arXiv:0908.3676v2 [hep-ph] 10 Sep 2009

MZ-TH/09-28 August 26, 2009

Two-loop divergences of massive scattering amplitudes in non-abelian gauge theories

Andrea Ferroglia, Matthias Neubert, Ben D. Pecjak, and Li Lin Yang

Institut für Physik (THEP), Johannes Gutenberg-Universität D-55099 Mainz, Germany

Abstract

The infrared divergences of QCD scattering amplitudes can be derived from an anomalous dimension Γ, which is a matrix in color space and depends on the momenta and masses of the external partons. It has recently been shown that in cases where there are at least two massive partons involved in the scattering process, starting at two-loop order Γ receives contributions involving color and momentum correlations between three (and more) partons. The three-parton correlations can be described by two universal functions F_1 and f_2. In this paper these functions are calculated at two-loop order in closed analytic form and their properties are studied in detail. Both functions are found to be suppressed like O(m^4/s^2) in the limit of small parton masses, in accordance with mass factorization theorems proposed in the literature. On the other hand, both functions are O(1) and even diverge logarithmically near the threshold for pair production of two heavy particles. As an application, we calculate the infrared poles in the qq̄ → tt̄ and gg → tt̄ scattering amplitudes at two-loop order.

Contents

1 Introduction 1

2 General structure of the anomalous dimension 3

3 Calculation of F_1 and f_2 6 3.1 Color-space formalism for Wilson coefficients and operators . . . . . . . . . . . 6 3.2 Calculation of F_1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 3.3 Derivation of f_2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 3.4 Properties of the universal functions . . . . . . . . . . . . . . . . . . . . . . . . 11 3.5 Limit of small parton masses . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

4 IR singularities in top-quark pair production 15 4.1 Anomalous-dimension matrices . . . . . . . . . . . . . . . . . . . . . . . . . . 16 4.2 IR poles in the qq̄ → tt̄ and gg → tt̄ scattering amplitudes . . . . . . . . . . 18

5 Elastic quark-quark scattering in the forward limit 20

6 Conclusions 23

1 Introduction

In the past few years, much progress has been achieved in the understanding of the infrared (IR) singularities of massless scattering amplitudes in non-abelian gauge theories, which are characterized by an intricate interplay of soft and collinear dynamics. While factorization proofs guarantee the absence of IR divergences in inclusive observables [1], in many cases large Sudakov logarithms remain after this cancellation. A detailed control over the structure of IR poles in the virtual corrections to scattering amplitudes is a prerequisite for the resummation of these logarithms beyond the leading order [2–5]. Catani was the first to predict the singularities of two-loop scattering amplitudes apart from the 1/ϵ pole term [6], whose general form was derived later in [7, 8]. An interesting alternative approach to the problem of IR singularities was developed in [9], where the authors exploited the factorization properties of scattering amplitudes along with IR evolution equations to recover Catani’s result at two-loop order and relate the coefficient of the 1/ϵ pole term to a soft anomalous-dimension matrix. Surprisingly, the explicit calculation of the two-loop anomalous-dimension matrix revealed that it has the same color and momentum structure as at one-loop order [7, 8].

In recent work [10], it was shown that the IR singularities of on-shell amplitudes in massless QCD are in one-to-one correspondence to the ultraviolet (UV) poles of operator matrix elements in soft-collinear effective theory (SCET) [11–13]. They can be subtracted by means of a multiplicative Z factor, whose structure is constrained by the renormalization group. It was argued that the simplicity of the corresponding anomalous-dimension matrix holds not only at one- and two-loop order, but may in fact be an exact result of perturbation theory. This possibility was raised independently in [14]. A non-trivial test of this prediction at three-loop order was performed in [15]. Detailed theoretical arguments supporting this conjecture were presented in [16], where constraints derived from soft-collinear factorization, the non-abelian exponentiation theorem [17, 18], and the behavior of scattering amplitudes in two-parton collinear limits [19] were employed to show that the anomalous-dimension matrix retains its simple form to three-loop order, with the possible exception of a single structure multiplying a function of two linearly independent conformal cross ratios built out of the momenta of four partons, which would have to vanish in all collinear limits. It was also proved that the coefficient of the Sudakov logarithm in the anomalous dimension obeys Casimir scaling at least through four-loop order.

It is interesting and relevant for many physical applications to generalize these results to the case of massive partons. The IR singularities of one-loop scattering amplitudes containing massive partons were obtained some time ago in [20], but until very recently little was known about higher-loop results. In the limit where the parton masses are small compared with the typical momentum transfer among the partons, mass logarithms can be predicted based on collinear factorization theorems [21, 22]. This allows one to obtain massive amplitudes from massless ones with a minimal amount of calculational effort. This method has been verified for two-loop QED amplitudes [22] and QCD amplitudes describing top-quark pair production at hadron colliders [23, 24]. A major step toward solving the problem of finding the IR divergences of generic two-loop scattering processes with both massive and massless partons, without the restriction to the limit of small masses, has been taken independently in [25] and [26]. Interestingly, one finds that the simplicity of the anomalous-dimension matrix does not persist at two-loop order in the massive case. Important constraints from soft-collinear factorization and two-parton collinear limits are lost, and only the non-abelian exponentiation theorem restricts the color structures appearing in the anomalous-dimension matrix. At twoloop order, two different types of three-parton color and momentum correlations appear, whose effects can be parameterized in terms of two universal, process-independent functions F_1 and f_2 defined in equation (5) below. Apart from some symmetry properties, the precise form of these functions was left unspecified in [25, 26].

The goal of this paper is to calculate and study these functions at two-loop order. A brief account of our main findings was presented in [27]. In the following section we review known facts about the structure of the anomalous-dimension matrix governing the IR poles of scattering amplitudes in non-abelian gauge theories. Our main new contribution, the calculation of the universal functions F_1 and f_2, is described in Section 3, where we also analyze some properties of these functions such as their analytic structure and their behavior near threshold. Contrary to statements made in the literature, we find that F_1 and f_2 do not vanish in the limit where the velocities of two massive partons approach each other. We then discuss the particularly interesting limit in which the parton masses are small compared with the typical momentum transfers. We find that in this limit our results are compatible with factorization theorems proposed in [21, 22]. As an application of our general results, we present in Section 4 the anomalous-dimension matrices and Z factors relevant for the parton scattering processes qq̄, gg → tt̄ + colorless particles, where we allow for the presence of e.g. electroweak gauge bosons or Higgs bosons in the final state. Using these results, we derive analytic formulae for all 1/ϵ^n pole terms at two-loop order in the squared qq̄ → tt̄ and gg → tt̄ scattering amplitudes, some of which were so far unknown or only known in numerical form. We attach these results in the form of a computer program. In Section 5 we study elastic quark-quark scattering in the forward limit s, m^2 ≫ |t|, in which our general expression for the anomalous-dimension matrix reduces to the cross anomalous dimension studied a long time ago in [28]. This serves as a non-trivial check of our calculation. Our main findings are summarized in the concluding Section 6.

2 General structure of the anomalous dimension

We denote by |M_n(ϵ, {p}, {m})⟩ a UV-renormalized, on-shell n-parton scattering amplitude with IR singularities regularized in d = 4 − 2ϵ dimensions. Here {p} ≡ {p_1, . . . , p_n} and {m} ≡ {m_1, . . . , m_n} denote the momenta and masses of the external partons. The amplitude is a function of the Lorentz invariants s_{ij} ≡ 2σ_{ij} p_i · p_j + i0 and p^2_i = m^2_i , where the sign factor σ_{ij} = +1 if the momenta p_i and p_j are both incoming or outgoing, and σ_{ij} = −1 otherwise. For massive partons (m_i ≠ 0), we define 4-velocities v_i = p_i/m_i with v^2_i = 1 and v^0_i ≥ 1. We further define the recoil variables w_{ij} ≡ −σ_{ij} v_i · v_j − i0. We use the color-space formalism of [29, 30], in which n-particle amplitudes are treated as n-dimensional vectors in color space. T_i is the color generator associated with the i-th parton and acts as an SU(N) matrix on its color indices. Specifically, one assigns (T^a_i )_{αβ} = t^a_{αβ} for a final-state quark or an initial-state anti-quark, (T^a_i )_{αβ} = −t^a_{βα} for a final-state anti-quark or an initial-state quark, and (T^a_i )_{bc} = −if^{abc} for a gluon. We also use the notation T_i · T_j ≡ T^a_i T^a_j summed over a. Generators associated with different particles trivially commute, while T^2_i = C_i is given in terms of the eigenvalue of the quadratic Casimir operator of the corresponding color representation, i.e., C_q = C_{q̄} = C_F =^{N 2−1}_{2N} for quarks and C_g = C_A = N for gluons. Below, we will label massive partons with capital indices (I, J, . . . ) and massless ones with lower-case indices (i, j, . . . ). Note that color conservation implies the relation ∑ i T_i + ∑ I T_I = 0 (1)

when acting on color-singlet states.

It was shown in [10, 16, 26] that the IR poles of such amplitudes can be removed by a multiplicative renormalization factor Z^{−1}(ϵ, {p}, {m}, μ), which acts as a matrix on the color indices of the partons. More precisely, we have Z^{−1}(ϵ, {p}, {m}, μ) |M_n(ϵ, {p}, {m})⟩ | |_{αQCDs →ξαs} = finite (2)

for ϵ → 0. The quantity α_s denotes the strong coupling constant in the effective theory, which is obtained after integrating out the heavy partons [26]. It is related to the coupling constant α^{QCD}_s of full QCD via the decoupling relation α^{QCD}_s = ξα_s. In the relation above, this matching relation must be applied to the scattering amplitude in full QCD, as indicated. To first order in α_s, the matching factor appropriate for n_h heavy-quark flavors in QCD reads [31]

ξ = 1 + α_s 3π T_F n_h∑

i=1 [ e^{ϵγE} Γ(ϵ) ( μ^2 m^2_i )_ϵ − 1 ϵ ] + O(α^2_s), (3) with T_F =^1_2 . Here m_i denote the masses of the heavy quarks. Note that, as an alternative to (2), one can convert the expression for the Z factor from the effective to the full theory by replacing α_s → ξ^{−1} α^{QCD}_s . We will make use of this possibility in Section 4 to predict the IR poles of the qq̄ → tt̄ and gg → tt̄ amplitudes in full QCD.

The relation Z^{−1}(ϵ, {p}, {m}, μ) d d ln μ Z(ϵ, {p}, {m}, μ) = −Γ({p}, {m}, μ) (4) links the renormalization factor to a universal anomalous-dimension matrix Γ, which governs the scale dependence of effective-theory operators built out of collinear SCET fields for the massless partons and heavy-quark effective theory (HQET [32]) fields for the massive ones. For the case of massless partons, the anomalous dimension has been calculated at two-loop order in [7, 8] and was found to contain only two-parton color-dipole correlations. It has recently been conjectured that this result may hold to all orders of perturbation theory [10, 14, 16]. On the other hand, when massive partons are involved in the scattering process, then starting at two-loop order correlations involving more than two partons appear [25], the reason being that constraints from soft-collinear factorization and two-parton collinear limits, which protect the anomalous dimension in the massless case, no longer apply [26].

At two-loop order, the general structure of the anomalous-dimension matrix is [26] Γ({p}, {m}, μ) = ∑ (i,j) T_i · T_j 2 γ_{cusp}(α_s) ln μ^2 −s_{ij} + ∑ i γ^i(α_s)

− ∑ (I,J) T_I · T_J 2 γ_{cusp}(β_{IJ} , α_s) + ∑ I γ^I (α_s) + ∑ I,j T_I · T_j γ_{cusp}(α_s) ln m_I μ −s_{Ij} + ∑ (I,J,K) if^{abc} T^a_I T^b_J T^c_K F_1(β_{IJ} , β_{JK} , β_{KI} ) (5)

+ ∑ (I,J) ∑ k if^{abc} T^a_I T^b_J T^c_k f_2 ( β_{IJ} , ln −σ_{Jk} v_J · p_k −σ_{Ik} v_I · p_k ) + O(α^3_s ) .

The one- and two-parton terms depicted in the first two lines start at one-loop order, while the three-parton terms in the last two lines start at O(α^2_s). Starting at three-loop order also four-parton correlations would appear. The notation (i, j, . . . ) etc. refers to unordered tuples of distinct parton indices. We have defined the cusp angles β_{IJ} via

cosh β_{IJ} = −s_{IJ} 2m_I m_J = −σ_{IJ} v_I · v_J − i0 = w_{IJ} . (6)

They are the hyperbolic angles formed by the time-like Wilson lines of two heavy partons. The physically allowed values for w_{IJ} are w_{IJ} ≥ 1 (one parton incoming and one outgoing), corresponding to β_{IJ} ≥ 0, or w_{IJ} ≤ −1 (both partons incoming or outgoing), corresponding to β_{IJ} = −b + iπ with real b ≥ 0.^1 The first possibility corresponds to space-like kinematics,

1This choice implies that sinh β = √ w^2 − 1. Alternatively, we could have used β_{IJ} = b − iπ with b ≥ 0, in which case sinh β = w √ 1 − w^{−2}. We have confirmed that our results are the same in both cases.

in which case the universal functions in (5) are real. (For f_2 phases can arise if some of the variables v_I · p_k are time-like.) The second possibility corresponds to time-like kinematics, in which case these functions have non-trivial absorptive parts. For academic purposes it is sometimes useful to consider the analytic continuation of (6) to the Euclidean region −1 < w_{IJ} < 1, for which β_{IJ} = ib with 0 < b < π is purely imaginary. The form factors are real in this region, which however does not correspond to a physical scattering process. Later in this work we will consider the large-recoil limit |w_{IJ} | ≫ 1, which is obtained whenever m_I m_J ≪ |s_{IJ} |. In this limit we have β_{IJ} = ln(2w_{IJ} ) up to O(1/w^2_{IJ} ) power corrections.

The physically allowed values of the kinematical variables w_{IJ} , w_{JK} , and w_{KI} entering the function F_1 are not arbitrary. To see this, note that in the rest frame of particle I (where v^0_I = 1) we have

v_J · v_K = (v_I · v_J ) (v_I · v_K ) − cos δ √ (v_I · v_J )^2 − 1 √ (v_I · v_K )^2 − 1 , (7)

where δ is the angle between ⃗v_J and ⃗v_K , and all the scalar products satisfy v_i · v_j ≥ 1 by definition. Requiring that cos δ be in the range [−1, 1] leads to the condition G(|w_{IJ} |, |w_{JK}|, |w_{KI}|) ≥ 0 with G(x, y, z) = 1 + 2xyz − (x^2 + y^2 + z^2) . (8)

Since in a three-parton configuration there is always at least one pair of partons either incoming or outgoing, at least one of the w_{IJ} variables must be below −1, and hence the function F_1 is expected to have a non-zero imaginary part. For f_2 there is no non-trivial constraint on the allowed values of the kinematical variables, but also in this case there is at least one time-like invariant, so a non-trivial imaginary part arises.

The anomalous-dimension coefficients γ_{cusp}(α_s) and γ^i(α_s) (for i = q, g) in (5) have been determined to three-loop order in [16] by considering the cases of the massless quark and gluon form factors. Of particular importance for our discussion is the cusp anomalous dimension for light-like Wilson loops, whose two-loop expression is [33]

γ_{cusp}(α_s) = α_s π + (α_s π )_2 [(67 36 − π^2 12 ) C_A − 5 9 T_F n_l ] + O(α^3_s) , (9)

where n_l is the number of massless quark flavors. Similarly, the coefficients γ^I (α_s) for massive quarks and color-octet partons such as gluinos have been extracted at two-loop order in [26] by analyzing the anomalous dimension of heavy-light currents in SCET. In addition, the velocity-dependent function γ_{cusp}(β, α_s) in (5) was derived from the known two-loop anomalous dimension of a current composed of two heavy quarks moving at different velocity [33, 34]. A recent reanalysis of this anomalous dimension has led to the compact form [35]

γ_{cusp}(β, α_s) = γ_{cusp}(α_s) β coth β + C_A 2 (α_s π )_2 { π^2 6 + ζ_3 + β^2 + coth^2 β [ Li_3(e^{−2β}) + β Li_2(e^{−2β} ) − ζ_3 + π^2 6 β + β^3 3 ] (10)

+ coth β [ Li_2(e^{−2β} ) − 2β ln(1 − e^{−2β}) − π^2 6 (1 + β) − β^2 − β^3 3 ] } + O(α^3_s) .

In the limit of large cusp angle one finds

γ_{cusp}(β, α_s) = γ_{cusp}(α_s) β + O(e^{−2β}) = γ_{cusp}(α_s) ln(2w) + O ( 1 w^2 ) . (11)

Our goal in the present work is to further explore the structure of the three-parton correlation terms in (5), which are parameterized by two universal functions: F_1(x, y, z), which describes correlations involving three massive partons, is totally anti-symmetric in its arguments, while f_2(x, y), which parameterizes correlations between a pair of massive partons and one massless parton, is an odd function of its second argument. The main technical challenge is to calculate these functions analytically at two-loop order, which involves the evaluation of a complicated, non-planar two-loop graph. This is the topic of the next section.

3 Calculation of F_1 and f_2

Our strategy will be to first consider the function F_1. To do so, we calculate the two-loop anomalous-dimension matrix of the soft Wilson-line operator O_s = S_{v1} (0) S_{v2} (0) S_{v3} (0) without imposing color conservation. This is important, since for three partons in a color-singlet state, color conservation would imply that f^{abc} T^a_1 T^b_2 T^c_3 = −f^{abc} T^a_1 T^b_2 (T^c_1 + T^c_2 ) = 0. The operator O_s consists of three time-like Wilson lines

S_v(x) = P exp ( −ig ∫_∞ 0 dt v · A^a_s (x + tv) T^a ) (12)

along the directions of the 4-velocities of three massive partons. The anomalous dimension of this operator is given by

Γ_s({v}) = 3∑ I=1 γ^I (α_s) − [ T_1 · T_2 γ_{cusp}(β_{12}, α_s) + permutations ]

+ 6if^{abc} T^a_1 T^b_2 T^c_3 F_1(β_{12}, β_{23}, β_{31}) + O(α^3_s) .

(13)

The function F_1 follows from the coefficient of the 1/ϵ pole in the bare matrix element of the operator. We will then obtain f_2 from a limiting procedure.

3.1 Color-space formalism for Wilson coefficients and operators

At this point a comment is in order concerning the color-space representation of on-shell scattering amplitudes in full QCD, and of Wilson coefficients and operators defined in the low-energy effective theory, which as mentioned earlier is a combination of SCET and HQET. In the effective theory, n-jet processes are described in terms of an effective Hamiltonian [16] |H^{eff}_n ({p}, {m})⟩ = ∑ O_n({p}, {m}, μ) |C_n({p}, {m}, μ)⟩ , (14) where the short-distance Wilson coefficients are vectors in color space, whereas the operators O_n act as matrices on the color indices. The sum extends over all operators and coefficients that are color conserving in the sense of relation (1). The sum also extends over operators with different Dirac structure, but this point is irrelevant to our discussion here. Taking the inner product of |H^{eff}_n ⟩ with a given color state ⟨c | produces the color-stripped amplitude ⟨c |H^{eff}_n ⟩, which is a c-number in color space.

The renormalized operators O_n(μ) are related to the bare operators via a renormalization factor Z, so that O_n({p}, {m}, μ) = O^{bare}_n (ϵ, {p}, {m}) Z(ϵ, {p}, {m}, μ) . (15) The definition of the anomalous-dimension matrix in (4) then implies the renormalizationgroup equation d d ln μ O_n({p}, {m}, μ) = −O_n({p}, {m}, μ) Γ_n({p}, {m}, μ) . (16) Similarly, from the fact that the effective Hamiltonian in (14) is scale independent it follows that d d ln μ |C_n({p}, {m}, μ)⟩ = Γ_n({p}, {m}, μ) |C_n({p}, {m}, μ)⟩ . (17) As explained in [10, 16], the parton scattering amplitudes in full QCD are given by the onshell parton matrix elements of the effective Hamiltonian. Denoting these matrix elements by double brackets ⟨⟨. . . ⟩⟩, and using that on-shell parton matrix elements of the bare operators O^{bare}_n are scaleless in the effective theory and are thus given by their tree-level expressions, we obtain |M_n(ϵ, {p}, {m})⟩ = ∑ ⟨⟨O^{tree}_n ⟩⟩ Z(ϵ, {p}, {m}, μ) |C_n({p}, {m}, μ)⟩ . (18) The tree-level matrix elements are given in terms of products of on-shell spinors and polarization vectors and act as unit matrices in color space, ⟨⟨O^{tree}_n ⟩⟩ = ⟨⟨O^{tree}_n ⟩⟩ 1. It thus follows that |M_n({p}, {m}, μ)⟩ ≡ lim_{ϵ→0} Z^{−1}(ϵ, {p}, {m}, μ) |M_n(ϵ, {p}, {m})⟩ = ∑ ⟨⟨O^{tree}_n ⟩⟩ |C_n({p}, {m}, μ)⟩ (19)

is the finite, subtracted amplitude introduced in (2). This quantity obeys the same evolution equation (17) as the Wilson coefficients.

3.2 Calculation of F_1

Consider now the vacuum expectation value of the soft operator O_s defined earlier. The renormalization factor Z_s for this operator is determined by the condition that ⟨⟨O^{bare}_s ⟩⟩ Z_s be UV finite, and its anomalous dimension Γ_s is then determined from (4). Here ⟨⟨O^{bare}_s ⟩⟩ denotes the bare vacuum matrix element calculated in HQET. Since now we are interested in the UV poles of these matrix elements, it is necessary to regularize IR singularities other than in dimensional regularization (see below). At two-loop order, the above renormalization condition gives [ ⟨⟨O^{bare}_s ⟩⟩^{(0)}Z^{(2)}_s + ⟨⟨O^{bare}_s ⟩⟩^{(1)}Z^{(1)}_s + ⟨⟨O^{bare}_s ⟩⟩^{(2)} ] UV poles = 0 , (20)

Figure 1: Two-loop Feynman graphs (top row) and one-loop counterterm diagrams (bottom row) contributing to the two-loop renormalization factor Z^{(2)}s .

where here and below the superscripts in parenthesis refer in an obvious way to the order in the expansion in powers of α_s/4π. The tree-level matrix element is ⟨⟨O_s⟩⟩^{(0)} = 1. The equation above thus expresses the two-loop renormalization factor Z^{(2)}s in terms of two contributions,

Z^{(2)}_s = − [ ⟨⟨O^{bare}_s ⟩⟩^{(2)} + ⟨⟨O^{bare}_s ⟩⟩^{(1)}Z^{(1)}_s ] UV poles . (21)

The function F_1 is derived from the pole terms in Z^{(2)}s with totally anti-symmetric color structure, so we can limit the discussion to Feynman graphs involving the color generators of all three partons. Diagrammatically, the first contribution on the right-hand side contains the UV poles of the planar and non-planar two-loop graphs shown in the first row in Figure 1. The second contribution corresponds to the UV poles of the one-loop diagrams with a counterterm insertion, as illustrated in the second row of the figure. In the calculation of the UV poles we regularize IR divergences by assigning residual external momenta l_i to the Wilson lines, with ω_i ≡ −v_i · l_i > 0. While the individual contributions depend on the ω_i regulators, their sum does not. Also, for concreteness we perform the calculation with three outgoing Wilson lines in the fundamental representation. Afterwards we replace the color matrices arising from the Feynman rules by t^a → T^a to convert to the color-space formalism. For an incoming line the color matrix would get transposed, and in addition one would pick up a minus sign since the velocity in the corresponding heavy-quark propagator is reversed. As a result, in this case the correspondence would be (−t^a)^T → T^a, in accordance with the rules given in [29, 30].

We find that the 1/ϵ pole terms in the sum of all diagrams can be written as

⟨⟨O^{bare}_s ⟩⟩^{(2)} + ⟨⟨O^{bare}_s ⟩⟩^{(1)}Z^{(1)}_s = − 2 ϵ^2 ∑ (I,J,K) (T_I · T_J ) (T_I · T_K ) (β_{IJ} coth β_{IJ} ) (β_{IK} coth β_{IK} )

− 3 2ϵ if^{abc} T^a_1 T^b_2 T^c_3 F^{(2)}_1 (β_{12}, β_{23}, β_{31}) + . . . , (22) where the dots represent finite terms and terms involving less than three different color generators. The double pole is multiplied by a symmetric color structure and receives contributions from the two-loop planar and one-loop counterterm diagrams only. It is given by the square of the one-loop anomalous-dimension matrix, as required by renormalization-group invariance [16]. We emphasize that the two-loop coefficient F^{(2)}_1 not only receives a contribution from the non-planar, triple-gluon graph depicted in the first diagram in Figure 1, but also from the planar two-gluon diagrams and one-loop counterterm graphs. In [25] a formal argument is sketched which suggests that the sum of the two planar two-loop graphs shown in the first row in Figure 1 has a vanishing coefficient multiplying the anti-symmetric color structure due to a cancellation between two divergent integrals. We find by explicit calculation that such a cancellation does not take place. Instead, the contribution to F_1 from the planar and counterterm diagrams reads

F^{(2) planar+CT} 1 = 4 3 ∑ I,J,K ϵ_{IJK} β_{KI} coth β_{KI} coth β_{IJ}

× [ β^2_{IJ} + 2β_{IJ} ln(1 − e^{−2βIJ} ) − Li_2(e^{−2βIJ} ) + π^2 6 ] , (23)

where the indices I, J, K run over permutations of (1, 2, 3). Moreover, as we shall see in Section 3.5, important cancellations take place when the planar and non-planar contributions are combined.

We next consider the diagram with the triple gluon vertex, whose color factor if^{abc} T^a_1 T^b_2 T^c_3 is totally anti-symmetric. Apart from this factor, the contribution of this diagram to F_1 is given by the two-loop integral

(g_sμ^ϵ)^4 ∫ d^dk_1 (2π)^d d^dk_2 (2π)^d d^dk_3 (2π)^d

(2π)^d δ^{(d)}(k_1 + k_2 + k_3) × ϵ_{IJK} w_{IJ} v_K · k_I k^2_1 k^2 k^2_3 (v_1 · k_1 − ω_1)(v_2 · k_2 − ω_2)(v_3 · k_3 − ω_3) = 2 ϵ ( α_s 4π )_2

ϵ_{IJK} I(w_{IJ} , w_{JK} , w_{KI} ) + UV finite.

(24)

The non-planar contribution to F_1 is

F^{(2) non−planar} 1 = 4 3 ∑ I,J,K ϵ_{IJK} I(w_{IJ} , w_{JK} , w_{KI} ) . (25) Introducing Feynman parameters and carrying out the loop momentum integrals, we obtain

I(w_{12}, w_{23}, w_{31}) = (w_{23} w_{31} + w_{12}) ∫ [dx][dy] x_1y_3 (x_1x_2 + x_2x_3 + x_3x_1)^{−1} (26) × [ x_1(y^2 + y^2_3 + 2w_{23}y_2y_3) + x_2(y^2_3 + y^2_1 + 2w_{31}y_3y_1) + x_3(y^2_1 + y^2 + 2w_{12}y_1y_2) ]_{−2} , where [dx] ≡ dx_1 dx_2 dx_3 δ(1 − x_1 − x_2 − x_3), and all integrals run from 0 to 1. This result can be recast into the five-fold Mellin-Barnes representation

I(w_{12}, w_{23}, w_{31}) = 2(w_{23} w_{31} + w_{12}) 1 (2πi)^5 ∫_{+i∞} −i∞ [_5∏ i=1 dz_i ] (2w_{23})^{2z1−1}(2w_{31})^{2z2−1}(2w_{12})^{2z3}

× Γ(1 − 2z_1) Γ(1 − 2z_2) Γ(z_1 + z_2 + z_3 + z_4 + z_5)

Γ(−2z_3) Γ(−z_4) Γ(z_1 + z_3) Γ(z_1 + z_5) Γ(z_2 − z_5) Γ(z_3 + z_5)

× Γ(z_1 + z_2 + z_4) Γ(z_2 + z_3 + z_4) Γ(z_2 + z_4 + z_5) Γ(1 − z_2 − z_4 − z_5) . (27)

Decomposing the w_{IJ} variables in terms of exponentials of cusp angles, w_{IJ} = cosh β_{IJ} = (α_{IJ} + α^{−1}_{IJ} )/2 with α_{IJ} ≡ e^{βIJ} , we can convert the factors (2w_{IJ} )^{2zK} into powers of α_{IJ} by introducing three more Mellin-Barnes parameters. By applying Barnes’ Lemmas repeatedly, we can then reduce the representation (27) to a three-fold one:

I(w_{12}, w_{23}, w_{31}) = 2(w_{23} w_{31} + w_{12}) 1 (2πi)^3 ∫_{+i∞} −i∞ dz_1 dz_2 dz_3 α^{−2z3}_{12} α^{−1−2z1}_{23} α^{−1−2z2}_{31}

× Γ(−z_1 − z_3) Γ(1 + z_1 − z_3) Γ(−z_1 + z_3) Γ(1 + z_1 + z_3)

× Γ^2(−z_2 − z_3) Γ^2(1 + z_2 − z_3) Γ^2(−z_2 + z_3) Γ^2(1 + z_2 + z_3) .

(28)

The remaining integrals can be performed by closing the contours and summing up the residues. The resulting expression for I is rather complicated, but the totally anti-symmetrized sum needed in (25) turns out to be amazingly simple:

F^{(2) non−planar}

1 = − 4 3 ∑ I,J,K ϵ_{IJK} β^2_{IJ} β_{KI} coth β_{KI} . (29)

In dealing with the Mellin-Barnes representations we have used the program package MB [36] and associated packages found on the MB Tools web page [37]. We have checked the answer for this diagram numerically using sector decomposition [38]. We have also checked that for Euclidean velocities our result for the triple-gluon diagram agrees numerically with a positionspace based integral representation derived in [25]. Combining all contributions, we finally find F^{(2)}_1 (β_{12}, β_{23}, β_{31}) = 4 3 ∑ I,J,K ϵ_{IJK} g(β_{IJ} ) β_{KI} coth β_{KI} , (30)

where we have introduced the function

g(β) = coth β [ β^2 + 2β ln(1 − e^{−2β}) − Li_2(e^{−2β}) + π^2 6 ] − β^2 − π^2 6 . (31)

The constant term −π^2/6 has been added by hand, so that g(β) vanishes for β → ∞. Its effect cancels in the anti-symmetrized sum over terms in (30).

3.3 Derivation of f_2

While the three-parton contribution described by F_1 is interesting on general grounds, there are not many processes of phenomenological importance in which three massive, colored partons are produced in a high-energy collision. For instance, searches for heavy, colored superpartners at the LHC will most likely focus on the pair production of squarks and gluinos. Hence, the three-parton term proportional to the function f_2 in (5) is of greater practical importance. This function can be obtained from the result (30) by writing w_{23} = −σ_{23} v_2 · p_3/m_3, w_{31} = −σ_{31} v_1 · p_3/m_3 and taking the limit m_3 → 0 at fixed v_I · p_3. In that way, we obtain

f_2 ( β_{12}, ln

−σ_{23} v_2 · p_3 −σ_{31} v_1 · p_3 ) = 3 lim_{m3→0} F_1(β_{12}, β_{23}, β_{31}) . (32)

Starting from the expression for F^{(2)}_1 given earlier, we immediately derive the two-loop coefficient f^{(2)}_2 ( β_{12}, ln

−σ_{23} v_2 · p_3 −σ_{13} v_1 · p_3 ) = −4g(β_{12}) ln

−σ_{23} v_2 · p_3 −σ_{13} v_1 · p_3

, (33)

where g(β) has been defined above. We believe it is not an accident that the function f_2 is linear in its second argument, but that this feature persists to all orders of perturbation theory. The reason is that the logarithm ln −σ_{23} v_2 · p_3 −σ_{13} v_1 · p_3

≡ ln

−2σ_{23} v_2 · p_3 μ − ln

−2σ_{13} v_1 · p_3 μ (34)

is really the difference of two divergent collinear logarithms, and in order for the scale dependence to cancel between terms depending on one of the two logarithms, the dependence should be single logarithmic.

3.4 Properties of the universal functions

We finish this section by collecting some useful properties of the three-parton correlation functions. We first note that, at least to two-loop order, we can rewrite the above relations in the suggestive form

F_1(β_{12}, β_{23}, β_{31}) = 1 3 ∑ I,J,K ϵ_{IJK} α_s 4π g(β_{IJ} ) γ_{cusp}(β_{KI} , α_s) ,

f_2 ( β_{12}, ln

−σ_{23} v_2 · p_3 −σ_{13} v_1 · p_3 ) = − α_s 4π g(β_{12}) γ_{cusp}(α_s) ln

−σ_{23} v_2 · p_3 −σ_{13} v_1 · p_3 , (35)

where γ_{cusp}(β, α_s) and γ_{cusp}(α_s) are the cusp anomalous dimensions entering the two-parton terms in (5), and at one-loop order

γ_{cusp}(β, α_s) = γ_{cusp}(α_s) r(β) , with r(β) = β coth β , (36)

where γ_{cusp}(α_s) has been given in (9). Whether a factorization of the three-parton terms into a cusp anomalous dimension times a function of another cusp angle persists at higher orders of perturbation theory is an interesting open question.

PSfrag replacements

PSfrag replacements

Figure 2: Graphical representation of the functions r(β(w)) and g(β(w)). Real parts are shown as solid lines, while imaginary parts, existing for w < −1, are shown as dashed lines. The regions w ≥ 1 and w ≤ −1 correspond to space-like and time-like scattering, respectively. The shaded region −1 < w < 1 corresponds to Euclidean velocity vectors.

It is useful to have expressions for the functions F_1 and f_2 in terms of the recoil variables w_{IJ} = cosh β_{IJ} . These follow from r(β(w)) = w √ w^2 − 1 ln ( w + √ w^2 − 1 ) , g(β(w)) = w √ w^2 − 1 { ln ( w + √ w^2 − 1 ) ln 4(w^2 − 1) w + √ w^2 − 1

− Li_2 [( w − √ w^2 − 1

)_2 ] + π^2 6 }

− ln^2 ( w + √ w^2 − 1 ) − π^2 6 . (37)

These functions are real for space-like w ≥ 1, while for time-like w ≤ −1 they have discontinuities given by 1 π Im r(β(w)) = θ(−w − 1) w √ w^2 − 1 , 1 π Im g(β(w)) = θ(−w − 1) [ w √ w^2 − 1 ln [ 4(w^2 − 1) ] + 2 ln ( − w + √ w^2 − 1 )] . (38)

Here w is always defined with imaginary part −i0, see (6). The function f_2 has further discontinuities in the logarithm given in (34), provided that one of the scalar products v_1 · p_3 or v_2 ·p_3 is time-like and the other one is space-like. In Figure 2 we show the real and imaginary parts of r(β(w)) and g(β(w)) as functions of w = cosh β.

It is also interesting to expand about the zero-recoil point (w = 1, β = 0) and the threshold point (w = −1, β = iπ). For the functions r and g near zero recoil, we find (with w =

1 + β^2/2 + β^4/24 + . . . , β ≥ 0)

r(β) = 1 + β^2 3 − β^4 45 + O(β^6) , g(β) = ( 2 − π^2 6 ) − β^2 9 + 14β^4 675 + O(β^6) .

(39)

To expand the functions F_1 and f_2 themselves, we first note that at zero recoil β_{12} = 0 and β_{23} = iπ − β_{31}. Then, from (39) and the relations r(iπ − β) = r(β) − iπ coth β , g(iπ − β) = g(β) − 2iπ coth β ln(1 − e^{−2β} ) − (π^2 + 2iπβ)(coth β − 1) ,

(40)

we find that for w_{12} → 1

lim_{β12→0} F_1(β_{12}, β_{23}, β_{31}) = α^2_s 12π^2 [ π^2A(β_{31}) + iπ B(β_{31}) ] , lim_{β12→0} f_2 ( β_{12}, ln

−σ_{23} v_2 · p_3 −σ_{13} v_1 · p_3 ) = −σ_{13} α^2_s 4π^2 iπ ( 2 − π^2 6 ) , (41)

where

A(β) = (coth β − 1)(β coth β − 1) ,

B(β) = coth^2 β [ Li_2(e^{−2β} ) − π^2 6 + β^2 ] + 2 coth β [ 1 − β − β^2 2 − ln ( 1 − e^{−2β} ) ] + 2β . (42)

We will make use of these results when studying elastic quark-quark scattering in Section 5.

Near threshold, the expansion of the functions r and g is (with w = −1−b^2/2−b^4/24+. . . , b ≥ 0, and β = −b + iπ) r(β) = − iπ b + 1 − iπb 3 + b^2 3 + O(b^3) , g(β) = − π^2 + 2iπ ln(2b) b + ( 2 + 5π^2 6 ) − π^2 + 2iπ ln(2b) − 5iπ 3 b − b^2 9 + O(b^3) .

(43)

Based on the symmetry properties of F_1(β_{IJ} , β_{JK} , β_{KI}) and f_2(β_{IJ} , ln^{−σJk vJ ·pk}_{−σIk vI ·pk} ), it was concluded in [25, 26] that these functions vanish whenever two of the 4-velocities of the massive partons coincide. Indeed, this seems to be an obvious consequence of the fact that F_1 is totally anti-symmetric in its arguments, while f_2 is odd in its second argument. This reasoning implicitly assumes that the limit of equal velocities is non-singular, but is invalidated by the presence of Coulomb singularities in r(β) and g(β) near threshold. In order to see this, consider the limit where two massive partons 1 and 2 are produced near threshold, i.e., w_{12} → −1. In this case we can define the relative velocity ⃗v_{12} ≡ ⃗v_1 −⃗v_2 in the frame where the two partons have equal and opposite velocities (for m_1 = m_2 this is the rest frame of the pair), and ⃗v^2_{12} = 4(w_{12} + 1)/(w_{12} − 1) = b^2 + O(b^4). To subleading order in the relative velocity, we thus have g(β_{12}) | |_{⃗v12→0} = −π^2 + 2iπ ln(2|⃗v^{12}|) |⃗v_{12}| + ( 2 + 5π^2 6 ) + O(|⃗v_{12}|) . (44)

It is then straightforward to derive the following limiting expressions valid near threshold (i.e., for w_{12} → −1): lim β_{12}→iπ F_1(β_{12}, β_{23}, β_{31}) = −σ_{13} α^2_s 12π^2 { [ π^2 + 2iπ ln(2|⃗v_{12}|) ] r^′(β_{31}) − iπ g^′(β_{31}) }

× ( ⃗v_{12} |⃗v_{12}| · ⃗v_3 |⃗v_3| ) + O(α^3_s) , lim β_{12}→iπ f_2 ( β_{12}, ln

−σ_{23} v_2 · p_3 −σ_{13} v_1 · p_3 ) = α^2_s 4π^2 [ π^2 + 2iπ ln(2|⃗v_{12}|) ] ⃗v_{12} |⃗v_{12}| · ⃗p_3 |⃗p_3| + O(α^3_s) .

(45)

In both cases the scalar products of the unit vectors are nothing but cos θ, where θ is the scattering angle formed by the momenta of particles 1 and 3. In the first relation the primes denote derivatives with respect to β_{31}. The second relation is recovered from the first one using (32) and noting that (−σ_{13}) r^′(β_{31}) → 1 for |β_{31}| → ∞. The above results are anti-symmetric in the parton indices 1 and 2 as required (note that β_{13} = β_{23}), but they do not vanish in the threshold limit. On the contrary, they diverge logarithmically in this limit.

3.5 Limit of small parton masses

A particularly interesting limit is that of large recoil, where all the scalar products w_{IJ} become large in magnitude. According to the definition w_{IJ} = −s_{IJ} /(2m_I m_J ), this limit corresponds to m_I m_J → 0 at fixed s_{IJ} . In this case, we find for the non-planar contribution in (29)

F^{(2) non−planar}

1 = − 4 3 ln w_{12} w_{23} ln w_{23} w_{31} ln w_{31} w_{12}

(46) + ∑ I,J,K ϵ_{IJK} ln(2w_{KI} ) 3w^2_{IJ} [ 2 ln(2w_{IJ} ) ( ln(2w_{KI}) + 1 ) − ln(2w_{KI}) ] + O ( 1 w^3 ) .

Similarly, the planar two-loop plus counterterm contributions in (23) can be expanded as

F^{(2) planar+CT} 1 = 4 3 ln w_{12} w_{23} ln w_{23} w_{31} ln w_{31} w_{12} + ∑ I,J,K ϵ_{IJK} ln(2w_{KI} ) 3w^2_{IJ} [ 2 ln^2(2w_{IJ} ) − 2 ln(2w_{IJ} ) ( ln(2w_{KI}) + 2 ) (47)

+ ln(2w_{KI} ) + π^2 3 − 1 ] + O ( 1 w^3 ) .

Note that the leading terms in these expressions are unsuppressed, but they cancel in the sum of the two contributions. We then obtain

F^{(2)}_1 (β_{12}, β_{23}, β_{31}) = ∑ I,J,K ϵ_{IJK} 2 ln(2w_{KI}) 3w^2_{IJ} [ ln^2(2w_{IJ} ) − ln(2w_{IJ} ) + π^2 6 − 1 2 ] + O ( 1 w^3 ) , (48)

which can of course also be obtained directly from (30). We see that F_1 vanishes in the limit |w_{IJ} | → ∞. Similarly, in the limit of large recoil we have

f^{(2)}_2 ( β_{12}, ln

−σ_{23} v_2 · p_3 −σ_{13} v_1 · p_3 ) = − 2 w^2_{12} [ ln^2(2w_{12}) − ln(2w_{12}) + π^2 6 − 1 2 ] ln −σ_{23} v_2 · p_3 −σ_{13} v_1 · p_3 + O ( 1 w^3_{12} ) . (49) It follows from these expressions that the three-parton correlation terms described by F_1 and f_2 vanish like (m_I m_J /s_{IJ} )^2 in the small-mass limit. This finding is in accordance with a factorization theorem proposed in [21, 22], which states that massive amplitudes in the small-mass limit can be obtained from massless ones by a simple rescaling prescription for the massive external legs. From (5), (11), and (48) we conclude that corrections to this simple factorization theorem are suppressed by two powers of m_I m_J /s_{IJ} . More specifically, we find that in the small-mass limit (see also the corresponding discussion for the two-parton terms in [26]) Γ({p}, {m}, μ) = Γ({p}, μ) + ∑ I [ C_I γ_{cusp}(α_s) ln μ m_I + Δγ^I (α_s) ] + O (m2_I m2_J s^2_{IJ} ) , (50)

where Γ({p}, μ) is the anomalous-dimension matrix in the massless case, and Δγ^Q(α_s) ≡ γ^Q(α_s) − γ^q(α_s) (and similarly for hypothetical, heavy color-octet partons) is the difference of the single-parton anomalous dimensions belonging to massive and massless quarks. The extra terms give rise to one-particle Z_I factors for each massive parton involved in the scattering process. As explained in [26], in the limit of small parton masses the product ∏ I Z^{−1}_I removes the IR poles in the ratio of the massive to massless amplitudes (without including loops of heavy partons^2). We emphasize that such a simple procedure will no longer work when O(m^2_I m^2_J /s^2_{IJ} ) corrections are included, since in this case novel IR poles with non-trivial color and momentum correlations arise.

4 IR singularities in top-quark pair production

As a first application, we employ our formalism to calculate the two-loop anomalous-dimension matrices for top-quark pair production in the qq̄ → tt̄ and gg → tt̄ channels and use them to construct the IR poles in the virtual corrections to these processes at two-loop order. These anomalous-dimension matrices form the basis for soft-gluon resummation at the next-to-next-to-leading logarithmic (NNLL) order for generic kinematics, i.e., not necessarily restricted to the threshold region.

2One can account for heavy-parton loops by applying the inverse of the decoupling relation (3) to the combined Z factor, see Section 4.2.

4.1 Anomalous-dimension matrices

The first step is to derive the explicit form of the anomalous-dimension matrix (5) in a given color basis for the partonic amplitudes (see, e.g., [5, 39]). We adopt the s-channel singletoctet basis, in which the tt̄ pair is either in a color-singlet or color-octet state. For the quark-antiquark annihilation process q_l(p_1) + q̄_k(p_2) → t_i(p_3) + t̄_j (p_4), we thus choose the independent color structures as

|c_1⟩ = δ_{ij} δ_{kl} , |c_2⟩ = (t^a)_{ij} (t^a)_{kl} . (51)

For the gluon fusion process g_a(p_1) + g_b(p_2) → t_i(p_3) + t̄_j (p_4), we use the basis

|c_1⟩ = δ^{ab} δ_{ij} , |c_2⟩ = if^{abc} (t^c)_{ij} , |c_3⟩ = d^{abc} (t^c)_{ij} . (52)

Here a, b, i, j, k, l are color indices. We find that the anomalous-dimension matrix for the qq̄ channel can be written in the form

Γ_{qq̄} = [ C_F γ_{cusp}(α_s) ln −s μ^2

+ C_F γ_{cusp}(β_{34}, α_s) + 2γ^q(α_s) + 2γ^Q(α_s) ] 1

+ N 2 [ γ_{cusp}(α_s) ln

(−s_{13})(−s_{24}) (−s) m^2_t − γ_{cusp}(β_{34}, α_s) ] ( 0 0 0 1 )

+ γ_{cusp}(α_s) ln

(−s_{13})(−s_{24}) (−s_{14})(−s_{23}) [( 0^{CF}_{2N} 1 −^1_N ) + α_s 4π g(β_{34}) ( 0^{CF}_2 −N 0 )] + O(α^3_s) ,

(53)

where s ≡ s_{12} is the square of the partonic center-of-mass energy. The term proportional to g(β_{34}) stems from the three-parton contributions − [ f_2 ( β_{34}, ln −s_{13} −s_{14} ) + f_2 ( β_{34}, ln −s_{24} −s_{23} )] ( 0 C_{F2} −N 0 ) . (54)

With the help of the second relation in (35) this can be recast into the product of g(β_{34}) times a conformal cross ratio [14] of four momentum invariants. Similarly, for the gg channel we obtain

Γ_{gg} = [ N γ_{cusp}(α_s) ln −s μ^2

+ C_F γ_{cusp}(β_{34}, α_s) + 2γ^g(α_s) + 2γ^Q(α_s) ] 1

+ N 2 [ γ_{cusp}(α_s) ln

(−s_{13})(−s_{24}) (−s) m^2_t − γ_{cusp}(β_{34}, α_s) ] 0 0 0 0 1 0 0 0 1

(55)

+ γ_{cusp}(α_s) ln

(−s_{13})(−s_{24}) (−s_{14})(−s_{23})

0^1_2 0 1 −^N_4^{N 2−4}_{4N} 0^N_4 −^N_4 + α_s 4π g(β_{34})

0^N_2 0 −N 0 0 0 0 0

+ O(α^3_s) .

When deriving these results we did not impose momentum conservation. Therefore, they can also be used for processes involving additional colorless particles such as electroweak gauge bosons or Higgs bosons.

The above anomalous-dimension matrices are the ingredients needed for soft-gluon resummation at NNLL order for general kinematics, a topic which we leave for future work. An interesting limit, which is often discussed in the literature, is the threshold limit s → 4m^2_t . For this purpose it is convenient to define the quantity β_t = √ 1 − 4m^2_t /s, which is related to the relative 3-velocity ⃗v_t¯_t between the top-quark pair in the center-of-mass frame by |⃗v_t¯_t| = 2β_t. The kinematical invariants can be expressed in terms of β_t and the scattering angle θ between partons 1 and 3 in this frame according to

β_{34} = iπ − ln

1 + β_t 1 − β_t , s_{13} = s_{24} = − s 2 (1 − β_t cos θ) , s_{14} = s_{23} = − s 2 (1 + β_t cos θ) . (56)

Using the expansions in (43), we find that in the threshold limit β_t → 0 the two-loop anomalous-dimension matrices reduce to

Γ_{qq̄} = [ C_F γ_{cusp}(α_s) ( ln s μ^2 − iπ 2β_t − iπ + 1 ) + C_F γ^{(2)}_{cusp}(β_t) + 2γ^q(α_s) + 2γ^Q(α_s) ] 1

+ N 2 [ γ_{cusp}(α_s) ( iπ 2β_t + iπ − 1 ) − γ^{(2)}_{cusp}(β_t) ] ( 0 0 0 1 )

+ α^2_s 2π^2 [ π^2 + 2iπ ln(4β_t) ] cos θ ( 0^{CF}_2 −N 0 ) + O(β_t) + O(α^3_s ) ,

(57)

and Γ_{gg} = [ γ_{cusp}(α_s) { N ( ln s μ^2 − iπ ) − C_F ( iπ 2β_t − 1 )} + C_F γ^{(2)}_{cusp}(β_t) + 2γ^g(α_s) + 2γ^Q(α_s) ] 1

+ N 2 [ γ_{cusp}(α_s) ( iπ 2β_t + iπ − 1 ) − γ^{(2)}_{cusp}(β_t) ] 0 0 0 0 1 0 0 0 1

(58)

+ Nα^2_s 2π^2 [ π^2 + 2iπ ln(4β_t) ] cos θ

0^1_2 0 −1 0 0 0 0 0 + O(βt) + O(α^3_s) ,

where the two-loop expression for γ_{cusp}(α_s) has been given in (9), and

γ^{(2)}_{cusp}(β_t) = Nα^2_s 2π^2 [ iπ 2β_t ( 2 − π^2 6 ) − 1 + ζ_3 ] (59)

arises from the threshold expansion of the two-loop coefficient of the recoil-dependent cusp anomalous dimension in (10).

We stress the important fact that, as a consequence of the Coulomb singularities present in the function g(β), the three-parton correlation terms governed by f_2 do not vanish near threshold. Instead, they give rise to scattering-angle dependent, off-diagonal contributions in (57) and (58). These off-diagonal terms were not considered in two recent papers [40, 41], where threshold resummation for top-quark pair production was studied at NNLL order. Explicit results equivalent to the threshold-expanded anomalous-dimension matrices (57) and (58) were given in [41]. We agree with those expressions up to the terms originating from f_2. We leave it to future work to explore if and how the results obtained by these authors need to be modified in light of our findings.

4.2 IR poles in the qq̄ → tt̄ and gg → tt̄ scattering amplitudes

The results (53) and (55) for the anomalous-dimension matrices allow us to construct the IR divergences in the virtual corrections to the partonic amplitudes for top-quark pair production at two-loop order. The key relation is that the IR poles in the partonic scattering amplitudes can be absorbed into a multiplicative renormalization factor, as shown in (19). Expanding this relation in powers of α_s/4π yields

|M^{(1), sing} n ⟩ = Z^{(1)} |M^{(0)}_n ⟩ ,

|M^{(2), sing} n ⟩ = [ Z^{(2)} − ( Z^{(1)}

)_2]

|M^{(0)}_n ⟩ + ( Z^{(1)} |M^{(1)}_n ⟩ ) poles ,

(60)

where we have written the UV-renormalized QCD amplitudes as |M_n⟩ = 4πα_s [ |M^{(0)}_n ⟩ + α_s 4π |M^{(1)}_n ⟩ + ( α_s 4π )_2

|M^{(2)}_n ⟩ + . . . ] . (61)

Note that to predict the IR poles at two-loop order, one needs the UV-renormalized one-loop amplitudes to O(ϵ), since these terms combine with the 1/ϵ^2 piece of the one-loop Z factor to give a 1/ϵ pole term.

In evaluating the relations (60), one must make sure that the UV-renormalized amplitudes and the Z factors are expressed in terms of one and the same coupling constant. As mentioned in Section 2, one possibility is to express all results in terms of α_s defined with five active flavors, by applying the decoupling relation (3) to the UV-renormalized QCD amplitudes. After doing so, any dependence on the number n_h of heavy-quark flavors drops out of the results for the pole terms. Alternatively, by applying the inverse decoupling relation to the coupling α_s in the Z factors, one can express the perturbative series in terms of α^{QCD}_s defined in full QCD with six active flavors (n_h = 1 for the top quark, and n_l = 5 for the remaining quarks). One then recovers the full n_h dependence in the singular parts of the QCD amplitudes. At the level of the renormalization factor, the conversion to six active flavors is accomplished by adding an additional piece to the expression given in [10, 16]. At two-loop order, we find the general result

Z = 1 + α^{QCD}_s 4π ( Γ^′_0 4ϵ^2 + Γ_0 2ϵ )

+ ( α^{QCD}_s 4π )_2 { (Γ^′_0)^2 32ϵ^4 + Γ^′_0 8ϵ^3 ( Γ_0 − 3 2 β_0 ) + Γ_0 8ϵ^2

(Γ_0 − 2β_0) +

Γ^′_1 16ϵ^2 + Γ_1 4ϵ − 2T_F 3 n_h∑

i=1 [ Γ^′_0 ( 1 2ϵ^2 ln μ^2 m^2_i + 1 4ϵ [ ln^2 μ^2 m^2_i + π^2 6 ]) + Γ_0 ϵ ln μ^2 m^2_i ]} + O(α^3_s) .

(62)

The coefficients Γ_n are defined via the expansion Γ = ∑ n≥0 Γ_n ( α_s 4π )_{n+1} , (63)

and similarly for the quantity Γ^′ = −2C_i γ_{cusp}(α_s), where C_i = C_F for the qq̄ channel, and C_i = C_A for the gg channel. The f_2 term enters the two-loop 1/ϵ pole via Γ_1/ϵ in (62). We emphasize that in the β-function coefficient β_0 =^{11}_3 C_A −^4_3 T_F n_l and in the two-loop anomalous-dimension coefficients Γ_1 and Γ^′_1 in (62) the number n_l of active flavors only includes the massless quarks, not the massive ones. The n_h dependence of the full-theory Z factor is contained entirely in the terms shown in the third line.

The result (60) is an exact prediction for the IR poles of the partonic amplitudes at two-loop order, which can be tested against explicit loop calculations. In practice, however, one is interested mainly in the real part of the interference terms ⟨M^{(0)}n |M^{(2)}n ⟩, since it is these which are needed to calculate partonic cross sections. For this reason, we give results for the interference terms rather than the amplitudes themselves. For the specific case of tt̄ production, the full results for both the qq̄ and gg channels are rather lengthy and are included as a computer program in the electronic version of this paper. In what follows, we will define the color decomposition used at two-loop order and describe to what extent we can compare our results with those available in the literature. As explained below, the threeparton correlations proportional to f_2 do not appear in the interference of the Born level and two-loop amplitudes, neither in the qq̄ channel nor in the gg channel.

For the qq̄ → tt̄ channel, the result for the interference term between the Born and two-loop amplitudes can be decomposed into color structures according to [42]

2 Re ⟨M^{(0)}|M^{(2)}⟩_{qq̄} = 2(N^2 − 1) ( N^2A^q + B^q + 1 N^2

C^q + Nn_l D^q_l + Nn_h D^q_h + n_l N E^q_l + n_h N E^q_h + n^2_l F^q_l + n_ln_h F^q_{lh} + n^2_hF^q_h ) . (64)

To compute the IR poles in the color coefficients above, we evaluate the general relation (60) using (62) for the renormalization factor and (53) for the anomalous-dimension matrix. In addition, we need the finite parts of the UV-renormalized one-loop QCD amplitude up to O(ϵ), decomposed into the singlet-octet color basis. We have obtained these through direct calculation, using some of the master integrals computed in [43]. After enforcing momentum conservation, the color coefficients are functions of the invariants s = s_{12}, t_1 = s_{13} = s_{24}, m_t, and μ. We have verified that our results for the IR poles agree with the numerical ones from [42], with the analytic results for some of the color coefficients given in [44, 45], and with the results in the small-mass limit from [23]. In our case, all pole coefficients are available in analytic form. Since the Born-level qq̄ → tt̄ amplitude is proportional to the color-octet structure in (51) and the three-parton correlations proportional to f_2 enter the anomalousdimension matrix (53) only in the off-diagonal terms, the contributions from f_2 in the squared matrix element first appears at three-loop order. This was noted independently in [41].

For the gg → tt̄ channel, we follow [24] and decompose the interference term between the Born and two-loop amplitudes into color structures as

2 Re ⟨M^{(0)}|M^{(2)}⟩_{gg} = (N^2 − 1) ( N^3A^g + N B^g + 1 N C^g + 1 N^3 D^g + N^2n_l E^g_l + N^2n_h E^g_h + n_l F^g_l + n_h F^g_h + n_l N^2

G^g_l + n_h N^2 G^g_h + Nn^2_l H^g_l + Nn_ln_h H^g_{lh} + Nn^2_hH^g_h + n^2_l N I^g_l + n_ln_h N I^g_{lh} + n^2_h N I^g_h ) . (65)

The IR poles in the color coefficients are obtained as for the qq̄ channel, except in this case we use the anomalous-dimension matrix (55). Results in the literature are available only in the small-mass limit [24], and we have checked the agreement of our exact results with this limiting case. Since the exact results are new, we list in Table 1 the numerical values for the poles of the color coefficients at the point t_1 = −0.45s, s = 5m^2_t , and μ = m_t. Again in this case the results do not depend on f_2, the reason being that the corresponding contribution is multiplied by a color structure which is anti-symmetric under the exchange of the two initial-state gluons, while the gg → tt̄ amplitude is symmetric under this exchange.

5 Elastic quark-quark scattering in the forward limit

Another interesting application of our general formalism is the case of elastic quark-quark scattering at high energy and fixed momentum transfer (s, m^2 ≫ |t|). The anomalous-dimension matrix for this case was analyzed at two-loop order in [28] by studying the cross singularities of self-intersecting Wilson loops. We will now show that the results derived in that paper can be obtained by taking a certain limit of our general results, and that this provides a cross-check on our calculation of the three-parton correlations governed by the function F_1.

Consider the elastic process q_{1j} (p_1) + q_{2l}(p_2) → q_{1i}(p_3) + q_{2k}(p_4) for massive quarks (m_1 = m_2 ≡ m) in the forward limit s, m^2 ≫ −t ≫ Λ^2_{QCD} . (66)

Here i, j, k, l are color indices, and 1,2 label the quark flavors. The relevant cusp angles can ϵ^{−4} ϵ^{−3} ϵ^{−2} ϵ^{−1} A^g 10.749 18.694 −156.82 262.15 B^g −21.286 −55.990 −235.04 1459.8 C^g −6.1991 −68.703 −268.11 D^g 94.087 −130.96 E^g_l −12.541 18.207 27.957 E^g_h 0.012908 11.793 F^g_l 24.834 −26.609 −50.754 F^g_h 0.0 −23.329 G^g_l 3.0995 67.043 G^g_h 0.0 H^g_l 2.3888 −5.4520 H^g_{lh} −0.0043025 H^g_h I^g_l −4.7302 10.810 I^g_{lh} 0.0 I^g_h Table 1: Numerical results for the IR poles in the color coefficients (65) for topquark pair production in the gg → tt̄ channel, evaluated at the point t_1 = −0.45s, s = 5m^2_t , and μ = m_t. The blank entries are not present in general, while the entries with value 0.0 vanish only for the particular choice μ = m_t.

be expressed in terms of the invariants s = (p_1 + p_2)^2 and t = (p_1 − p_3)^2 as

β_{12} = β_{34} = arccosh ( − s − 2m^2 2m^2 ) ≡ iπ − γ , β_{13} = β_{24} = arccosh (2m2 − t 2m^2 ) = O (√−t m ) , β_{14} = β_{23} = arccosh (s + t − 2m2 2m^2 ) = γ + O ( t m^2 ) , (67)

where cosh γ = v_1 · v_2 = p_1 · p_2/m^2. In the limit t/m^2 → 0 these angles are described in terms of a single variable γ > 0. Starting from the general expression (5), we then obtain for the cross anomalous-dimension matrix

Γ_{cross}(γ, α_s) ≡ Γ_{qq}(s, t, m^2, μ) | |_{−t≪s,m2} = −2 [ T_1 · T_2 γ_{cusp}(iπ − γ, α_s) + T_1 · T_3 γ_{cusp}(0, α_s) + T_1 · T_4 γ_{cusp}(γ, α_s) ]

+ 4γ^Q(α_s) + 24if^{abc} T^a_1 T^b_2 T^c_3 F_1(iπ − γ, γ, 0) + O(α^3_s) ,

(68) where we have used color conservation to simplify the various terms. The velocity-dependent cusp anomalous dimension γ_{cusp}(β, α_s) has been given in (10). Moreover, noting that the case at hand corresponds to the zero-recoil limit discussed in Section 3.4, we can read off F_1 from (41): F_1(iπ − γ, γ, 0) = α^2_s 12π^2 [ π^2A(γ) + iπ B(γ) ] , (69)

where A and B were defined in (42).

To give explicit results for the anomalous-dimension matrix (68), we must first specify a color basis. We shall use the t-channel singlet-octet basis, where the two color structures are

|c_1⟩ = δ_{ij} δ_{kl} , |c_2⟩ = t^a_{ij} t^a_{kl} . (70)

In this basis, the result for the cross anomalous dimension valid to two-loop order is [ Γ_{cross}(γ) ] 11 = 0 , [ Γ_{cross}(γ) ] 12 = C_F N [ γ_{cusp}(γ, α_s) − γ_{cusp}(iπ − γ, α_s) ] + 6C_F F_1(iπ − γ, γ, 0) , [ Γ_{cross}(γ) ] 21 = 2 [ γ_{cusp}(γ, α_s) − γ_{cusp}(iπ − γ, α_s) ] − 12NF_1(iπ − γ, γ, 0) , [ Γ^{(2)}_{cross}(γ) ] 22 = 2 N [ γ_{cusp}(iπ − γ, α_s) − γ_{cusp}(γ, α_s) ] + N [ γ_{cusp}(γ, α_s) − γ_{cusp}(0, α_s) ] .

(71)

We have simplified the diagonal matrix elements using that 4γ^Q(α_s) = −2C_F γ_{cusp}(0, α_s), which follows from the expression for the anomalous dimension of a heavy-quark current derived in [26]. Expanding the cross anomalous dimension as (this conforms with the notation used in [28]) Γ_{cross}(γ, α_s) = α_s π Γ^{(1)}_{cross}(γ) + (α_s π )_2

Γ^{(2)}_{cross}(γ) + . . . , (72)

the explicit one-loop result is

Γ^{(1)}_{cross}(γ) = ( 0^{CF}_N iπ coth γ 2iπ coth γ N(γ coth γ − 1) −^{2iπ}_N coth γ ) , (73)

whereas at two-loop order we obtain [ Γ^{(2)}_{cross}(γ) ] 11 = 0 , [ Γ^{(2)}_{cross}(γ) ] 12 = C_F [ π^2A(γ) + iπ ( B(γ) + [ 31 36 − 5T_F 9N n_l ] coth γ )] , [ Γ^{(2)}_{cross}(γ) ] 21 = N ( 31 18 − 10T_F 9N n_l ) iπ coth γ ,

[ Γ^{(2)}_{cross}(γ) ] 22 = N^2 2 { coth^2 γ [ Li_3(e^{−2γ} ) + γ Li_2(e^{−2γ} ) − ζ_3 + π^2 6 γ + γ^3 3 ] (74)

+ coth γ [ Li_2(e^{−2γ} ) − 2γ ln(1 − e^{−2γ} ) − π^2 6 + ( 67 18 − π^2 3 ) γ − γ^2 − γ^3 3 ]

+ γ^2 + π^2 3 − 49 18 } − 5 9 NT_F n_l (γ coth γ − 1)

− π^2A(γ) − iπ ( B(γ) + [ 31 18 − 10T_F 9N n_l ] coth γ ) . In deriving these expressions we have used the remarkable relation

γ_{cusp}(γ, α_s) − γ_{cusp}(iπ − γ, α_s) = iπ coth γ [ α_s π + (α_s π )_2 (31 36 N − 5 9 T_F n_l )]

+ 6NF_1(iπ − γ, γ, 0) + O(α^3_s) ,

(75)

which links the complicated γ-dependent terms in the difference of cusp anomalous dimensions to those in F_1(iπ − γ, γ, 0). In order to compare with the expressions given in [28], we must convert our results to the color basis

|c^′_1⟩ = δ_{ij} δ_{kl} , |c^′_2⟩ = δ_{il} δ_{kj} . (76)

Results in that basis can be obtained from ours by the rotation

Γ^′_{cross}(γ, α_s) = V Γ_{cross}(γ, α_s) V^{−1}, (77)

where V = ( 1 −^1_{2N} 0^1_2 ) , V^{−1} = ( 1^1_N 0 2 ) . (78)

After performing this conversion, we find complete agreement with the results in [28].^3 Since at two-loop order the off-diagonal elements in (71) receive contributions from F_1, this is a non-trivial check on our general result for this function.

6 Conclusions

The IR divergences of scattering amplitudes in non-abelian gauge theories can be absorbed into a multiplicative renormalization factor, whose form is determined by an anomalous-dimension matrix in color space. At two-loop order this anomalous-dimension matrix contains pieces related to color and momentum correlations between three partons, as long as at least two

3The cross anomalous dimension calculated here is the transpose of that in [28], due to a different ordering of the matrices in the renormalization-group equation (16) compared to Eq. (2.9) in that paper. Also, these authors set n_l = 0.

of them are massive. This information is encoded in two universal functions: F_1, describing correlations between three massive partons, and f_2, describing correlations between two massive and one massless parton. In this paper we have calculated these functions at two-loop order. For F_1, this involved extracting the UV divergences of the vacuum matrix element of an HQET operator built out of three soft Wilson lines. The most complicated technical aspect of the calculation was the evaluation of a non-planar two-loop diagram, which we accomplished using Mellin-Barnes representations. The function f_2 was then obtained from F_1 by taking the limit where one of the three partons becomes massless.

Using the exact analytic expressions, we studied the properties of the three-parton correlations in the small-mass, zero-recoil, and threshold limits. We found that the functions F_1 and f_2 vanish as (m_I m_J /s_{IJ} )^2 in the small-mass limit, in accordance with existing factorization theorems for massive scattering amplitudes [21, 22]. On the other hand, and contrary to naive expectations, the two functions do not vanish in the threshold limit, where the velocities of two heavy partons become nearly equal. The reason is that Coulomb singularities arise in this limit, which compensate a zero resulting from the anti-symmetry under exchange of two velocity vectors.

Our results allow for the calculation of the IR poles of an arbitrary on-shell, n-particle scattering amplitude at two-loop order, where any number of the n partons can be massive. As an application, we have derived the anomalous-dimension matrices for top-quark pair production (in association with colorless particles such as electroweak or Higgs bosons) in the qq̄ → tt̄ and gg → tt̄ channels. These matrices form the basis for soft-gluon resummation at NNLL order for general kinematics, and in particular near the production threshold. We will explore in future work to what extent the new off-diagonal entries in the anomalous-dimension matrices, arising from the three-parton correlation terms, affect the numerical results for tt̄ production at the Tevatron and LHC. Finally, we have used these matrices to determine the IR poles in the virtual corrections to the tt̄ production cross sections at two-loop order in closed analytic form. The corresponding expressions, which agree with those in the literature where they exist, are very lengthy and are provided in the form of a computer program.

As a second interesting application, we have studied the elastic quark-quark scattering amplitude in the forward limit, where s, m^2 ≫ |t|. In this special case, our general expression for the anomalous-dimension matrix reduces to the cross anomalous dimension studied a long time ago in [28]. Since the three-parton correlation terms in the anomalous dimension give a non-zero contribution in this example, the fact that we find full agreement with the two-loop expressions given in that paper provides a non-trivial check of our calculation.

The present paper completes the study of IR divergences of two-loop scattering amplitudes with an arbitrary number of massive and massless external particles, and in arbitrary nonabelian (or abelian) gauge theories with massless gauge bosons. In spontaneously broken gauge theories, our results can still be used above the symmetry-breaking scale, where gauge-boson masses can be neglected at leading power. At the symmetry-breaking scale a matching is done onto a non-interacting theory, in which the massive gauge bosons are integrated out. In this way, it is possible to resum electroweak Sudakov logarithms using effective-theory methods, as worked out in detail in [46]. The next step should now be to apply these general results to specific hadron-collider processes.

Acknowledgments: We are grateful to Gregory Korchemsky for pointing out the relevance of [28], which serves as a non-trivial check of our results. We would like to thank Thomas Becher, David Broadhurst, Johannes Henn, Jürgen Körner, and Sven Moch for useful discussions. B.P. is supported by the State of Rhineland-Palatinate via the Research Centre “Elementary Forces and Mathematical Foundations”.

References

[1] J. C. Collins, D. E. Soper and G. Sterman, Adv. Ser. Direct. High Energy Phys. 5, 1 (1988) [arXiv:hep-ph/0409313].

[2] G. Sterman, Nucl. Phys. B 281, 310 (1987).

[3] S. Catani and L. Trentadue, Nucl. Phys. B 327, 323 (1989).

[4] H. Contopanagos, E. Laenen and G. Sterman, Nucl. Phys. B 484, 303 (1997) [arXiv:hepph/9604313].

[5] N. Kidonakis and G. Sterman, Nucl. Phys. B 505, 321 (1997) [arXiv:hep-ph/9705234]. [6] S. Catani, Phys. Lett. B 427, 161 (1998) [arXiv:hep-ph/9802439]. [7] S. M. Aybat, L. J. Dixon and G. Sterman, Phys. Rev. Lett. 97, 072001 (2006) [arXiv:hepph/0606254].

[8] S. M. Aybat, L. J. Dixon and G. Sterman, Phys. Rev. D 74, 074004 (2006) [arXiv:hepph/0607309].

[9] G. Sterman and M. E. Tejeda-Yeomans, Phys. Lett. B 552, 48 (2003) [arXiv:hepph/0210130].

[10] T. Becher and M. Neubert, Phys. Rev. Lett. 102, 162001 (2009) [arXiv:0901.0722 [hepph]].

[11] C. W. Bauer, S. Fleming, D. Pirjol and I. W. Stewart, Phys. Rev. D 63, 114020 (2001) [arXiv:hep-ph/0011336].

[12] C. W. Bauer, D. Pirjol and I. W. Stewart, Phys. Rev. D 65, 054022 (2002) [arXiv:hepph/0109045].

[13] M. Beneke, A. P. Chapovsky, M. Diehl and T. Feldmann, Nucl. Phys. B 643, 431 (2002) [arXiv:hep-ph/0206152].

[14] E. Gardi and L. Magnea, JHEP 0903, 079 (2009) [arXiv:0901.1091 [hep-ph]]. [15] L. J. Dixon, arXiv:0901.3414 [hep-ph].

[16] T. Becher and M. Neubert, JHEP 0906, 081 (2009) [arXiv:0903.1126 [hep-ph]].

[17] J. G. M. Gatheral, Phys. Lett. B 133, 90 (1983). [18] J. Frenkel and J. C. Taylor, Nucl. Phys. B 246, 231 (1984). [19] D. A. Kosower, Nucl. Phys. B 552, 319 (1999) [arXiv:hep-ph/9901201]. [20] S. Catani, S. Dittmaier and Z. Trocsanyi, Phys. Lett. B 500, 149 (2001) [arXiv:hepph/0011222].

[21] A. Mitov and S. Moch, JHEP 0705, 001 (2007) [arXiv:hep-ph/0612149]. [22] T. Becher and K. Melnikov, JHEP 0706, 084 (2007) [arXiv:0704.3582 [hep-ph]]. [23] M. Czakon, A. Mitov and S. Moch, Phys. Lett. B 651, 147 (2007) [arXiv:0705.1975 [hep-ph]].

[24] M. Czakon, A. Mitov and S. Moch, Nucl. Phys. B 798, 210 (2008) [arXiv:0707.4139 [hep-ph]].

[25] A. Mitov, G. Sterman and I. Sung, Phys. Rev. D 79, 094015 (2009) [arXiv:0903.3241 [hep-ph]].

[26] T. Becher and M. Neubert, Phys. Rev. D 79, 125004 (2009) [arXiv:0904.1021 [hep-ph]]. [27] A. Ferroglia, M. Neubert, B. D. Pecjak and L. L. Yang, arXiv:0907.4791 [hep-ph]. [28] I. A. Korchemskaya and G. P. Korchemsky, Nucl. Phys. B 437, 127 (1995) [arXiv:hepph/9409446].

[29] S. Catani and M. H. Seymour, Phys. Lett. B 378, 287 (1996) [arXiv:hep-ph/9602277]. [30] S. Catani and M. H. Seymour, Nucl. Phys. B 485, 291 (1997) [Erratum-ibid. B 510, 503 (1998)] [arXiv:hep-ph/9605323].

[31] For a review, see: M. Steinhauser, Phys. Rept. 364, 247 (2002) [arXiv:hep-ph/0201075]. [32] For a review, see: M. Neubert, Phys. Rept. 245, 259 (1994) [arXiv:hep-ph/9306320]. [33] G. P. Korchemsky and A. V. Radyushkin, Nucl. Phys. B 283, 342 (1987). [34] G. P. Korchemsky and A. V. Radyushkin, Phys. Lett. B 279, 359 (1992) [arXiv:hepph/9203222].

[35] N. Kidonakis, Phys. Rev. Lett. 102, 232003 (2009) [arXiv:0903.2561 [hep-ph]]. [36] M. Czakon, Comput. Phys. Commun. 175, 559 (2006) [arXiv:hep-ph/0511200]. [37] http://projects.hepforge.org/mbtools/.

[38] A. V. Smirnov and M. N. Tentyukov, Comput. Phys. Commun. 180 (2009) 735 [arXiv:0807.4129 [hep-ph]].

[39] N. Kidonakis, G. Oderda and G. Sterman, Nucl. Phys. B 531, 365 (1998) [arXiv:hepph/9803241].

[40] M. Beneke, P. Falgari and C. Schwinn, arXiv:0907.1443 [hep-ph]. [41] M. Czakon, A. Mitov and G. Sterman, arXiv:0907.1790 [hep-ph]. [42] M. Czakon, Phys. Lett. B 664, 307 (2008) [arXiv:0803.1400 [hep-ph]]. [43] J. G. Körner, Z. Merebashvili and M. Rogal, Phys. Rev. D 71, 054028 (2005) [arXiv:hepph/0412088].

[44] R. Bonciani, A. Ferroglia, T. Gehrmann, D. Maitre and C. Studerus, JHEP 0807, 129 (2008) [arXiv:0806.2301 [hep-ph]].

[45] R. Bonciani, A. Ferroglia, T. Gehrmann and C. Studerus, JHEP 0908, 067 (2009) [arXiv:0906.3671 [hep-ph]].

[46] J.-y. Chiu, R. Kelley and A. V. Manohar, Phys. Rev. D 78, 073006 (2008) [arXiv:0806.1240 [hep-ph]].