arXiv:0909.1183v1 [math-ph] 7 Sep 2009

On fractional time quantum dynamics

Alexander Iomin Department of Physics, Technion, Haifa, 32000, Israel (Dated: September 8, 2009)

Application of the fractional calculus to quantum processes is presented. In particular, the quantum dynamics is considered in the framework of the fractional time Schrödinger equation (SE), which differs from the standard SE by the fractional time derivative:^∂_{∂t} →^{∂α}_{∂tα} . It is shown that for α = 1/2 the fractional SE is isospectral to a comb model. An analytical expression for the Green functions of the systems are obtained. The semiclassical limit is discussed.

PACS numbers: 05.40.-a, 05.45.Mt

Application of the fractional calculus to quantum processes is a new and fast developing part of quantum physics which studies nonlocal quantum phenomena [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]. It aims to explore non-local effects found for either long-range interactions or timedependent processes with many scales [3, 11, 12, 13, 14, 15, 16]. Fractional calculus with a variety of applications [3, 12, 13, 14, 15, 16, 17, 18, 19], including applications to quantum processes [2, 4, 7, 8, 9, 10, 20, 21, 22, 24], is a well developed and well established field that was extensively reviewed.

The concept of differentiation of non-integer orders rises from works of Leibniz, Liouville, Riemann, Grunwald and Letnikov, see e.g., [18, 19]. Its application is related to random processes with power law distributions. This corresponds to the absence of characteristic average values for processes exhibiting many scales [13, 25]. A continuously increasing list of applications in many sciences has developed: it includes material science [12, 26], physical kinetics [14], anomalous transport theory with a variety of applications in solid state physics [11, 13, 25] and in nonlinear dynamics [14, 15].

In quantum physics, the fractional concept can be introduced by means of the Feynman propagator for nonrelativistic quantum mechanics as for Brownian path integrals [27]. Equivalence between the Wiener and the Feynman path integrals, established by Kac [28], indicates some relation between the classical diffusion equation and the Schrödinger equation. Therefore, an appearance of the space fractional derivatives in the Schrödinger equation is natural, since both the standard Schrödinger equation and the space fractional one obey the Markov process. As shown in the seminal papers [2, 7], it relates with the path integrals approach. As a result of this, the path integral approach for Lévy stable processes, leading to the fractional diffusion equation, can be extended to a quantum Feynman-Lévy measure which leads to the space fractional Schrödinger equation [2, 7].

A fractional time derivative can be introduced in the quantum mechanics by analogy with the fractional Fokker-Planck equation (FFPE), as well, by means of the Wick rotation of time t → −it/h̄ [8]. However its physical interpretation is still vague: for example, a phase of the wave function as well as the semiclassical approximation should be understood. The fractional time Schrödinger equation was first considered in [8]. Its generalization to space-time fractional quantum dynamics [20, 21] was performed and a relation to the fractional uncertainty [22] was studied as well. Exact solutions were also obtained for the time fractional nonlinear Schrodinger equation [23]. It is worth noting that, contrary to the space fractional derivative, the fractional time Schrödinger equation describes non-Markovian evolution with a memory effect.

The fractional time quantum dynamics with the Hamiltonian Ĥ(x) is described by the fractional Schrödinger equation (FSE) (ih̃)^α ∂^αψ(x, t) ∂t^α = Ĥψ(x, t) , (1)

where α ≤ 1. For concordance of the dimension in Eq. (1) all variables and parameters are considered dimensionless, and h̃ is the dimensionless Planck constant, see also [8, 20]. For α = 1, Eq. (1) is the ”conventional” (standard) Schrödinger equation. For α < 1 the fractional derivative is a formal notation of an integral with a power law memory kernel of the form [29] ∂^αψ(t) ∂t^α ≡ I^{1−α}_t ∂ψ(t) ∂t = ∫_t 0 (t − τ)^{−α} Γ(1 − α) ∂ψ(τ) ∂τ dτ , (2) which is known as the Caputo fractional derivative [17], and Γ(z) is a gamma function. This definition makes it possible to carry out the Laplace transform of the fractional derivative. Introducing the Laplace image ψ̃(s) = L̂ψ(t), one obtains L̂ [ ∂αψ(t) ∂t^α ] = s^αψ̃(s) − s^{α−1}ψ(0) . (3)

Another interesting property of the FSE is time evolution in the form of the Mittag-Leffler function. For the time-independent Hamiltonian, the eigenvalue equation (with corresponding boundary conditions) is Hϕ_λ = λϕ_λ. Therefore one obtains the Green function in the term of the Mittag-Leffler function E_{α,1}(z) ≡ E_α(z) = ∑_∞ j=0 z^j /Γ(jα + 1) [8, 13]:

G(x, t; x^′) = ∑ λ ϕ^∗_λ(x^′)ϕ_λ(x)E_α ( λ [ t ih̃ ]_α) , (4) which is a fractional generalization of Green’s function. It is worth noting that this solution for the Green function in the form of the Mittag-Leffler function does not satisfy Stone’s theorem on one-parameter unitary groups [30].

In the general case, when the eigenvalue problem cannot be solved rigorously, the analysis of the fractional Green function meets serious deficiencies. For a example, the semiclassical analysis of the FSE leads to a much more complicated form for the wave function than the physically transparent expression for the local wave function ψ(x, t) ∼ e^{iS(t,x)/h̄}. Moreover, the classical action S(t, x) is not defined anymore for the FSE. Another important question could be addressed to both FSE (1) and Eq. (4): for the fractional Fokker-Planck equation, the fractional time derivative is an asymptotic description of a continuous time random walk and it describes subdiffusion. Therefore, what is the physical meaning of the fractional time derivative in quantum processes when a concept of a multi-scale continuous time random walk is absent?

To shed light on this situation, we consider a case with α = 1/2, when fractional quantum dynamics can be modelled by means of the conventional quantum mechanics in the framework of a comb model. The comb model is an analogue of a 1d medium where fractional diffusion has been observed [31, 32]. It is a particular example of a non-Markovian phenomenon, explained in the framework of a so-called continuous time random walk [13, 25, 31]. This model is also known as a toy model for a porous medium used for exploration of low dimensional percolation clusters [33].

A special quantum behavior of a particle on the comb is the quantum motion in the d + 1 configuration space (x, y), such that the dynamics in the d dimensional configuration space x is possible only at y = 0 and motions in the x and y directions commute. Therefore the quantum dynamics is described by the following Schrödinger equation on a comb ih̃ ∂Ψ ∂t = δ(y)Ĥ(x)Ψ − h̃2 2 ∂^2Ψ ∂y^2 , (5)

where the Hamiltonian is the same as in Eq. (1), and Ĥ = Ĥ(x) =^{h̃2}_2 ∇ + V (x) governs the dynamics with a potential V (x) in the x space, while the y coordinate corresponds to the 1d free motion. All the parameters and variables are dimensionless [34]. We will study an initial value problem with the initial condition Ψ(t = 0) = Ψ_0(x, y). It is worth noting that the semiclassical asymptotic expansion in h̃ of the wave function is impossible, since the δ potential in the y direction, “cannot have a sensible semiclassical limit” [35, 36] and degrees of freedom cannot easily be separated. Using the eigenvalue problem

Ĥ(x)ψ_λ(x) = λψ_λ(x) , (6)

we present the wave function in Eq. (5) as the expansion Ψ(x, y, t) = ∑ λ ϕ_λ(y, t)ψ_λ(x), where ∑ λ also supposes integration on λ for the continuous spectrum. For the fixed λ we arrive at the dynamics of a particle in the δ potential ih̃ ∂ϕ_λ ∂t = h̃2 2 ∂^2ϕ_λ ∂y^2 + λδ(y)ϕ_λ . (7)

The Green function for this Schrödinger equation has been obtained in [35, 37]

G_λ(y, t; y^′) = G_0(y, t; y^′) + − λ h̃ ∫_∞ 0 duG_0(|y| + |y^′| + u, t : 0) exp(−uλ/h̃)) , (8) where G_0(y, t; y^′) =^1√_{2πih̃t} exp ( i^{(y−y′)2}_{2h̃t} ) is the free par-

ticle propagator. Using this result, we obtain for the wave function of Eq. (5) Ψ(x, y, t) = ∫ dy^′G_0(y, t; y^′)Ψ_0(x, y^′) + − ∫ dy^′duG_0(|y| + |y^′| + u, t; 0)e^{−uĤ/h̃ Ĥ}_{h̃} Ψ_0(x, y^′) .(9) Now our aim is to compare Green’s function of this solution with the one of Eq. (4). Contrary to fractional diffusion, where the FFPE with α = 1/2 is identical to the comb model, the FSE (1) is not identical to the quantum comb model of Eq. (5). Nevertheless, the models have some features in common, namely there are the some singularities of the Green functions which determine the spectrum. To show this, let us present both Eq. (4) and Eq. (9) in the form of the inverse Laplace transform. For simplicity we consider the one-dimensional x space. First, we consider Eq. (9). Presenting the wave function as the Laplace inversion and carrying out integration on u in the second part, we have for the Green function Ĝ(x, y, t; x′, y′) = G_0(y, t, y′)δ(x − x′) −^1_{2πi} ∫^{σ+i∞}_{σ−i∞} ∑_λ exp ( st+ √_{−2is/h̃||y|+|y′||})_{ds} √_{ih̃s}(√_{−2is/h̃−λ/h̃}) Ψ^∗_λ(x^′)Ψλ(x) , (10)

where the eigenvalue problem of Eq. (6) is used. Using integral presentation of the Mittag-Leffler function [43], we rewrite the Green function of the FSE in Eq. (4) as follows G(x, t; x^′) = ∑ λ 1 2πi ∫_{σ+i∞} σ−i∞ ψ^∗_λ(x^′)ψ_λ(x)e^{st}ds √ s( √ s − λ/ √ 2ih̃) . (11)

Therefore, disregarding the free propagator in Eq. (10), one obtains the same spectral properties of both systems, since the spectral decompositions of the evolution operators are the same.

In what follows we consider the dynamics of the FSE in the framework of the Green function (11). There are two contributions to this integral from a pole at s_0 = λ^2/2ih̃ and from a branch point at s = 0 with a branch cut from −∞. Carrying out this integration (see [8]), we present the wave function in the following operator form (see Eq. (4))

ψ(x, t) = E 1_2 ( Ĥ [_t 2ih̃ ] 1_2 ) ψ_0(x) = [ 2e^{−iĤ2t}2^~h −^Ĥ √_{2ih̃} π ∫_∞ 0 e^{−rt} dr √ r(2ih̃r+Ĥ^2 ) ] ψ_0(x) . (12)

It consists of two parts, the oscillatory one and the decay in time. This expression is convenient for studying the large time asymptotic t ≫ 1, when the decay term can be neglected.

The decay term is of the order of ∼ √ h̃, and can be neglected in the semiclassical limit h̃ → 0 as well. The evolution of the semiclassical wave function ψ_{scl}(x, t) = ψ(x, t)/2 is due to the oscillatory term with the Hamiltonian H_{scl} = Ĥ^2/2. This semiclassical dynamics is essentially nonlinear.

As an example of the Hamiltonian, we take the same operator considered in Ref. [32] for Lévy walks on the comb. It is Ĥ = −2ih̃ω ( x ∂ ∂x + 1 2 ) , (13)

where ω is a dimensionless frequency. In the framework of the Fokker-Planck equation, it corresponds to the inhomogeneous convection. Here this Hamiltonian describes a one-dimensional motion near a hyperbolic point, and it has been studied in connection with the Riemann zeros and eigenvalue asymptotics [38, 39, 40], scattering of the inverted harmonic oscillator [41], and eigenstates near a hyperbolic point [42].

The standard quantum dynamics with the Hamiltonian of Eq. (13) is linear and coincides with semiclassical one. The wave functions and expectation values are well behaved values. For example, evolution of the wave function is an explicit function of the initial condition

Ψ_Ĥ (x, t) = e^{−iĤt/h̃}ψ_0(x) = e^{− t}2^~h ψ_0 ( xe^{− t̃}h ) , (14)

and defining y = xe^{− t̃}h , one obtains for the second moment

⟨x̂^2(t)⟩ = e^{2t̃}h ∫ y^2ψ^∗_0 (y)ψ_0(y)dy < ∞ . (15)

Contrary to this, the semiclassical dynamics of the system described by the FSE (and on the comb, respectively) is nonlinear and the expectation values can diverge for the same initial condition ψ_0(x):

ψ_{scl}(x, t) = √ h̃ 2πit ∫_∞ −∞ due^{ih̃u22t − u2} ψ_0 ( e^{−u}x ) , (16)

⟨x̂^2(t)⟩ = ∫ y^2ψ^∗_0 ( ye^{it̃}h ) ψ_0 ( ye^{−it̃}h ) dy . (17) For example, for the Gaussian initial condition ψ_0(x) = e^{−x2} / √ π the expectation value in Eq. (17) diverges at t = h̃π/4. This result was observed in Ref. [44] where the quantum motion near the separatrix was studied.

We can conclude that the fractional time derivative, at least for α = 1/2, reflects an effective interaction of a quantum system with an additional degree of freedom. As already mentioned, the y direction in the comb model was introduced to model the time fractional derivative^{∂ 12}_{∂t 12} by analogy with the continuous time random walk, where delay times of escapes from the motion in the x space are distributed by the power law ∼ t^{−3/2} [31, 32, 33]. It is worth noting that in the subdiffusive case with α = 1/2 the fractional Fokker-Planck equation is identical to the diffusion comb model [32]. In the quantum case the situation differs essentially from fractional diffusion. First of all, the quantum comb model and FSE are not identical. As shown here the systems are isospectral: they have the same singularities for the Green functions. In the quantum case a “random entrapping” is due to the reversible leakage probability of the wave function. The decay term in the Green function of Eq. (12) is the specific property of the FSE which violates the Hermitian property of Hamiltonian Ĥ. For the quantum comb, the y space is the environment. In this connection, an interesting question arises: how does the time fractional derivative, which describes a specific interaction with the environment, relate to a possible description in the framework of the Lindblad equation [45, 46]? Both the quantum motion on the comb and the FSE introduce new nonlinear phenomena in the semiclassical limit, and this semiclassical approach differs from one described in the framework of the standard Schrödinger equation.

I am grateful to Prof. L. Schulman for having drawing my attention to the result of Ref. [35, 37]. The hospitality of the Max–Planck–Institute of Physics of Complex Systems (Dresden), where a part of the work was performed, is gratefully acknowledged. This research was supported by the Israel Science Foundation.

[1] D. Kusnezov, A. Bulgac, and G. D. Dang, Phys. Rev.

Lett. 82, 1136 (1999).

[2] N. Laskin, Chaos 10, 780 (2000).

[3] B.J. West, M. Bologna, and P. Grigolini, Physics of Fractal Operators (Springer, New York, 2002).

[4] N. Laskin and G. Zaslavsky, Physica A 368,38 (2006).

[5] R. Hermann, arXiv:math-ph/0510099.

[6] see also M. Chaichian and A. Demichev A. Path Integrals in Physics: Stochastic Process and Quantum Mechanics Vol. 1, (2001).

[7] B.J. West, J. Phys. Chem. B 104, 3830 (2000). [8] M. Naber, J. Math. Phys. 45, 3339 (2004).

[9] A. Iomin, Phys. Rev. E 75, 037201 (2007) [10] V.E.Tarasov, Phys. Lett. A 372, 2984 (2008). [11] J.-P. Bouchaud and A. Georges, Phys. Rep. 195, 127 (1990).

[12] R. Hilfer (editor), Fractional Calculus in Physics (World Scientific, Singapore, 2000).

[13] R. Metzler and J. Klafter, Phys. Rep. 339, 1 (2000). [14] G.M. Zaslavsky, Hamiltonian Chaos and Fractional Dynamics (University Press, Oxford, 2005).

[15] G.M. Zaslavsky, Phys. Rep. 371, 461 (2002). [16] I.M. Sokolov, J. Klafter, and A. Blumen, Phys. Today 55, 11:48 (2002).

[17] F. Mainardi, Chaos Solitons Fractals 7, 1461 (1996). [18] I. Podlubny, Fractional Differential Equations (Academic Press, San Diego, 1999).

[19] K.B. Oldham and J. Spanier, The Fractional Calculus (Academic Press, Orlando, 1974).

[20] J. Dong and M. Xu, J. Math. Anal. Appl. 344, 1005 (2008).

[21] S. Wang and M. Xu, J. Math. Phys. 48, 043502 (2007). [22] M. Bhatti, Int. J. Contemp. Math. Scien. 2, 943 (2007). [23] Z. Odibat, S. Momani, and A. Alawneh, J. Phys.: Conf.

Ser. 96, 012066 (2008).

[24] E.K. Lenzi, B.F. de Oliveira, L.R. da Silva, and L.R.

Evangelista, J. Math. Phys. 49, 032108 (2008). [25] E.W. Montroll and M.F. Shlesinger, in Studies in Statistical Mechanics, v. 11, eds J. Lebowitz and E.W. Montroll, (Noth–Holland, Amsterdam, 1984).

[26] R.R. Nigmatullin, Theor. Math. Phys. 90, 242 (1992).

Phys. Status Solidi B 133, 425 (1986);

[27] R.P. Feynman and A.R. Hibbs, Quantum Mechanics and Path Integrals, (McGraw–Hill, New York, 1965).

[28] M. Kac, Probability and Related Topics in Physical Sciences (Interscience, NY, 1959).

[29] Fractional derivation was developed as a generalization of integer order derivatives and is defined as the inverse operation to the fractional integral. Fractional integration of the order of α is defined by the operator (see e.g. [3, 13, 14, 15, 18, 19] ) aI^α_x f(x) =^1_{Γ(α)} ∫_x a f(y)(x − y)^{α−1}dy , where α > 0, x > a and Γ(z) is the Gamma function. Therefore, the fractional derivative is the inverse operator to aI^α_x as aD^α_x f(x) = aI^{−α}_x and aI^α_x = aD^{−α}_x . Its explicit form is aD^{−α}_x =^1_{Γ(−α)} ∫_x a f(y)(x − y)^{−1−α}dy . For arbitrary α > 0 this integral diverges, and as a result of a regularization procedure, there are two alternative definitions of aD^{−α}_x . For an integer n defined as n − 1 < α < n, one obtains the Riemann-Liouville fractional derivative of the form aD^α_{RL}f(x) = (d^n/x^n)aI^{n−α}_x f(x), and fractional derivative in the Caputo form aD^α_C f(x) = aI^{n−α}_x f^{(n)}(x). (For n = 1 see Eq. (2)). There is no constraint on the lower limit a. For example, when a = 0, one has 0D^α_{RL}x^β =^{xβ−αΓ(β+1} Γ(β+1−α) and aD^α_C f(x) = 0D^α_{RL}f(x) − ∑_{n−1} k=0 f^{(k)}(0^+)^{xk−α} Γ(k−α+1) , and aD^α_C [1] = 0, while 0D^α_{RL}[1] = x^{−α}/Γ(1 − α).

[30] M.H. Stone, Ann. Math. 33, 643 (1932). [31] G.H. Weiss and S. Havlin, Physica A 134, 474 (1986). [32] E. Baskin and A. Iomin, Phys. Rev. Lett. 93, 120603 (2004).

[33] V.E. Arkhincheev and E.M. Baskin, Sov. Phys. JETP 73, 161 (1991).

[34] Analogously to the FSE (1), following Ref. [8], one introduces the Planck length LP = √ h̄G/c^3 , time TP = √ h̄G/c^5, mass MP = √ h̄c/G, and energy EP = MP c^2, where h̄, G, and c are the Planck constant, the gravitational constant and the speed of light, respectively. Therefore, quantum mechanics of a particle with mass m is described by the dimensionless units x/LP → x, y/LP → y, t/TP → t, while the dimensionless Planck constant is defined as the inverse dimensionless mass h̃ = M_P /m. Note, that the dimensionless potential is now V (x) → V (x)/MP c^2.

[35] L. Schulman, in Path Integrals from meV to MeV (Word Publishing, Singapure, 1986).

[36] L. Schulman, Techniques and Applications of Path Integration (Wiley, New York, 1981).

[37] B. Gaveau and L. Schulman, J. Phys. Math. Gen. 19, 1833 (1986).

[38] M.V. Berry, J.P. Keating, in Supersymmetry and Trace Formulae, eds. I.V. Lerner, J.P. Keating, D.E. Khmelnitskii, NATO ASI Series B 370 (Kluwer Academic, New York, 1999).

[39] M.V. Berry, J.P. Keating, SIAM Rev. 41, 236 (1999). [40] J.V. Armitage, in Number Theory and Dynamical Systems, eds. M.M. Dodson, J.A.G.Vickers (University Press Cambridge 1989).

[41] R.K. Bhaduri, A. Khare, J. Law, Phys. Rev. E 52, 486 (1995).

[42] S. Nonnemacher, A. Voros, J. Phys. A: Mat. Gen. 30, 295 (1997).

[43] H. Bateman and A. Erdélyi Higher Transcendental Functions (Mc Graw-Hill, New York, 1955), V. 3.

[44] G.P. Berman, M. Vishik, Phys. Lett. A 319, 352 (2003). [45] G. Lindblad, Commun. Math. Phys. 48, 119 (1976). [46] This question was also addressed to the fractional generalization of the quantum master equation [see V.E. Tarasov, Theor. Math. Phys. 158, 179 (2009)] and to the quantum-mechanical version of Brownian motion [see S. Abe and A.K. Rajagopal, Physica A 375, 129 (2007)].