arXiv:0909.0947v2 [hep-ph] 22 Sep 2009

Soft and Collinear Functions for the Standard Model

Jui-yu Chiu,^1 Andreas Fuhrer,^1 Randall Kelley,^1 and Aneesh V. Manohar^1 1Department of Physics, University of California at San Diego, La Jolla, CA 92093 (Dated: September 23, 2009 3:32)

Radiative corrections to high energy scattering processes were given previously in terms of universal soft and collinear functions. This paper gives the collinear functions for all standard model particles, the general form of the soft function, and explicit expressions for the soft functions for fermion-fermion scattering, longitudinal and transverse gauge boson production, single W/Z production, and associated Higgs production. An interesting subtlety in the use of the Goldstone boson equivalence theorem for longitudinal W^+ production is discussed.

I. INTRODUCTION

Hard scattering processes can be described using softcollinear effective theory (SCET) [1, 2, 3, 4]. SCET was extended to broken gauge theories [5, 6, 7, 8] and used to compute the renormalization group improved amplitude for standard model scattering processes at high energy. The effective theory formalism sums the electroweak Sudakov corrections using renormalization group evolution in SCET. The strong and electroweak radiative corrections to hard scattering processes were formulated in terms of collinear and soft functions in Ref. [8]. The result gives an efficient way of computing the effective theory radiative corrections in terms of a collinear function for each particle, and universal soft functions. Electroweak radiative corrections also have been computed previously using fixed-order methods [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31].

The soft and collinear functions were given in Ref. [8] for an SU(2) gauge theory. The complete standard model expressions are more involved because of custodial SU(2) violation, and because the right- and left-handed quarks and leptons have different quantum numbers. In this paper, we give the explicit collinear running and matching functions for each standard model particle, as well as the soft functions for some important processes such as fermion-fermion scattering, gauge boson pair production, and associated Higgs boson production. We will use the notations and conventions of Ref. [8], and assume that the reader is familiar with the results presented there. The split into soft and collinear contributions is not unique, and we use the definition in Ref. [8]. The soft functions for QCD corrections have been obtained previously [32].

A collinear function F^{(F →P )} gives the amplitude F → P for the field F to produce a particle P , analogous to the ⟨0|ϕ|p⟩ factor in the LSZ reduction formula. Particularly interesting are the collinear functions for ϕ → W_L and W → W_T , W^3 → γ, B → γ, W^3 → Z_T , B → Z_T , and ϕ → Z_L in the Higgs-gauge sector. In most cases, there is a unique F , e.g. u_L is only produced by the quark doublet field Q, and so the Q → u_L collinear function is also referred to as the u_L collinear function. The subscript on a fermion field refers to chirality, and on a fermionic particle, to helicity. Thus the u_R → u_R collinear function is the amplitude for a right-handed u field, with projector (1 + γ_5)/2, to produce a right-handed u quark, with spin parallel to momentum. The difference between helicity and chirality is order m/E, and higher order in the SCET power counting.

We first present plots of the collinear functions in Sec. II obtained using formulæ given later in Sec. III of the paper. There is an interesting subtlety in the Goldstone boson equivalence theorem for W^+_L arising from infrared divergences due to photon exchange, which is discussed in this section. The general form of the soft functions, and some standard soft matrices are given in Sec IV. These are then used to compute the soft functions for fermion scattering in Sec. V, longitudinal and transverse gauge boson production in Sec. VI, single-W, Z production in Sec. VII, and gluon scattering in Sec. VIII. Appendix A gives the analytic formula for integrating a SCET anomalous dimension including terms up to the three-loop cusp.

The EFT computation is given by matching from the standard model onto SCET at a scale μ_h, running to μ_l at which the W, Z, H, t are integrated out, and then running using QCD+QED to a factorization scale μ_f at which the hadronic scattering cross-sections are computed by convolution with the parton distribution functions. The final answer is independent of the choice of μ_{h,l,f} , but in practice has some dependence on these quantities due to neglected higher order terms. The μ_{h,l} dependence was shown in Ref. [8] to be less than 1% for processes other than transverse W_T production, for which the μ_h dependence was almost 10%.

II. PLOTS OF COLLINEAR FUNCTIONS

In this section, we give numerical plots for the collinear functions for the standard model, and discuss some interesting features of the collinear corrections. The collinear radiative corrections are process independent, and have the same value in all scattering processes.

The collinear functions are given by running the collinear anomalous dimension from μ_h to μ_l using the anomalous dimensions in Sec. III A, matching at μ_l using exp D_C in Sec. III B, and then running from μ_l to μ_f using the anomalous dimensions in Sec. III C. In equations,

log F^{(F →P )}(n̄ · p, μ_f , μ_h) = − ∫_{μl} μ_f dμ μ γ_P (n̄ · p, μ) +D^{(F →P )} C (n̄ · p, μ_l) − ∫_{μh} μ_l dμ μ γ_F (n̄ · p, μ) . (1) The collinear corrections are functions of n̄ · p = 2E, where E is the particle energy,^1 and depend linearly on log n̄·p to all orders in perturbation theory [35]. They are defined after zero-bin subtraction to avoid double counting with the soft contribution [36, 37, 38, 39, 40, 41, 42, 43]. These subtractions are necessary for soft-collinear factorization [44] to hold.

The collinear functions were used to compute 2 → 2 scattering processes in Ref. [8], where we used μ_h = √ s_0 for the high-scale matching. In the partonic center-of-mass frame, all four partons have energy 2E = n̄ · p = √ s_0. For this reason, we have used μ_h = n̄ · p in the collinear function plots, to reduce the number of variables by one. The low scales are chosen to be μ_f = μ_l = M_Z . There is a tiny dependence on the Higgs mass—the rates change by less than one part in 10^4 if m_H is varied between 200 and 500 GeV. In the plots, m_H = 200 GeV. The collinear anomalous dimension can be integrated analytically using the results in Appendix A. If the factorization scale μ_f is below M_Z , there is an additional contribution to the collinear function from QCD+QED running from M_Z to μ_f , which is given separately. The total collinear function is the product of the μ_h → M_Z and M_Z → μ_f collinear functions.

Fig. 1 shows the collinear functions for quarks. The collinear functions for the c and s are identical to those for the u and d, respectively. The t and b quarks have slightly different collinear functions because of Higgs corrections, and the mass of the t. In a 2 → 2 scattering process such as u_Lū_L → d_Ld̄_L, one has a collinear function in the amplitude for each external particle, so the rate depends on the product of the fourth powers of the u_L and d_L collinear functions. Thus a 10% correction in Fig. 1 changes the rate by more than a factor of two. The difference between the heavy- and light-quark collinear functions arises from Higgs contributions due to the t_R Yukawa coupling to the quark doublet Q^{(t)}, and due to the switch from SCET to bHQET fields for the t.

Fig. 2 shows the collinear functions for u and d on the same plot. The left- and right-handed quarks have different collinear functions because of the difference in SU(2) quantum numbers. There is a small difference between u_R, d_R due to the different U(1) quantum numbers, which lead to different U(1) anomalous dimensions. There is an even smaller difference between u_L, d_L due to differences

1 The collinear functions depend on the Lorentz frame through the null-vector n. The n dependence is cancelled by a corresponding n dependence in the soft functions, by reparametrization invariance [33, 34].

FIG. 1: Plot of the collinear functions against n̄ · p for (a) lower panel: uL (dotted green), uR (dotted cyan), tL (dashed red), tR (dashed blue) (b) upper panel: dL (dotted green), dR (dotted cyan), bL (dashed red), bR (dashed blue).

in the low-scale matching from Z exchange due to the different Z couplings. Fig. 3 shows the collinear functions for the leptons. The corrections are smaller than for quarks because there are no QCD corrections.

If the factorization scale is chosen below M_Z , there is additional collinear running from QCD and QED. The QCD collinear running is the same for all quarks, and the log of the QED running is proportional to the electric charge. Fig. 4 show the collinear running below M_Z for μ_f = 30, 50 GeV for quarks, gluons and electrons. These multiply the collinear running from μ_h to M_Z .

The collinear functions for massless gauge bosons are shown in Fig. 5. The corrections to the gluon are due to QCD, and are large because of the large value of C_A. There are two collinear functions for photon production, depending on the source of the photon. The W^3 − B and Z − γ fields are related by

Z = cos θ_W W^3 − sin θ_W B , A = sin θ_W W^3 + cos θ_W B . (2)

FIG. 2: Plot of the collinear functions against n̄ · p for uL (dotted green), uR (dotted cyan), dL (dashed red), and dR (dashed blue).

FIG. 3: Plot of the collinear functions against n̄ · p for νL (dashed blue), eL (dotted red), and eR (solid red).

At tree-level the W^3 → γ amplitudes is sin θ_W , and the B → γ amplitude is cos θ_W . The photon can be emitted by what started out as either a W^3 or B field at high energy, and the radiative corrections shown by the solid red and dotted red curves in Fig. 5 multiply the treelevel amplitudes. The correction for W → γ is much larger because of the SU(2) contribution.

Fig. 6 gives the collinear functions for the massive gauge bosons and Higgs. The lower panel shows the collinear functions for the transverse and longitudinal W , i.e. for W → W_T and ϕ → W_L, since the transverse W can only come from the W field and the longitudinal W

FIG. 4: Plot of the collinear functions due to running from MZ to μ_f against n̄ · p for electrons with μ_f = 30 GeV (solid red) and μ_f = 50 GeV (dashed blue) are shown in the upper panel. The QCD correction for quarks with μ_f = 30 GeV (solid red) and μ_f = 50 GeV (dashed blue) and gluons with μ_f = 30 GeV (dotted green) and μ_f = 50 GeV (dot-dashed cyan) are shown in the lower panel.

from the ϕ field. The radiative corrections are different, because at high energies, W_T is part of the W_μ gauge field, whereas W_L is part of the scalar field ϕ. The SU(2) corrections to W_μ depend on the adjoint Casimir C_A = 2, whereas the corrections to ϕ depend on the fundamental Casimir C_F = 3/4. The U(1) corrections also differ. At high energies, the W_L remembers that it originated from the scalar field via spontaneous symmetry breaking. The upper panel gives the plots for the neutral boson sector. The transverse Z can arise from either W^3 or B, as for the photon, and the two cases are shown in solid and dotted red. The B → Z_T amplitude has smaller corrections (as for B → γ), so at high energies, Z_T is produced mainly via B → Z_T , even though at tree-level, it is the W^3 → Z amplitude which dominates. The ϕ → Z_L and ϕ → H amplitudes have similar shapes, since both are mainly given by the radiative corrections to the scalar

FIG. 5: Plot of the collinear functions against n̄ · p for W → γ (solid red), B → γ (dotted red) and gluons (dashed blue).

FIG. 6: Plot of the collinear functions against n̄·p for (a) lower panel: WT (solid red), WL (dashed blue) (b) upper panel: W → ZT (solid red), B → ZT (dotted red), ZL (dashed blue) and H (short-dash, dark green).

FIG. 7: One loop collinear graph, where the internal and external particles can have different masses, e.g. mint = m_b and p^2 = m^2_t . The wavy+solid line is the collinear gauge boson, and the dashed line is a collinear fermion or scalar.

doublet ϕ. There are two amplitudes for Z_T , W → Z and B → Z, but only one for Z_L, ϕ → Z.

III. COLLINEAR FUNCTIONS

The formulæ for the collinear functions are given in this section. They were obtained using the procedure given in Ref. [8]. The main complication arises from custodial SU(2) symmetry breaking in the standard model. In loop graphs, one has to distinguish between W and Z exchange as well as the m_t-m_b mass difference. The collinear functions, computed from one-loop graphs such as Fig. 7 are summarized in Table I. The anomalous dimension γ_C gives the running between the high-scale μ_h ∼ √ ŝ and the low-scale μ_l ∼ M_Z , and the matching D_C gives the collinear matching at the low scale μ_l. The γ_C column can also be used to obtain the anomalous dimension in SCET_γ between μ_l and the factorization scale μ_f . This table is a generalization of Table II of Ref. [8], which gave the collinear functions in the SU(2) theory. In the weak interactions, the two members of an SU(2) doublet can have different masses. As a result, in computing Fig. 7, the internal and external fermions can have different masses; e.g. the internal fermion can be a b-quark, and the external one, a t-quark. This complication did not arise for the SU(2) theory with massless fermions considered in Ref. [8]. The collinear functions in Table I include the possibility of different internal and external masses. m_{int} is the mass of the internal particle in the loop, and √ p^2 is the mass of the external particle.

The functions f_{F,S} are given in Appendix B of Ref. [7], and vanish for massless particles, f_F (0, 0) = f_S(0, 0) = 0. The ψ row is for fermions, ϕ for scalars, B_⊥ for an external transversely polarized gauge boson, H for the physical Higgs field, and φ^a for the Goldstone bosons, which are used to compute longitudinally polarized gauge bosons using the equivalence theorem.

Table I gives the results in a compressed form, from which the standard model results can be extracted. The T · T factor has to be taken apart into individual gauge boson contributions

α T · T → α_sT · T + α_2t · t + α_1Y · Y , (3)

Field γC DC ψ^α_{4π} T · T [4Lp − 4] + γ_ψ^α_{4π} T · T [ 2L_MLp −^1_2 L_M^2 − 2L_M −^{5π2}_{12} + 2 + fF (p^2/M^2, m^2_{int}/M^2) ] +^1_2 δR_ψ

ϕ^α_{4π} T · T [4Lp − 2] + γ_ϕ^α_{4π} T · T [ 2L_MLp −^1_2 L_M^2 − L_M −^{5π2}_{12} + 1 + fS (p^2/M^2, m^2_{int}/M^2) ] +^1_2 δR_ϕ

hv^α_{4π} T · T [4 log(2γ)] + γ_h^α_{4π} T · T [2L_M log 2γ] +^1_2 δR_{hv}

B_⊥^α_{4π} T · T [4Lp − 2] + γW^α_{4π} T · T [ 2L_MLp −^1_2 L_M^2 − L_M −^{5π2}_{12} + 1 + fS (1, 1) ] +^1_2 δRW

H^α_{4π} T · T [4Lp − 2] + γH^α_{4π} T · T [ 2L_MLp −^1_2 L_M^2 − L_M −^{5π2}_{12} + 1 + fS (m^2_h/M^2, 1) ] +^1_2 δRH

φ^{a α}_{4π} T · T [4Lp − 2] + γφ^α_{4π} T · T [ 2L_MLp −^1_2 L_M^2 − L_M −^{5π2}_{12} + 1 +^2_3 fS (1, 1) +^1_3 fS (1, m^2_h/M^2) ] +^1_2 δRφ

TABLE I: The collinear anomalous dimension and low-scale matching. L_M = log(M^2/μ^2), Lp = log(n̄ · p)/μ, and γ = E/m. The rows are ψ: fermion, ϕ non-Higgs scalar multiplet, hv HQET field, B_⊥: transverse gauge boson, H: Higgs, φ^a: Goldstone bosons (i.e. longitudinal gauge bosons using the equivalence theorem and mutiplying by E). The results are in R_{ξ=1} gauge. γ_{W,h,φ} and R_{W,h,φ} are the wavefunction contributions. p^2 is m^2 for the external particle, and mint is the mass of the internal particle.

summing over the SU(3), SU(2) and U(1) contributions, where T are the QCD generators, and t are the SU(2) generators. This form is convenient for computing the collinear anomalous dimension γ_C , which is massindependent. The electroweak couplings constants are α_2 = α_{em}/ sin^2 θ_W and α_1 = α_{em}/ cos^2 θ_W .

The low-scale collinear matching D_C depends on the gauge boson masses, so the SU(2) × U(1) part has to be rewritten in terms of the W , Z and γ contributions,

α_2t · t + α_1Y · Y → 1 2 α_W (t_+t_− + t_−t_+)

+α_Z t_Z · t_Z + α_{em}Q · Q (4)

where α_W = α_2 and α_Z = α_{em}/(sin^2 θ_W cos^2 θ_W ) and t_Z is the Z-charge, t_Z = t_3 − sin^2 θ_W Q. A useful identity for the W contribution is 1 2 (t_+t_− + t_−t_+) = t · t − t_3 · t_3 . (5)

The matching D_C depends on the gauge boson and fermion masses. The value of D_C is given using Table I and Eqs. (3,4) and using M → M_W in the W terms and M → M_Z in the Z terms. The photon and gluon do not contribute to D_C , since they are not integrated out at the low-scale μ_l ∼ M_Z , and are dropped. Furthermore, in f_F and h_F , the internal fermion mass is equal to the external fermion mass for the Z term, but is different for the W term. For example, for an external t quark, p → m_t, m_{int} → m_t for the t^2_Z term and p → m_t, m_{int} → m_b for the t_+t_− and t_−t_+ terms. Explicit formulæ for the standard model particles are given below using this procedure.

The wavefunction factors δR_{φ,H,W} can be found in Ref. [45, 46, 47, 48]. They are defined as the residue of the two-point Green’s function at the pole, G ∼ R p^2 − M^2

+ finite , (6) with R = 1+δR. R is obtained using the two-point function renormalized in the MS scheme, and is finite. We use the convention of Ref. [45] and denote the finite wavefunction correction by R, and reserve Z for the infinite renormalization counterterms. There is one important point to remember — the wavefunction graphs have to be computed as an EFT matching condition. This means that the graphs are computed using dimensional regularization to regulate the infrared divergences, setting all low energy scales such as m_b to zero, and retaining only the finite part.^2 R can be obtained from the expressions in terms of Passarino-Veltman functions using

A_0(m^2) = −m^2 ( 1 ϵ_{UV}

+ 1 − ln m^2 μ^2 ) , (7) and B_0(p^2, m_1, m_2)

= Γ(ϵ)e^{ϵγ} μ^{2ϵ}

∫_1 0 dx [ m^2_1x + m^2(1 − x) + p^2x(1 − x) ]_{−ϵ} , B^′_0(−M^2, m_1, m_2) =

∂B_0(p^2, m_1, m_2) ∂p^2 | | | |_{p2=−M 2} (8)

where we follow the conventions of Ref. [46]. In particular, the infrared divergent functions needed are

B_0(0, 0, 0) = 1 ϵ_{UV} − 1 ϵ_{IR} (9) and B^′_0(−M^2, 0, M) = 1 M^2 [ 1 2ϵ_{IR}

+ 1 − 1 2 log M^2 μ^2 ] , (10)

2 See, for example, Refs. [35, 49, 50] for a more extensive discussion and explicit examples. In Eqs. (7-10), the subscripts UV and IR indicate whether the divergence is ultraviolet or infrared. The integrals are done in 4 − 2ϵ dimensions, so ϵ_{UV} = ϵ_{IR} = ϵ.

which are replaced by 0 and (1 − 1/2 log M^2/μ^2)/M^2, respectively, in R.

In Refs. [6, 7], the radiative corrections for massive particles were computed. In the region below the particle mass, the particle can be treated as a bHQET field [51, 52]. The anomalous dimension and low-scale matching for bHQET fields is given in the row h_v. For massive particles, the collinear anomalous dimension involves log 2γ, where γ = E/m is the boost factor, rather than log(n̄ · p)/μ = log(2E)/μ. The bHQET formula is needed for top-quark pair production, and for W and Z production.

In addition to gauge boson exchange, there are radiative corrections due to scalar exchange graphs. In the standard model, these arise from Higgs exchange. As shown in Refs. [6, 7], scalar exchange vertex graphs are 1/Q^2 suppressed, and only the wavefunction graphs are leading order in the SCET power counting. Thus we can include Higgs corrections in the effective theory through their contribution to R.

The anomalous dimension between μ_h and μ_l is independent of the low-energy scales, including the electroweak symmetry breaking scale, and so can be computed in the unbroken gauge theory. The collinear functions depend on n̄ · p = 2E, where E is the energy of the particle. The n̄ dependence, or Lorentz frame dependence, is cancelled by a corresponding frame dependence in the soft functions.

The left-handed quark doublets will be denoted by Q^{(i)}_L , where i = u, c, t is a flavor index, the right-handed charge 2/3 quarks by U^{(i)}_R or u_R, c_R, t_R, the right-handed charge −1/3 quarks by D^{(i)}_R , or d_R, s_R, b_R, the lefthanded lepton doublets by L^{(i)}_L , i = e, μ, τ, and the righthanded lepton singlets by E^{(i)}_R or e_R, μ_R, τ_R. Written in terms of SU(2) components, Q^{(i)} is

Q^{(i)} = [ U^{(i)}_L D^{′(i)}_L ] = [ U^{(i)}_L V_{ij} D^{(j)}_L ] , (11)

where the primed down-type quarks are weak eigenstate fields, and the unprimed fields are mass eigenstates. All the lepton and down-type quark masses can be neglected in our calculation, so we can work in the weak eigenstate basis, the CKM matrix V does not enter the SCET computation, and generation number is conserved. Once the radiative corrections have been computed, one can make the replacement D^{′(i)}_L → V_{ij} D^{(j)}_L to compute the amplitudes in terms of mass-eigenstate fields.

A. Running from μ_h to μ_l ∼ MZ

The collinear anomalous dimensions for the running from μ_h ∼ Q to μ_l ∼ M_Z are listed below. The gauge coupling constants are the MS values in the theory with six dynamical quark flavors, and y_t = √ 2m_t/v is the tquark Yukawa coupling. The top quark multiplets have different collinear running than the other quarks because of the large Yukawa coupling y_t. Q^{(u,c)}_L : 1 4π ( 4 3 α_s + 3 4 α_2 + 1 36 α_1 ) ( 4 log n̄ · p μ − 3 ) (12)

Q^{(t)}_L : 1 4π ( 4 3 α_s + 3 4 α_2 + 1 36 α_1 ) ( 4 log n̄ · p μ − 3 ) + 1 2 y^2_t 16π^2 (13) u_R, c_R: 1 4π ( 4 3 α_s + 4 9 α_1 ) ( 4 log n̄ · p μ − 3 ) (14)

t_R: 1 4π ( 4 3 α_s + 4 9 α_1 ) ( 4 log n̄ · p μ − 3 ) + y^2_t 16π^2

(15) d_R, s_R, b_R: 1 4π ( 4 3 α_s + 1 9 α_1 ) ( 4 log n̄ · p μ − 3 ) (16)

L^{(e)}_L , L^{(μ)}_L , L^{(τ )}_L : 1 4π ( 3 4 α_2 + 1 4 α_1 ) ( 4 log n̄ · p μ − 3 ) (17) e_R, μ_R, τ_R: α_1 4π ( 4 log n̄ · p μ − 3 ) (18)

The gauge field anomalous dimension at one-loop in R_{ξ=1} gauge is

γ = 2C_A − b_0 , (19)

where b_0 is the coefficient of the first term in the βfunction, μ dg dμ = −b_0 g^3 16π^2

+ . . . (20)

so that the collinear factor γ_C for transverse gauge bosons is α 4π (4C_AL_p − b_0) . (21)

It is more convenient to write the anomalous dimensions for W_3 and B instead of Z and γ, to avoid off-diagonal mixing terms in the renormalization group evolution due to the running of sin^2 θ_W .

g (transverse gluons): α_s 4π ( 12 log n̄ · p μ − 7 ) (22)

FIG. 8: Collinear matching graphs for [W^†ψ]. The ⊗ is the [W^†ψ] operator, the solid line is ψ and the double line is W^†.

W_T (transverse W^{1,2,3}):

α_2 4π ( 8 log n̄ · p μ − 19 6 ) (23)

B_T (transverse B):

α_1 4π ( 41 6 ) . (24)

The scalar anomalous dimension for the unphysical Goldstone bosons, needed for longitudinal gauge boson production using the equivalence theorem, and for Higgs production is φ, H: 1 4π ( 3 4 α_2 + 1 4 α_1 ) ( 4 log n̄ · p μ − 4 ) + 3 y^2_t 16π^2

. (25)

The y_t term in the ϕ anomalous dimension affects the rates for H, W_L and Z_L production at the few percent level.

B. Matching at μ_l ∼ MZ

The matching corrections at μ_l ∼ M_Z have to be computed in the broken electroweak theory, using Table I, Eq. (4) and the discussion following it. The matching can be computed for each particle, and is shown schematically in Fig. 8. The collinear gauge invariant operator [W^†_{EW}ψ] in SCET_{EW} matches onto [W^†_γ ψ] in SCET_γ . The difference between the collinear Wilson lines is that W^†_{EW} contains gluons, W and B gauge fields which are the dynamical fields in SCET_{EW} whereas W^†_γ contains gluons and photons, the dynamical gauge fields in SCET_γ . The matching coefficients are given by integrating out the W and Z. Once again, the collinear matching is more complicated due to custodial SU(2) violation. Thus, in the quark doublet Q_L = (u, d)_L, there are separate matching functions for u_L and d_L, etc.

The low-scale matching for the quark doublet can be written as: [ W^†_{EW}Q_L ] → [ exp D^{(QL→UL)} C [W^†_γ U_L] exp D^{(QL→DL )} C [W^†_γ D_L] ] . (26)

The quantity [ W^†_{EW}Q_L ] a is collinear gauge-invariant, and has an index a. Eq. (26) implies that the a = 1 term matches to [W^†_γ U_L] and the a = 2 term to [W^†_γ D_L], with amplitudes exp D^{(QL→UL )} C and exp D^{(QL→DL )} C , respectively. The other cases listed below use a similar notational convention. The collinear functions D_C are zero at tree-level.

The remaining fermionic collinear matching functions are defined by: [ W^†_{EW}U_R ] → exp D^{(UR →UR)} C [W^†_γ U_R] , [ W^†_{EW}D_R ] → exp D^{(DR →DR)} C [W^†_γ D_R] , [ W^†_{EW}L_L ] → [ exp D^{(LL→νL )} C ν_L exp D^{(LL→EL)} C [W^†_γ E_L] ] , [ W^†_{EW}E_R ] → exp D^{(ER→ER)} C [W^†_γ E_R] . (27)

The collinear matching functions are: D^{(QL→UL )} C (μ) = g^2_{LU} D_Z (μ) + 1 2 D_W (μ) , D^{(QL→tL)} C (μ) = g^2_{LU} D_Z (μ) + 1 2 D_W (μ) + F_{tL} (μ) , D^{(QL→DL )} C (μ) = g^2_{LD}D_Z (μ) + 1 2 D_W (μ) , D^{(QL→b′ )} C (μ) = g^2_{LD}D_Z (μ) + 1 2 D_W (μ) + F_b′_L (μ) , D^{(UR→UR )} C (μ) = g^2_{RU} D_Z (μ) , D^{(tR→tR )} C (μ) = g^2_{RU} D_Z (μ) + F_{tR} (μ) , D^{(DR→DR )} C (μ) = g^2_{RD}D_Z (μ) , D^{(LL→νL )} C (μ) = g^2_{Lν} D_Z (μ) + 1 2 D_W (μ) , D^{(LL→EL)} C (μ) = g^2_{Le}D_Z (μ) + 1 2 D_W (μ) , D^{(ER→ER)} C (μ) = g^2_{Re}D_Z (μ) , (28)

where g_{LU} = 1/2−2/3 sin^2 θ_W , g_{RU} = −2/3 sin^2 θ_W , etc. are the Z charges of the fermions, and

D_Z (μ) = α_Z 4π ( 2 log

M^2_Z μ^2 log n̄ · p μ − 1 2 log^2

M^2_Z μ^2 − 3 2 log M^2_Z μ^2 − 5π^2 12 + 9 4 ) ,

D_W (μ) = α_W 4π ( 2 log

M^2_W μ^2 log n̄ · p μ − 1 2 log^2

M^2_W μ^2 − 3 2 log M^2_W μ^2 − 5π^2 12 + 9 4 ) , (29)

where α_W = α_{em}/ sin^2 θ_W , α_Z = α_{em}/(sin^2 θ_W cos^2 θ_W ).

The additional contributions for the t, b-quarks are given by

F_{tL} (μ) = ( α_s 4π 4 3 + α_{em} 4π 4 9 )

FIG. 9: One loop collinear graphs which induce mixing between the gauge and Higgs sectors.

× ( 1 2 log^2 m^2_t μ^2 − 1 2 log m^2_t μ^2 + π^2 12 + 2 )

+ α_W 4π 1 2 f_F ( m^2_t M^2_W , 0 ) + α_Z 4π g^2_{Lt}f_F ( m^2_t M^2_Z , m^2_t M^2_Z )

+ (δR_{tL} − δR_{uL} ) ,

F_{tR} (μ) = ( α_s 4π 4 3 + α_{em} 4π 4 9 )

× ( 1 2 log^2 m^2_t μ^2 − 1 2 log m^2_t μ^2 + π^2 12 + 2 )

+ α_Z 4π g^2_{Rt}f_F ( m^2_t M^2_Z , m^2_t M^2_Z ) + (δR_{tR} − δR_{uR} ) ,

F_b′_L (μ) = α_W 4π 1 2 f_F ( 0, m^2_t M^2_W ) + (δR_{bL} − δR_{dL} ) . (30)

The α_s and α_{em} terms are from the QCD and QED corrections due to the transition from SCET to bHQET fields. The functions f_{F,S} are given in Appendix B of Ref. [7]. (δR_{tL} − δR_{uL} ) is the difference in wavefunction corrections for the t and a massless quark. The massless wavefunction contribution has already been included in D_{W,Z} . The H, φ and gauge boson matching has mixing effects due to graphs such as those in Fig. 9. The graphs are of order ⟨ϕ⟩ /(n̄ · p) and are subleading in the SCET power counting.

The matching function for the Higgs doublet has some interesting features. The Higgs doublet is ϕ = 1 √ 2 [ φ^2 + iφ^1 v + H − iφ_3 ] (31)

with φ^± = (φ^1 ∓ iφ^2)/ √ 2. There are two neutral gauge bosons, the Z and γ, but only one neutral unphysical Goldstone boson, the φ^3. One could try a matching relation of the form [ W^†_{EW}ϕ ] → [ exp D^{(ϕ→φ+)}

C [W^†_γ φ^+] 1√ 2 exp D^{(ϕ→H)}

C H −^{i√}_2 exp D^{(ϕ→φ3)}_C φ^3 ] , (32)

analogous to the fermionic case discussed above. A matching of this kind, which was used in Ref. [8] for the SU(2) theory, is not possible for the standard model. The φ^+ propagator in the full theory has photon corrections shown in Fig. 10. The graphs are infrared divergent, but the infrared divergence cancels between the two diagrams

FIG. 10: Photon corrections to the φ^+ propagator.

FIG. 11: Photon corrections to the bHQET W^+ propagator.

so that the φ^+ propagator is not infrared divergent in the electroweak theory. In the theory below μ_l, the W bosons have been integrated out, and the second diagram is absent, so that the φ^+ propagator is infrared divergent. Thus the infrared divergences do not match between the theories above and below μ_l.

The resolution of this paradox is that φ^+ is not a physical field and is gauge dependent. At the scale μ_l, the Higgs doublet matches, not to the Higgs H and unphysical Goldstone bosons φ^+ and φ^3, but to H and longitudinal gauge bosons W_L and Z_L. W_L is treated as a bHQET field, and the W_L propagator has an infrared divergence from Fig. 11, so there is still an infrared divergence in the effective theory. However now, the amplitude that must be matched is for W_L, not φ^+, and is given by the amplitude for φ^+ multiplied by the equivalence theorem factor E, which is the radiative correction factor in the equivalence theorem[45, 53, 54, 55, 56, 57, 58, 59]. There is an infrared divergence in E that matches the infrared divergence in the effective theory. The standard model one-loop values for E_{W,Z} needed for longitudinal W and Z production are given in Appendix C.

The matching Eq. (32) should instead be written as [ W^†_{EW}ϕ ] → [ exp D^{(ϕ→W +L )}

C [W^†_γ W_L] 1√ 2 exp D^{(ϕ→H)} C H −^{i√}_2 exp D^{(ϕ→ZL)}_C Z_L ] . (33)

The collinear functions are D^{(ϕ→WL)} C = α_W 4π 1 4 [ F_W + f_S ( 1, M^2_H M^2_W )]

+ α_W 4π 1 4 [ F_W + f_S ( 1, M^2_Z M^2_W )]

+ α_Z 4π g^2_φ+ [ F_Z + f_S ( M^2_W M^2_Z , M^2_W M^2_Z )]

+ α_W 4π s^2_W [ 1 2 log^2

M^2 μ^2

− log

M^2 μ^2 + π^2 12 + 2 ]

+ 1 2 δR_φ+ + log E_W , D^{(ϕ→ZL)} C = α_W 4π 1 2 [ F_W + f_S ( M^2_Z M^2_W , 1 )]

+ α_Z 4π 1 4 [ F_Z + f_S ( 1, M^2_H M^2_Z )]

+ 1 2 δR_φ3 + log E_Z , D^{(ϕ→H)} C = α_W 4π 1 2 [ F_W + f_S ( M^2_H M^2_W , 1 )]

+ α_Z 4π 1 4 [ F_Z + f_S ( M^2_H M^2_Z , 1 )]

+ 1 2 δR_H , (34)

where

F_{W,Z} = 2 log M^2_{W,Z} μ^2 log n̄ · p μ − 1 2 log^2 M^2_{W,Z} μ^2

− log M^2_{W,Z} μ^2 − 5π^2 12 + 1 , (35)

and E_{W,Z} are the equivalence theorem factors for the W and Z. The expression for E_W is the same as that for the SU(2) theory given in Ref. [8]. E_Z is given by a similar expression, see Ref. [45] for details. There are corrections to the equivalence theorem from γ − Z mixing at twoloops, if one does not use background field gauge [60].

The gauge field collinear matching involves γ − Z mixing. The collinear functions are defined by [ W^†g_⊥ ] → exp D^{(g→g)}_C g_⊥ , [ W^†W^±_⊥ ] → exp D^{(W →W )} C W^±_⊥ , [ W^†W^3_⊥ ] → c_W exp D^{(W →Z)}

C Z_⊥ + s_W exp D^{(W →γ)}_C A_⊥ , [ W^†B_⊥ ] → −s_W exp D^{(B→Z)}_C Z_⊥ + c_W exp D^{(B→γ)}_C A_⊥ , (36)

(s_W = sin θ_W , c_W = cos θ_W ), so that all the collinear functions vanish at tree-level. The complications of γ −Z mixing only enter the effective theory at the low-scale matching at μ_l.

The gluon matching is D^{(g→g)} C = α_s 4π 1 3 log m^2_t μ^2

. (37)

There is a non-trivial gluon collinear matching from the top-quark vacuum polarization graph, since the topquark is integrated out at the scale μ_l and is no longer a dynamical field. Processes involving external top quark can still be computed using bHQET fields for the top.

The other gauge-field collinear functions are D^{(W →W )} C = α_W 4π c^2_W [ F_Z + f_S ( M^2_W M^2_Z , M^2_W M^2_Z )]

+ α_W 4π c^2_W [ F_W + f_S ( 1, M^2_Z M^2_W )]

+ α_W 4π s^2_W [F_W + f_S (1, 0)] + α_W 4π s^2_W [ 1 2 log^2

M^2 μ^2

− log

M^2 μ^2 + π^2 12 + 2 ]

+ 1 2 δR_W + , D^{(W →Z)} C = α_W 4π 2 [ F_W + f_S ( M^2_Z M^2_W , 1 )]

+ 1 2 δR_Z + tan θ_W R_{γ→Z} , D^{(B→Z)} C = 1 2 δR_Z − cot θ_W R_{γ→Z} , D^{(W 3→γ)} C = α_W 4π 2 [F_W + f_S (0, 1)] + 1 2 δR_γ + cot θ_W R_{Z→γ} , D^{(B→γ)} C = 1 2 δR_γ − tan θ_W R_{Z→γ} . (38)

The definitions of R_{γ→Z} and R_{Z→γ} , which arise from γ − Z mixing, are given in the appendix.

C. Running below μ_l ∼ MZ

The collinear anomalous dimensions for the running below μ_l ∼ M_Z are listed below. The gauge coupling constants are the MS values in the theory with five dynamical quark flavors. (u, c)_{L,R}, (ū, c̄)_{L,R}: 1 4π ( 4 3 α_s + 4 9 α_{em} ) ( 4 log n̄ · p μ − 3 ) (39) (d, s, b)_{L,R}, (d̄, s̄, b̄)_{L,R}: 1 4π ( 4 3 α_s + 1 9 α_{em} ) ( 4 log n̄ · p μ − 3 ) (40)

t treated as a bHQET field h_v: 1 4π ( 4 3 α_s + 4 9 α_{em} ) (4 log 2γ − 2) (41)

W^±_{T,L} treated as a bHQET field h_v: 1 4π (α_{em}) (4 log 2γ − 2) (42)

Z_{T,L} treated as a bHQET field h_v:

0 (43)

H treated as a bHQET field h_v:

0 (44) (e, μ, τ)_{L,R}, (ē, μ̄, τ̄ )_{L,R}: α_{em} 4π ( 4 log n̄ · p μ − 3 ) (45) (ν_e, ν_μ, ν_τ )_{L,R}, (ν̄_e, ν̄_μ, ν̄_τ )_{L,R}: 0 (46) g: α_s 4π ( 12 log n̄ · p μ − 23 3 ) (47) γ: α_{em} 4π ( 80 9 ) . (48)

IV. SOFT FUNCTIONS

The universal soft functions is

U_S (n_i, n_j ) = log −n_i · n_j − i0^+ 2 , (49)

in terms of which, the soft anomalous dimension and lowscale matching are

γ_S = Γ(α(μ)) − ∑ ⟨ij⟩ T_i · T_j U_S (n_i, n_j ) ,

D_S = J(α(μ), L_M) − ∑ ⟨ij⟩ T_i · T_j U_S (n_i, n_j ) ,(50)

where, at one-loop,

Γ(α(μ)) = α(μ) 4π 4 , J(α(μ), L_M) = α(μ) 4π 2 log

M^2 μ^2

. (51)

The soft anomalous dimension is mass independent, but the soft matching depends on the gauge boson mass M. In the computations, we have used the three-loop value for Γ [61], and the results of Refs. [62, 63].

The soft function has a simple form when written using the color-operator notation [64]. For practical calculations, one needs to write the soft function as a matrix in the space of gauge invariant operators. In this section, we give the explicit matrices needed for some scattering processes. The QCD parts of these matrices have been obtained previously [32]. The electroweak part is considerably more involved, because the SU(2) × U(1) symmetry is broken, and this enters into the low-scale soft function D_S .

For the standard model, one has to use Eq. (4,5) to obtain the soft anomalous dimension and low-scale matching. For a given process, the SU(3), SU(2) and U(1) matrices are defined by

S_3 = − ∑ ⟨ij⟩ T_i · T_j U_S (n_i, n_j ) ,

S_2 = − ∑ ⟨ij⟩ t_i · t_j U_S (n_i, n_j ) ,

S_1 = − ∑ ⟨ij⟩ Y_iY_j U_S(n_i, n_j ) , (52)

in terms of which, the soft anomalous dimension is

γ_S = α_s π S_3 + α_2 π S_2 + α_1 π S_1 . (53)

For the low-scale matching, one has to use Eq. (4,5) with M → M_W and M → M_Z for the W and Z terms. This gives

D_S = α_W (μ) 4π 2 log

M^2_W μ^2 − ∑ ⟨ij⟩ (t_i · t_j − t_{3i}t_{3j} ) U_S (n_i, n_j )

+ α_Z (μ) 4π 2 log

M^2_Z μ^2 − ∑ ⟨ij⟩ t_{Zi}t_{Zj} U_S(n_i, n_j )

= α_W (μ) 4π 2 log

M^2_W μ^2

S_2 + ∑ ⟨ij⟩ t_{3i}t_{3j} U_S (n_i, n_j )

+ α_Z (μ) 4π 2 log

M^2_Z μ^2 − ∑ ⟨ij⟩ t_{Zi}t_{Zj} U_S(n_i, n_j ) . (54)

The soft function has a universal form when written in the operator form Eq. (50). For numerical computations, it is more convenient to choose a basis of gauge invariant operators, and write the soft-anomalous dimension and matching as a matrix in the chosen basis. The soft factor ∑ ⟨ij⟩ Ti · Tj US(ni, nj ) was computed for some simple

cases in Ref. [8] for an SU(N) gauge theory. Certain soft matrices occur in several different computations. These reference matrices are for SU(3):

S^{(3)} = − 8 3 iπ11 + [_7 3 T +^2_3 U 2(T − U) 4 9 (T − U) 0 ] , S^{(3) ′} = − 4 3 iπ ,

S^{(3,g)} = − 13 3 iπ11 + 0 0 U − T 0^3_2 (T + U)^3_2 (U − T ) 2(U − T )^5_6 (U − T )^3_2 (T + U)

(55)

for SU(2):

S^{(2)} = − 3 2 iπ11 + [ (T + U) 2(T − U) 3 8 (T − U) 0 ] , S^{(2) ′} = − 3 4 iπ , S^{(2,g)} = − 11 4 iπ11 + [ 0 U − T 2(U − T ) (T + U) ] (56)

and for U(1):

S^{(1)}(q_1, q_2, q_3, q_4) = −i π 2 ( q^2_1 + q^2 + q^2_3 + q^2_4 ) + (q_1q_4 + q_2q_3) T − (q_1q_3 + q_2q_4) U , S^{(1)}(q_f , q_i) = −iπ ( q^2_i + q^2_f ) + 2q_iq_f (T − U) . (57)

For scattering kinematics, s > 0, t < 0, and u < 0, and the variables T, U are defined by [32]

T = log −t s + iπ , U = log −u s + iπ . (58)

V. SOFT FUNCTIONS FOR FERMION SCATTERING

The soft anomalous dimension and low-scale matching matrices will now be computed for some scattering processes. In these examples, the anomalous dimension and matching depend on matrices S_{3,2,1}, R^{(0)}, and D_{W,Z} . The equations for the anomalous dimension and matching have the same form in each case; the matrices take on different values depending on the process.

A. Two doublets

Consider first the case of fermion scattering, QQ̄ → QQ̄, where all particles are electroweak doublet quarks. At the high-scale, one matches onto four-quark SCET operators

C_{11} Q̄^{(c)}_4 t^aT^Aγ^μP_LQ^{(c)}_3 Q̄^{(u)}_2 t^aT^Aγ^μP_LQ^{(u)}_1 + C_{21} Q̄^{(c)}_4 γ^μT^AP_LQ^{(c)}_3 Q̄^{(u)}_2 γ^μT^AP_LQ^{(u)}_1 + C_{12} Q̄^{(c)}_4 t^aγ^μP_LQ^{(c)}_3 Q̄^{(u)}_2 t^aγ^μP_LQ^{(u)}_1 + C_{22} Q̄^{(c)}_4 γ^μP_LQ^{(c)}_3 Q̄^{(u)}_2 γ^μP_LQ^{(u)}_1 , (59)

where the first index is 1 for t^a ⊗ t^a and 2 for 1 ⊗ 1 in SU(2), and the second index is 1 for T^a ⊗ T^a and 2 for 1 ⊗ 1 in SU(3). Eq. (59) is written in schematic form to emphasize the gauge structure of the operator. The actual operator in SCET should be written with Q → W^†ξ^{(Q)}_{n,p} , etc. The subscripts 1 − 4 on the fields are a reminder that the SCET fields have momentum labels p_1 − p_4. We have chosen to label the two fields by u and c to make it easy to discuss related processes such as Drell-Yan by replacing some quark fields by lepton fields. The one-loop values for C_{ij} at the high scale are given in Ref. [7].

The group theory sums needed for the soft anomalous dimension matrix are

S_3 = − ∑ ⟨ij⟩ T_i · T_j U_S (n_i, n_j ) = 11 ⊗ S^{(3)} ,

S_2 = − ∑ ⟨ij⟩ t_i · t_j U_S (n_i, n_j ) = S^{(2)} ⊗ 11 ,

S_1 = − ∑ ⟨ij⟩ Y_i Y_j U_S(n_i, n_j )

= S^{(1)} ( Y (Q^{(c)}), Y (Q^{(u)}) ) 11 ⊗ 11 , (60)

in terms of the reference matrices S^{(3,2,1)} given in Eqs. (55,56,57). For quark doublets, Y (Q^{(c)}) = Y (Q^{(u)}) = 1/6.

The soft anomalous dimension is given by Eq. (53) using Eq. (60) for S_{3,2,1}. At the low scale μ_l ∼ m_Z , the operators Eq. (59) match onto a linear combination of

^O_{11} = [c̄_{L4}T^Aγ_μc_{L3}][ū_{L2}T^Aγ^μu_{L1}] ^O_{21} = [c̄_{L4}T^Aγ_μc_{L3}][d̄^′_{L2}T^Aγ^μd^′_{L1}] ^O_{31} = [s̄^′_{L4}T^Aγ_μs^′_{L3}][ū_{L2}T^Aγ^μu_{L1}] ^O_{41} = [s̄^′_{L4}T^Aγ_μs^′_{L3}][d̄^′_{L2}T^Aγ^μd^′_{L1}] ^O_{51} = [s̄^′_{L4}T^Aγ_μc_{L3}][ū_{L2}T^Aγ^μd^′_{L1}] ^O_{61} = [c̄_{L4}T^Aγ_μs^′_{L3}][d̄^′_{L2}T^Aγ^μu_{L1}] ^O_{12} = [c̄_{L4}γ_μc_{L3}][ū_{L2}γ^μu_{L1}] ^O_{22} = [c̄_{L4}γ_μc_{L3}][d̄^′_{L2}γ^μd^′_{L1}] ^O_{32} = [s̄^′_{L4}γ_μs^′_{L3}][ū_{L2}γ^μu_{L1}] ^O_{42} = [s̄^′_{L4}γ_μs^′_{L3}][d̄^′_{L2}γ^μd^′_{L1}] ^O_{52} = [s̄^′_{L4}γ_μc_{L3}][ū_{L2}γ^μd^′_{L1}] ^O_{62} = [c̄_{L4}γ_μs^′_{L3}][d̄^′_{L2}γ^μu_{L1}] (61)

with coefficients ^C_{ij} . The matching matrix is ^C_{ia} = R_{ij} C_{ja} , (62) or equivalently,

^C = (R ⊗ 11) C , (63)

since the electroweak matching does not change the color structure of the operators. At tree-level R is

R^{(0)} =

1 4 1 −^1_4 1

−^1_4 1 1 4 1 1 2 0 1 2 0

. (64)

Once again, we see the additional complication in the standard model due to the U(1) sector. In the pure SU(2) theory, the matching was SU(2) invariant; here the operators have to be broken apart into individual fields of definite charge.

The one-loop soft matching due to W and Z exchange is computed using Eq. (54),

R^{(1)}_{S,W} = α_W 4π 2 log

M^2_W μ^2

S_2 + ∑ ⟨ij⟩ t_{3i}t_{3j} U_S (n_i, n_j ) ,

R^{(1)}_{S,Z} = α_Z 4π 2 log

M^2_Z μ^2 − ∑ ⟨ij⟩ t_{Zi}t_{Zj} U_S(n_i, n_j ) , (65)

and the total soft matching at one-loop is

R = R^{(0)} + R^{(1)}_{S,W} + R^{(1)}_{S,Z} . (66)

To evaluate R^{(1)}_{S,W} , R^{(1)}_{S,Z} , we need to evaluate the group theory factors in Eq. (65). The S_2 term acting on Eq. (61) is a group-invariant Casimir operator, and can be thought of as S_2 acting on the original basis Eq. (59) before SU(2) × U(1) breaking, and so acting on the lowenergy basis Eq. (61) is equal to R^{(0)}S_2, where S_2 is the matrix in Eq. (60). The t_{3i}t_{3j} and t_{Zi}t_{Zj} terms are diagonal in the basis Eq. (61), and we define them to be D_W and D_Z , respectively, so that the soft-matching matrices are R^{(1)}_{S,W} = α_W 4π 2 log

M^2_W μ^2 [ R^{(0)}S_2 + D_W R^{(0)} ] , R^{(1)}_{S,Z} = α_Z 4π 2 log

M^2_Z μ^2 [ D_Z R^{(0)} ] . (67)

This equation is valid for all the scattering processes we will consider. The W matching has a S_2 term, which is the same matrix that enters the soft anomalous dimension, and the W and Z matchings have extra diagonal matrices D_{W,Z} that depend on the process.

For the doublet scattering case, Eq. (61), D_{W,Z} are:

D_W = diag(w_1, −w_1, −w_1, w_1, w_2, w_2) + 1 2 iπ11 , D_Z = diag(z_1, z_2, z_3, z_4, z_5, z_5) ,

w_1 = − 1 2 (T − U) , w_2 = − 1 2 (T + U) , z_1 = 2g_{Lc}g_{Lu} (T − U) − iπ ( g^2_{Lc} + g^2_{Lu} ) , z_2 = 2g_{Lc}g_{Ld} (T − U) − iπ ( g^2_{Lc} + g^2_{Ld} ) , z_3 = 2g_{Ls}g_{Lu} (T − U) − iπ ( g^2_{Ls} + g^2_{Lu} ) , z_4 = 2g_{Ls}g_{Ld} (T − U) − iπ ( g^2_{Ls} + g^2_{Ld} ) , z_5 = (g_{Lu}g_{Lc} + g_{Ld}g_{Ls}) T − (g_{Lu}g_{Ls} + g_{Ld}g_{Lc}) U − i 2 π ( g^2_{Lc} + g^2_{Lu} + g^2_{Ls} + g^2_{Ld} ) . (68)

The results Eq. (67,68) hold for all cases where both fermions are doublets. For example, if the final quark doublet is replaced by a lepton doublet, one gets fourfermion operators for the Drell-Yan process qq̄ → μ^+μ^−. The four-quark operators only have the tensor structure 1 ⊗ 1 in color space and the anomalous dimension is Eq. (53) with S^{(3)} → S^{(3) ′} and Y (Q^{(c)}) → Y (L^{(μ)}) = −1/2 in Eq. (60). The unit matrix in color space is now a 1 × 1 matrix instead of a 2 × 2 matrix. The low-scale matching is obtained from Eq. (68) with the obvious replacement g_{Lc} → g_{Lν} , g_{Ls} → g_{Le}. A similar result holds if the initial doublet is a lepton doublet and the final is a quark doublet, or if both are lepton doublets (in which case, S_3 → 0).

B. One doublet and one singlet

The second case is where one fermion is a doublet and the other is a singlet. As an example, consider

C_1Q̄^{(c)}_4 γ^μT^AP_LQ^{(c)}_3 ū_2γ^μT^AP_Ru_1

+ C_2Q̄^{(c)}_4 γ^μP_LQ^{(c)}_3 ū_2γ^μP_Ru_1 (69)

The group theory sums needed for the soft anomalous dimension matrix are

S_3 = − ∑ ⟨ij⟩ T_i · T_j U_S (n_i, n_j ) = S^{(3)} ,

S_2 = − ∑ ⟨ij⟩ t_i · t_j U_S (n_i, n_j ) = S^{(2) ′} ,

S_1 = − ∑ ⟨ij⟩ Y_i Y_j U_S (n_i, n_j ) = S^{(1)} ( Y (Q^{(c)}), Y (u_R) ) . (70)

At the low scale μ_l ∼ m_Z , the operators Eq. (59) match onto a linear combination of

^O_{11} = [c̄_{L4}T^Aγ_μc_{L3}][ū_{R2}T^Aγ^μu_{R1}]

^O_{21} = [s̄^′_{L4}T^Aγ_μs^′_{L3}][ū_{R2}T^Aγ^μu_{R1}]

^O_{12} = [c̄_{L4}γ_μc_{L3}][ū_{R2}γ^μu_{R1}]

^O_{22} = [s̄^′_{L4}γ_μs^′_{L3}][ū_{R2}γ^μu_{R1}] . (71)

The matching matrix is

^C_{ia} = R_i C_a ⇒ ^C = (R ⊗ 11) C , (72) since the matching leaves the color structure unchanged. At tree-level R is

R^{(0)} = [ 1 1 ] . (73)

At one-loop, the soft matching matrices due to W and Z exchange are

D_W = diag(w_1, w_1) , D_Z = diag(z_1, z_2) ,

w_1 = 1 4 iπ , z_1 = 2g_{Lc}g_{Ru} (T − U) − iπ ( g^2_{Lc} + g^2_{Ru} ) , z_2 = 2g_{Ls}g_{Ru} (T − U) − iπ ( g^2_{Ls} + g^2_{Ru} ) , (74)

and the soft matching is given by Eq. (67).

Equations (72), (73), (74) apply to all cases where one fermion is a weak doublet, and the other is a weak singlet, with the obvious replacement of the Z charges for lepton doublets.

C. Two singlets

The last case is if both fermions are weak singlets, for example the operators

C_1 c̄_4γ^μT^AP_Rc_3 u_2γ^μT^AP_Ru_1 + C_2 c̄_4γ^μP_Rc_3 u_2γ^μP_Ru_1 (75)

which match to

^O_1 = [c̄_{R4}γ_μT^Ac_{R3}][ū_{R2}γ^μT^Au_{R1}] ^O_2 = [c̄_{R4}γ_μc_{R3}][ū_{R2}γ^μu_{R1}] . (76)

The group theory sums needed for the soft anomalous dimension matrix are

S_3 = − ∑ ⟨ij⟩ T_i · T_j U_S (n_i, n_j ) = S^{(3)} ,

S_2 = − ∑ ⟨ij⟩ t_i · t_j U_S(n_i, n_j ) = 0 ,

S_1 = − ∑ ⟨ij⟩ Y_i Y_j U_S (n_i, n_j ) = S^{(1)} (Y (c_R), Y (u_R)) ,

(77)

which are used in Eq. (53) to obtain the soft anomalous dimension.

The one-loop matching condition is

^C_a = RC_a ⇒ ^C = (R ⊗ 11) C , (78)

with R^{(0)} = 1 at tree-level, and the soft matching contribution is

R^{(1)}_{S,W} = 0 ,

FIG. 12: Pair production q(p1) + q̄(p2) → W^+(p3) + W^−(p4). Time runs vertically.

R^{(1)}_{S,Z} = α_Z 4π 2 log

M^2_Z μ^2 × [ (T − U) 2g_{Rc}g_{Ru} − iπ ( g^2_{Rc} + g^2_{Ru} )] . (79) One can similarly obtain the results for right-handed leptons by replacing the quark Z-charges by the corresponding lepton charges.

VI. SOFT FUNCTIONS FOR ELECTROWEAK GAUGE BOSON PAIR PRODUCTION

A. Doublets

The kinematics for the electroweak gauge boson pairproduction is shown in Fig. 12.

We first start with gauge boson production by lefthanded quarks, which are electroweak doublets, and interact with the W and B gauge bosons of the SU(2) and U(1) interactions. The operator basis is

O_1 = Q̄^{(u)}_2 Q^{(u)}_1 W^a_4 W^a_3 O_2 = Q̄^{(u)}_2 t^cQ^{(u)}_1 iϵ^{abc}W^a_4 W^b_3 O_3 = Q̄^{(u)}_2 t^aQ^{(u)}_1 B_4W^a_3 O_4 = Q̄^{(u)}_2 t^aQ^{(u)}_1 W^a_4 B_3 O_5 = Q̄^{(u)}_2 Q^{(u)}_1 B_4B_3 (80) where only the gauge structure has been shown. The operators at the high scale are best written in terms of the SU(2) and U(1) gauge fields W and B, rather than the mass eigenstate fields Z and γ. Note that ϵ^{abc}W^a_3 W^b_4 ≠ 0 since the two W fields have momentum labels p_3 and p_4 which are different. In this basis S_3 = − ∑ ⟨ij⟩ T_i · T_j U_S (n_i, n_j ) = S^{(3) ′} ⊗ 11 ,

S_2 = − ∑ ⟨ij⟩ t_i · t_j U_S(n_i, n_j ) = diag(S_{2a}, S_{2b}, S_{2b}, S_{2c}) ,

S_{2a} = ( −iπ 11 4 ) 11 + [ 0 U − T 2(U − T ) T + U ] ,

S_{2b} = − 7 4 iπ + U + T , S_{2c} = − 3 4 iπ , S_1 = − ∑ ⟨ij⟩ Y_iY_j U_S (n_i, n_j ) = S^{(1)} ( 0, Y (Q^{(u)}) ) 11 , (81)

and the soft anomalous dimension between the scales Q and μ_l ∼ M_Z is given by Eq. (53), where the matrices S_{(3,2,1)} are given by Eqs. (81).

At the low-scale μ_l ∼ M_Z , the operators Eq. (80) match onto

^O_1 = ū_{L2}u_{L1}W^+_4 W^−_3 ^O_2 = ū_{L2}u_{L1}W^−_4 W^+_3 ^O_3 = ū_{L2}u_{L1}Z_4Z_3 ^O_4 = ū_{L2}u_{L1}A_4Z_3 ^O_5 = ū_{L2}u_{L1}Z_4A_3 ^O_6 = ū_{L2}u_{L1}A_4A_3 ^O_7 = d̄_{L2}d_{L1}W^+_4 W^−_3 ^O_8 = d̄_{L2}d_{L1}W^−_4 W^+_3 ^O_9 = d̄_{L2}d_{L1}Z_4Z_3 ^O_{10} = d̄_{L2}d_{L1}A_4Z_3 ^O_{11} = d̄_{L2}d_{L1}Z_4A_3 ^O_{12} = d̄_{L2}d_{L1}A_4A_3 ^O_{13} = ū_{L2}d_{L1}W^+_4 Z_3 ^O_{14} = ū_{L2}d_{L1}W^+_4 A_3 ^O_{15} = ū_{L2}d_{L1}Z_4W^+_3 ^O_{16} = ū_{L2}d_{L1}A_4W^+_3 ^O_{17} = d̄_{L2}u_{L1}Z_4W^−_3 ^O_{18} = d̄_{L2}u_{L1}A_4W^−_3 ^O_{19} = d̄_{L2}u_{L1}W^−_4 Z_3 ^O_{20} = d̄_{L2}u_{L1}W^−_4 A_3 . (82)

The subscripts 3, 4 represent outgoing label momenta p_3 and p_4, and the gauge indices are to be treated as those on a quantum field, i.e. they represent the charge on the annihilation operator. These operators are to be treated in the same manner as terms in a Lagrangian. Thus eē → W^+(k_1)W^−(k_2) is given by ^C_4 with p_4 = k_1 and p_3 = k_2, plus ^C_5 with p_4 = k_1 and p_3 = k_2.

The tree-level matching is

^C_i = ( R^{(0)} ) ij C_j ,

R^{(0)} =

1^1_2 0 0 0 1 −^1_2 0 0 0 c^2_W 0 −^1_2 s_W c_W −^1_2 s_W c_W s^2_W s_W c_W 0^1_2 c^2_W −^1_2 s^2_W −s_W c_W s_W c_W 0 −^1_2 s^2_W^1_2 c^2_W −s_W c_W s^2_W 0^1_2 s_W c_W^1_2 s_W c_W c^2_W 1 −^1_2 0 0 0 1^1_2 0 0 0 c^2_W 0^1_2 s_W c_W^1_2 s_W c_W s^2_W s_W c_W 0 −^1_2 c^2_W^1_2 s^2_W −s_W c_W s_W c_W 0^1_2 s^2_W −^1_2 c^2_W −s_W c_W s^2_W 0 −^1_2 s_W c_W −^1_2 s_W c_W c^2_W 0 −^{1√}_2 c_W 0 −^{1√}_2 s_W 0 0 −^{1√}_2 s_W 0^{1√}_2 c_W 0 0^{1√}_2 c_W −^{1√}_2 s_W 0 0 0^{1√}_2 s_W^{1√}_2 c_W 0 0 0 −^{1√}_2 c_W −^{1√}_2 s_W 0 0 0 −^{1√}_2 s_W^{1√}_2 c_W 0 0 0^{1√}_2 c_W 0 −^{1√}_2 s_W 0 0^{1√}_2 s_W 0^{1√}_2 c_W 0

.

(83) The one-loop soft matching is given by Eq. (67) where D_W = diag(w_1, w_2, w_4, w_4, w_4, w_4, w_2, w_1, w_4, w_4, w_4, w_4, w_3, w_3, w_3, w_3, w_3, w_3, w_3, w_3) , D_Z = diag(z_1, z_2, z_7, z_7, z_7, z_7, z_3, z_4, z_8, z_8,

z_8, z_8, z_5, z_5, z_6, z_6, z_5, z_5, z_6, z_6) ,

w_1 = T − U + 5 4 iπ , w_2 = −T + U + 5 4 iπ , w_3 = − 1 2 (T + U) + 3 4 iπ , w_4 = 1 4 iπ , z_1 = 2g_{Lu}g_W (U − T ) − iπ(g^2_{Lu} + g^2_W ) , z_2 = 2g_{Lu}g_W (T − U) − iπ(g^2_{Lu} + g^2_W ) , z_3 = 2g_{Ld}g_W (U − T ) − iπ(g^2_{Ld} + g^2_W ) , z_4 = 2g_{Ld}g_W (T − U) − iπ(g^2_{Ld} + g^2_W ) , z_5 = −g_{Ld}g_W T + g_{Lu}g_W U − iπ(g_{Lu}g_{Ld} + g_{Lu}g_W − g_{Ld}g_W ) , z_6 = g_{Lu}g_W T − g_{Ld}g_W U − iπ(g_{Lu}g_{Ld} + g_{Lu}g_W − g_{Ld}g_W ) , z_7 = −iπg^2_{Lu} , z_8 = −iπg^2_{Ld} , (84) and g_W = 1 − sin^2 θ_W = cos^2 θ_W (85) is the Z charge of the W^+ boson.

The above equations can also be used to compute radiative corrections to gauge boson pair production by the lepton electroweak doublet, with the obvious replacement of quark Z charges by the corresponding lepton ones, and S_3 → 0.

B. Singlets

Electroweak singlet (right-handed) quarks can produce electroweak gauge bosons. For example gauge boson prodution by right-handed u quarks. The operator generated at tree-level is

O = ū_{R2}u_{R1}B_4B_3 (86)

with

S_3 = − ∑ ⟨ij⟩ T_i · T_j U_S (n_i, n_j ) = S^{(3) ′} ,

S_2 = − ∑ ⟨ij⟩ t_i · t_j U_S(n_i, n_j ) = 0 ,

S_1 = − ∑ ⟨ij⟩ Y_iY_j U_S (n_i, n_j ) = S^{(1)} (0, Y (u_R)) ,

(87)

and the soft anomalous dimension between the scales Q and μ_l ∼ M_Z is given by Eq. (53), where the matrices S_{(3,2,1)} are given by Eqs. (87).

At the scale μ_l, the operator O matches to ^O_i,

^O_1 = ū_{R2}u_{R1}Z_4Z_3 ^O_2 = ū_{R2}u_{R1}A_4Z_3 ^O_3 = ū_{R2}u_{R1}Z_4A_3 ^O_4 = ū_{R2}u_{R1}A_4A_3 (88)

The tree-level matching is

R^{(0)} s^2_W −s_W c_W −s_W c_W c^2_W

, (89)

and the one-loop soft matching contribution is

R^{(1)}_{S,W} = 0 ,

R^{(1)}_{S,Z} = α_Z 4π 2 log

M^2_Z μ^2 ( −iπg^2_{Ru} ) R^{(0)} . (90)

The above can also be used for right-handed d-quarks with Y (u_R) → Y (d_R), and for right-handed leptons with Y (u_R) → Y (e_R) and S_3 → 0.

Right-handed u quarks can produce electroweak gauge bosons via

O = ū_{R2}u_{R1}W^a_4 W^a_3 (91) which is not present at tree-level since W^a does not couple to u_R. For this operator,

S_3 = − ∑ ⟨ij⟩ T_i · T_j U_S (n_i, n_j ) = S^{(3) ′} ,

S_2 = − ∑ ⟨ij⟩ t_i · t_j U_S (n_i, n_j ) = −2iπ ,

S_1 = − ∑ ⟨ij⟩ Y_iY_j U_S (n_i, n_j ) = S^{(1)}(0, Y (u_R)) .

(92)

At the low scale, the operator matches to

^O_1 = ū_{R2}u_{R1}W^+_4 W^−_3 ^O_2 = ū_{R2}u_{R1}W^−_4 W^+_3 ^O_3 = ū_{R2}u_{R1}Z_4Z_3 ^O_4 = ū_{R2}u_{R1}A_4Z_3 ^O_5 = ū_{R2}u_{R1}Z_4A_3 ^O_6 = ū_{R2}u_{R1}A_4A_3 (93)

and the matching condition is ^C = RC with tree-level value

R^{(0)} =

1 1 c^2_W s_W c_W s_W c_W s^2_W

. (94)

The one-loop matching due to W and Z exchange is given by Eq. (67) with

D_W = diag(w_1, w_1, 0, 0, 0, 0) , D_Z = diag(z_1, z_2, z_3, z_3, z_3, z_3) , w_1 = iπ , z_1 = −2g_{Ru}g_W (T − U) − iπ(g^2_{Ru} + g^2_W ) , z_2 = 2g_{Ru}g_W (T − U) − iπ(g^2_{Ru} + g^2_W ) , z_3 = −iπg^2_{Ru} . (95)

The results for d_R and e_R are given by g_{Ru} → g_{Rd}, g_{Re} for the Z charge in D_Z .

C. Longitudinal bosons via QLQ̄L → φφ

For longitudinal W production, we also need the results for external unphysical Goldstone boson φ fields, which are contained in the Higgs multiplet ϕ. The operators are

O_1 = Q̄^{(u)}t^aQ^{(u)}ϕ^†_4t^aϕ_3 O_2 = Q̄^{(u)}Q^{(u)}ϕ^†_4ϕ_3 (96)

The gauge current i ( ϕ^†T^aD_μϕ − D^μϕ^†T^aϕ ) produces operators of this form, weighted by a label momentum factor P^μ_4 − P^μ_3 , which is included in the operator coefficients, and is antisymmetric in 3 ↔ 4.

The group theory sums needed for the soft anomalous dimension matrix are

S_3 = − ∑ ⟨ij⟩ T_i · T_j U_S (n_i, n_j ) = S^{(3) ′} ⊗ 11 ,

S_2 = − ∑ ⟨ij⟩ t_i · t_j U_S (n_i, n_j ) = S^{(2)} ,

S_1 = − ∑ ⟨ij⟩ Y_i Y_j U_S (n_i, n_j ) = S^{(1)} ( Y (ϕ), Y (Q^{(u)}) ) 11 .

(97)

At the low scale, the operators match to 20 operators, which have the same structure as the gauge boson operators in Eq. (82), with the replacement W^± → φ^±, W^3 → φ^3, B → H.

^O_1 = ū_{L2}u_{L1}φ^−_4 φ^+_3 ^O_2 = ū_{L2}u_{L1}φ^3_4φ^3 ^O_3 = ū_{L2}u_{L1}H_4φ^3 ^O_4 = ū_{L2}u_{L1}φ^3_4H_3 ^O_5 = ū_{L2}u_{L1}H_4H_3 ^O_6 = d̄_{L2}d_{L1}φ^−_4 φ^+_3 ^O_7 = d̄_{L2}d_{L1}φ^3_4φ^3 ^O_8 = d̄_{L2}d_{L1}H_4φ^3 ^O_9 = d̄_{L2}d_{L1}φ^3_4H_3 ^O_{10} = d̄_{L2}d_{L1}H_4H_3 ^O_{11} = ū_{L2}d_{L1}φ^3_4φ^+_3 ^O_{12} = ū_{L2}d_{L1}H_4φ^+_3 ^O_{13} = d̄_{L2}u_{L1}φ^−_4 φ^3 ^O_{14} = d̄_{L2}u_{L1}φ^−_4 H_3 . (98)

The convention chosen for the scalar fields is ϕ = 1 √ 2 [ φ^2 + iφ^1 v + H − iφ^3 ] , (99)

with φ^± = (φ^1 ∓ iφ^2)/ √ 2, so that φ^a ∝ iT^a ⟨ϕ⟩. The action of T_3 on the neutral fields is

T_3 H = i 2 φ^3 ,

T_3 φ^3 = − i 2 H . (100)

This causes mixing between φ^3 and H. Under custodial SU(2) symmetry, the H is a singlet, and φ^3 belongs to a triplet, so φ^3 −H mixing is forbidden by custodial SU(2). In the standard model, custodial SU(2) is violated by hypercharge, and φ^3 −H mixing is allowed. In the results derived below, there is φ^3 − H mixing from W and Z exchange. In the limit α_W = α_Z and M_W = M_Z , when custodial SU(2) is restored, the two mixing contributions cancel.

The tree-level matching is

R^{(0)} =

1 4 1 −^1_8^1_2 i 8 −^i_2 −^i_8^i_2 −^1_8^1_2 −^1_4 1 1 8 1 2 −^i_8 −^i_2 i 8 i 2 1 8 1 2 −^1_2^√_2 0 i 2 √ 2 0 −^1_2^√_2 0 −^i_2^√_2 0

, (101)

and the one loop matching is given by Eq. (67) with D_W = (w_2, D_{W 1}, w_1, D_{W 2}, D_{W 3}, D_{W 4}) ,

D_{W 1} = w_0 w_3 −w_3 w_0 −w_3 w_0 −w_0 −w_3 w_3 −w_0 w_0 w_3 w_0 w_3 −w_3 w_0 ,

D_{W 2} = w_0 −w_3 w_3 w_0 w_3 w_0 −w_0 w_3 −w_3 −w_0 w_0 −w_3 w_0 −w_3 w_3 w_0 ,

D_{W 3} = [ w_4 iw_4 −iw_4 w_4 ] ,

D_{W 4} = [ w_4 −iw_4 iw_4 w_4 ] , w_0 = 1 4 iπ , w_1 = 1 2 (T − U) + 1 2 iπ , w_2 = − 1 2 (T − U) + 1 2 iπ , w_3 = 1 4 i(T − U) , w_4 = − 1 4 (T + U) + 1 4 iπ , D_Z = (z_1, D_{Z1}, z_2, D_{Z2}, D_{Z3}, D_{Z4}) ,

D_{Z1} = z_3 −z_4 z_4 −z_5 z_4 z_3 z_5 z_4 −z_4 z_5 z_3 −z_4 −z_5 −z_4 z_4 z_3 ,

D_{Z2} = z_6 −z_7 z_7 −z_5 z_7 z_6 z_5 z_7 −z_7 z_5 z_6 −z_7 −z_5 −z_7 z_7 z_6 ,

D_{Z3} = [ z_8 −z_9 z_9 z_8 ] ,

D_{Z4} = [ z_8 z_9 −z_9 z_8 ] , z_1 = 2g_φ+ g_{Lu}(T − U) − iπ(g^2_φ+ + g^2_{Lu}) , z_2 = 2g_φ+ g_{Ld}(T − U) − iπ(g^2_φ+ + g^2_{Ld}) , z_3 = −iπg^2_{Lu} , z_4 = 1 2 ig_{Lu}(T − U) , z_5 = 1 4 iπ , z_6 = −iπg^2_{Ld} , z_7 = 1 2 ig_{Ld}(T − U) , z_8 = g_φ+ g_{Lu}T − g_φ+ g_{Ld}U − iπ(g_{Lu}g_{Ld} − g_{Ld}g_φ+ + g_{Lu}g_φ+ ) , z_9 = 1 2 ig_{Ld}T − 1 2 ig_{Lu}U + π 2 g_{Ld} − π 2 g_{Lu} + π 2 g_φ+ . (102)

The matrices D_{W,Z} have block-diagonal form due to φ^3 − H mixing. The φ^3 and φ^± terms are then used to compute longitudinal Z and W^± production, using the Goldstone boson equivalence theorem. The equivalence theorem factor E is included in the collinear function and does not enter the soft matching.

D. Longitudinal bosons via qRq̄R → φφ

Longitudinal gauge bosons are produced by righthanded quarks via operators such as

O_1 = ū_Ru_Rϕ^†_4ϕ_3 (103)

The group theory sums needed for the soft anomalous dimension matrix are

S_3 = − ∑ ⟨ij⟩ T_i · T_j U_S (n_i, n_j ) = S^{(3) ′} ,

S_2 = − ∑ ⟨ij⟩ t_i · t_j U_S(n_i, n_j ) = S^{(2) ′} ,

S_1 = − ∑ ⟨ij⟩ Y_i Y_j U_S (n_i, n_j ) = S^{(1)} (Y (ϕ), Y (u_R)) 11 .

(104)

At the low scale, the operators match to

^O_1 = ū_{R2}u_{R1}φ^−_4 φ^+_3 ^O_2 = ū_{R2}u_{R1}φ^3_4φ^3

^O_3 = ū_{R2}u_{R1}H_4φ^3 ^O_4 = ū_{R2}u_{R1}φ^3_4H_3 ^O_5 = ū_{R2}u_{R1}H_4H_3 . (105)

The tree-level matching is

R^{(0)} =

1_1 2 −^i_{2i} 2 1 2 , (106)

and the one-loop matching is given by Eq. (67) with

D_W = 1 4 iπ diag(1, D_{W 1}) ,

D_{W 1} =

0 0 0 1 0 0 −1 0 0 −1 0 0 1 0 0 0 ,

D_Z = (z_1, D_{Z1}) ,

D_{Z1} = z_3 −z_2 z_2 −z_4 z_2 z_3 z_4 z_2 −z_2 z_4 z_3 −z_2 −z_4 −z_2 z_2 z_3 ,

z_1 = 2g_φ+ g_{Ru}(T − U) − iπ(g^2_φ+ + g^2_{Ru}) ,

z_2 = 1 2 ig_{Ru}(T − U) , z_3 = −iπg^2_{Ru} , z_4 = 1 4 iπ , g_φ+ = 1 2 − sin^2 θ_W . (107)

VII. SOFT FUNCTIONS FOR SINGLE W, Z PRODUCTION

Single W and Z production proceeds via processes such as q + q̄ → W + g and g + q → W + q. The operator basis for production via doublet quarks is

O_1 = Q̄^{(u)}_2 T^At^aQ^{(u)}_1 G^A_4 W^a_3 (108)

for the annihilation process, and

O_1 = Q̄^{(u)}_4 T^At^aQ^{(u)}_1 W^a_3 G^A_2 (109)

for Compton scattering. The two are related by crossing symmetry.

The matrices for the anomalous dimension are

S_3 = − ∑ ⟨ij⟩ T_i · T_j U_S (n_i, n_j ) = − 17 6 iπ + 3 2 (U + T ) ,

S_2 = − ∑ ⟨ij⟩ t_i · t_j U_S (n_i, n_j ) = − 7 4 iπ + (U + T ) , S_1 = − ∑ ⟨ij⟩ Y_iY_j U_S (n_i, n_j ) = S^{(1)} ( 0, Y (Q^{(u)}) ) ,(110)

for annihilation, Eq. (108), and

S_3 = − ∑ ⟨ij⟩ T_i · T_j U_S (n_i, n_j ) = − 17 6 iπ − 1 6 T + 3 2 U ,

S_2 = − ∑ ⟨ij⟩ t_i · t_j U_S (n_i, n_j ) = − 7 4 iπ − 1 4 T + U , S_1 = − ∑ ⟨ij⟩ Y_iY_j U_S(n_i, n_j )

= S^{(1)} ( Y (Q^{(u)}, 0, 0, Y (Q^{(u)}) ) , (111)

for Compton scattering, Eq. (109).

At the low scale μ_l ∼ M_Z , the operators Eq. (108) match onto ^O_1 = ū_{L2}T^Ad_{L1}G^A_4 W^+_3 ^O_2 = d̄_{L2}T^Au_{L1}G^A_4 W^−_3 ^O_3 = ū_{L2}T^Au_{L1}G^A_4 Z_3 ^O_4 = ū_{L2}T^Au_{L1}G^A_4 A_3 ^O_5 = d̄_{L2}T^Ad_{L1}G^A_4 Z_3 ^O_6 = d̄_{L2}T^Ad_{L1}G^A_4 A_3 . (112)

The tree-level matching for annihilation is ^C_i = ( R^{(0)} ) ij C_j ,

R^{(0)} =

1√ 2 1√ 2 c_W 2 s_W 2 −^{cW}_2 −^{sW}_2

, (113)

and the one-loop soft matching is given by Eq. (67) where

D_W = (w_1, w_1, w_2, w_2, w_2, w_2) , D_Z = (z_1, z_2, z_3, z_3, z_4, z_4) ,

w_1 = − 1 2 (T + U) + 3 4 iπ , w_2 = 1 4 iπ , z_1 = g_W g_{Lu}T − g_W g_{Ld}U −iπ (g_{Ld}g_{Lu} + g_{Lu}g_W − g_{Ld}g_W ) , z_2 = g_W g_{Lu}U − g_W g_{Ld}T −iπ (g_{Ld}g_{Lu} + g_{Lu}g_W − g_{Ld}g_W ) , z_3 = −iπg^2_{Lu} , z_4 = −iπg^2_{Ld} . (114)

The results for Compton scattering are given by crossing symmetry. One has to be careful because the collinear functions also need to be transformed. The ^O_i operators for Compton scattering are given by swapping the labels 2, 4 in Eq. (120). The tree-level matching remains Eq. (113), and the one-loop matching is given by Eq. (130) with the replacements

w_1 = 1 4 T − 1 2 U + 3 4 iπ , w_2 = − 1 4 T + 1 4 iπ , z_1 = g_{Ld}g_{Lu}T − g_W g_{Ld}U −iπ (g_{Ld}g_{Lu} + g_{Lu}g_W − g_{Ld}g_W ) , z_2 = g_{Ld}g_{Lu}T + g_W g_{Lu}U −iπ (g_{Ld}g_{Lu} + g_{Lu}g_W − g_{Ld}g_W ) , z_3 = g^2_{Lu} (T − iπ) , z_4 = g^2_{Ld} (T − iπ) . (115)

The operator basis for single Z production through the B field is

O_1 = Q̄^{(u)}_2 T^AQ^{(u)}_1 G^A_4 B^a_3 (116)

for annihilation, and

O_1 = Q̄^{(u)}_4 T^AQ^{(u)}_1 B^a_3 G^A_2 (117)

for Compton scattering. In this basis

S_3 = − ∑ ⟨ij⟩ T_i · T_j U_S (n_i, n_j ) = − 4 3 iπ + 3 2 (U + T − iπ) ,

S_2 = − ∑ ⟨ij⟩ t_i · t_j U_S(n_i, n_j ) = − 3 4 iπ , S_1 = − ∑ ⟨ij⟩ Y_iY_j U_S (n_i, n_j ) = S^{(1)} ( 0, Y (Q^{(u)}) ) (118)

for annihilation, Eq. (116), and

S_3 = − ∑ ⟨ij⟩ T_i · T_j U_S (n_i, n_j )

= 4 3 (T − iπ) + 3 2 (U − T − iπ) , S_2 = − ∑ ⟨ij⟩ t_i · t_j U_S (n_i, n_j ) = 3 4 (T − iπ) , S_1 = − ∑ ⟨ij⟩ Y_iY_j U_S (n_i, n_j )

= S^{(1)} ( Y (Q^{(u)}, 0, 0, Y (Q^{(u)}) ) , (119)

for Compton Scattering, Eq. (117).

At the low scale μ_l ∼ M_Z , the operators Eq. (116) match onto ^O_3 = ū_{L2}T^Au_{L1}G^A_4 Z_3

^O_4 = ū_{L2}T^Au_{L1}G^A_4 A_3 ^O_5 = d̄_{L2}T^Ad_{L1}G^A_4 Z_3 ^O_6 = d̄_{L2}T^Ad_{L1}G^A_4 A_3 (120)

The tree-level matching is ^C_i = ( R^{(0)} ) ij C_j ,

R^{(0)} = −s_W c_W −s_W c_W . (121)

The one-loop soft matching is given by Eq. (67) with D_W = (w_1, w_1, w_1, w_1) , D_Z = (z_1, z_1, z_2, z_2) , w_1 = 1 4 iπ , z_1 = −iπg^2_{Lu} , z_2 = −iπg^2_{Ld} . (122) The ^O_i operators for Compton scattering are given by swapping the labels 2, 4 in Eq. (120). The tree-level matching remains Eq. (121), and the one-loop matching is given by Eq. (122) with the replacements D_W = (w_1, w_1, w_1, w_1) , D_Z = (z_1, z_1, z_2, z_2) , w_1 = − 1 4 T + 1 4 iπ , z_1 = g^2_{Lu} (T − iπ) , z_2 = g^2_{Ld} (T − iπ) . (123) Single Z production from right-handed quarks proceeds via O = ū_{R2}T^Au_{R1}G^A_4 B_3 (124) for annihilation, and O = ū_{R4}T^Au_{R1}B_3G^A_2 (125) for Compton scattering. The anomalous dimension matrices are

S_3 = − ∑ ⟨ij⟩ T_i · T_j U_S (n_i, n_j ) = − 4 3 iπ + 3 2 (U + T − iπ) ,

S_2 = − ∑ ⟨ij⟩ t_i · t_j U_S (n_i, n_j ) = − 3 4 iπ , S_1 = − ∑ ⟨ij⟩ Y_iY_j U_S (n_i, n_j ) = S^{(1)} (0, Y (u_R)) , (126)

for annihilation, Eq. (124), and

S_3 = − ∑ ⟨ij⟩ T_i · T_j U_S (n_i, n_j ) = 4 3 (T − iπ) + 3 2 (U − T − iπ) ,

S_2 = − ∑ ⟨ij⟩ t_i · t_j U_S(n_i, n_j ) = 3 4 (T − iπ) , S_1 = − ∑ ⟨ij⟩ Y_iY_j U_S (n_i, n_j ) = S^{(1)} (Y (u_R), 0, 0, Y (u_R)) , (127)

for Compton scattering, Eq. (125).

At the low-scale, the operators match to ^O_1 = ū_{R2}T^Au_{R1}G^A_4 Z_3 ^O_2 = ū_{R2}u_{R1}G^A_4 A_3 (128) with tree-level matching

R^{(0)} = [ −s_W c_W ] . (129)

The one-loop matching is given by Eq. (67) with D_W = 0 , D_Z = (z_1, z_1) , z_1 = −iπg^2_{Ru} . (130) The ^O_i operators for Compton scattering are given by swapping the labels 2, 4 in Eq. (108). The tree-level matching remains Eq. (129), and the one-loop matching is given by Eq. (130) with the replacement z_1 = g^2_{Ru}(T − iπ) . (131)

VIII. SOFT FUNCTIONS FOR GLUON SCATTERING

The operator basis for q + q̄ → g + g with doublet quarks is O_1 = Q̄^{(u)}_2 Q^{(u)}_1 G^A_4 G^A_3 O_2 = Q̄^{(u)}_2 T^C Q^{(u)}_1 d^{ABC} G^A_4 G^B_3 O_3 = Q̄^{(u)}_2 T^C Q^{(u)}_1 if^{ABC} G^A_4 G^B_3 (132) with soft matrices

S_3 = − ∑ ⟨ij⟩ T_i · T_j U_S (n_i, n_j ) = S^{(3,g)} ,

S_2 = − ∑ ⟨ij⟩ t_i · t_j U_S(n_i, n_j ) = S^{(2)′} ,

S_1 = − ∑ ⟨ij⟩ Y_iY_j U_S (n_i, n_j ) = S^{(1)} ( 0, Y (Q^{(u)}) ) , (133) This matches onto ^O_{11} = ū_{L2}u_{L1}G^A_4 G^A_3 ^O_{12} = ū_{L2}T^Cu_{L1}d^{ABC} G^A_4 G^B_3 ^O_{13} = ū_{L2}T^Cu_{L1}if^{ABC} G^A_4 G^B_3 ^O_{21} = d̄_{L2}d_{L1}G^A_4 G^A_3 ^O_{22} = d̄_{L2}T^C d_{L1}d^{ABC} G^A_4 G^B_3 ^O_{23} = d̄_{L2}T^C d_{L1}if^{ABC} G^A_4 G^B_3 (134) with matching matrix

^C_{ia} = R_iC_a . (135)

The tree-level matching is

R^{(0)} = [ 1 1 ] , (136)

and the one-loop matching matrices are

D_W = (w_1, w_1) , D_Z = (z_1, z_2) ,

w_1 = 1 4 iπ , z_1 = −iπg^2_{Lu} , z_2 = −iπg^2_{Ld} . (137)

For right-handed quarks, the operator basis is

O_1 = ū_{R2}u_{R1}G^A_4 G^A_3 O_1 = ū_{R2}T^C u_{R1}d^{ABC} G^A_4 G^B_3 O_2 = ū_{R2}T^C u_{R1}if^{ABC} G^A_4 G^B_3 (138)

with

S_3 = − ∑ ⟨ij⟩ T_i · T_j U_S (n_i, n_j ) = S^{(3,g)} ,

S_2 = − ∑ ⟨ij⟩ t_i · t_j U_S(n_i, n_j ) = 0 ,

S_1 = − ∑ ⟨ij⟩ Y_iY_j U_S (n_i, n_j ) = S^{(1)} (0, Y (u_R)) .

(139)

These match onto

^O_1 = ū_{R2}u_{R1}G^A_4 G^A_3 ^O_2 = ū_{R2}T^C u_{R1}d^{ABC} G^A_4 G^B_3 ^O_3 = ū_{R2}T^C u_{R1}if^{ABC} G^A_4 G^B_3 (140)

The matching is

^C_a = RC_a , (141)

with tree-level matching

R^{(0)} = 1 . (142)

The one-loop matching matrices are

D_W = (0) , D_Z = (z_1) , z_1 = −iπg^2_{Ru} . (143)

One can similarly write down the corrections for crossed processes such as g + q → g + q using crossing, as done above for single electroweak gauge boson production.

IX. CONCLUSIONS

In this paper, we have given the collinear and soft functions needed to compute basic high energy scattering processes in the standard model using the EFT method. The collinear functions have an interesting form, particularly in the weak gauge boson/Higgs sector.

The soft functions can be derived using Eq. (50). They have been explicitly given for a few important cases in this paper. There are many different terms in the scattering operators, because SU(2)×U(1) and custodial SU(2) are broken in the standard model. The soft anomalous dimensions for QCD have been obtained previously by Kidonakis, Oderda and Sterman [32], and we agree with their results.

Plots of the radiative corrections to various standard model cross-sections of experimental interest, using the results of this paper, have been given in Ref. [8]. The radiative corrections give large reductions in the scattering cross-sections at high energy.

APPENDIX A: INTEGRATION OF THE SCET ANOMALOUS DIMENSION

The analytic formula for integrating the SCET anomalous dimension, with the cusp contribution at three loops, and the non-cusp at two loops, is given here. The result to one lower order was given in Ref. [65]. The collinear anomalous dimension can be integrated using the result below. The soft anomalous dimensions is a matrix, but the matrix structure is μ-independent, so the overall matrix structure is constant at fixed kinematics. Thus it too can be integrated using the results of this appendix, by multiplying the r.h.s. of Eq. (A4) by the constant overall matrix and then taking a matrix exponential.

The anomalous dimension can be written as γ(μ) = ( aA_1 + a^2A_2 + a^3A_3 ) log μ μ_1 + ( aB_1 + a^2B_2 ) , (A1)

where a = α(μ)/(4π). The β-function is μ dg dμ = −b_0 g^3 16π^2 − b_1 g^5 (16π^2)^2 − b_2 g^7 (16π^2)^3 + . . . (A2)

Then the solution of μ dc(μ) dμ = γ(μ)c(μ) (A3) is c(μ) c(μ_1)

= exp [ f_0(z) α(μ_1)

+ f_1(z) + α(μ_1)f_2(z) ] , (A4)

with z = α(μ) α(μ_1) ,

21 f_0(z) = πA_1 b^2_0 [ log z + 1 z − 1 ] , f_1(z) =

A_1b_1 4b^3_0 [ log z − z − 1 2 log^2 z + 1 ] − B_1 2b_0 log z + A_2 4b^2_0

[z − log z − 1] ,

f_2(z) =

A_1b^2_1 32πb^4_0 [ z^2 − 2z + 2z log z − 2 log z + 1 ]

+ A_1b_2 32πb^3_0 [ 2 log z − z^2 + 1 ]

− A_2b_1 32πb^3_0 [ z^2 + 2z log z − 4z + 3 ]

+ A_3 32πb^2_0 [ z^2 − 2z + 1 ] + [ B_1b_1 8πb^2_0 − B_2 8πb_0 ] [z − 1] . (A5)

APPENDIX B: WAVEFUNCTION FACTORS

The transverse gauge boson inverse-propagator is − i ( g_{μν} − k_μk_ν k^2 ) [ k^2 − M^2_Z − Π_{ZZ} (k^2) −Π_{Zγ} (k^2) −Π_{γZ} (k^2) k^2 − Π_{γγ} (k^2) ] ,

(B1)

where Π = 0 at tree-level, and M_Z is the tree-level Zboson mass. Then the wavefunction factors to one-loop are

δR_Z = Π^′_{ZZ} (M^2_Z ) , δR_γ = Π^′_{γγ} (0) ,

R_{γ→Z} = 1 M^2_Z

Π^′_{Zγ} (M^2_Z ) , R_{Z→γ} = − 1 M^2_Z

Π^′_{γZ} (0) . (B2)

APPENDIX C: RADIATIVE CORRECTIONS TO THE EQUIVALENCE THEOREM

The equivalence theorem radiative correction factor E (defined as in Ref. [8]) for longitudinal W and Z production is E_{W,Z} = 1 + E^{(1)}_{W,Z} α_{em}/(4π sin^2 θ_W ). The one-loop corrections in R_{ξ=1} gauge are

E^{(1)}_W = m^2_t 2M^2_W − M^2_H 12M^2_W − M^2_Z 12M^2_W − 3 2 − ( M^2_H 12M^2_W + M^2_Z 12M^2_W + 2 3 ) A_0(M^2_W ) M^2_W + ( M^4_Z 12M^4_W + M^2_Z 2M^2_W − 4 3 ) A_0(M^2_Z ) M^2_Z + ( M^4_H 12M^4_W − M^2_H 6M^2_W ) A_0(M^2_H )

M^2_H + ( m^2_t 2M^2_W − m^4_t 2M^4_W ) A_0(m^2_t ) m^2_t + ( M^4_Z 12M^4_W + 5M^2_Z 12M^2_W − 2 ) B_0(−M^2_W , M_Z , M_W ) + ( M^4_H 12M^4_W − M^2_H 4M^2_W ) B_0(−M^2_W , M_W , M_H ) + ( m^2_t 2M^2_W − m^4_t 2M^4_W ) B_0(−M^2_W , 0, m_t) +

3M^2_W 2 B^′_0(−M^2_W , 0, 0) + ( 2M^4_W M^2_Z

− 2M^2_W ) B^′_0(−M^2_W , 0, M_W ) − ( 2M^4_W M^2_Z + 41M^2_W 24 − M^2_Z 6 + M^4_Z 12M^2_W ) B^′_0(−M^2_W , M_Z , M_W ) + ( − M^4_H 12M^2_W + M^2_H 12 + 5M^2_W 8 ) B^′_0(−M^2_W , M_W , M_H ) + ( m^4_t 2M^2_W

− m^2_t +

M^2_W 2 ) B^′_0(−M^2_W , 0, m_t) ,

E^{(1)}_Z =

17m^2_t 18M^2_W − 20m^2_t 9M^2_Z + 16M^2_W m^2_t

9M^4_Z − M^2_H 12M^2_W − M^2_Z 12M^2_W − 1 6 + 2M^2_W 3M^2_Z − 2M^4_W M^4_Z − ( 2M^4_W M^4_Z − 2M^2_W 3M^2_Z + 1 6 ) A_0(M^2_W )

M^2_W − M^2_H 12M^2_W

A_0(M^2_Z )

M^2_Z + ( M^4_H 12M^2_W M^2_Z − M^2_H 6M^2_W ) A_0(M^2_H ) M^2_H + ( 17m^2_t 18M^2_W − 20m^2_t 9M^2_Z + 16M^2_W m^2_t 9M^4_Z ) A_0(m^2_t )

m^2_t + ( − 2M^4_W M^4_Z + 2M^2_W 3M^2_Z − 1 6 ) B_0(−M^2_Z , M_W , M_W ) + ( M^4_H 12M^2_W M^2_Z − M^2_H 4M^2_W ) B_0(−M^2_Z , M_Z , M_H ) + ( 17m^2_t 18M^2_W − 20m^2_t 9M^2_Z + 16M^2_W m^2_t 9M^4_Z ) B_0(−M^2_Z , m_t, m_t) + ( 103M^4_Z 36M^2_W − 50M^2_Z 9 + 40M^2_W 9 ) B^′_0(−M^2_Z , 0, 0) + ( − M^4_H 12M^2_W + M^2_Z M^2_H 12M^2_W + 5M^4_Z 8M^2_W ) B^′_0(−M^2_Z , M_Z , M_H ) + ( − 2M^4_W M^2_Z − 17M^2_W 6 + 7M^2_Z 6 + M^4_Z 24M^2_W ) B^′_0(−M^2_Z , M_W , M_W )

22 + ( 17M^4_Z 36M^2_W − 5m^2_t M^2_Z 9M^2_W − 10M^2_Z 9 + 8M^2_W 9 − 20m^2_t 9 + 16M^2_W m^2_t 9M^2_Z ) B^′_0(−M^2_Z , m_t, m_t) , (C1)

where A_0, B_0, B^′_0 are given in Eqs. (7)–(8) using the conventions of Ref. [46]. The A_0 and B_0 functions are ultraviolet divergent,

A_0(m^2) m^2 = − 1 ϵ_{UV}

+ UV finite, B_0(p^2, m_1, m_2) = 1 ϵ_{UV}

+ UV finite , (C2)

and the infrared divergent function is

B^′_0(−M^2_W , 0, M_W ) = 1 ϵ_{IR} 1 2M^2_W

+ IR finite . (C3)

E^{(1)}_{W,Z} are ultraviolet finite, and E^{(1)}_Z is infrared finite. The infrared divergence in E^{(1)}_W is

E^{(1)}_W = 1 ϵ_{IR} ( M^2_W M^2_Z − 1 ) + IR finite (C4)

and is proportional to 1 − M^2_W /M^2_Z = sin^2 θ_W , which indicates that it arises from photon exchange. E_W in Eq. (34) is treated as a matching condition (see footnote 2), i.e. the 1/ϵ_{IR} terms in Eq. (C1) are dropped. This procedure is valid provided the infrared divergences of the original theory agree with those of the effective theory, so that the 1/ϵ_{IR} terms cancel in the matching condition.

[1] C. W. Bauer, S. Fleming, and M. E. Luke, Phys. Rev.

D63, 014006 (2000), hep-ph/0005275.

[2] C. W. Bauer, S. Fleming, D. Pirjol, and I. W. Stewart, Phys. Rev. D63, 114020 (2001), hep-ph/0011336.

[3] C. W. Bauer and I. W. Stewart, Phys. Lett. B516, 134 (2001), hep-ph/0107001.

[4] C. W. Bauer, D. Pirjol, and I. W. Stewart, Phys. Rev.

D65, 054022 (2002), hep-ph/0109045.

[5] J.-Y. Chiu, F. Golf, R. Kelley, and A. V. Manohar, Phys.

Rev. Lett. 100, 021802 (2008), 0709.2377.

[6] J.-Y. Chiu, F. Golf, R. Kelley, and A. V. Manohar, Phys.

Rev. D77, 053004 (2008), 0712.0396.

[7] J.-Y. Chiu, R. Kelley, and A. V. Manohar, Phys. Rev.

D78, 073006 (2008), 0806.1240.

[8] J. Y. Chiu, A. Fuhrer, R. Kelley, and A. V. Manohar (2009), 0909.0012.

[9] M. Ciafaloni, P. Ciafaloni, and D. Comelli, Phys. Rev.

Lett. 84, 4810 (2000), hep-ph/0001142.

[10] P. Ciafaloni and D. Comelli, Phys. Lett. B446, 278 (1999), hep-ph/9809321.

[11] P. Ciafaloni and D. Comelli, Phys. Lett. B476, 49 (2000), hep-ph/9910278.

[12] V. S. Fadin, L. N. Lipatov, A. D. Martin, and M. Melles, Phys. Rev. D61, 094002 (2000), hep-ph/9910338.

[13] J. H. Kuhn, A. A. Penin, and V. A. Smirnov, Eur. Phys.

J. C17, 97 (2000), hep-ph/9912503.

[14] B. Feucht, J. H. Kuhn, A. A. Penin, and V. A. Smirnov, Phys. Rev. Lett. 93, 101802 (2004), hep-ph/0404082.

[15] B. Jantzen, J. H. Kuhn, A. A. Penin, and V. A. Smirnov, Phys. Rev. D72, 051301 (2005), hep-ph/0504111.

[16] B. Jantzen, J. H. Kuhn, A. A. Penin, and V. A. Smirnov, Nucl. Phys. B731, 188 (2005), hep-ph/0509157.

[17] M. Beccaria, F. M. Renard, and C. Verzegnassi, Phys.

Rev. D63, 053013 (2001), hep-ph/0010205.

[18] A. Denner and S. Pozzorini, Eur. Phys. J. C18, 461 (2001), hep-ph/0010201.

[19] A. Denner and S. Pozzorini, Eur. Phys. J. C21, 63 (2001), hep-ph/0104127.

[20] M. Hori, H. Kawamura, and J. Kodaira, Phys. Lett.

B491, 275 (2000), hep-ph/0007329.

[21] W. Beenakker and A. Werthenbach, Nucl. Phys. B630, 3 (2002), hep-ph/0112030.

[22] A. Denner, M. Melles, and S. Pozzorini, Nucl. Phys.

B662, 299 (2003), hep-ph/0301241.

[23] S. Pozzorini, Nucl. Phys. B692, 135 (2004), hepph/0401087.

[24] B. Jantzen and V. A. Smirnov, Eur. Phys. J. C47, 671 (2006), hep-ph/0603133.

[25] M. Melles, Phys. Lett. B495, 81 (2000), hep-ph/0006077. [26] M. Melles, Phys. Rev. D63, 034003 (2001), hepph/0004056.

[27] M. Melles, Phys. Rept. 375, 219 (2003), hep-ph/0104232. [28] J. H. Kuhn, F. Metzler, and A. A. Penin, Nucl. Phys.

B795, 277 (2008), 0709.4055.

[29] A. Denner, B. Jantzen, and S. Pozzorini, Nucl. Phys.

B761, 1 (2007), hep-ph/0608326.

[30] A. Denner, B. Jantzen, and S. Pozzorini, JHEP 11, 062 (2008), 0809.0800.

[31] M. Melles, Phys. Rev. D64, 014011 (2001), hepph/0012157.

[32] N. Kidonakis, G. Oderda, and G. Sterman, Nucl. Phys.

B531, 365 (1998), hep-ph/9803241.

[33] M. E. Luke and A. V. Manohar, Phys. Lett. B286, 348 (1992), hep-ph/9205228.

[34] A. V. Manohar, T. Mehen, D. Pirjol, and I. W. Stewart, Phys. Lett. B539, 59 (2002), hep-ph/0204229.

[35] A. V. Manohar, Phys. Rev. D68, 114019 (2003). [36] J. C. Collins and F. Hautmann, Phys. Lett. B472, 129 (2000), hep-ph/9908467.

[37] A. V. Manohar and I. W. Stewart, Phys. Rev. D76, 074002 (2007), hep-ph/0605001.

[38] C. Lee and G. Sterman, Phys. Rev. D75, 014022 (2007). [39] A. Idilbi and T. Mehen, Phys. Rev. D75, 114017 (2007), hep-ph/0702022.

[40] A. Idilbi and T. Mehen, Phys. Rev. D76, 094015 (2007), 0707.1101.

[41] J.-Y. Chiu, A. Fuhrer, A. H. Hoang, R. Kelley, and A. V.

Manohar, Phys. Rev. D79, 053007 (2009), 0901.1332. [42] J.-y. Chiu, A. Fuhrer, A. H. Hoang, R. Kelley, and A. V.

Manohar (2009), 0905.1141.

[43] A. V. Manohar, Phys. Lett. B633, 729 (2006). [44] C. W. Bauer, S. Fleming, D. Pirjol, I. Z. Rothstein, and I. W. Stewart, Phys. Rev. D66, 014017 (2002).

[45] M. Bohm, A. Denner, and H. Joos, Gauge theories of the strong and electroweak interaction (Teubner, Stuttgart, Germany, 2001).

[46] D. Bardin and G. Passarino, The Standard Model in the Making (Oxford University Press, Oxford, 1999).

[47] J. Fleischer and F. Jegerlehner, Phys. Rev. D23, 2001 (1981).

[48] M. Bohm, H. Spiesberger, and W. Hollik, Fortsch. Phys.

34, 687 (1986).

[49] A. V. Manohar, Phys. Rev. D56, 230 (1997), hepph/9701294.

[50] A. V. Manohar (1996), hep-ph/9606222.

[51] S. Fleming, A. H. Hoang, S. Mantry, and I. W. Stewart, Phys. Rev. D77, 074010 (2008), hep-ph/0703207.

[52] S. Fleming, A. H. Hoang, S. Mantry, and I. W. Stewart, Phys. Rev. D77, 114003 (2008), 0711.2079.

[53] J. M. Cornwall, D. N. Levin, and G. Tiktopoulos, Phys.

Rev. D10, 1145 (1974).

[54] C. E. Vayonakis, Nuovo Cim. Lett. 17, 383 (1976). [55] B. W. Lee, C. Quigg, and H. B. Thacker, Phys. Rev.

D16, 1519 (1977).

[56] M. S. Chanowitz and M. K. Gaillard, Nucl. Phys. B261, 379 (1985).

[57] G. J. Gounaris, R. Kogerler, and H. Neufeld, Phys. Rev.

D34, 3257 (1986).

[58] J. Bagger and C. Schmidt, Phys. Rev. D41, 264 (1990). [59] Y.-P. Yao and C. P. Yuan, Phys. Rev. D38, 2237 (1988). [60] A. Denner, G. Weiglein, and S. Dittmaier, Nucl. Phys.

B440, 95 (1995), hep-ph/9410338.

[61] S. Moch, J. A. M. Vermaseren, and A. Vogt, Phys. Lett.

B625, 245 (2005), hep-ph/0508055.

[62] S. Mert Aybat, L. J. Dixon, and G. Sterman, Phys. Rev.

Lett. 97, 072001 (2006), hep-ph/0606254.

[63] S. Mert Aybat, L. J. Dixon, and G. Sterman, Phys. Rev.

D74, 074004 (2006), hep-ph/0607309.

[64] S. Catani and M. H. Seymour, Phys. Lett. B378, 287 (1996), hep-ph/9602277.

[65] C. W. Bauer and A. V. Manohar, Phys. Rev. D70, 034024 (2004), hep-ph/0312109.