arXiv:0908.3967v1 [gr-qc] 27 Aug 2009

Resolution of a historic problem in non-linear electrodynamics

S. Habib Mazharimousavi^∗ and M. Halilsoy^† Department of Physics, Eastern Mediterranean University, G. Magusa, north Cyprus, Mersin 10, Turkey.

Abstract

We revisit a 70 years old field theory problem formulated and discussed in numerous articles by M. Born, L. Infeld, B. Hoffman and N. Rosen. The problem resolves itself in general relativity upon gluing distinct spacetimes with proper boundary conditions. Inclusion of a logarithmic term in the Lagrangian, which has been ignored for seven decades may have deeper implication in field theory.

∗Electronic address: habib.mazhari@emu.edu.tr †Electronic address: mustafa.halilsoy@emu.edu.tr

Singularity for classical charged elementary particles leads to infinite self-electromagnetic energy. This should be removed from the Maxwell theory of charged particles and in this regard Born and Infeld (BI) introduced a non-linear electrodynamics such that successfully they solved the problem in some senses [1]. Briefly, we can summarize their proposal in curved spacetime by considering a spherically symmetric pure electric particle (i.e., an electron) described by the line element

ds^2 = −f (r) dt^2 + 1 f (r) dr^2 + r^2dθ^2 + r^2 sin^2 θdφ^2. (1)

They aimed to have a non-singular electric field (with unit charge) as (we use c = ℏ = k_B = 8πG =^1_{4πϵ∘} = 1)

E_r = 1 √ b^2 + r^4

, (2) (b = constant, the BI parameter)

which means that the Maxwell 2-form is F =E_rdt ∧ dr. (3) The corresponding action is S = − 1 2 ∫ d^4x √ −gL (F,^⋆ F ) , (4) in which F = F_{μν} F^{μν} ,^⋆F = F_{μν}^⋆F^{μν} and^⋆ stands for duality (here we only consider the electric field such that^⋆F = 0). Easily one finds the Maxwell equation modified into

d (L_F^⋆F) = 0 (5) ( L_F = ∂L ∂F )

which reveals d ( L_F E_rr^2 sin θdθ ∧ dφ ) = 0, (6) or L_F E_r = c r^2

. (7)

Since F = F_{μν} F^{μν} = −2 E_r^2 and r^2 = √_{1−b2Er 2} E_r^2 = √_{−2−b2F} F it yields

L_F = c √ 2 2 + b^2F (8) where c =constant of integration. Solution for the Lagrangian, after adjusting the constants takes the form of L = 4 b^2 (√ 1 + b^2F 2 − 1 ) , (9)

i.e., the BI Lagrangian.

This example gives an idea of how simple it is to find a Lagrangian which yields a nonsingular electric field, but the question was whether this much was enough. B. Hoffmann and L. Infeld [2] shortly after the BI non-linear Lagrangian, pointed this problem out and tried to get rid of any possible difficulties.

In [2] the authors remarked that although the electric field becomes finite at r = 0 it yields a discontinuity, for instance in E_x. To quote from [2] ”It is evident that any finite value for E_r at r = 0 will lead to a discontinuity of this type”. Accordingly, their proposal alternative to the BI Lagrangian can be summarized as follows. The simplest non-singular electric field which takes zero value at r = 0 can be written (with unit charge) as

E_r = r^2 (b^2 + r^4)

, (10)

so that r^2 in terms of F is

r^2 = 1 ± √ 1 − 4b^2E^2_r 2E_r = 1 ± √ 1 + 2b^2F √ −2F (11)

where + and − stand for r^4 > b^2 and r^4 < b^2, respectively. From (8) we find

L_F = 2c 1 ± √ 1 + 2b^2F

(12)

where the positive branch leads to the Lagrangian

L_+ = 2 b^2

(k + αϵ_+ − ln ϵ_+) (13)

with α = 1, k = ln 2 − 2 and ϵ_+ = 1 + √ 1 + 2b^2F . Let us note that we wrote the Lagrangian in this form to show consistency with [2]. Again we remind that the constant c has been chosen in such a way that lim_{b→0} L = F, which is the Maxwell limit. In analogy, the negative branch gives L_− = 2 b^2

(k + αϵ_− − ln |ϵ_−|) (14) where ϵ_− = 1 − √ 1 + 2b^2F . It should be noted that, here one does not expect the Maxwell limit as b goes to zero. In fact, since L_− is defined for r^4 < b^2, automatically b can not be zero unless r also goes to zero in which, the case L_− becomes meaningless.

Having L_+ for r^4 > b^2 and L_− for r^4 < b^2 imposes (L_+ = L_−)_r4_{=b}2 which is satisfied, as it should. Also at r^4 = b^2, one gets E_r =^1_{2b} which is the maximum value that E_r may take. In fact, it suggests that r = √ b is the radius of our particle.

Based on the criticisms made in [2], as mentioned above, we see that this Lagrangian removes the discontinuity in, say, E_x. So shall we adopt this Lagrangian for further results? The answer was given few years later by N. Rosen [3], which was negative. The crux of the problem lies in the relation between E_r and D_r. Let us go back to the previous case (10) once more. It is known from non-linear electrodynamics [1, 2, 3] that

D_r = L_F E_r = 1 r^2

(15)

which is singular at r = 0. Of course, being singular for D_r does not matter; the problem arises once we consider D_r as a function of E_r. In this way at r = 0, E_r = 0 and D_r = ∞, and once r = ∞ again E_r = 0, but D_r = 0. This means that D_r in terms of E_r is double-valued(i.e., D_r (E_r (r = 0) = 0) = ∞ and D_r (E_r (r = ∞) = 0) = 0). Concerning this objection Rosen suggested to reject this Lagrangian and instead he recommended that the Lagrangian should be a function of the potentials. For the detail of his work we suggest Ref. [3], but here we wish to draw attention to a recent paper we published [4] which gives a different solution to this problem. Before we give the detail of the solution we admit that during the time of working on [4] we were not aware about this problem and we did not know the Hoffman-Infeld (HI) form of Lagrangian. In certain sense, we have rediscovered anew a Lagrangian of 70 years old, from the hard way. Our aim in that work was based on some different papers such as [5]. Recently, indirectly from [6] we became aware about the history of this problem. Therefore in writing this note, firstly we aimed to pay tribute to all its historic, eminent originators, and secondly, to draw attention to the importance of such a Lagrangian.

Returning to the problem, we see that in the case of the HI Lagrangian they used two different forms for inside and outside of the typical particle in order to keep the spacetime spherically symmetric, static Reissner-Nordström (RN) type. This is understandable since in 1930s RN solution was one of the best known solution whereas the Bertotti-Robinson (BR) [7, 8] solution was yet unknown. The latter, i.e., (BR), constitutes a prominent inner substitute to (RN) as far as Einstein-Maxwell solutions are concerned and resolves the singularity at r=0, which caused HI to worry about [2]. As we gave the detail of such a choice in Ref. [4], one can choose L_+ =^2_{b2} (k + αϵ_+ − ln ϵ_+) for all regions (i.e., r ≥ √ b and r ≤ √ b). For outside we adopted a RN type spacetime while for inside we had to choose a BR type spacetime. Accordingly one finds

E_r = 1 2b , r ≤ √ b r^2 (b^2+r^4) , r ≥ √ b (16)

and consequently D_r = 1 b , r ≤ √ b 1 r^2 , r ≥ √ b (17)

which clearly reveals that D_r is not a double valued function of E_r. We note that in matching the two spacetime the Lanczos energy-momentum tensor [9] was employed. Let us add that this is not the unique choice, so that the opposite choice also is possible. That is, a RN type space time for r ≤ √ b and a BR type spacetime for r ≥ √ b. In this latter choice the Lagrangian is L_− =^2_{b2} (k + αϵ_− − ln |ϵ_−|) everywhere which yields

E_r =

r^2 (b^2+r^4) , r ≤ √ b 1 2b , r ≥ √ b (18)

and D_r = 1 r^2 , r ≤ √ b 1 b , r ≥ √ b (19)

is again not double-valued. In Ref. [4] we studied in detail the first case alone. Obviously, the second case also can be developed into a model of elementary particle. We wish to conclude with a curious remark: What happens if Maxwell field is replaced by Yang-Mills field and the Born-Infeld action modified with a logarithmic term is employed in QCD?

[1] M. Born and L. Infeld, Foundations of the New Field Theory. Proc. Roy. Soc, A 144 (1934) 425.

[2] B. Hoffmann and L. Infeld, Phys. Rev. 51 (1937) 765. [3] N. Rosen, Phys. Rev. 55 (1938) 94.

[4] S. H. Mazharimousavi and M. Halilsoy, Phys. Lett. B 678 (2009) 407. [5] O. B. Zaslavskii, Phys. Rev. D 70 (2004) 104017.

[6] M. Aiello, R. Ferraro and G. Giribet, Class. Quantum Grav. 22 (2005) 2579. [7] B. Bertotti, Phys. Rev. 116 (1959) 1131.

[8] I. Robinson, Bull. Acad. Pol. Sci., Ser. Sci. Math. Astron. Phys. 7 (1959) 351. [9] C. Lanczos, Phys. Rev. 31 (1932) 716.