using four scalar field to fix the gauge in the four-dimensional spacetime. Scalars play the role of preferred frame. Later Kakushadze [5] derived an equation for Pauli- Fierz mass term in terms of a general potential by using Einstein-Hilbert action to the linear order. Very recently, Demir and Pak [6] discovered an equation for the mass term by using a more general action to quadratic order. Their action, compared to the previous ones, contains also determinantal invariants. There are also several other studies considering gravitational Higgs mechanism in different contexts [7], [8], [9], [10], [11], [12], [13], [14].

The Pauli-Fierz theory [15], which is nothing but linearized Einstein-Hilbert action about flat Minkowski, is the only ghost (negative energy) free theory. For this theory the mass term in the lagrangian must have the form − m^2_g 4 (h_{μν} h^{μν} − ξh^2) (1)

where h = h^μ is the non-unitary, negative energy mode, which is eliminated for ξ = 1.

The framework of the present paper is that of Demir and Pak [6]. Our goal in this paper is to analyze the effects of determinantal potential on the graviton mass term. We will show that, a physically admissible mass term arises for a specific solution for the determinantal potential.

To get ready for the analysis in the next section, we want to lay out notation used: We consider 4-dimensional spacetime with coordinates x^μ. In addition, we introduce scalar coordinates ϕ^a (a = 0, 1, 2, 3) parallel to x^μ. In addition to the spacetime metric g_{μν} , we introduce a scalar-induced metric

g^ϕ_{μν} = η_{ab}∂_μϕ^a∂_ν ϕ^b (2)

where η_{ab} = diag(−1, 1, 1, 1) is the flat Minkowski metric, not the identity matrix, i.e., η_{ab} ≠ δ_{ab}.

Incidentally, the determinant of g^ϕ_{μν} reads to be √ -det(g^ϕμν ) = ε^{αβγρ}∂_αϕ^0∂_β ϕ^1∂_γ ϕ^2∂_ρϕ^3 (3)

where ε^{αβγρ} is Levi-Civita symbol. One here observes that det(g^ϕ_{μν} )/det(g_{μν} ) is a perfect scalar field. This is the basis of the work [6], and our aim in this work is to analyze the potential of this scalar field, i.e. ratio of the determinants.

In weak gravitational field, one can expand g_{μν} as g_{μν} = η_{μν} + h_{μν} (4) with inverse g^{μν} = η^{μν} − h^{μν} + 1 2 h^{μα}h^ν_α (5) up to the quadratic order. One obtains g = det(g_{μν} ) = −1 − h. (6) The Higgs mechanism of ’t Hooft is based on the fact that the scalar coordinates acquire the vacuum expectation value ⟨ϕ^a⟩ = m^2x^a (7) so that ⟨g^ϕ_{μν} ⟩ = m^4η_{μν} (8) where m is the mass scale. Therefore, in the vacuum, the determinant of metric, g, is a scalar density of weight +2. The flat induced metric, its inverse, and its determinant with the same argument can be defined respectively as follows ⟨g^ϕ_{μν} ⟩ = m^4η_{μν} , (9) ⟨g^{(ϕ)μν} ⟩ = 1 m^4 η^{μν} , (10) ⟨g^ϕ⟩ = ⟨det(g^ϕ_{μν} )⟩ = −m^{16}. (11) The outline of the paper is as follows. The action, which includes the Einstein-Hilbert term in addition to the kinetic potential [5] and the potential of the determinantal invariant is introduced in Section 2. From this action, constraints on the potentials in the massless phase is given in Section 3, and the linearized equation of motion for massive graviton derived in Section 4. Finally, it is completed with a conclusion in Section 5.

2 Action for graviton

From the set up of [5] and [6] one can consider the following action: S = M^{D−2}_p ∫ d^Dx √ −g [R − V (y) + F (f)] (12)

where R = g_{μν} R^{μν} is the curvature scalar, and y = g^ϕ_{μν} g^{μν} , (13) f = det(g^ϕ_{μν} )/det(g_{μν} ) (14) are kinetic and determinantal invariants, respectively. ’t Hooft’s work considers only the invariant y. Demir and Pak include the invariant f, too. In this paper all discussions will be in the four dimensional spacetime, D = 4. Thus, the variation of equation (12) with respect to the metric g_{μν} gives (R_{μν} − 1 2 g_{μν} R) = V^′(y)g^ϕ_{μν} + 1 2 g_{μν} [F (f) + 2fF^′(f) − V (y)] (15)

where the prime denotes, the derivatives of potentials with respects to their arguments.

3 Massless case

In the massless phase of gravity we have ⟨ϕ^a⟩ = 0, and thus, ⟨g^ϕ_{μν} ⟩ = 0 and g_{μν} = η_{μν} . In this case the curvature scalar R vanishes with the constraint on the potentials F (0) − V (0) = 0 (16) This constraint is important for determining the behavior of potentials at their vanishing arguments. The vacuum solution of potentials will be discussed in the next section.

4 Massive case

In the Minkowski background the metric tensor g_{μν} , the arguments y, and f are as follows g_{μν} = η_{μν} , (17) y = y_∗ = m^4η_{μν} η^{μν} = 4m^4, (18) f = f_∗ = det(m^4η_{μν} )/ det(η_{μν} ) = m^{16}. (19) Contracting the equation(15), we get

yV^′(y) + 2 [F (f) + 2fF^′(f) − V (y)] = −R (20) where R is the curvature scalar. From this equation of motion y can be solved as the function of potentials F (f), V (y) and their first derivatives as follows y = 2 [V (y) − F (f) − 2fF^′(f)] − R V^′(y)

(21)

we denote such a solution as y_∗, and in this case f, becomes f_∗ = m^{16}, by considering equations (18, 19), and R = 0 in the Minkowski background. Rewriting equation (21) as the function of arguments y_∗ and f_∗ we get

y_∗ = 2 [ V (y_∗) − F (f_∗) − 2m^{16}F^′(f_∗) ] V^′(y_∗)

= 4m^4 (22)

If we set F (f) + 2fF^′(f) = Λ (23) Accordingly, the solutions for the two potentials are as follows: F (f) = Λ + λf^{−1/2} (24)

V (y) = Λ + R 2 + λy^2 (25) where Λ is the cosmological constant, and λ is a constant with respect to f, and y. These are the prime results of our work.

Einstein’s equation of motion satisfies the general covariance principle since it has tensorial form. So the physical quantities should be coordinate independent, under the x^μ → x^μ − ε^μ (26) coordinate transformation. Where ε^μ is infinitesimal. The scalar fluctuation can be gauged away by using the diffeomorphisms δϕ^a = ∇_μϕ^aε^μ (27) δh_{μν} = ∇_με_ν + ∇_ν ε_μ (28) after breaking the diffeomorphisms spontaneously by setting δϕ^a = 0. (29) Considering the linearized Einstein equation (field equations for h_{μν} ) propagating in the Minkowski background, we have g^ϕ_{μν} ≡ m^4η_{μν} , (30) det g^ϕ_{μν} ≡ −m^{16} (31) y = m^4η_{μν} g^{μν} = 4m^4 − m^4h + ...... = y_∗ − m^4h + ......... (32) f = −m^8/g = m^{16} − m^{16}h + ......... = f_∗ − m^{16}h + ......... (33) Hence the linearized form of equation (15) reads: (R_{μν} − 1 2 g_{μν} R) = 1 4 η_{μν} [ V (y_∗) − F (f_∗) − 8m^{16}F^′(f_∗) − 4m^8V^{′′}(y_∗) − 4m^{32}F^{′′}(f_∗) ] h + 1 2 [ F (f_∗) + 2m^{16}F^′(f_∗) − V (y_∗) ] h_{μν} (34) For decoupling of the scalar ghost state, the first term of the right hand side of equation (34) must vanish, i.e.

V (y_∗) − 4m^8V^{′′}(y_∗) − F (f_∗) − 8m^{16}F^′(f_∗) − 4m^{32}F^{′′}(f_∗) = 0 (35)

We can write equation (34) in more general form

(∂_α∂_ν h^α_μ + ∂_α∂_μh^α_ν − ∂_μ∂_ν h − ∂^α∂_αh_{μν} − η_{μν} ∂_β ∂_αh^{βα} + η_{μν} ∂^α∂_αh)

= m^2_g [ξη_{μν} h − h_{μν} ] (36) by introducing ξ = 1 2 − 2m^8[V^{′′}(y_∗) + m^{24}F^{′′}(f_∗)] + 3m^{16}F^′(f_∗)

V (y_∗) − F (f_∗) − 2m^{16}F^′(f_∗)

(37)

m^2_g = V (y_∗) − F (f_∗) − 2m^{16}F^′(f_∗) (38) where m_g is the mass of graviton. As can be seen from the eqs. (24), and (25), one can relates the gravitation mass to that of scalar field as

m^2_g = λm^{−8} (39)

The λ parameter must be positive. After eliminating the scalar ghost, and vector ghost states, the equation of motion (36) becomes

h = 0 (40)

∂^μh_{μν} = 0 (41) ∂^α∂_αh_{μν} − m^2_g h_{μν} = 0 (42) The equation of motion (42) describes the massive graviton (spin-2) particle without ghost state in the linearized approximation. In this situation the equations of motions are in the form of [5] and [6], but the equation (38) for Pauli- Fierz combination of mass term is determined as eq. (39). This result is different what is found in Demir and Pak [6], and [5]. This shift is proportional to the mass of scalar field, and the parameter λ. Furthermore, for the linearized solution F (f) takes the form

F (f) = Λ + λm^{−8} [ 1 − 1 2 h ] (43)

which is a function of the ghosty scalar h = h^μ. Also, to determine the nature of potentials, for example, the non-trivial of the vacuum solution, with the form of F (f), one relates the two potentials to the cosmological constant, F (0) = V (0) ≡ Λ. Hence, one can determine the vacuum phase of the potentials. This relation between two potentials enables one to kill the cosmological term with equation (16). It is also the two potentials are equal in the flat Minkowski space-time, V (y_∗) − F (f_∗) = 0. (44) but different in the curved one.

5 Conclusion

We have analyzed massive graviton in the set up of Demir and Pak [6] with an explicit solution for the determinantal potential. From our work, one can conclude that:

a) If the potential is as in equation (24) the contribution of determinantal potential to the Pauli-Fierz mass term becomes as eq.(39), this is very different from the works of [6], and [5].

b) The structure of the determinantal potential enables us to relate kinetic and determinantal potentials such that F (0) = V (0) = Λ, the cosmological constant. However, consistency of the theory for the massless case (equation (16)) guarantees that Λ = 0. This may be used as an argument for vanishing cosmological term in the set-up considered.

References

[1] A. I. Vaishtein and I. B. Khriplovich, Sov. J. Nucl. Phys. 13 (1971) 111;

A. I. Vaishtein, Surveys High Energy Phys. 20 (2006) 5.

[2] Y. Iwasaki, Phys. Rev. D 2, 2255 (1970); H. Van Dam and M. J. G. Veltman, Nucl. Phys. B 22 (1970) 397; V. I. Zakharov, JETP Lett. 12 (1970) 312 [Pisma Zh. Eksp. Teor. Fiz. 12 (1970) 447].

[3] J. W. Moffat, Found.Phys. 23 (1993) 411-437, arXiv:9209001[gr-qc].

Int.J.Mod.Phys.D2:351-366,1993, arXiv:92110208[gr-qc]. Int.J.Mod.Phys. D12 (2003) 1279-1288. arXiv:0211167[hep-th].

[4] G. ’t Hooft, arXiv:0708.3184[hep-th].

[5] Z. Kakushadze, Phys. Rev. D 77 (2008), 024001. arXiv:0710.1061[hep-th].

[6] D. A. Demir and N. K. Pak, Class. Quantum Grav. 26 (2009), 105018.

arXiv:0904.0089[hep-th].

[7] Z. Kakushadze and P. Langfelder, Mod. Phys. Lett. A 15 (2000) 2265.

arXiv:0011245[hep-th].

[8] M. Poratti, JHEP 04 (2002) 058. arXiv:0112166[hep-th].

[9] A. H. Chamseddine, Phys. Lett. B 557 (2003) 247. arXiv:0301014[hep-th].

[10] I. Kirsch, Phys. Rev. D 72 (2005) 024001. arXiv:0503024[hep-th].

[11] Z. Berezhiani, D. Comelli, F. Nesti and L. Pilo, Phys. Rev. Lett. 131101 (2007) 99. arXiv:0703264[hep-th].

[12] N. Arkani-Hamed, H. Georgi and M. D. Schwartz, Annals Phys. 305 (2003) 96. arXiv:0210184[hep-th].

[13] V. A. Rubakov and P. G. Tinyakov, Phys. Usp. 51 (2008) 759, arXiv:08024379[hep-th].

[14] A. H. Chamseddine and V. Muchanov, arXiv:1002.3877[hep-th]. [15] M. Fierz and W. Pauli, Proc. Soc. Lond. A 173. 211 (1939).