arXiv:0909.1024v1 [hep-th] 5 Sep 2009

D-dimensional Conformal Field Theories with anomalous dimensions as Dual Resonance Models^∗

G. Mack II. Institut für Theoretische Physik, Universität Hamburg

September 5, 2009

Abstract

An exact correspondence is pointed out between conformal field theories in D dimensions and dual resonance models in D^′ dimensions, where D^′ may differ from D. Dual resonance models, pioneered by Veneziano, were forerunners of string theory. The analogs of scattering amplitudes in dual resonance models are called Mellin amplitudes; they depend on complex variables s_{ij} which substitute for the Mandelstam variables on which scattering amplitudes depend. The Mellin amplitudes satisfy exact duality - i.e. meromorphy in s_{ij} with simple poles in single variables, and crossing symmetry - and an appropriate form of factorization which is implied by operator product expansions (OPE). Duality is a D-independent property. The position of the leading poles in s_{12} are given by the dimensions of fields in the OPE, but there are also satellites and the precise correspondence between fields in the OPE and the residues of these poles depends on D. Dimensional reduction and dimensional induction D → D ∓ 1 are discussed. Dimensional reduction leads to the appearence of Anti de Sitter space

∗Dedicated to Professor Ivan Todorov on the occasion of his 75^{th} anniversary

1 Introduction

In this talk, I report an exact correspondence between correlation functions of D-dimensional conformal field theories (CFT) with anomalous field dimensions and scattering amplitudes of dual resonance models [1] in D^′ dimensions, where D^′ can be chosen and need not equal D. The dual resonance models satisfy exact duality - i.e. meromorphy of the scattering amplitudes plus crossing symmetry - and factorization. Duality is a D-independent property. The appropriate form of factorization follows from operator product expansions (OPE) [2] and depends on D. In general, the dual resonance models have satellites, i.e. to one field ϕ^k in the OPE there corresponds an integer spaced sequence of poles (corresponding to resonances in the dual resonance models of old) labelled by n = 0, 1, 2, .... The leading pole (n=0) determines the satellites (n = 1, 2, 3, ...) in a D-dependent way. When all the 4-point functions, including those for fields of arbitrary Lorentz spin, satisfy duality and factorization, and if all 2-point functions are positive, the physical principle of a local conformal quantum field theory (Wightman axioms [3] or Osterwalder Schrader axioms for the Euklidean Green functions [4, 5]) are obeyed. In this talk I concentrate on scalar correlation functions. An expanded treatment with full proofs is published in [6].

Maldacena’s correspondence between String theory on 5-dimensional Antide Sitter space and N = 4 Super Yang Mills theory in 4 dimensions suggests the conjecture that all conformal field theories are string theories. This has not been proven. But the correspondence with dual resonance models is a result which goes in the same direction. Dual resonance models, pioneered by Veneziano [7] were forerunners of string theory. They share many of its features, including a pivotal role of 2-dimensional conformal symmetry as reparametrization invariance in a space of auxiliary variables. In string theory it became reparametrization invariance of the world sheet.

Work in the seventies by Ivan Todorov and his collaborators, including myself, [8, 9, 10, 11, 12] showed by group theoretical means how one can ensure validity of all the physical principles of conformal field theory except locality. Locality took the form of a duality relation [13]. In the new approach, one tries to start from it.

Given that there exist efficient methods to construct 2-dimensional conformal field theories, it is tempting to ask: How much of the structure of D-dimensional conformal field theory is D-dependent? A related theme is dimensional reduction and dimensional induction.

2 Question: What part of the structure of conformal field theories is D-independent?

As our starting point we observe that for any D ≥ 2, n-point correlation functions are given by functions of the same number^1_2 n(n−3) of independent anharmonic ratios ω_i.

Let x_{ij} = x_i − x_j , i < j = 1...n. Special case D > 2, n = 4 : ω_1ω_2ω_3 = 1,

ω_1 = x^2_{12}x^2_{34} x^2_{13}x^2_4

, ω_2 = x^2_{14}x^2_3 x^2_{12}x^2_{34}

, ω_3 = x^2_{13}x^2_4 x^2_{14}x^2_3

Consider Euklidean Green functions of a CFT or correlation functions of commuting scalar Euklidean fields. The 4-point functions have the form

G_{i4,...,i1} (x_4, ..., x_1) = < φ^{i4} (x_4), ..., φ^{i1} (x_1) > = ∏ i>j (x^2_{ij})^{−δ0ij} F_{i4...i1} (ω_1, ω_2, ω_3)

δ^0_{ij} = δ^0_{ji} depend on the dimensions d_j of the fields φ^{ij} : ∑ j δ^0_{ij} = d_i.

3 Locality or crossing symmetry

In the Euklidean domain, locality of bosonic fields turns into commutativity of Euklidean fields φ^i(x) and implies symmetry of Euklidean correlation functions G_{i4,...,i1} (x_4, ..., x_1) = G_{iπ4,...,iπ1} (x_{π4}, ..., x_{π1}) for all permutations π of 1...n = 4. Permutations π : i ↔ j act on harmonic ratios via ω → πω, as follows

(ij) = (12) or (34) : ω_1 → ω^{−1}_2 , ω_2 → ω^{−1}_1 , ω_3 → ω^{−1}_3 (ij) = (13) or (24) : ω_1 → ω^{−1}_3 , ω_2 → ω^{−1}_2 , ω_3 → ω^{−1}_1 (ij) = (14) or (23) : ω_1 → ω^{−1}_1 , ω_2 → ω^{−1}_3 , ω_3 → ω^{−1}_2

Therefore, locality is equivalent to symmetry properties of F_{i4,...,i1} (ω), viz. F_{i4,...,i1} (ω) = F_{iπ4,...,iπ1} (πω).

4 Operator product expansions

In CFT in Minkowski space (or on its ∞-sheeted covering M_D ≃ S^{D−1} × R), Wilsons OPE can be partially summed [14] and the partially summed OPE converge on the vacuum Ω [15], ϕ^i(− 1 2 x)ϕ^j( 1 2 x)Ω = = ∑ k ∑ a g^{ij}_{k,a}Q̃^a(χ_k, −i∇_z; χ_j , − 1 2 x, χ_i, 1 2 x)ϕ^k(z)Ω|_{z=0}

with kinematically determined coefficients Q̃^a and coupling constants g^{ij}_{k,a}. χ_k = [l_k, d_k] indicate Lorentz spin l_k and dimension d_k of field ϕ^k. ksummation is over all nonderivative fields.

The CFT is completely determined by knowledge of coupling constants g^{ij}_{k,a} and spin and dimension l_k, d_k of all nonderivative fields ϕ^k. Consistency requires locality of all 4-point functions, including those of fields with arbitrary spin [13]. OPE imply positivity (unitarity) if all fields ϕ^k have positive 2-point functions. This in turn requires that all the fields ϕ^k have Lorentz spin and dimension which determine unitary positive energy representations of the conformal group [16] , and there are no ghosts.

The main theme of this talk will be to extract some D-independent structural properties of CFT from OPE, and clarify what remains D-dependent, by use of a

5 Mellin representation of correlation functions

Remember the Mellin representation of functions f(x) of real variables x > 0: f(x) = (2πi)^{−1} ∫_∞ −i∞ dsf̃(s)x^{−s} Inserting the Mellin representation of F_{i4,...,i1} (ω_1, ω_2, ω_3) in independent (Euklidean) harmonic ratios, e.g. ω_1, ω_2, and extracting some normalization factors Γ(...) by convention, we get for the 4-point function G_{i4,...,i1} (x_4, ..., x_1) = (2πi)^{−2} ∫ d^2δ M_{i4,...,i1} ({δ_{ij}}) ∏ i>j Γ(δ_{ij} )(x^2_{ij} )^{−δij}

Integration is over the 2-dimensional surface of imaginary δ_{ij} = δ_{ji}, 1 ≤ i < j ≤ 4 subject to ∑ j δ_{ij} = d_i. And similarly for scalar n-point functions G_{in,...,i1} (x_n, ..., x_1), with^1_2 n(n − 3) integrations, as indicated below. M_{in,...,i1} are called Mellin amplitudes of the CFT.

6 n-point Wightman functions, time ordered Green functions and Euklidean Green functions from the same Mellin amplitude

Let m =^1_2 n(n − 3). In Euklidean space G_{in,...,i1} (x_n, ..., x_1) = (2πi)^{−m} ∫ d^mδ M_{in,...,i1} ({δ_{ij} }) ∏ i>j Γ(δ_{ij} )(x^2_{ij})^{−δij}

In Minkowski space the Wightman functions become

< Ω, ϕ^{in} (x_n)...ϕ^{i1} (x_1)Ω > = (2πi)^{−m} ∫ d^mδ M_{in,...,i1} ({δ_{ij} }) ∏ i>j Γ(δ_{ij} )(−x^2_{ij} + iϵx^0_{ij} )^{−δij} and the time ordered Green functions read < Ω, T {ϕ^{in} (x_1)...ϕ^{i1} (x_1)}Ω > = (2πi)^{−m} ∫ d^mδ M_{in,...,i1} ({δ_{ij}}) ∏ i>j Γ(δ_{ij} )(−x^2_{ij} + iϵ)^{−δij} 7 Duality properties of Mellin amplitudes

From localiy: Mellin amplitudes are symmetric under permutations π of 1...n, M_{in,...,i1} ({δ_{ij}}) = M_{iπn,...,iπ1} ({δ_{πiπj}}) From OPE: Mellin amplitudes M_{in,...,i1} ({δ_{ij}}) are meromorphic functions of the (independent) variables δ_{ij} , with simple poles in single variables (e.g. δ_{12}), at positions which are determined by the twist d_k − l_k of the fields ϕ^k in the

OPE and whose residues are polynomials in the other independent variables . More precise statements are made below, and compared to properties of dual resonance models.

8 Solution of the constraints ∑ j δ_{ij} = d_i, and pole positions

Let p_i, i = 1, ..., n be conserved D^′ dimensional ”momenta” satisfying p^2_i = d_i, and ∑ i p_i = 0 Then δ_{ij} = −p_i · p_j satisfy the constraint ∑ j δ_{ij} = d_i. (D^′ need not equal D). Define Mandelstam variables:

s_{jl} = (p_j + p_l)^2 = d_j + d_l − 2δ_{jl}

If the OPE ϕ^{ij} (x_j )ϕ^{il} (x_l)Ω = ... + ϕ^kΩ + ...

include a field ϕ^k of Lorentz spin (rank) l_k and dimension d_k, then the Mellin amplitude has a ”leading” pole in δ_{jl} at position s_{jl} = d_k − l_k and ”satellite poles” at s_{jl} = d_k − l_k + 2n, n = 1, 2, 3, ...

The polynomial residues are of l_k-th order and are proportional to g^{jl}_k . They depend on l_k, n, differences of external dimensions including d_j − d_l, and on D.

9 Dual resonance models

Consider for instance scattering of 2 spinless particles into 2 spinless particles. The same analytic scattering amplitude A(s, t, u) defines scattering in all 3 channels:

12 → 34 (c.m. energy)^2 = s ≥ max (m_1 + m_2)^2, (m_3 + m_4)^2 13 → 24 (c.m. energy)^2 = t ≥ max (m_1 + m_3)^2, (m_2 + m_4)^2 14 → 23 (c.m. energy)^2 = u ≥ max (m_1 + m_4)^2, (m_2 + m_3)^2 p_4, i_4 p_1, i_1

p_3, i_3 p_2, i_2

s_{ij} = (p_i + p_j )_2, i ≠ j

s_{12} = s, s_{13} = t, s_{14} = u particles of types i_1, ..., i_4

s + t + u = m^2_1 + m^2 + m^2_3 + m^2_4

Dual resonance models furnished meromorphic (”narrow resonance”) approximations to A(s, t, u) with simple poles in s ≡ s_{12}, t ≡ s_{13}, u ≡ s_{14} with polynomial residues.

10 Duality

Consider resonances in the s-channel, of type k with spin l_k and mass m_k which can couple to (decay into) particles i_1 + i_2 with strength g^{12}_k and to i_3 + i_4 with strength g^{34}_k . The dual resonance models of old are based on a narrow resonance approximation, such that the scattering amplitude is the sum of the contributions of resonances, A(s, t, u) = ∑ k ḡ^{34}_k g^{12}_k^{Plk (cos θ12)} s−m2k = ∑ k k 1

2

4

3 This is an equality of analytic functions, valid not only for s ≥ (m_1 +m_2)^2.

The scattering angle θ_{12} in the 12-channel is a polynomial in t or u Using resonances in the u-channel we have instead A(s, t, u) = ∑ k ḡ^{23}_k g^{14}_k^{Plk (cos θ14)} u−m2k = ∑ k 3 2

4 1

Duality says: Both amplitudes are the same, i.e. both sums are equal. A similar equality holds for the t-channel. The zonal spherical functions P_l depend on D.

While dual resonance models were only approximations to scattering amplitudes, no approximation is involved in the meromorphy of Mellin amplitudes of conformal field theories. It is an exact property which follows from OPE.

11 Factorization properties

Consider first the dependence of the amplitudes A(s, t, u) = A_{i4,...,i1} ({s_{ij}}) for scattering i_1 + i_2 → i_3 + i_4 on particle types i_4, ..., i_1.

Duality guarantees symmetry under permutations π A_{i4,...,i1} ({s_{ij}}) = A_{iπ4,,...,ıpi1} ({s_{πiπj}}). The contribution of a s-channel resonance is the product of a factorizing expression ḡ^{34}_k g^{12}_k which carries the dependence on i_4, ..., i_1, times a kinematically determined factor. More generally, for 2 → n − 2 particles, the n 1 2 = ∑ k n k 1 2 contribution of a resonance k factorizes into a 3-point amplitude times a (n − 1)-point amplitude. And similarly for m → n particles.

12 Comparison with properties of Mellin am- plitudes M_{i4,...,i1}({s_{ij}}) The poles of scattering amplitudes in dual resonance models as functions of the Mandelstam variables s_{12} are determined by the masses squared m^2_k of resonances in the 12-channel.

A corresponding statement holds for the Mellin amplitudes of CFT’s. The Mellin amplitudes, considered as functions of the Mandelstam variable s_{12} = d_1 + d_2 − 2δ_{12} has poles whose positions are determined by the twist d_k − l_k of the fields in the OPE (with dimension d_k and Lorentz spin l_k). Summing up, there is a correspondence

s_{ij} = d_i + d_j − 2δ_{ij} , m^2_k = d_k − l_k.

• The meromorphy properties are the same. There are simple poles in individual variables s_{ij}

• The positions of the poles are the same, s_{ij} = m^2_k (indep. of m_i, m_j) if there is a field ϕ^k with spin l_k and dimension d_k in the OPE of ϕ^iϕ^j . In addition there are satellite poles at s_{ij} = m^2_k + 2n, n = 1, 2, ....

• The poles come with polynomial residues P_{lk} of degree l_k which are related to zonal spherical functions. They depend on D, n and differences of dimensions like d_i − d_j and are not identically the same as in dual resonance models.

• The residues of the leading poles factorize. The residues of the satellite poles are determined by the residues of the leading poles.

12.1 Remark

m_k is the lowest possible energy of particle k. d_k is the lowest possible conformal energy (Eigenvalue of conformal Hamiltonian H) in irreps. H^{[lk,dk]} spanned by ϕ^kΩ, for scalar fields ϕ^k.

13 The analog of Regge trajectories

In dual resonance models, the particles lie on Regge trajectories K, with masses m^2_k = α^K (l_k) In the simplest models the trajectories are linear

α^K = α_0 + α^′l_k, l_k increases in steps of 2.

In soluble models of CFT there are trajectories

d_k = α_0 + l_k + σ_k

σ_k = anomalous part of the dimension. Hence

m^2_k ≡ d_k − l_k = α_0 + σ_k

If the anomalous part σ_k of the dimensions were 0, poles would fall on top of each other. But in the models, σ_k increases with l_k to limit 2Δ or to ∞. Thus we get rising trajectories which are approximately linear, with slope 0

14 CFT models with an expansion parameter

In CFT, fields of dimension d <^D_2 are called fundamental fields. The existence of fundamental fields does not destroy duality. But it entails a special feature: The absence of Ferrara-Gatto-Grillo shadow poles [14]: The presence of a scalar field of dimension d in OPE implies that there is no field in the OPE of dimension D − d.

14.1 ϕ^3-theory in D = 6 + ϵ dimensions

The operator product expansions in ϕ^3-theory in 6+ϵ dimensions were worked out to lowest order in ϵ long ago [17] . Written in a schematic way, the OPE read ϕϕΩ = c_ϕ1Ω + (ϕ + ∑ l=2,4,... ϕ_{μ1...μl} )Ω There is a fundamental field ϕ. It has dimension d =^{D−2}_2 + Δ, Δ = 1 18 ϵ + ... In addition there are traceless symmetric tensor fields of even rank 2, 4, ....

These fields ϕ_{μ1...μl} have dimensions d_l = D − 2 + l + σ_l,

σ_l = 2Δ − 4 3(s + 2)(s + 1) ϵ + .... This formula specializes to d_0 = D − d, and the absence of the corresponding field in the OPE is in agreement with the absence of shadow poles of Ferrara et al. . Let us interpret d_l = 2d + l − binding energy, and 2d as the energy of constituents. Then binding energy → 0 as l → ∞. A general proof of this fact for scalar field theories was given by Callan and Gross [19].

It follows from this result that the poles of the Mellin amplitude at s_{12} = D − 2 + σ_l have a limit point at s_{12} = 2d.

14.2 N = 4 SUSY Yang Mills theory in 4 dimensions

σ_l ∼ γ ln l as l → ∞, γ = cusp anomaly The cusp anomaly has recently been computed [20].

The poles at s_{12} = D − 2 + σ_l have no limit point as l → ∞ Interpretation: constituent fields have ∞ dimension.

15 Dimensional Reduction & Appearence of Anti de Sitter space

The conformal group G = SO(D, 2) of Minkowski space is not simply connected, because the maximal compact subgroup K = SO(D) × SO(2) is not simply connected. Its universal covering is Spin(D) × R.

The Hilbert space H of a CFT carries a unitary representation of G̃ =universal covering of G. Its center is infinite, isomorphic to Z_2 × Z

Space time M_D must be a homogeneous space G̃/H.

In the costumary conformal field theories (and also in their generalizations [21]) H contains the connected component of the socalled maximal parabolic subgroup P of G̃, which in turn contains the rotation group U ≃ Spin(D − 1) ⊂ K̃. There are then two main possibilities

1. H = P : M_D = K̃/U ≃ S^{D−1} × R

M_D admits a G̃-invariant causal ordering (i.e. it is a hyperbolic space)[18] fields ϕ^k can have anomalous dimensions.

2. H = P × Γ: M_D=compactified Minkowski space

M_D has closed timelike curves.

(Γ is a discrete group containing Z, it depends on whether D is even or odd). Fields ϕ^k have half integral dimensions.

In this talk I focus on the first possibility.

15.1 Manifestly conformal covariant formalism

Following Dirac [22], coordinatize points x on (the two fold cover of) compactified Minkowski space by rays of lightlike vectors ξ = (ξ_0...ξ_{D−1}, ξ_{D+1}, ξ_{D+2}) in D + 2 dimensions, ξ ∼ λξ, λ > 0.

ξ^2_0 − ξ^2_1 − ... − ξ^2_{D−1} − ξ^2_{D+1} + ξ^2_{D+2} = 0.

x_μ = ξ_μ/κ κ = ξ_{D+1} + ξ_{D+2} for μ = 0...D − 1. Elements of SO(D, 2) act on ξ as pseudorotations.

15.2 Orbits after dimensional reduction D → D − 1.

Restrict G to SO(D − 1, 2), and correspondingly for its covering G̃.

M_D decomposes into orbits M_D = AdS_D ∪ M_{D−1} ∪ AdS_D AdS_D=universal cover of D-dimensional Anti de Sitter space. We see that AdS_D and its universal covering are orbits - i.e. homogeneous spaces - of the D − 1-dimensional conformal group.

M_{D−1} is the common boundary of the two AdS spaces:

M_D ⊃ M_{D−1} = {x^{D−1} = 0} = {ξ_{D−1} = 0}

This is seen as follows. ξ_{D−1} is SO(D − 1, 2)-invariant. Distinguish ξ_{D−1} < 0, ξ_{D−1} = 0, ξ_{D−1} > 0. Scale to ξ_{D−1} = −1, ξ_{D−1} = 0, ξ_{D−1} = 1 respectively. If ξ_{D−1} ≠ 0 then

ξ^2_0 − ξ^2_1 − ... − ξ^2_{D−2} − ξ^2_{D+1} + ξ^2_{D+2} = 1.

after scaling. This is Anti de Sitter space.

On compactified Minkowski space, ξ and −ξ are identified, therefore the two AdS-spaces are identified.

15.3 Dimensional reduction of a CFT

In the manifestly covariant formalism, Wightman functions (WF) W_{in,...,i1} (ξ^n, ..., ξ^1) = κ^{−dn}_n ...κ^{−d1}_1 < Ωϕ^{in} (x_n)...ϕ^{i1} (x_1)Ω > are multivalued functions of ξ_i. The Mellin representation becomes W_{in...i1} (ξ^n, ..., ξ^1) = (2πi)^{−m} ∫ d^mδ M_{in...i1} ({δ_{ij}}) ∏ i>j Γ(δ_{ij})(2ξ^i · ξ^j)^{−δij}

m =^1_2 n(n − 3). The restriction to ξ_{D−1} = 0 exists, is invariant under the restricted conformal group, and is given by identically the same formula with the understanding that ξ^i_{D−1} = 0. Hence the dimensionally reduced CFT has the same Mellin amplitude M.

16 Dimensional induction of CFT’s

A tempting idea could be as follows. Construct the dimensional reduction of a 3-dimensional CFT as a 2-dimensional CFT, compute its Mellin amplitude, and use it to write down the correlation functions of the 3-dimensional theory. And similarly for higher dimensions. The question arises: What special properties are required of the lower dimensional theory? The answer is that it must have appropriate multiplets of fields.

16.1 Multiplets of fields

Conformal OPE involve nonderivative fields. But not all derivatives of fields in D dimensions (evaluated at x_{D−1} = 0) are derivatives in D −1 dimensions. Ordinary derivatives ∂_{D−1}...∂_{D−1}ϕ^k(x)|_{xD−1=0} do not transform right, but one can use the Bargmann-Todorov homogeneous differential operator D_A on the cone ξ^2 = 0 which transform as vectors [23]. In this way one gets field multiplets ϕ^k_{,n} = D_{D−1}...D_{D−1}ϕ^i(ξ)|_{ξD−1=0} (n = 0, 1, 2, ..., n factors D_{D−1}). The missing generators J_{AB}, A = D − 1 of SO(D, 2) act as generators of an ”internal” symmetry. It can map ϕ → D_{D−1}ϕ. 16.2 Does the 2-dimenional theory have ∞ conformal symmetry?

The tentative answer is yes. One cannot expect that the 2-dimensional stress energy tensor T is among the reduced fields. But the Wightman functions with T^′s can be computed from the Wightman functions without T ’s by exploiting the known commutation relations of T with fields ϕ^i in 2 dimensions. This is a standard method: One splits T into positve and negative frequencies and shifts them to the left resp right until they act on the vacuum Ω [24].

17 Mellin amplitudes for CFT from string theory?

Maldacena’s correspondence between 4-dimensional Supersymmetric Yang Mills Theory and String Theory on 5-dimensional Anti-de Sitter space motivates the conjecture that all local D ≥ 2 dimensional conformal field theories are equivalent to string theories. If so, how are their correlation functions related? Here is an educated guess which is supposed to recover the Mellin amplitude M of the conformal field theory from expectation values ⟨...⟩ in the string theory. It uses the momenta p_i introduced in section 8. δ( ∑ p_i)M({−p_i · p_j }) = ⟨ ∫ dV e^{i ∑i piμXμ(σi,τi)}⟩ (1) for bosonic string. dV is a (2d- conformal) invariant volume element which integrates over(n − 3) of the arguments (σ_i, τ_i) on which the world sheet position X^μ depends. The others can be arbitrarily (distinct) prescribed. This is an old device. The prototype of such a formula can be found in Veneziano’s 1970 Erice lectures [25].

One may conjecture that physical requirements are fulfilled if the state spaces of the string theory and the CFT can be identified. In the Maldacena AdS/CFT correspondence, such an identification is known [26].

Acknowledgements

I would like to thank Volker Schomerus and Yuri Pis’mak for stimulating discussions. Ivan Todorov kindly informed me that Bakalov and Nikolov had independently studied dimensional induction.

References

[1] P.A. Frampton. Dual Resonance Models and Superstrings. World Scientific, 1986.

[2] K. Wilson. Non-Lagrangean models of current algebra. Phys.Rev., 179:1499, 1969.

[3] R.F. Streater and A.S. Wightman. PCT, Spin and Statistics, and All That. Addison-Wesley Publishing Company, 1964, 1980.

[4] K. Osterwalder and R Schrader. Axioms for Euclidean Green’s functions, i. Commun. Math. Phys., 31:83–112, 1973.

[5] K. Osterwalder and R Schrader. Axioms for Euclidean Green’s functions, ii. Commun. Math. Phys., 42:281–305, 1975.

[6] G. Mack, D-independent representation of Conformal Field Theories in D dimensions via transformation to auxiliary Dual Resonance Models. Scalar Amplitudes. arXiv:0907.2407 [hep-th].

[7] G. Veneziano. Construction of crossing-symmetric, Regge behaved amplitude for linearly rising trajectories. Nuovo Cimento, 57:190, 1968.

[8] V.K. Dobrev, V.B. Petkova, S.G. Petrova, and I.T. Todorov. Dynamical derivation of operator-product expansions in Euclidean conformal quantum field theory. Phys. Rev. D, 13:887–912, 1976.

[9] V.K. Dobrev, G. Mack, V.B. Petkova, S.G. Petrova, and I.T. Todorov.

On Clebsch Gordan expansions for the Lorentz group in n dimensions. Reports on Mathematical Physics, 9:219, 1976.

[10] V.K. Dobrev, G. Mack, V.B. Petkova, S.G. Petrova, and I.T. Todorov.

Harmonic analysis on the n-dimensional Lorentz group and its applications to conformal quantum field theory, volume 63 of Lecture notes in physics. Springer Verlag, 1977.

[11] G. Mack. Group theoretical approach to conformal invariant quantum field theory. Journal de physique, 34(C1 (Suppl. No. 10)):99, 1973.

[12] G. Mack. Group theoretical approach to conformal invariant quantum field theory. In E.R. Caianello, editor, Renormalization and invariance in quantum field theory, New York, 1974. Plenum Press.

[13] G. Mack. Duality in quantum field theory. Nuclear Physics, B118:445, 1977.

[14] S. Ferrara, A.F. Grillo, and R. Gatto. Conformal algebra in spacetime and operator product expansions, volume 67 of Springer Tracts in Modern Physics. Springer Verlag, 1973.

[15] G. Mack. Convergence of operator product expansions on the vacuum in conformal invariant quantum field theory. Commun. Math. Phys., 53:155, 1977.

[16] G. Mack. All unitary ray representations of the conformal group with positive energy. Commun. Math. Phys., 55:1, 1977.

[17] G. Mack. Conformal invariance and short distance expansions in quantum field theory. In Strong interaction physics, volume 17 of Lecture Notes in Physics, page 300, Heidelberg, 1972. Springer Verlag.

[18] G. Mack and M. Lüscher. Global conformal invariance. Commun. Math.

Phys., 41:203, 1975.

[19] C.G. Callan and D.J. Gross. Bjorken scaling in quantum field theory.

Phys. Rev., D8:4383–4394, 1973.

[20] B. Basso, G.P. Korchemsky, and J. Kotański. Cusp anomalous dimension in maximally supersymmetric Yang Mills theory. Phys. Rev. Letters, 100:091601, 2008. eprint hep-th/07083933.

[21] G. Mack and M. de Riese. Simple space time symmetries: generalizing conformal field theory. J. Math. Phys., 48:052304, 2007.

[22] P.A.M. Dirac. Ann. Math., 37:429, 1936.

[23] V. Bargmann and I.T. Todorov. Spaces of analytic functions on a complex cone as carriers for the symmetric tensor representations of SO(n). J. Math. Phys., pages 1141–1148, 1977.

[24] A.A. Belavin, A.M. Polyakov, A.B. Zamolodchikov. Infinite Conformal Symmetry in Two-dimensional Quantum Field Theory. Nucl. Phys. B, 241:333-380, 1984

[25] G. Veneziano. Narrow-resonance models compatible with duality and their developments. In A. Zichichi, editor, Elementary processes at high energy, pages 94–158. Academic Press, 1971. Proc. Erice summer school 1970.

[26] E. D’Hoker and D. Z. Freedman. Supersymmetric gauge theories and the AdS/CFT correspondence. In TASI-lectures Boulder 2001: Strings,Branes and EXTRA dimensions, pages 3–158, 2002.