arXiv:0909.0309v2 [gr-qc] 24 Oct 2009

Non-Abelian Lovelock-Born-Infeld Topological Black Holes

N. Bostani^{1,2 ∗}and N. Farhangkhah^3 1 Key Laboratory of Particle Astrophysics, Institute of High Energy Physics, Chinese Academy of Sciences, Beijing 100049, China 2Research Institute for Astrophysics and Astronomy of Maragha (RIAAM), Maragha, Iran 3Physics Department and Biruni Observatory, College of Sciences, Shiraz University, Shiraz 71454, Iran

Abstract

We present the asymptotically AdS solutions of the Einstein gravity with hyperbolic horizons in the presence of So(n(n − 1)/2 − 1, 1) Yang-Mills fields governed by the non-Abelian Born-Infeld lagrangian. We investigate the properties of these solutions as well as their asymptotic behavior in varies dimensions. The properties of these kind of solutions are like the Einstein-Yang-Mills solutions. But the differences seems to appear in the role of the mass, charge and born-Infeld parameter β, in the solutions. For example in Einstein-Yang-Mills theory the solutions with nonnegative mass cannot present an extreme black hole while that of in Einstein-Yang-Mills-Born Infeld theory can. Also the singularities in higher dimensional Einstein-Yang-Mills theory for non-negative mass are always spacelike, while depending on choosing the parameters, we can find timelike singularities in the similar case of Einstein-Yang-Mills-Born-Infeld theory. We also extend the solutions of Einstein to the case of Gauss-Bonnet and Lovelock gravity. It is shown that, these solutions in the limits of β → 0, and β → ∞, represent pure gravity and gravity coupled with Yang-Mills fields, respectively.

∗ nbostani@ihep.ac.cn

I. INTRODUCTION

Non-linear electrodynamics was proposed in the thirties to remove singularities associated with charged pointlike particles. Among the non-linear theories of electrodynamics Born- Infeld (BI) theory [1] is distinguished, since BI type actions arise in many different contexts in superstring theory [2, 3]. Also In the case of a D-brane, it has been known that the effective action on the brane is Born-Infeld action if all derivative terms are neglected [4]. The effective action of several D-branes is very important in the development of the understanding of the non-perturbative superstring theory, such as Matrix theory [5]. Tseytlin [6] proposed that if all derivative terms are neglected, the effective action on the branes is a non-Abelian generalization of the Born-Infeld action. There are a lot of outstanding classical solutions to both the Abelian and non-Abelian Born-Infeld theories. Born-Infeld black holes in (A)dS spaces has been discussed in [7]. A type of a particle-like solution in the non-Abelian Born- Infeld model was obtained by Gal’tsov and Kerner (GK) [8]. More close relationship between these two particle-like configurations becomes clear in [9, 10, 11]. Among theories of non- Abelian gauge fields, the Yang-Mills theory may be regarded as the most fundamental one in elementary particle physics. The role of the Yang-Mills field in gravity has become an interesting topic of studies. Physical significance of the particle-like solutions of Einstein- Yang-Mills (EYM) field equations found by Bartnik and McKinnon (BK) [12] as well as their possible role in the string-inspired models remains rather obscure. The attentions towards the Einstein-Yang-Mills system even became more, after the discovery of the first known example of hairy black holes [13, 14] which are not uniquely characterized by their conserved charges and so violate manifestly the no-hair conjecture theory. In particular, particle-like, soliton-like and black hole solutions in the combined Einstein-Yang-Mills (EYM) models in different dimensions, shed new light on the complex features of compact object in these models [15]. (See [16] for an overview).

With the advent of string theory, the possibility to have extra-dimensions became one of the most promising possibility to extend the standard model of particles physics. Higher dimensional theories of gravity may present some new features which are absent in four dimensions. Indeed in four dimensions the only gravitational action that can be built from curvature invariants leading to second order equations in the metric is the Einstein-Hilbert action. The situation changes in higher dimensions. In five dimensions one can add for example a Gauss-Bonnet term to the action . In higher dimensions one can add higher curvature powers to the action. Such higher curvature power theories leading to second order equations for the metric are known as Lovelock theories [17]. There are lots of considerable works in Lovelock gravity (for example see [18]).

In this present Letter, we will study the topological black hole of lovelock gravity in the present of non-abelian version of Born-Infeld theory in (n+1)-dimensions with the gauge group SO(n(n − 1)/2 − 1, 1). The coupling of the two non-linear , Yang-Mills and Born- Infeld fields, is a candidate for effective action for superstrings and D-branes, besides the fundamental importance in the context of gravitation theory. To obtain an exact solutions, we use a modified version of Wu-Yang ansatz [19] which was originally introduced in N = 4 field theory and for the first time was applied by Yasskin [20]. Recently, this ansatz has been used to find the EYM and GBYM solutions with negative cosmological constant in higher dimensions [21, 22].

The out line of this paper is as follows. In Sec. II we introduce the field equations of Lovelock gravity in the presence of the energy-momentum tensor of the coupling of Yang- Mills and Born-Infeld fields. In section III, we obtain the (n+1)-dimensional solutions of the Einstein gravity and investigate their properties in varies dimensions. Section IV devotes to the general solutions to the Gauss-Bonnet and Lovelock gravity, and their properties respectively. We finish our paper with some concluding remarks.

II. FIELD EQUATIONS

As was shown by Lovelock in the early seventies [17], the possible corrections to Einstein gravity are quite limited, since the only symmetric, divergence free tensor that can be constructed out of the metric and its first two derivatives in a (n+1)- dimensional spacetime is G_{μν} = [n/2]∑

k=0 α^′_k G^{(k)}_{μν} = 8πT_{μν} (1)

G^{μ (k)}_ν = − 1 2^{k+1} δ^{μ i1i2....i2k} ν j_1j_2....j_{2k} R j_1j_2 i_1i_2 ....R j_{2k−1}j_{2k} i_{2k−1} i_{2k} Where [d/2] denotes the integer part of d/2, T_{μν} is the energy-momentum tensor and α^′_k are Lovelock constants which represent the coupling of the terms in the whole Lagrangian and give the proper dimensions. Usually in order the Einstein gravity to be recovered in the low energy limit, the constant α^′_0 should be identified as the cosmological constant up to a constant, α^′_0 = −2Λ, and α^′_1 should be positive (for simplicity one may take α^′_1 = 1). As In this context, we are interested in asymptotically anti-de Sitter (AdS) solutions, we set Λ = −n(n − 1)/2l^2.

We want to examine the Lovelock-Yang-Mills-Born-Infeld system for a compact, semisimple gauge group G with structure constants C^a_{bc}. The basic elements of the model are (M, g_{μν} , A^{(a)}μ ), where M is the spacetime manifold with metric g_{μν} and A^{(a)}μ are the gauge potentials. The metric tensor of the gauge group is [21] γ_{ab} = −C^c_{ad}C^d_{bc}/ | |det C^c_{ad}C^d_{bc} | |^{1/M} , where M is the dimension of the gauge group, the Latin indices a, b.... go from 1 to M, and the repeated indices is understood to be summed over.

In Eq.(1), T_{μν} is the energy momentum tensor given as T_{μν} = 1 4π ( γ_{ab} Γ F^{(a)}_{μλ} F^{(b)λ}_ν + 1 4 g_{μν} L_m ) (2) where therein Γ = √ 1 + γ_{ab} 2β^2

F^{(a)}_{λσ} F^{(b)λσ} (3) and F^{(a)}_{μν} = ∇_μA^{(a)}_ν − ∇_ν A^{(a)}_μ + 1 2e C^a_{bc}A^{(b)}_μ A^{(c)}_ν (4) In the equations (2),(3) and (4), β is the Born-Infeld parameter which has the dimension of length^{−2}, F^{(a)}μν ’s are the Yang-Mills fields, e is the coupling constant and L_m, The matter term, is the F(2) nonabelian and nonlinear action density

L_m = 4β^2 (1 − Γ) . (5)

In the limit β → 0, L_m becomes equal to zero and in the limit β → ∞ it reduces to the standard Yang-Mills form, L_m = −γ_{ab}F^{(a)}μν F^{(b)μν} , so we expect to obtain the corresponding solutions in these both limits.

The YMBI gauge fields F^{(a)}μν ’s satisfy the nonlinear-nonabelian equation

∇_μ( 1 Γ F^{μν(a)}) + 1 Γe C^a_{bc}A^{(b)}_μ F^{(c)μν} = 0, (6)

We consider the metric of the following form:

ds^2 = −f(r) dt^2 + dr^2 f(r) + r^2d Ω^2_{n−1} (7)

where dΩ^2_{n−1} = dθ^2_1 + sinh θ^2_1 dθ^2 + sinh θ^2_1 ∑_{n−1} i=3 ∏_{i−1} j=2 sin θ^2_j dθ^2_i , is the line element of (n − 1)- dimensional hypersurface with constant negative curvature and volume V_{n−1}.

In order to obtain The gauge potential in higher dimensional spacetimes we use the (n+1)- dimensional Wu-Yang Ansatz [19] as follows

A^{(a)} = e r^2 (x_idx_n − x_ndx_i) ; i = 1...n − 1, A^{(b)} = e r^2 (x_idx_j − x_j dx_i) ; i < j, where a and b run from 1 to n − 1 and n to n(n − 1)/2, respectively and

x_1 = r sinh θ_1 n−1∏ j=2 sin θ_j ,

x_i = r sinh θ_1 cos θ_{n−i+1} n−i∏ j=2 sin θ_j ; i = 2...n − 1, x_n = r cosh θ_1,

The Lie algebra of this gauge group is SO(n(n − 1)/2 − 1, 1) with the metric tensor of γ_{ab} = ϵ_aδ_{ab}, which there is no sum on a and

ϵ_a = −1 1 ≤ a ≤ n − 1 1 n ≤ a ≤^{n(n−1)}_2 Substituting Eqs. (7) and (4) in (3), we have

Γ(r) = √ 1 + (n − 1)(n − 2)e^2 2β^2r^4 (8)

III. STATIC SOLUTIONS IN EINSTEIN GRAVITY

In this section the goal is to find the exact solutions of Einstein gravity in the presence of YMBI fields. In this case, the field equation (1) becomes

G^{(1)}_{μν} − n(n − 1) 2l^2 g_{μν} = 8πT_{μν} . (9)

Where G^{(1)}μν is just the Einstein tensor. To find the function f(r), one may use any components of Eq. (9). The tt-component of the above equation using (2) and (8) is [ r^{n−2}(1 + f) ]_′ − n l^2 r^{n−1} − 4β^2 n − 1 r^{n−1} (1 − Γ) = 0 (10)

For N = n + 1 = 5 the solution is obtained to be: f(r) = −1 − 3m r^2 + r^2 l^2 − β^2r^2 3 (1 − Γ_4) −

2e^2 ln(r)

r^2 − e^2 ln (1 + Γ_4) r^2 , Where Γ_4 = Γ (n = 4). For N = n + 1 > 5 the solution of the field equation (10) is : f(r) = −1 − (n − 1)m r^{n−2} + r^2 l^2 + 4β^2r^2 n(n − 1) [1 − 𝟋(r)] , (11)

𝟋(r) is defined as:

𝟋(r) = n r^n ∫ r^{n−1}Γ(r) dr =_2F_1 ([ − 1 2 , − n 4 ] , [ 1 − n 4 ] , Γ^2 − 1 ) (12)

Where_2F_1([a, b], [c], z) is hypergeometric function. It is apparent that in the limit β → 0 Eq. (11) will be f(r) = −1 − (n − 1)m r^2 + r^2 l^2 which is the AdS solution to the Einstein equation. Using the fact that_2F_1([a, b], [c], z) has a convergent series expansion for |z| < 1, we can find the limit of the f(r) for large r and β as f(r) → −1 − (n − 1)m r^{n−2} + r^2 l^2 − (n − 2)e^2 (n − 4)r^2

(13)

As expected this is the solution to the Einstein-Yang-Mills equations introduced in [21].

The global structure of the spacetime is characterized by properties of the singularities and horizons. It is easy to show that the Kretschmann scalar R_{μνλκ}R^{μνλκ} diverges at r = 0 and is finite everywhere else, so r = 0 is an essential singularity. The behavior of the solution f(r) at infinity is dominated by the term r^2 (1/l^2 + 4β^2/n(n − 1)) and so one can see that f(r) → +∞ for large r’s. Also one can see that the function f(r) has a negative or positive value near r = 0 depending on the value of −^{(n−1)m}_{rn−2} −^{4β2r2}_{n(n−1)} 𝟋(r) as this is the dominating term in f(r) near r = 0. The hypergeometric function_2F_1 ([ −^1_2 , −^n_4 ] , [ 1 −^n_4 ] , Γ^2 − 1 ) , has different forms in different dimensions.

By considering an integer number a, we obtain the explicit form of the hypergeometric function as follows.

A. n = 8a, a = 1, 2, ..

For these values of n, as in_2F_1 ([a, b] , [c] , z) , c is always an integer, the integral (12), is expected to include a logarithmic term. As a case for n = 8 the metric function f(r) is f = −1 − 7m r^6 + r^2 l^2 + β^2r^2 14 (1 − Γ_8) −

3e^2 4r^2

Γ_8 [ 1 − ln ( r^2 + r^2Γ_8

)^{Γ2}8^{−1}_{Γ8} ]

Where Γ_8 = Γ(n = 8). Of course one should note that this solution in β → +∞, reduces to give the relation (13) as expected, and the logarithmic term vanishes in this case. But other than this case, this logarithmic case plays a significant term in the properties of the Yang-Mills-Born-Infeld solutions.

To see these properties we obtain the limit of f(r) near r = 0 for these values of n = 8a. In this case we obtain:

f → − (8a − 1) r^{8a−2} [ m − λe^{4a} ln(ς) ] , Where λ = (8a − 1)^{2a−2}(4a − 1)^{2a−1} 2^{4a−1}β^{4a−2} (_{4a−1} 2a )

ς = (8a − 1)(4a − 1)e^2

β^2 When m > λe^{4a} ln(ς), f(r) is negative and as f(r) → +∞, when r→ +∞, so f(r) has certainly one real root and a black hole with one horizon exists. For non-negative mass if ς > 1 and m < λe^{4a} ln(ς), f(r) is positive near r = 0 and the solution may present an extreme black hole, a black hole with two horizons or a spacetime without a horizon. This is a property that does not happen in the Einstein-Yang-Mills theory as the spacetime always presents naked singularity for non-negative mass.

Also for non-negative mass of this case the singularity at r = 0 is timelike, but in the Einstein-Yang-Mills theory the singularity for the dimensions higher than five, is always spacelike.

for negative mass, the possibility to have spacelike singularity exists if ς < 1 and | m |<| λe^{4a} ln(ς) |, while in EYM gravity the singularity for negative mass is timelike.

B. n = 4 (2a + 1), a= 1,2, ...

In this case, the hypergeometric function again includes a logarithmic term. For the behavior of the metric function near r = 0 we have f → − (8a + 3) r^{8a+2} [ m + λe^{4a+2} ln(ς) ] , Where in this case λ = (8a + 3)^{2a−1}(4a + 1)^{2a} 2^{4a+1}β^{4a}

(_{4a+1} 2a )

ς = (8a + 3)(4a + 1)e^2 β^2 By choosing proper parameters, this term can be negative or positive. For negative mass this term can be positive if ς < 1, or if ς > 1 and also | m |>| λe^{4a+2} ln(ς) | . In this case extreme black hole exists for the proper choose of the parameters. For non-negative mass also if β be sufficiently small and ς < 1, f(r) will be positive and the solution may present a black hole with one or two horizons or a spacetime without a horizon. This is also the case that does not happen in Yang-Mills theory without Born-Infeld or in Maxwell-Born-Infeld theory.

C. n = 2a + 1, a = 1, 2, ...

In this case f → −2a m r^{2a−1} This is similar to the case that happens in Maxwell-Born-Infeld theory and just when m < 0, extreme black hole may exists and for non-negative mass spacetime always presents naked singularity.

D. n = 2 (4a ± 1), a = 1, 2, ...

In these two cases, the integral in the relation (12) can be solved easily. For example for n = 6 and n = 10 respectively, solutions are obtained as f_{n=6} = −1 − 5m r^4 + r^2 l^2 + 2β^2r^2 15 (1 − Γ_6) −

4e^2 3r^2

Γ_6,

f_{n=10} = −1 − 9m r^8 + r^2 l^2 + 2β^2r^2 45 (1 − Γ_{10}) −

8e^2 15r^2

Γ_{10}(3 − 2Γ^2_{10}),

Where Γ_6 and Γ_{10} are the amount of Γ for n = 6 and n = 10 respectively. The behavior of f(r) near r = 0, for the case n = 2(4a − 1) is

f → − (8a − 3) r^{8a−4} [ m + λ β^{4a−3} e^{4a−1} ] ,

λ = 2^{6a− 7}2 (2a − 1)^{2a− 32} (8a − 3)^{2a− 52} (4a − 1) (_{4a−3} 2a−1 ) While that of For n = 2(4a + 1) is as follows

f → − (8a + 1) r^{8a} [ m − λ β^{4a−1} e^{4a+1} ] ,

λ = 2^{8a−1}a^{2a− 1}2 (8a + 1)^{2a− 32} (4a + 1) (_{4a−1} 2a ) So depending on proper choosing of the parameters m and e, black hole with one or two horizons, an extreme black hole and a naked singularity may exist. Also in these two cases a spacelike or timelike singularities may exist depending on the values of m and e and β.

We know a horizon is a null hypersurface defined by r = r_h such that f(r_h) = 0 with finite curvatures, where r_h is a constant horizon radius. For all the cases that f(r) is positive near r = 0, the extreme black hole may exists which therein, both f(r) and f^′(r) are zero on the horizon radius r = r_{ext} and can be calculated from (10) to be

r_{ext} = √_{n−2} n l 1 + 2ζ { 1 + ζ ( 1 + √ 1 + 2ne^2 (n − 2)l^2 ( 2 + 1 ζ ))}

ζ = 4β^2l^2 n(n − 1) For these cases the spacetime of Eqs. (7) and (11) presents a naked singularity if m < m_{ext}, an extreme black hole for m = m_{ext} and a black hole with two horizons provided m > m_{ext}, where m_{ext} is

m_{ext} = −r^{n−2}_{ext} ( 1 (n − 1) + r^2_{ext} (n − 1)l^2 + 4β^2r^2_{ext} n(n − 1)^2

[1 − 𝟋(r_{ext})] ) ,

The Hawking temperature is given by T = f^′(r_+) 4π = (n − 2)

r_+

Υ(r_+) (14)

Where r_+ is the largest real root of f(r) and

Υ(r_+) = −1 + nr^2_+ (n − 2)l^2 + 4β^2r^2_+ (n − 1)(n − 2) [ 1 − 𝟋(r_+) − r_+ n 𝟋^′(r_+) ] , (15)

𝟋^′(r_+) is the value of the first derivative of 𝟋(r_+) at r = r_+. It’s notable that T vanishes for m = m_{ext}.

IV. STATIC SOLUTIONS IN LOVELOCK GRAVITY

The Gauss-Bonnet-Yang-mills field equation in the presence of YMBI fields may be written as G^{(1)}_{μν} + α^′_2G^{(2)}_{μν} − n(n − 1) 2l^2 g_{μν} = 8πT_{μν} , (16)

Where G^{(2)}μν is the second order Lovelock tensor introduced in [23]. The tt-component of the above field equation for the metric (7) is: [ r^3 − 2α_2r(f + 1) ] f^′ − (n − 4)α_2(f + 1)^2 + (n − 2)r^2(f + 1) − 4β^2 (n − 1) r^4 (1 − Γ) − n l^2 r^4 = 0 (17)

Where α_2 = (n − 2)(n − 3)α^′_2. It is a matter of calculation to show that the solution of the field equation (17), for N = n + 1 = 5 may be written as

f(r) = −1 + r^2 2α_2 ( 1 ∓ √ 1 − 4α_2 l^2 + 12α_2m

r^4 + 4α_2β^2 3 (1 − Γ_4) +

4α_2e^2 ln (r^2 + r^2Γ_4) r^4 )

Where Γ_4 = Γ (n = 4). Solving the equation (17) for N ≥ 5, we get

f(r) = −1 + r^2 2α_2 ( 1 ∓ √ 1 − 4α_2 l^2 + 4(n − 1)α_2m r^n − 16α_2β^2 n(n − 1) [1 − 𝟋(r)] ) (18)

Where 𝟋(r) was introduced in (12). There are two families of solutions which correspond to the sign in front of the square root in Eq. (18). We call the family with minus (plus) sign the minus (plus)-branch solution. The minus-branch solution reduces to the solution in the Einstein-Yang-Mills-Born-Infeld solution in the limit of α → 0. On the other hand, f(r) diverges for the plus-branch solution in this limit, and there is no counterpart in the Einstein theory.

We notice that f(r) takes the form

f(r) = −1 + r^2 2α_2 [ 1 ± √ 1 − 4α_2 l^2 + 4(n − 1)α_2m r^n ]

as β → 0. Also in the limit β → ∞ it takes the form

f(r) = −1 + r^2 2α_2 [ 1 ± √ 1 − 4α_2 l^2 + 4(n − 1)α_2m r^n + 4(n − 2)α_2e^2 (n − 4)r^4 ]

This is the solution to the Gauss-Bonnet-Yang-Mills equation obtained in [22] as expected. Of course one may note that f(r) is imaginary for r < r_0 and real for r > r_0 where r_0 is the largest real root of the following equation: m + r^n (n − 1) ( 1 4α_2 − 1 l^2 − 4β^2 n(n − 1) [1 − 𝟋(r)] ) = 0 Thus one cannot extend the spacetime to the region r < r_0. To get rid of this incorrect extension we introduce the new radial coordinate ρ as

ρ^2 = r^2 − r^2_0 ⇒ dr^2 = ρ^2 ρ^2 + r^2_0 dρ^2. With this new coordinate the metric (7) becomes

ds^2 = −f(ρ)dt^2 + ρ^2 ρ^2 + r^2_0 dρ^2 f(ρ) + (ρ^2 + r^2_0)dΩ^2 (19)

Where now one should substitute r = √ ρ^2 + r^2_0 in Eq. (18). The new metric function has a singularity at ρ = 0 (r = r_0).

Like in Einstein gravity, In Gauss-Bonnet gravity, black hole with one or two horizons, an extreme black hole and a naked singularity may exist. here, we just consider the condition of having extreme black holes, for which the temperature vanishes. The Hawking temperature can be obtained as T = (n − 2)r_+ (r^2_+ − 2α) ( Υ(r_+) + (n − 4)α (n − 2)r^2_+ ) (20)

Where Γ(r_+) was given in Eq. (15) and r_+ is the radius of outer horizon. It is a matter of calculation to show that m = m_{ext},

m_{ext} =

2r^{n−2}_+ n(n − 1) ( −1 +

2α_2 r^2_+ + 2r^3_+β^2 n(n − 1) 𝟋^′(r_+) ) is the solution of T = 0.

To find explicitly the solutions to the Yang-Mills-Born-Infeld equation in third order Lovelock gravity in the presence of cosmological constant, we have to consider the third order Lovelock-Yang-mills field equation as

G^{(1)}_{μν} + α^′_2G^{(2)}_{μν} + α^′_3G^{(3)}_{μν} − n(n − 1) 2l^2 g_{μν} = 8πT_{μν} , (21)

Where now G^{(3)}μν is the third order Lovelock tensor introduced in [23]. The tt-component of the field equation (21) for the metric ansatz (7) is derived to be:

[ α_3r(f + 1)^2 − 2α_2r^3(f + 1) + r^5 ] f^′ + n − 6 3 α_3(f + 1)^3 − (n − 4)α_2r^2(f + 1)^2,

+(n − 2)r^4(f + 1) − n l^2 r^6 −

4β^2r^6 (n − 1)

(1 − Γ) = 0, (22)

where prime denotes the derivative with respect to r and we define α^′_2 = α_2/(n−2)(n−3) and α^′_3 = α_3/3(n − 2)(n − 3)(n − 4)(n − 5) for simplicity.

First we solve the equation (22) for the case N = n + 1 = 7. The equation in this case admits the solution:

f(r) = −1 + α_2r^2 α_3 { 1 + (√ γ + j^2(r) + j(r) )_{1/3} − γ^{1/3} (√ γ + j^2(r) + j(r) )_{−1/3}} , (23)

where

γ = ( α_3 α^2

− 1)^3,

j(r) = 1 −

3α_3 2α^2 + 3α^2_3 2α^3_2 ( 1 l^2 − 5m r^6 + 2β^2 15 (1 − Γ_6) −

4e^2 3r^4

Γ_6 ) . Where Γ_6, as was mentioned before, is the amount of Γ, for n = 6. Also for N = n+1 > 7 the generalized solution is the same as the relation (23) with j(r) being:

j(r) = 1 −

3α_3 2α^2 + 3α^2_3 2α^3_2 ( 1 l^2 − (n − 1)m r^n + 4β^2 n(n − 1) [1 − 𝟋(r)] ) (24)

Now for this solution as β → 0, k(r) reduces to

j(r) = 1 −

3α_3 2α^2 + 3α^2_3 2l^2α^3_2 − 3(n − 1)α^2_3m

2α^3_2r^n , which gives the solution to the Third order Lovelock gravity as expected and for β → ∞, j(r) will be j(r) = 1 −

3α_3 2α^2 + 3α^2_3 2α^3_2 ( 1 l^2 − (n − 1)m r^n − (n − 2)e^2 (n − 4)r^4 ) . (25)

The solution given by Eqs. (23) and (25) represents the AdS solution to the Third order Lovelock-Yang-Mills equation.

To see the asymptotic behavior of the solution to the Third order Lovelock gravity, we write it for a special case that α_3 = α^2. The solution then will be

f(r) = −1 + r^2 α_2 + 2^{1/3}r^2

α_2 j(r)^{1/3} (26) j(r) = − 1 2 + 3 2 α_2 { 1 l^2 − (n − 1)m r^n + 4β^2 n(n − 1) [1 − 𝟋(r)] } . This solution has a singularity at r = 0 as the kretschmann scalar diverges at r = 0. The Hawking temperature for this solution is given by:

T = (n − 2)r^3_+ (r^2_+ − α_2)^2 ( Υ(r_+) −

(n − 6)α^2 3(n − 2)r^4_+ + (n − 4)α_2 (n − 2)r^2_+ ) (27)

where r_+ is the radius of event horizon. Also in this case, we see that the black hole solutions may present an extreme black hole with horizon radius r_{ext}, where r_{ext} is one of the real roots of T = 0.

Now by solving the equations in second and third order Lovelock theories, we deduce that the tt-component of the field equation in Lovelock gravity is p∑ i=0 α^′_i (n − 2)! (n − 2i)! 1 nr^{n−3} [r^n( −1 − f(r) r^2

)^i]^′ +

4β^2r^2 n(n − 1) (1 − Γ) = 0 (28)

We can solve this equation to obtain the general solution in Lovelock gravity as p∑ i=0 α^′_i (n − 2)! (n − 2i)! ( −1 − f(r) r^2

)^i = (n − 1)m r^n − 4β^2 n(n − 1) [1 − 𝟋(r)] . (29)

V. CONCLUDING REMARKS

We obtained the solutions to Einstein and Lovelock theories considering the coupling of two non-linear fields, Yang Mills and Born-Infeld fields and investigated the properties of the solutions . The properties of these kind of solutions are like the Yang-Mills solutions. But the difference seems to appear in the role of the mass in the solutions, as for small r’s in Yang-Mills gravity the dominant term is the term containing m, but in the the Yang-Mills-Born-Infeld, the dominant term indicates both m, and 𝟋(r), which includes β, the Born-Infeld parameter and e. As the function 𝟋(r), takes different forms in different dimensions, we saw that this term modifies the properties of the solutions. For example in Einstein-Yang-Mills theory the solutions with nonnegative mass cannot present an extreme black hole but we found conditions for some of the solutions in Einstein-Yang-Mills-Born Infeld theory that, an extreme black hole or naked singularity can exist for non-negative mass. The singularities in Einstein-Yang-Mills theory are always spacelike and therefore unavoidable, but the singularities in Einstein-Yang-Mills-Born-Infeld theory can be spacelike or timelike depending on the choosing of the parameters. We also obtained the solutions for the second and third order Lovelock theories and from that we introduced the solution for the n-order Lovelock-Yang-mills-Born-Infeld theory.

Acknowledgements N. Bostani wishes to thank H. Hendi for many helps in this work. This work has been supported in part by Research Institute for Astrophysics and Astronomy of Maragha.

[1] M. Born, and L. Infeld, Proc. Roy. Soc. (Lond.) A144 (1934) 425; M. Born, Ann. Inst. Poincare 7 (1939) 155.

[2] E. Fradkin, A.A. Tseytlin, Phys. Lett. B163 (1985) 123; E. Bergshoeff, E. Sezgin, C. Pope, and P. Townsend, Phys. Lett. B188 (1987) 70; R. Metsaev, M. Rakhmanov, and A.A. Tseytlin, Phys. Lett B193 (1987) 207.

[3] R. Leigh, Mod. Phys. Lett. A4 (1989) 2767.

[4] A. Abouelsaood, C. G. Callan, C. R. Nappi and S. A. Yost, Nucl. Phys. B280, 599 (1987). [5] T. Banks, W. Fischler, S. H. Shenker and L. Susskind, Phys. Rev. D55 (1997) 5112. [6] A.A. Tseytlin, Nucl. Phys. B501, 41 (1997).

[7] R. G. Cai, D. W. Pang and A. Wang, Phys.Rev. D70 (2004) 124034. [8] D. Galtsov, and R. Kerner, Phys. Rev. Lett. 84 (2000) 5955-5958.

[9] M. Wirschins, A. Sood, and J. Kunz, Phys.Rev. D63 (2001) 084002.

[10] D. Galtsov, and V.V. Dyadichev, JETP Lett. 77 (2003) 154-157; Pisma Zh.Eksp.Teor.Fiz. 77 (2003) 184-187.

[11] S. Habib Mazharimousavi, M. Halilsoy, Z. Amirabi, Phys.Rev.D78 (2008) 064050. [12] R. Bartnik, and J. McKinnon, Phys. Rev. Lett. 61 (1988) 141.

[13] M. Volkov and D.V. Galtsov, JETP Lett. 50 (1989) 346; H. Kunzle and A. K. M. Masood ul Alam, J. Math. Phys. 31, (1990) 928.

[14] P. Bizon, Colored black holes. Phys.Rev.Lett. 64 (1990) 2844. [15] S. H. Mazharimousavi and M. Halilsoy, Phys. Lett. B659 (2008) 471. [16] M. Volkov and D. V. Gal’tsov Phys. Rept. 319 (1999) 1. [17] D. Lovelock, J. Math. Phys. 12 (1971) 498.

[18] D. G. Boulware and S. Deser, Phys. Rev. Lett. 55 (1985) 2656; M. H. Dehghani and M.

Shamirzaie, Phy. Rev. D72 (2005) 124015; R. G. Cai, Phys.Rev.D65 (2002) 084014; R. G. Cai, Phys.Lett.B582 (2004) 237-242; K. Maeda, N. Ohta, Phys. Lett. B597 (2004) 400.

[19] T. T. Wu and C. N. Yang, in textitProperties of Matter Under Unusual Conditions, edited by H. Mark and S. Fenbach (Interscience, New York, 1969), p. 349.

[20] P. B. Yasskin, Phys. Rev. D12 (1975) 2212. [21] N. Bostani, M. H. Dehghani, arXiv: 0908.0661v1 [gr-qc]. [22] M. H. Dehghani, N. Bostani, R. Pourhasan, arXiv: 0908.0663v1 [gr-qc]. [23] F. Muller-Hoissen, Phys. Lett. B163 (1985) 106 ; M. H. Dehghani, N. Bostani, Phys. Rev.

D75 (2007) 084013.