arXiv:0909.0514v1 [gr-qc] 2 Sep 2009

Clifton’s spherical solution in f(R) vacuum harbours a naked singularity

Valerio Faraoni

Physics Department, Bishop’s University, 2600 College St., Sherbrooke, Québec, Canada J1M 1Z7

E-mail: vfaraoni@ubishops.ca

Abstract. Clifton’s exact solution of f(R) = R^{1+δ} gravity describing a dynamical spherical metric which is asymptotically Friedmann-Lemaitre- Robertson-Walker is studied. It is shown that it harbours a strong spacetime singularity and that this singularity is naked at late times.

PACS numbers: 04.50.+h, 04.20.Jb

1. Introduction

Type Ia supernovae have provided us with the knowledge that the universe is currently in a phase of accelerated expansion [1]. This acceleration has been modelled in various ways; the most common models are probably dark energy ones based on General Relativity (hereafter GR, see [2] for a list of references). However, the exotic and ad hoc dark energy leaves many cosmologists dissatisfied and attempts have been made to model the cosmic acceleration without dark energy. f(R) theories of gravity akin to the quadratic theories required by the renormalization of GR have been introduced in the metric [3], Palatini [4], and metric-affine [5] formulations and have received much attention in recent years (see [6] for a review and [7] for short introductions).

Along with cosmological and other considerations (e.g., stability, weak-field limit, ghost content), it is important to understand spherically symmetric solutions in these theories, a task which has proved to be non-trivial (see [8] and references therein). For definiteness, we consider here metric f(R) gravity described by the action S = 1 2κ ∫ d^4x √ −g f(R) + S^{(matter)} , (1) where f(R) is a non-linear function of its argument and S^{(matter)} is the matter part of the action. R denotes the Ricci scalar of the metric g_{ab} with determinant g, κ = 8πG where G is Newton’s constant, and we adopt the notations of Ref. [9].

It is well known that the Jebsen-Birkhoff theorem does not hold in these theories, which adds to the richness and variety of spherically symmetric solutions. Of particular interest are black holes in generalized gravity, which have been studied especially in relation to their thermodynamics ‡ (e.g., [11]). Since f(R) theories are designed

‡ The thermodynamics of local Rindler horizons in f(R) gravity, which is used to derive the classical field equations as an equation of state [10] is modeled after the thermodynamics of dynamical f(R) black holes.

to produce a time-varying effective cosmological constant, the spherically symmetric and black hole solutions of interest likely represent central objects embedded in cosmological backgrounds. Not much is known about this kind of object even in the context of GR, although a few examples are available [12, 13, 14, 15, 16, 17, 18, 19] in Einstein’s theory. Even less is known about f(R) black holes and spherically symmetric solutions, which deserve to be understood better. Here we consider a specific solution proposed in f(R) = R^{1+δ} gravity in [20]. The observational constraints set the limits δ = (−1.1 ± 1.2) · 10^{−5} on the parameter δ [20, 21], while local stability requires f^{′′}(R) ≥ 0 [22, 23], i.e., δ > 0 hence we will use positive values of this parameter.

The solution proposed in [20] is dynamical and presumably represents some kind of dynamical central object embedded in a spatially flat FLRW background in vacuum f(R) = R^{1+δ} gravity. This solution is made possible by the fact that the fourth order field equations of vacuum metric f(R) gravity f^′(R)R_{ab} − f(R) 2 g_{ab} = ∇_a∇_bf^′(R) − g_{ab}□f^′(R) (2)

can be rewritten in the form of effective Einstein equations with geometric terms acting as a form of effective matter as R_{ab} − 1 2 g_{ab}R = 1 f^′(R) [ ∇_a∇_bf^′ − g_{ab}□f^′ + g_{ab} (f − Rf^′) 2 ] . (3)

In this picture the effective matter spoils the Jebsen-Birkhoff theorem and fuels the cosmic acceleration. Alternatively, an equivalent representation of f(R) gravity as a Brans-Dicke theory with a scalar field potential exhibits a massive spin zero degree of freedom that causes these effects [6]. Since exact spherically symmetric dynamical solutions of f(R) gravity in asymptotically FLRW backgrounds are harder to find than in GR (where only a few are known anyway) and are therefore valuable, we study Clifton’s solution in the following.

2. Clifton’s spherically symmetric dynamical solution

Clifton’s spherically symmetric dynamical solution in vacuum f(R) = R^{1+δ} gravity [20] is given by

ds^2 = −A_2(r)dt^2 + a^2(t)B_2(r) ( dr^2 + r^2dΩ^2 ) , (4)

where dΩ^2 = dθ^2 + sin^2 θ dφ^2 is the line element on the unit 2-sphere,

A_2(r) = ( 1 − C_2/r 1 + C_2/r )_{2/q} , (5)

B_2(r) = ( 1 + C_2 r )_4

A_2(r)^{q+2δ−1} , (6)

a(t) = t^{δ(1+2δ)1−δ} , (7)

q^2 = 1 − 2δ + 4δ^2 , (8)

in isotropic coordinates and using the notation of [20] for the metric components. There are two distinct classes of solutions when δ is fixed: one with C_2qr > 0 and one with C_2qr < 0. The line element (4) reduces to the Friedmann-Lemaitre-Robertson- Walker one in the limit C_2 → 0. In the limit δ → 0 in which the theory reduces to GR, the metric (4) reduces to the Schwarzschild solution in isotropic coordinates provided that C_2qr > 0, so both positive and negative values of r are possible according to the sign of the parameter C_2. In the following we take r > 0, C_2 > 0 and the positive root in the expression q = ± √ 1 − 2δ + 4δ^2 deriving from eq. (8), so that q ≃ 1 − δ in the limit |δ| << 1. Moreover, as said before, we assume that δ > 0 for stability. The solution (4)-(8) is conformal to the Fonarev solution [24] which is conformally static [25], and therefore is also conformally static. This is a property shared with the Sultana-Dyer solution [12] and with some representatives of the class of generalized McVittie solutions [19].

We now want to write the metric (4) in the Nolan gauge, in which it is straightforward to identify the apparent horizons (if they exist). To this end, we make use of the Schwarzschild-like radial coordinate r̃ ≡ r ( 1 + C_2 r )_2

, (9)

in terms of which dr = ( 1 −^{C22}_{r2} )_{−1} dr̃ and we eventually transform to the areal radius ρ ≡ a(t) √ B_2(r) r̃ ( 1 +^{C2}_r

)_2 = a(t) r̃ A2(r)^{q+2δ−12} . (10)

The line element (4) then becomes ds^2 = −A_2dt^2 + a^2A^{2δ−1}_2 dr̃^2 + ρ^2dΩ^2 . (11) Using the fact that dr̃ = dρ − A^{q+2δ−12}_2 ȧ r̃ dt a [ A^{q+2δ−12}_2 +^{2(q+2δ−1)}_q^{C2}_{r̃} A^{2δ−1−q2}_2 ] ≡ dρ − A^{q+2δ−12}_2 ȧ r̃ dt aA^{q+2δ−12}_2 C(r)

, (12)

where an overdot denotes differentiation with respect to t and

C(r) = 1+

2(q + 2δ − 1) q C_2 r̃ A^{−q}_2 = 1+

2(q + 2δ − 1) q C_2a ρ A^{2δ−1−q2}_2 (13)

the metric assumes the Painlevé-Gullstrand-like form

ds^2 = − A_2 [ 1 − A^{2(δ−1)} 2 C^2 ȧ^2r̃^2 ] dt^2 − 2A^{−q+2δ−12}_2

C^2 ȧ r̃ dtdρ

+ dρ^2 A^q_2C^2

+ ρ^2dΩ^2 . (14)

In order to eliminate the cross-term in dtdρ we introduce the new time coordinate t̄ defined by dt̄ = 1 F (t, ρ) [dt + β(t, ρ)dρ] , (15) where F (t, ρ) is an integrating factor that satisfies the equation ∂ ∂ρ ( 1 F ) = ∂ ∂t ( β F ) (16) to ensure that dt̄ is an exact differential. The line element then becomes

ds^2 = − A_2 [ 1 − A^{2(δ−1)} 2 C^2 ȧ^2r̃^2 ] F^2dt̄^2

+ 2F

A_2β [ 1 − A^{2(δ−1)} 2 C^2 ȧ^2r̃^2 ] − A^{−q+2δ−12}_2 C^2 ȧr̃ dt̄dρ

+ −A_2 [ 1 − A^{2(δ−1)} 2 C^2 ȧ^2r̃^2 ] β^2 +

2A^{−q+2δ−12}_2

C^2 ȧr̃β + 1 A^q_2C^2 dρ^2

+ ρ^2dΩ^2 . (17) By setting β = A^{−q+2δ−32}_2 C^2 ȧ r̃ 1 −^{A2(δ−1)2}_{C2} ȧ^2r̃^2

(18)

the dtdρ cross-term disappears and we are left with the Nolan gauge metric

ds^2 = − A_2DF^2dt̄^2 + 1 A^q_2C^2 [ 1 + A^{−q−1} 2 H^2ρ^2

C^2D ] dρ^2 + ρ^2dΩ^2 , (19) where H ≡ ȧ/a and D ≡ 1 − A^{2(δ−1)} 2 C^2 ȧ^2r̃^2 = 1 − A^{−q−1} 2 C^2

H^2ρ^2 . (20) Using the second of these equations, the line element (19) simplifies to

ds^2 = −A_2DF^2dt̄^2 + dρ^2 A^q_2C^2D

+ ρ^2dΩ^2 . (21) The apparent horizons, if they exist, are located at g^{ρρ} = 0. This equation is satisfied if A^q_2C^2D = 0, which yields A^q_2 ( C^2 − H^2R^2A^{−q−1}_2 ) = 0 , (22) hence g^{ρρ} vanishes if A_2 = 0 or H^2R^2 = C^2A^{q+1}_2 . A_2 vanishes at r = C_2, which describes the Schwarzschild horizon in the limit δ → 0 in which the theory reduces to GR, and corresponds to a spacetime singularity. In fact, the Ricci scalar is R = 6 ( Ḣ + 2H 2 ) A_2(r)

(23)

and diverges as r → C_2 (it reduces to the familiar value 6 ( Ḣ + 2H 2 ) in the C_2 → 0 limit). Furthermore, this singularity is a strong one in the sense of Tipler’s classification [26]: the areal radius ρ = ar̃A^{q+2δ−12}_2 vanishes when r = C_2 for δ > 0. This is in contrast with the case δ = 0 (the Schwarzschild metric of GR) in which ρ = r̃ = 4C_2 at r = C_2.

Let us focus on the second possibility H^2ρ^2 = C^2A^{q+1}_2 , or Hρ = ± [ 1 + 2(q + 2δ − 1) q C_2a ρ A^{2δ−1−q2}_2 ] A^{q+12}_2 , (24)

where the positive sign is to be chosen in an expanding universe. In the limit of small δ this equation reduces to Hρ = [ 1 +^{2δC2 a}_ρ A^−

(1−^{3δ}_2 ) 2 ] A^{1−δ}_2 .

To gain some insight, consider the following two limits. In the limit C_2 → 0 in which the central object disappears and the solution is a FLRW space, r = r̃ becomes a comoving radius and ρ becomes a proper radius, while eq. (24) reduces to Hρ = 1 with solution ρ_c = 1/H, the radius of the cosmological horizon. In the limit δ → 0 in which the theory reduces to GR, eq. (24) reduces to A_2 = 0 or r = C_2 with H ≡ 0.

Using eqs. (7) and (10), the left hand side of eq. (24) is expressed as HR = δ (1 + 2δ) 1 − δ t^{2δ2 +2δ−1} 1−δ C_2 x (1 − x)^{q+2δ−1q} (1 + x)^{−q+2δ−1q} , (25)

where x ≡ C_2/r, while the right hand side of the same equation is

(1 − x)^{q+1q} (1 + x)^{q+1q} [ 1 + 2 (q + 2δ − 1) q x (1 − x)^2 ] . (26)

Eq. (24) then becomes 1 t^{1−2δ−2δ21−δ} = (1 − δ) δ (1 + 2δ) C_2 x (1 + x)^{−2q+2δ−2q} (1 − x)^{2(δ−1)q} · [ 1 + 2 (q + 2δ − 1) q x (1 − x)^2 ] (27)

(note that^{1−2δ−2δ2}_{1−δ} is positive for 0 < δ <^{√3 −1}_2 ≃ 0.366).

At late times t, the left hand side of eq. (27) vanishes, which implies that x ≃ 0. Hence, at late times, there is a unique root of the equation locating the apparent horizons. This unique late-time horizon is identified as a cosmological horizon, as can be deduced by the fact that r → ∞ as x = C_2/r → 0. The limit x → 0 can also be obtained when the parameter C_2 → 0 , in which case Hρ → 1 and r ≃ ρ ≃ H^{−1} =^{1−δ}_{δ(1+2δ)} t is the radius of the cosmological horizon of the FLRW space without a central object. We conclude that there is only a cosmological apparent horizon and no black hole apparent horizon at late times, therefore the central singularity at ρ = 0 becomes naked at late times.

The time t and the radius ρ of the apparent horizons can be expressed parametrically as functions of x by t(x) = { (1 − δ) δ (1 + 2δ) C_2 x (1 + x)^{2(−q+δ−1)q}

(1 − x)^{2(δ−1)q} [ 1 + 2 (q + 2δ − 1) x q(1 − x)^2 ]}^{1−δ} 2δ2 +2δ−1 , (28) ρ(x) = t(x)^{δ(1+2δ)1−δ} C_2 x (1 − x)^{q+2δ−1q} (1 + x)^{q−2δ+1q} . (29)

A plot of ρ versus t is presented in Fig. 1 for the parameter values C_2 = 1 and δ = 0.1. As is clear from this figure, two inner horizons develop at a certain time after the Big

Figure 1. The apparent horizons of the Clifton solution for parameter values C_2 = 1 and δ = 0.1. The apparent horizon radius ρ is plotted versus the time t. Two inner horizons appear after the Big Bang and then merge and disappear, covering the ρ = 0 singularity only for a finite period of time. A third, cosmological horizon corresponding to the upper branch of the curve keeps expanding.

Bang and cover the central singularity at ρ = 0. Later on, these apparent horizons approach each other, merge, and disappear while a third, cosmological horizon keeps expanding. The ρ = 0 singularity becomes naked after this time.

3. Conclusions

In view of the fact that cosmology may be showing us the first-ever detected deviations from Einstein’s gravity and of the attention given to f(R) gravity theories as possible models of the cosmic acceleration, it is of great interest to understand black holes and other spherically symmetric solutions of f(R) gravity. Since the Jebsen-Birkhoff theorem does not hold in these theories, spherically symmetric solutions do not have to be static. These theories are designed to produce an effective dynamical cosmological constant to reproduce the current acceleration of the universe and, therefore, dynamical exact solutions with spherical symmetry describing a central object embedded in a cosmological background are particularly valuable. Unfortunately, this kind of solution is poorly understood even in the context of GR and deserves more attention in the future. A few examples are available [12, 13, 14, 15, 16, 17, 18, 19] and further work is in progress on generalized McVittie solutions [27]. In particular, it seems difficult to find generic black hole solutions embedded in cosmological backgrounds. The goal of finding interior solutions for spherically symmetric f(R) gravity (mainly with numerical methods) seems also a worthy one [8]. All these issues will be addressed in future publications.

Acknowledgements

Thanks go to Rituparno Goswami for a discussion, to a referee for very valuable comments leading to improvements in the manuscript, and to the Natural Sciences

Clifton’s spherical solution in f(R) vacuum harbours a naked singularity 7

and Engineering Research Council of Canada (NSERC) for financial support.

References

[1] Riess A G et al. 1998 Astron. J. 116 1009; Perlmutter S et al. 1998 Nature 391 51; Riess A G et al. 1999 Astron. J. 118 2668; Perlmutter S et al. 1999 Astrophys. J. 517 565; Riess A G et al. 2001 Astrophys. J. 560 49; Tonry J L et al. 2003 Astrophys. J. 594 1; Knop R et al. 2003 Astrophys. J. 598 102; Riess A G et al. 2004 Astrophys. J. 607 665; Barris B et al. 2004 Astrophys. J. 602 571 [2] Linder E V 2008 Am. J. Phys. 76 197 [3] Capozziello S, Carloni S and Troisi A arXiv:astro-ph/0303041; Carroll S M, Duvvuri V, Trodden M and Turner M S 2004 Phys. Rev. D 70 043528 [4] Vollick D N 2003 Phys. Rev. D 68 063510 [5] Sotiriou T P 2006, Class. Quantum Grav. 23 5117; arXiv:gr-qc/0611158; arXiv:0710.4438;

Sotiriou T P and Liberati S 2007 Ann. Phys. (NY) 322 935; arXiv:gr-qc/0611040 [6] Sotiriou T P and Faraoni V arXiv:0805.1726, to appear in Rev. Mod. Phys. [7] Straumann N arXiv:0809.5148; Sotiriou T P arXiv:0805.1726; Faraoni V arXiv:0810.2602;

Capozziello S and Francaviglia M 2008 Gen. Rel. Grav. 40 357; Nojiri S and Odintsov S D 2007 Int. J. Geom. Meth. Mod. Phys. 4 115; Schmidt H-J 2007 Int. J. Geom. Meth. Phys. 4 209 [8] Frolov A V 2008 Phys. Rev. Lett. 101 061103; Appleby S A and Battye R A 2008 JCAP 0805:019;

Seifert M D and Wald R M 2007 Phys. Rev. D 75 084029; Seifert M D 2007 Phys. Rev. D 76 064002; Kobayashi T and Maeda K 2008 Phys. Rev. D 78 064019; Babichev E and Langlois D arXiv:0904.1382; Dev A et al. 2008 Phys. Rev. D 78 083515; Miranda V, Joras S E, Waga I and Quartin M. arXiv:0905.1941; Upadhye A and Hu W arXiv:0905.4055 [9] Wald R M 1984, General Relativity (Chicago: Chicago University Press) [10] Eling C, Guedens R and Jacobson T 2006 Phys. Rev. Lett. 96 121301 [11] Brustein R, Gorbonos D and Hadad M 2009 Phys. Rev. D 79 044025 [12] Sultana J and Dyer C C 2005 Gen. Rel. Grav. 37 1349; Faraoni V 2009 Phys. Rev. D 80 044013 [13] McClure M L and Dyer C C 2006 Class. Quantum Grav. 23 1971; 2006 Gen. Rel. Gravit. 38 1347 [14] Faraoni V and Jacques A 2007 Phys. Rev. D 76 063510 [15] Saida H, Harada T and Maeda H 2007 Class. Quantum Grav. 24 4711 [16] Gao C, Chen X, Faraoni V and Shen Y-G 2008 Phys. Rev. D 78, 024008. [17] Nozawa M and Maeda H 2008 Class. Quantum Grav. 25 055009 [18] Maeda H, Harada T and Carr B J 2008 Phys. Rev. D 77 024023 [19] Faraoni V, Gao C, Chen X and Shen Y-G 2009 Phys. Lett. B 671 7 [20] Clifton T 2006 Class. Quantum Grav. 23 7445 [21] Barrow J D and Clifton T 2006 Class. Quantum Grav. 23 L1; Clifton T and Barrow J D 2005 Phys. Rev. D 72 103005; Class. Quantum Grav. 23 2951; Zakharov A F, Nucita A A, De Paolis F and Ingrosso G 2006 Phys. Rev. D 74 107101 [22] Dolgov A D and Kawasaki M 2003 Phys. Lett. B 573 1 [23] Faraoni V 2006 Phys. Rev. D 74 104017; 2007 Phys. Rev. D 75 067302 [24] Fonarev O A 1995 Class. Quantum Grav. 12 1739 [25] Maeda H arXiv:0704.2731 [26] Tipler F J 1977 Phys. Lett. A 64 8 [27] Faraoni V, in preparation [28] Hawking S W 1968 J. Math. Phys. 9 598 [29] Hayward S A 1994 Phys. Rev. D 49 831 [30] Misner C W and Sharp D H 1964 Phys. Rev. 136 571