arXiv:0908.4379v3 [gr-qc] 25 Feb 2010

Improved parametrization of the growth index for dark energy and DGP models

Jiliang Jing^∗ and Songbai Chen^† Institute of Physics and Department of Physics, Hunan Normal University, Changsha, Hunan 410081, P. R. China Key Laboratory of Low Dimensional Quantum Structures and Quantum Control (Hunan Normal University), Ministry of Education, P. R. China.

Abstract

We propose two improved parameterized form for the growth index of the linear matter perturbations: (I) γ(z) = γ0 + (γ∞ − γ0)^z_{z+1} and (II) γ(z) = γ0 + γ1^z_{z+1} + (γ∞ − γ1 − γ0)(^z_{z+1} )^α. With these forms of γ(z), we analyze the accuracy of the approximation the growth factor f by Ω^{γ(z)}m for both the ωCDM model and the DGP model. For the first improved parameterized form, we find that the approximation accuracy is enhanced at the high redshifts for both kinds of models, but it is not at the low redshifts. For the second improved parameterized form, it is found that Ω^{γ(z)}m approximates the growth factor f very well for all redshifts. For chosen α, the relative error is below 0.003% for the ΛCDM model and 0.028% for the DGP model when Ωm = 0.27. Thus, the second improved parameterized form of γ(z) should be useful for the high precision constraint on the growth index of different models with the observational data. Moreover, we also show that α depends on the equation of state ω and the fractional energy density of matter Ωm0 , which may help us learn more information about dark energy and DGP models. PACS numbers: 95.36.+x; 98.80.Es; 04.50.-h

∗Electronic address: jljing@hunnu.edu.cn †Electronic address: csb3752@163.com

Recently, dark energy and modified gravity have been attracted a lot of attention because that both of them can provide a possible way to explain the accelerating expansion of our present Universe which has been strongly confirmed by many observations [1–3]. In general, dark energy is regarded as an exotic energy component with negative pressure. The modified gravity are such a kind of theories which modify Einstein’s general relativity including the scalar-tensor theory [4], the f(R) theory [5] and the Dvali-Gabadadze-Porrati (DGP) braneworld scenarios [6]. Since the dark energy and modified gravity can give rise to the current accelerated expansion, it is natural to ask which one describes correctly the real evolution of the Universe [7–12]. It is well known that in the same cosmic expansion history the growth of matter perturbations are different in the different theoretical models [13–44]. Thus the growth function of the linear matter density δ(z) ≡ δρ_m/ρ_m has been regarded as an effective tool to distinguish the dark energy and the modified gravity at present.

At scales much smaller than the Hubble radius, the growth function δ(z) satisfies the simple equation [45] δ̈ + 2Hδ̇ − 4πG_{ef f} ρ_mδ = 0, (1)

where the dot denotes the derivative with respect to the time t. G_{ef f} is an effective gravity constant. After defining the growth factor f ≡ d ln δ/d ln a, one can find that Eq.(1) becomes d f d ln a + f^2 + ( Ḣ H^2 + 2 ) f = 3 2 G_{ef f} G_N Ω_m. (2)

where Ω_m = ρ_m/3H^2 and G_N is the Newton gravity constant in general relativity. In Ref. [46], the growth factor f can be approximated very well as

f = Ω^γ_m, (3)

where γ is so-called the growth index. In general, it is a function of redshift z. At the high redshift, one can set Ω_m = 1 and obtain that γ_∞ =^{3(1−w)}_{5−6w} [26, 31] for the wCDM model and γ_∞ = 11/16 [26, 27] for the DGP model [6]. However, at the low redshift, it is very difficult to obtain the analytical expression of γ. Since the growth index varies with the redshift z, the authors in Refs. [37–40] proposed a linear approximation of γ(z), i.e., γ(z) ≈ γ_0 + γ_1z, and found that the sign of γ_1 is negative for w CDM model and is positive for the DGP model. Thus they claimed that the signs of γ_1 may provide another signals to discriminate the dark energy and the modified gravity [37–40]. However, in Ref.[41], the authors argued that the linear expansion is only valid at the low redshift region (z < 0.5) and then the signs of γ_1 cannot discriminate different models from current observations [47–54] because that there are few growth factor data points at z < 0.5. Thus, the authors [41] proposed that the growth index has a form γ(z) = γ_0 + γ_1 z z + 1

. (4) The merit of such a form γ(z) is that it is applicable to all the data points and can be used to distinguish

FIG. 1: The relative difference between the growth factor f and Ω^{γ(z)}m with redshift for the wCDM model with Ωm0 = 0.27. Here γ(z) = γ0 + γ1^z_{z+1} . The solid, dashed and dotted curves correspond to w = −1, −0.8 and −1.2, respectively.

FIG. 2: The relative difference between the growth factor f and Ω^{γ(z)}_m with the redshift for the DGP model. Here γ(z) = γ0 + γ1^z_{z+1} . The solid, dashed and dotted curves correspond to Ωm0 = 0.27, 0.24 and 0.30, respectively.

the models using observational data. Moreover, they also found [41] that this form of γ yields that Ω^{γ(z)}m approximates the growth factor f very well both for the ΛCDM model (the error is ∼ 0.03%) for all redshifts when Ω_{m0} = 0.27 (see fig.(1) ) and for the DGP model ( the error is ∼ 0.18%) (see fig.(2)). However, it is very easy to find from Eq.(4) that as the redshift z → ∞ the growth index γ(z) approaches to γ_0 + γ_1 rather than γ_∞. In the evolution of the Universe the early difference may affect the behaviors of the growth factor f at the low redshifts. Thus, it is necessary to enhance the accuracy of the parametrization (4) at the high redshifts.

A natural improvement to the growth index (4) is

γ(z) = γ_0 + (γ_∞ − γ_0) z z + 1

. (5)

Obviously, the above growth index tends to γ_∞ as z → ∞. In order to check whether our improve form of

parametrization Eq. (5) yields more accuracy than the form (4) in Ref. [41], we must evaluate the values of

γ_0 and γ_∞. The previous discussions tell us that the expressions of γ_∞ for the wCDM model and the DGP

model are given by [26, 27, 31]. For the wCDM model and the DGP model, the Friedmann equations give

FIG. 3: The relative error^{Ωγ(z)m −f}_f with redshift for the wCDM model with Ωm0 = 0.27. Here γ(z) = γ0 +(γ∞ −γ0)^z_{z+1} . The solid, dashed and dotted curves correspond to w = −1, −0.8 and −1.2, respectively.

FIG. 4: The relative error^{Ωγ(z)m −f}_f with redshift for the DGP model. Here γ(z) = γ0 + (γ∞ − γ0)^z_{z+1} . The solid, dashed and dotted curves correspond to Ωm0 = 0.27, 0.24 and 0.30, respectively.

Ḣ H^2 = − 3 2 w(1 − Ω_m), G_{ef f} = G_N , (6) and Ḣ H^2 = − 3Ω_m 1 + Ω_m , G_{ef f} = 2(1 + 2Ω^2_m) 3(1 + Ω^2_m)

G_N , (7) respectively. Substituting Eqs. (6) and (7) into Eq. (2), we can obtain the value of f at z = 0 for given Ω_{m0} by resorting to numerical methods, and then get the value of γ_0 by the relation γ_0 = ln f(z = 0)/ ln Ω_{m0}. Through a simple comparison, one can find that the value of γ_0 is the same as that in Refs. [37–41]. Make using of the values of γ_∞, γ_0 and the improved growth index (5), we plot the relative error^{Ωγ(z)m −f}_f for the ΛCDM model in fig.(3) and for the DGP model in fig.(4).

Comparing figs. (1), (2) and (3), (4), We can obtain that for both ωCDM and DGP models the quantity Ω^{γ(z)}_m with the improved growth index (5) approximates the growth factor f better than the growth index (4) at the high redshifts. But at the low redshifts, the relative error^{Ωγ(z)m −f}_f obtained by the growth index γ(z) = γ_0 + (γ_∞ − γ_0)^z_{z+1} is larger than that by γ(z) = γ_0 + γ_1^z_{z+1} in Ref. [41]. Thus, the improved growth index (5) is not good approximation for the γ(z) in Eq. (3).

In order to make use of the virtues of the growth indexes (4) and (5), we propose another improved parameterized form on γ(z) γ(z) = γ_0 + γ_1 z z + 1

+ (γ_∞ − γ_1 − γ_0) ( z z + 1 )_α , (8) where α is a numerical parameter depended on the equation of state ω and the fractional energy density of matter Ω_{m0}. Obviously, as z → 0 and z → ∞, γ(z) approach to γ_0 and γ_∞, respectively. Here we assume α > 1 so that the third term in the γ(z) can be regarded as a higher order correction to the growth index (4). This growth index γ(z) contains four parameters and is more complicated than in (4). However, it will improved the accuracy of the approximation. Moreover, as the parameter γ_1 in (4), the coefficient γ_∞ −γ_1 −γ_0 and exponent α in the third term can provide us more ways to understand the differences between dark energy and DGP models.

Similarly, in order to check how well Ω^{γ(z)}_m with the improve form of parametrization Eq. (8) approximates the growth factor f, we must obtain the values of the parameters (i.e., γ_0, γ_1 and γ_∞) appeared in Eq. (8). The calculation of γ_0 and γ_∞ are similar to those in the previous discussion. As in Ref. [37–41], the value of γ_1 can be approximated by the derivative γ^′(z) at redshift z = 0 because that the derivative of the third term in the γ(z) (8) with respect to z is equal to zero at the point z = 0 since α > 1. Thus, for the ωCDM model and the DGP model, γ_1 can be obtained by γ_1 = 1 ln Ω^{−1}_{m0} [ 3 2 Ω^{1−γ0}_{m0} − Ω^{γ0}_{m0} − 3 2 w(2γ_0 − 1)(1 − Ω_{m0}) − 1 2 ] , (9) and γ_1 = 1 ln Ω^{−1}_{m0} [ − Ω^{γ0}_{m0} +

1 + 2Ω^2_{m0} 1 + Ω^2_{m0}

Ω^{1−γ0}_{m0} − 1 2 + 3(1 − Ω_{m0}) 1 + Ω_{m0}

(γ_0 − 1 2 ) ] , (10) respectively. Obviously, the forms of γ_1 for both models are identical to those in [37–41]. Moreover, we find

FIG. 5: The γ∞ − γ1 − γ0 for wCDM model with 0.25 ≤ Ωm0 ≤ 0.30. The solid, dashed and dotted curves correspond to w = −1, −0.8 and −1.2, respectively.

FIG. 6: The γ∞ − γ1 − γ0 for DGP model with 0.25 ≤ Ωm0 ≤ 0.30.

that in the third term in (8) the coefficient γ_∞ − γ_1 − γ_0 is positive for dark energy and is negative for DGP model, which is plotted in Figs.(5)-(6). The exponent α can be estimated by using the value of γ(z) at z = z_0 α = [ ln z_0 z_0 + 1 ]_{−1} ln [γ(z_0) − γ_0 − γ_{1 z0z} 0+1 γ_∞ − γ_0 − γ_1 ] . (11)

Obviously, the above expression of α gives the different values for different z_0. In the approximation of growth index γ(z) (4), the error is larger at the low redshift. Thus, we take the value α at z_0 = 1 for simplicity in our evaluation. In Figs.(7)-(8), we show the possible region of α with a given region of Ω_{m0}: 0.25 ≤ Ω_{m0} ≤ 0.30. From these figures, we find that α depends on the equation of state ω and the fractional energy density of matter Ω_{m0}. The the coefficient γ_∞ − γ_1 − γ_0 and exponent α in the corrected term contain more information about dark energy and DGP models, which could provide us more methods to discriminate them.

FIG. 7: The α for wCDM model with 0.25 ≤ Ωm0 ≤ 0.30. The solid, dashed and dotted curves correspond to w = −1, −0.8 and −1.2, respectively.

FIG. 8: The α for DGP model with 0.25 ≤ Ωm0 ≤ 0.30.

Let us now adopt to the improved form of γ(z) (8) and compare the numerical result f with the analytical approximation Ω^{γ(z)}_m . The results for the ωCDM and DGP models are shown in Figs. (9) and (10) respectively. For the ΛCDM model, we find that the relative error is below 0.003% for all redshifts when Ω_{m0} = 0.27. This is much less than that obtained in Ref. [41] where with γ(z) = γ_0 + γ_1^z_{z+1} the error is only below 0.03%. Thus, using our improved parameterizations of growth index (8) the error enhances one order of magnitude improvement. Comparing Figs.(1) and (9), we also find that at high redshifts Ω^{γ(z)}_m approximates f more accurately than that in Ref. [41] for the dark energy models with different ω.

For the DGP model, one can find from fig.(10) the largest relative error^{Ωγ(z)m −f}_f is 0.028% for all redshifts when Ω_{m0} = 0.27, which is also less than that in Ref.[41] where the largest one is 0.18%. Moreover, comparing figs.(2) and (10) we find that at high redshifts the accuracy of the approximation with our improved form (8) is

FIG. 9: The relative error^{Ωγ(z)m −f}_f with redshift for the wCDM model with Ωm0 = 0.27. Here γ(z) = γ0 + γ1^z_{z+1} + (γ∞ − γ1 − γ0)(^z_{z+1} )^α. The solid, dashed and dotted curves correspond to w = −1, −0.8 and −1.2, respectively.

FIG. 10: The relative error^{Ωγ(z)m −f}_f with redshift for the DGP model. Here γ(z) = γ0 + γ1^z_{z+1} + (γ∞ − γ1 − γ0)(^z_{z+1} )^α. The solid, dashed and dotted curves correspond to Ωm0 = 0.27, 0.24 and 0.3, respectively.

also improved by eight times than with the old one [41]. Therefore, with the second improved parameterizations of the growth index (8), the Ω^{γ(z)}m approximates the grow factor f more accurately than those in the previous literatures [37–41, 43] both for ΛCDM and DGP models.

In summary, we proposed two improved parameterized form for the growth index of the linear matter perturbations and analyzed the growth factor for both ωCDM and DGP models. Using the first improved parameterized form, we find that Ω^{γ(z)}m approximates the grow factor f more accurately than that in the case the growth index γ(z) is parameterized by γ(z) = γ_0 +γ_1^z_{z+1} at the high redshifts for both kinds of models, but it is not at the low redshifts. However, if we adopt to the second improved parameterized form, one can find that the accuracy of the approximation the growth factor f by Ω^{γ(z)}m is enhanced evidently for all redshifts. The relative error is under 0.003% for the ΛCDM model and 0.028% for the DGP model when Ω_{m0} = 0.27. Comparing with those in [41], such parameterizations improve almost the approximation accuracy by one order of magnitude. Thus, the second improved parameterized form of γ(z) should be useful for the high precision constraint on the growth index of different models with the observational data.

Acknowledgments

This work was partially supported by the National Natural Science Foundation of China under Grant No.10675045 and No.10875040; and the Hunan Provincial Natural Science Foundation of China under Grant No.08JJ3010; and the National Basic Research of China under Grant No. 2010CB833004. S. B. Chen’s work was partially supported by the National Natural Science Foundation of China under Grant No.10875041 and the construct program of key disciplines in Hunan Province.

[1] A. G. Riess, A. V. Filippenko, P. Challis, et al., Astron. J. 116, 1009 (1998); S. J. Perlmutter, G. Aldering, G.

Goldhaber, et al., Astrophy. J. 517, 565 (1999); J. L. Tonry et al., Astrophys. J. 594, 1 (2003); R. A. Knop et al., Astrophys. J. 598, 102 (2003); A. G. Riess et al., Astrophys. J. 607, 665 (2004); A. G. Riess et al., Astrophys. J. 659, 98 (2007); P. Astier et al., Astron. Astrophys. 447, 31 (2006); J. D. Neill et al., Astron. J. 132, 1126 (2006); W. M. Wood-Vasey et al., Astrophys. J. 666, 694 (2007); T. M. Davis et al., Astrophys. J. 666, 716 (2007).

[2] D. N. Spergel, et al., Astrophys. J. Suppl. 170, 377 (2007); L. Page, et al., Astrophys. J. Suppl. 170, 335 (2007);

G. Hinshaw, et al., Astrophys. J. Suppl. 170, 288 (2007); N. Jarosik, et al., Astrophys. J. Suppl. 170, 263 (2007). [3] D. J. Eisenstein, et al., Astorphys. J. 633, 560 (2005); E. Komatsu, et al., Astrophys. J. Suppl. 180, 330 (2009). [4] Y. Fujii, Phys. Rev. D 62, 044011 (2000); N. Bartolo and M. Pietroni, Phys. Rev. D 61 023518 (2000); F.

Perrotta, C. Baccigalupi and S. Matarrese, Phys. Rev. D 61, 023507 (2000); V. Faraoni, Cosmology in Scalar- Tensor Gravity, Kluwer Academic, Dordrecht, 2004; R. Gannouji, D. Polarski, A. Ranquet, A. A. Starobinsky, JCAP 0609, 016 (2006); B. Boisseau, G. Esposito-Farese, D. Polarski and A.A. Starobinsky, Phys. Rev. Lett. 85, 2236 (2000); J. Uzan, Phys.Rev. D59, 123510 (1999); A. Coc, K. A. Olive, J. Uzan and E. Vangioni, Phys. Rev. D73, 083525(2006); A. Riazuelo, J. Uzan, Phys. Rev. D66, 023525 (2002); C. Schimd, J. Uzan and A. Riazuelo, Phys. Rev. D71, 083512(2005).

[5] S. Capozziello, Int. J. Mod. Phys. D 11, 483 (2002); T. P. Sotiriou, V. Faraoni, arXiv:0805.1726; A. A. Starobinsky, Phys. Lett. B 91, 99 (1980); S. Nojiri and S. D. Odintsov, arXiv: 0807.0685 [hep-th]; S. Nojiri and S. D. Odintsov, Int. J. Geom. Meth. Mod. Phys. 4, 115 (2007) arXiv: hep-th/0601213.

[6] G. Dvali, G. Gabadadze and M. Porrati, Phys. Lett. B 485, 208 (2000); Z. Zhu, M. Sereno, Astro. Astrophys.

487, 831 (2008).

[7] R. R. Caldwell and E. V. Linder, Phys. Rev. Lett. 95, 141301 (2005); E. V. Linder, Phys. Rev. D 73, 063010 (2006).

[8] R. J. Scherrer, Phys. Rev. D 73, 043502 (2006). [9] T. Chiba, Phys. Rev. D 73, 063501 (2006). [10] E. V. Linder, Gen. Rel. Grav. 40, 329 (2008).

[11] V. Sahni, T. D. Saini, A. A. Starobinsky and U. Alam, JETP Lett. 77, 201 (2003); U. Alam, V. Sahni, T. D. Saini and A. A. Starobinsky, Mon. Not. Roy. Astron. Soc. 344, 1057 (2003).

[12] H. Wei and R. G. Cai, Phys. Lett. B 655, 1 (2007). [13] A. A. Starobinsky, JETP Lett. 68, 757 (1998). [14] D. Huterer and E. V. Linder, Phys. Rev. D 75, 023519 (2007). [15] M. Sereno and J. A. Peacock, Mon. Not. Roy. Astron. Soc. 371, 719 (2006). [16] L. Knox, Y. S. Song and J. A. Tyson, Phys. Rev. D 74, 023512 (2006). [17] M. Ishak, A. Upadhye and D. N. Spergel, Phys. Rev. D 74, 043513 (2006). [18] V. Acquaviva, A. Hajian, D. N. Spergel and S. Das, Phys. Rev. D 78, 043514 (2008). [19] S. Daniel, R. Caldwell, A. Cooray and A. Melchiorri, Phys. Rev. D 77, 103513 (2008). [20] D. Sapone and L. Amendola, arXiv: 0709.2792. [21] G. Ballesteros and A. Riotto, Phys. Lett. B 668, 171 (2008). [22] E. Bertschinger and P. Zukin, Phys. Rev. D 78, 024015 (2008). [23] I. Laszlo and R. Bean, Phys. Rev. D 77, 024048 (2008). [24] M. Kunz and D. Sapone, Phys. Rev. Lett. 98, 121301 (2007). [25] A. Kiakotou, O Elgaro and O. Lahav, Phys. Rev. D 77, 063005 (2008). [26] E. V. Linder and R. N. Cahn, Astropart. Phys. 28, 481 (2007). [27] H. Wei, Phys. Lett. B 664, 1 (2008).

[28] H. Wei, S. N. Zhang, Phys. Rev. D 78, 023011 (2008). [29] Y. Gong, Phys. Rev. D 78, 123010 (2008). [30] Y. Gong, M. Ishak and A. Wang, arXiv: 0903.0001. [31] E. V. Linder, Phys. Rev. D 72, 043529 (2005).

[32] C. Di Porto and L. Amendola, Phys. Rev. D 77, 083508 (2008); L. Amendola, M. Kunz and D. Sapone, arXiv:

0704.2421.

[33] J. Uzan and F. Bernardeau, Phys. Rev. D64, 083004 (2001); J. P. Uzan, Gen. Relat. Grav. 39, 307 (2007); J. P.

Uzan, Dark energy, gravitation and the Copernican principle, arXiv:0912.5452 [gr-qc]; P. Dunsby, N. Goheer, B. Osano and J. P. Uzan, How close can an Inhomogeneous Universe mimic the Concordance Model? arXiv:1002.2397.

[34] S. Nesseris and L. Perivolaropoulos, Phys. Rev. D 77, 023504 (2008). [35] Y. Wang, J. Cosmol. Astropart. Phys. 5, 21 (2008).

[36] B. Boisseau, G. Esposito-Farse, D. Polarski, A. A. Starobinsky, Phys. Rev. Lett. 85, 2236 (2000); M.J. Mortonson, W. Hu and D. Huterer, Phys. Rev. D 79 (2009) 023004; J. He, B. Wang, Y. P. Jing, arXiv:0902.0660; J. B. Dent, S. Dutta and L. Perivolaropoulos, arXiv:0903.5296; M. Ishak and J. Dossett, arXiv:0905.2470.

[37] D. Polarski and R. Gannouji, Phys. Lett. B 660, 439 (2008). [38] R. Gannouji and D. Polarski, J. Cosmol. Astropart. Phys. 05, 018 (2008). [39] R. Gannouji, B. Moraes and D. Polarski, arXiv: 0809.3374. [40] X. Fu, P. Wu and H. Yu, Phys. Lett. B677,12 (2009). [41] P. Wu, H. Yu and X. Fu, JCAP06, 019 (2009). [42] S. B. Chen, X. Y. Fu and J. L. Jing, arXiv:0903.5420. [43] M. Ishak and J. Dossett, arXiv:0905.2470.

[44] S. Lee, arXiv: 0905.4734; 0906.3066; S. Lee and K. W. Ng, arXiv:0906.1643.

[45] L. Wang and P. J. Steinhardt, Astrophys. J. 508, 483 (1998).

[46] J. N. Fry, Phys. Lett. B 158, 211 (1985); A. P. Lightman and P. L. Schechter, Astrophys. J. 74, 831 (1990). [47] L. Guzzo et al., Nature 451, 541 (2008).

[48] M. Colless et et al., Mont. Not. R. Astron. Soc. 328, 1039 (2001). [49] M. Tegmark et al., Phys. Rev. D 74, 123507 (2006). [50] N. P. Ross et al., Mont. Not. R. Astron. Soc. 381, 573 (2007). [51] J. da Ângela et al., Mont. Not. R. Astron. Soc. 383, 565 (2008). [52] P. McDonald et al., Astrophys. J. 635, 761 (2005).

[53] M. Viel, M. G. Haehnelt and V. Springel, Mont. Not. R. Astron. Soc. 354, 684 (2004). [54] M. Viel, M. G. Haehnelt and V. Springel, Mont. Not. R. Astron. Soc. 365, 231 (2006).