arXiv:0909.2237v2 [gr-qc] 12 Jan 2010

Perturbations in the relaxation mechanism for a large cosmological constant

Florian Bauer^∗

High Energy Physics Group, Dept. ECM, and Institut de Ciències del Cosmos Universitat de Barcelona, Av. Diagonal 647, E-08028 Barcelona, Catalonia, Spain

Abstract Recently, a mechanism for relaxing a large cosmological constant (CC) has been proposed [1], which permits solutions with low Hubble rates at late times without fine-tuning. The setup is implemented in the ΛXCDM framework, and we found a reasonable cosmological background evolution similar to the ΛCDM model with a fine-tuned CC. In this work we analyse analytically the perturbations in this relaxation model, and we show that their evolution is also similar to the ΛCDM model, especially in the matter era. Some tracking properties of the vacuum energy are discussed, too.

1 Introduction

The cosmological constant problem has been around for a long time [2]. However, until the discovery of the accelerated cosmic expansion [3] there was the hope for a simple symmetry mechanism which forces the CC to vanish. While such a mechanism could still exist, it does not explain the cosmic acceleration, which in the context of General Relativity requires a new dark energy component. For that matter a tiny positive CC (equivalent to a tiny vacuum energy density ρ_Λ) represents the simplest solution. Alternative candidates with more dynamics are, e.g., scalar field models [4] or modified gravity [5]. However, often a vanishing (initial) CC is tacitly assumed, and many dark energy candidates provide only for the current acceleration. The big problem of a vanishing or tiny CC is of technical origin since the CC receives huge contributions from phase transitions and quantum zero-point energy. They add up to an enormous initial value |ρ^i_Λ| estimated in the range (10^2 · · · 10^{19} GeV)^4, which is far above the observed effective value ρ^0_Λ ∼ (10^{−12} GeV)^4. The usual method to “solve” the problem is adding a counter-term ρ^{ct}_Λ such that ρ^i_Λ + ρ^{ct}_Λ = ρ^0_Λ. Obviously, ρ^{ct}_Λ must be extremely fine-tuned otherwise one would still end up with a large vacuum energy. A possible way to avoid the fine-tuning is the introduction of a new mechanism or energy component which dynamically relaxes the value of the CC. As an example, it was shown in Ref. [6] that a dark energy component with an inhomogeneous equation of state is able to achieve this task. Moreover, as the starting point of this work we consider the recent CC relaxation model of Ref. [1]. It has been constructed in the ΛXCDM framework [7, 8], where dark energy acts as a varying CC [9, 10, 11, 12, 13, 14, 15, 16, 17]. A global fit to various models with a time-dependent CC has been performed recently in Ref. [18], and some of them turned out to be perfectly compatible with the latest observational data. More work related to CC relaxation can be found e.g. in Refs. [19, 20, 21].

∗fbauer@ecm.ub.es

In the ΛXCDM relaxation model discussed here, the large initial vacuum energy ρ^i_Λ is kept under control and the CC relaxes dynamically without fine-tuning parameters. The resulting cosmological evolution can be arranged to be similar to the ΛCDM model with the usual ingredients like radiation and matter dominated eras, and a final de Sitter epoch. In this paper we provide a deeper analysis of the relaxation mechanism and complement the original work by analysing the evolution of perturbations. As a result, we will find that they behave in many aspects very similar to those in ΛCDM. Earlier work about perturbations in varying vacuum models can be found, e.g. in Ref. [22].

The paper is organised as follows: in Sec. 2 we briefly explain the CC relaxation mechanism and demonstrate the absence of fine-tuning. In Sec. 3 we discuss the tracking behaviour of the varying CC in the matter and radiation epochs. This will be useful for the detailed analysis of perturbations in Sec. 4. Finally, we present our conclusions in Sec. 5.

2 Relaxation mechanism

Here, we repeat the basic principles of the CC relaxation model as proposed in Ref. [1]. For concreteness, let us consider a spatially flat universe with only dust matter, radiation and dark energy. According to the Einstein equations, the Hubble expansion rate H is related to the energy content by the Friedmann equation

H^2 = 8πG 3 (ρ_m + ρ_r + ρ_Λ), (1)

with G being Newton’s constant. By H_0 ∼ 10^{−42} GeV we denote today’s Hubble rate, which is one of the smallest energy scales in the universe. Now, assume for the moment that dark energy was just a large constant CC term ρ_Λ = ρ^i_Λ ≫ ρ^0_Λ. Consequently, at some early time, this large value of |ρ_Λ| would dominate over the matter and radiation energy densities ρ_{m,r}, and would induce for ρ^i_Λ > 0 a de Sitter cosmos with large H ≫ H_0, or respectively a Big Crunch for ρ^i_Λ < 0. Both solutions would prevent the well established Big Bang cosmology. Since from a theoretical viewpoint a large |ρ^i_Λ| seems unavoidable, some mechanism is needed to obtain back the standard cosmic evolution. Recently, a possible solution has been presented in Ref. [1] with the introduction of a dynamical part into dark energy. In this model the total vacuum energy is given by ρ_Λ = ρ^i_Λ + β f , β = const. (2)

which represents a varying CC term ρ_Λ including the (large) constant initial part ρ^i_Λ and a variable function f. This setup has been implemented in the ΛXCDM framework [7], where the dark energy equation of state (EOS) is always −1, and an intrinsic interaction with another dark X component is present. In our case, the X component is just pressureless dark matter ρ_X = ρ_m, and its non-standard evolution is determined by the Bianchi identities in the form of the modified conservation equation ρ̇_Λ + ρ̇_X + 3Hρ_X = 0. (3) The CC relaxation mechanism is working when the dynamical term β/f is compensating the huge constant part ρ^i_Λ in order to obtain |ρ_Λ| ≪ |ρ^i_Λ|. To start with an example, remember that current observations suggest a universe not far from a de Sitter cosmos with a small Hubble rate H_∗ ≈ H_0. Now we show that in this late-time epoch the function f = 9H^2 is sufficient for the CC relaxation [6], and the relation

ρ_Λ = ρ^i_Λ + β 9H^2

≈ ρ^0_Λ (4) can be realised by fixing the parameter β without fine-tuning:

β ≈ −ρ^i_Λ9H^2_∗ . (5)

In the Friedmann equation (1) at late times,

ρ_c =

3H^2 8πG = ρ^i_Λ + β 9H^2

+ ρ_m, (6)

the terms ρ^i_Λ and β/(9H^2) are dominating over the other terms ρ_c and ρ_m, because the initial CC ρ^i_Λ is expected to be much larger than the present critical energy density ρ^0_c = 3H^2_0 /(8πG), and β/(9H^2) is large because of the smallness of the late-time Hubble rate H ∼ H_0. Therefore, we solve Eq. (6) for H and find in good approximation

9H^2 = −β ρ^i_Λ

, (7)

where terms of the order H^2ρ_c/ρ^i_Λ have been neglected. In the last equation we observe that a tiny Hubble rate H is suggested by the large value of ρ^i_Λ in the denominator, thus it is a consistent solution and not an assumption. More important than the smallness of H is its dependence on the parameter β. It is clear that β must have a certain value as given in Eq. (5) for obtaining H ≈ H_∗, but no fine-tuning is necessary because of H^2 ∝ β in Eq. (7). As a result, a change of 10% in the parameter β would change the phenomenology (H^2) only by roughly 10%. This demonstrates the absence of fine-tuning in the CC relaxation mechanism, because small parameter variations will induce only small changes in the resulting cosmology.

Let us compare the situation with the counter-term method, where for concreteness the initial vacuum energy density ρ^i_Λ = 10^{60} ρ^0_c is taken to be much larger than the present critical energy density ρ^0_c . In this case the Friedmann equation reads

ρ_c =

3H^2 8πG = ρ^i_Λ + ρ^{ct}_Λ + ρ_m. (8)

For a universe with low Hubble rate H we need ρ_c ≈ ρ^0_c , and the counter term ρ^{ct}_Λ must be chosen with extremely high accuracy,

ρ^{ct}_Λ = ρ^0_c − ρ^i_Λ = −ρ^i_Λ ( 1 − 10^{−60} ) , (9)

where we neglected ρ_m for simplicity. As above, imagine a small change by roughly 10% in this fine-tuned counter-term, ρ^{ct}_Λ = −^9_{10} ρ^i_Λ, then we would find

ρ_c =

3H^2 8πG = ρ^i_Λ + ( − 9 10 ρ^i_Λ ) = 1 10 ρ^i_Λ = 10^{59} ρ^0_c ≫ ρ^0_c (10)

and the resulting Hubble rate would be much larger than the present value H_0. The need for fine-tuning is obvious in this example.

In contrast to this, the parameter β in the CC relaxation mechanism does not suffer from this problem. Moreover, the corresponding de Sitter final regime is dynamically stable. To understand this, note that the two big terms in ρ_Λ in Eq. (4) act in opposite directions. Consider the case ρ^i_Λ < 0, (β > 0) and ρ^i_Λ dominating over β/(9H^2). This would induce through ρ_Λ ≈ ρ^i_Λ < 0 a decreasing H until the positive value of β/(9H^2) becomes large enough to compensate the negative ρ^i_Λ. On the other hand, when β/(9H^2) > 0 is dominating over ρ^i_Λ, the Hubble rate would increase until the equilibrium with ρ^i_Λ is achieved again. These arguments work analogously in the ρ^i_Λ > 0, (β < 0) case. The crucial reason for the absence of fine-tuning is that the equilibrium point H_∗ is determined only by the two large terms in ρ_Λ and not by the small energy densities ρ_Λ, ρ_m or ρ_r. Therefore, there is no need for subtracting by hand large numbers from each other to obtain a small number, this happens dynamically in the way described above.

For relaxing the CC also in the matter and radiation eras, the function f should be proportional to (q −^1_2 ) and (q − 1), respectively, where q = −äa/ȧ^2 is the deceleration parameter. Since in the matter era q ≈^1_2 (radiation era: q ≈ 1), it is the smallness of (q −^1_2 ) (or (q − 1)) which keeps β/f close to (−ρ^i_Λ) in a dynamical way such that |ρ_Λ| ≪ |ρ^i_Λ|.

To obtain a full cosmological evolution with radiation, matter and final de Sitter eras, the following function has been constructed:

f = 4H^2

(^1_2 − q)(2 − q) (1 − q)

+ y · 72H^6(1 − q)(1 + q^2). (11)

The term proportional to the constant y is responsible for the CC relaxation in the radiation regime, whereas the first term does the same in the matter and de Sitter stages. This particular sequence follows from the different powers of H in f since H decreases with cosmological time. Moreover, y = H^{−4}_{eq} , where H_{eq} ∼ 10^5H_0 is the Hubble scale at the radiation-matter transition.

The function f in Eq. (11) can be expressed in terms of geometrical scalars R, S, T such that ρ_Λ is a covariant scalar quantity, too:

ρ_Λ = ρ^i_Λ + β f = ρ^i_Λ + β R B with B := R^2 − S + y · R^2T. (12)

Here, the Ricci scalar R := g^{ab}R_{ab} = 6H^2(1 − q), S := R_{ab}R^{ab} = 12H^4(q^2 − q + 1) and T := R_{abcd}R^{abcd} = 12H^4(q^2 + 1) are constructed from the metric g_{ab}, the Ricci tensor R_{ab} and respectively from the Riemann tensor R_{abcd}, which will be fully defined in Sec. 4.1. Finally, we remark that ρ_Λ in Eq. (12) defines a phenomenological model in the ΛXCDM framework, it should not be confused with models based on a modified action [5]. The current framework avoids some problems (e.g. the Ostrogradski instability) usually present when the terms S and T appear explicitely in the action. However, the relaxation mechanism in the modified gravity approach will be discussed in the future.

In the following sections we will need the Friedmann equations for H and q,

H^2 =

H^2_0 ρ^0_c

(ρ_X + ρ_Λ + ρ_r), (13)

qH^2 =

H^2_0 ρ^0_c ( 1 2 ρ_X − ρ_Λ + ρ_r ) , (14)

where ρ^0_c = 3H^2_0 /(8πG) is today’s critical energy density. For simplicity, we consider only energy components with constant equations of state. In this sense, radiation denotes photons and massless neutrinos, the X component plays the role of dust-like dark matter without pressure, and vacuum energy has the EOS (−1) of a CC, respectively.

3 Tracking behaviour

In addition to a viable background evolution, the model in Eq. (12) also features an interesting tracking behaviour of the varying vacuum energy ρ_Λ. We will now analyse this in more detail and make use of the results when discussing the perturbations in Sec. 4.

3.1 Tracking in the radiation era From ρ_Λ in Eq. (12) we observe that compensating the large ρ^i_Λ means |ρ^i_Λ +βR/B| ≪ |ρ^i_Λ|. Thus, the smallness of |B| = O(βR/ρ^i_Λ) ≪ H^4 is a useful condition for characterising the relaxation of the CC in the following. Note that this relation also implies that B does not vanish.

In the radiation era (q ≈ 1) the function B is well approximated by

B = −12H^4 + 2y · 24H^4R^2 = 12H^4(2yR^2 − 1), (15)

indicating R ≈ 1/ √ 2y ∼ H^2_{eq} in the minimum of B as a result of |B| ≪ H^4. Now, let us solve Eq. (12) for ρ_Λ with R = 6H^2(1 − q) given by the Friedmann equations (13,14) R = 6H^2_0 ρ^0_c ( 1 2 ρ_X + 2ρ_Λ ) . (16)

First, in the relaxation regime, R ≈ 1/ √ 2y has been found above, and the approximation

(2yR^2 − 1) ≈ 2( √ 2yR − 1), (17)

simplifies the relation ρ_Λ = ρ^i_Λ + β R B = ρ^i_Λ + γ ϵ · (^1_2 ρ_X + 2ρ_Λ) − 1

, (18)

with γ := β/ √ 2y 12H^4 · 2 , ϵ := 6H^2_0 ρ^0_c √ 2y ∼ 1 ρ^{eq}_c , (19)

where ρ^{eq}_c = 3H^2_{eq}/(8πG) is the critical energy density at the time of the radiation-matter transition. Solving Eq. (18) we find two solutions for ρ_Λ:

ρ_± = 1 8 [ 4ρ^i_Λ − ρ_X + 2 ϵ ± | | |4ρ^i_Λ + ρ_X − 2 ϵ | | | √ 1 + 32γ ϵ(4ρ^i_Λ + ρ_X −^2_ϵ )^2 ] . (20)

The square root can be expanded up to first order √ 1 + x ≈ 1 +^1_2 x in the term x = 32γ/ · · · and we obtain ρ_± ≃ 1 8 [ 4ρ^i_Λ − ρ_X + 2 ϵ ± | | |4ρ^iΛ + ρ^X − 2 ϵ | | | ± 8κ ] , κ := 2γ ϵ|4ρ^i_Λ + ρ_X −^2_ϵ | ∼ ρ^0_c ( H_{eq} H )_4 . (21)

There are several cases to discuss. For ρ^i_Λ < 0 we find in the limit ρ_X ≪ |4ρ^i_Λ| a tracking solution

ρ_+ ≃ − 1 4 ρ_X + 1 2ϵ + κ, (22)

whereas for ρ_X ≫ |4ρ^i_Λ| the vacuum energy density takes on its initial value ρ_Λ ≃ ρ^i_Λ corresponding to a standard cosmos with constant ρ_Λ at very high redshift, where ρ^i_Λ is not dominant, yet. We discard the ρ_− solution since it does not have a sensible behaviour for ρ_X ≪ |4ρ^i_Λ|.

In the case ρ^i_Λ > 0, we find the tracking solution ρ_− ≃ − 1 4 ρ_X + 1 2ϵ − κ, (23) for both limits ρ_X ≪ |4ρ^i_Λ| and ρ_X ≫ |4ρ^i_Λ|. Therefore, the tracking regime is persistent in the radiation era and it will start right after inflation/reheating. Here, the second branch ρ_+ is discarded for the same reasons as above.

Summarising, during the radiation epoch the CC relaxation involves the tracking relation ρ_Λ = −^1_4 ρ_X between vacuum energy and dark/X matter, which implies via the conservation equation (3) that all energy densities ρ_Λ, ρ_X and ρ_r scale like radiation: ρ̇ + 4Hρ = 0.

Finally, we remark that the limits found here are the same as those in Ref. [1], where the simpler approximation B ≈ y · R^2T was used.

3.2 Tracking in the matter era Here, we show that the vacuum energy density ρ_Λ is tracking the radiation energy density ρ_r in the matter era, too. In this epoch, where q ≈^1_2 , we find

ρ_Λ = ρ^i_Λ + β f ≈ ρ^i_Λ + β 12H^2(^1_2 − q) + 45H^6y

= ρ^i_Λ + 1 d(^3_2 ρ_Λ −^1_2 ρ_r) + c

(24)

with d :=

12H^2_0 ρ^0_c β and c :=

45H^6y β . (25)

Moreover, in the second step of Eq. (24) we replaced (^1_2 − q) by using the Friedmann equations (13,14) to obtain

H^2 ( 1 2 − q ) = H^2_0 ρ^0_c ( 3 2 ρ_Λ − 1 2 ρ_r ) , (26)

which would be valid also for a finite baryon density ρ_b ≠ 0. Solving Eq. (24) for ρ_Λ yields

ρ_Λ = 1 6d [ x ± √ x^2 + 12d(2 + 2cρ^i_Λ − dρ^i_Λρ_r) ] (27)

with x := −2c + 3dρ^i_Λ + dρ_r. After expanding the root for large values of x we find

ρ_Λ ≈ 1 6d [ x ± |x| ± 6d(2 + 2cρ^i_Λ − dρ^i_Λρ_r) |x| + O(x^{−2}) ] . (28)

Since dρ^i_Λ = −^4_3 (ρ^∗_c )^{−1} < 0 the “+” solution corresponds to the relaxation regime (|ρ_Λ| ≪ |ρ^i_Λ|). The constant β = −ρ^i_Λ9H^2_∗ is determined in the final de Sitter regime where H = H_∗ and ρ_c = ρ^∗_c , cf. Sec. 2. Finally, with x ≈ 3dρ^i_Λ = −4/ρ^∗_c we obtain

ρ_Λ ≈ 1 2 ρ^∗_c − 2 3 c d + 1 3 ρ_r ≈ 1 3 ρ_r, (29)

where the first two terms can be neglected deep in the matter era (ρ_c ≈ ρ_x ∝ a^{−3}) because ρ_r ≫ ρ^∗_c and c d = 15 4 ρ_c ( ρ_c ρ^{eq}c )_2 ∼ ρ^{eq}_c ( a a_{eq} )_{−9} ≪ ρ_r ∼ ρ^{eq}_c ( a a_{eq} )_{−4} , (30)

respectively. As a result, the variable CC ρ_Λ =^1_3 ρ_r is fixed, and tracks the radiation energy density. This is in contrast to the tracking relation in the radiation era, ρ_r ∝ ρ_Λ = −^1_4 ρ_X , where the proportionality constant is not fixed. Finally, we integrate the conservation equation (3) and find the exact expression for the dark/X matter energy density,

ρ_X = ρ_{X0} a^{−3} − 4 3 ρ_r, (31)

which shows that deviations from the standard dust scaling rule ρ_X ∝ a^{−3} are of the order ρ_r = ρ_{r0}a^{−4}. Due to the interaction between the vacuum and X components, the integration constant ρ_{X0} is not exactly equal to the current X energy density, whereas ρ_{r0} denotes the current radiation energy density.

4 Perturbations

We discuss the behaviour of linear perturbations in the relaxation model and compare the results with the ΛCDM model [23]. Since the evolution equations for perturbations of photons, neutrinos and baryons are not changed with respect to ΛCDM, there is no need to discuss them in this work. Only during the radiation epoch we consider the photon monopole and dipole modes.

4.1 Perturbations in the gravitational sector

In the following sections we analyse the scalar perturbations of the metric in the Newtonian gauge, in which tensor and vector perturbations are absent from the beginning. Additionally, it will be shown in Sec. 4.8 that the tensor modes (gravitational waves) in the ΛXCDM relaxation model are unchanged in comparison to ΛCDM. We use the convention a, b, c, d, m, n = 0 . . . 3, i, j, k = 1 . . . 3 for tensor indices, where x^0 = t is the cosmological time and ⃗x = (x^1, x^2, x^3) are spatial Euclidean coordinates. Commas denote partial derivatives and semicolons covariant ones, in addition, the Einstein sum convention is applied.

In linear order the perturbed metric reads

g_{00} = 1 + 2Ψ(t, ⃗x), g_{ij} = −δ_{ij} a^2(t)(1 + 2Φ(t, ⃗x)), g_{0i} = 0, (32)

where a(t) is the cosmic scale factor and Φ and Ψ are the scalar potentials. In the Newtonian gauge, these quantities correspond to the gauge-invariant Bardeen variables. With g_{mn} the other geometrical terms can be obtained in the usual way, where we use^ä = −H^2q and H =^ȧ frequently. Accordingly, we find the Christoffel symbols

Γ^0_0 = Ψ̇ Γ^0_{ij} = δ_{ij} a^2 ( H(1 + 2Φ − 2Ψ) + Φ̇ ) Γ^0_i = Ψ_{,i} (33)

Γ^i_{00} = a^{−2}Ψ_{,i} Γ^i_{jk} = Φ_{,k}δ_{ji} + Φ_{,j}δ_{ki} − Φ_{,i}δ_{jk} Γ^i_{j0} = δ_{ij} ( H + Φ̇ ) , (34)

from which the Riemann tensor

R^a_{bcd} = Γ^a_{bd,c} − Γ^a_{bc,d} + Γ^a_{mc}Γ^m_{bd} − Γ^a_{md}Γ^m_{bc} (35)

and Ricci tensor R_{bc} = R^a_{bca} are derived. The components of the latter read

R_{00} = 3 ä a + 3Φ̈ + 6HΦ̇ − 3HΨ̇ − a^{−2}∇^2Ψ (36)

R_{ik} = Ψ_{,ik} + Φ_{,ik} − a^2δ_{ik} [ Φ̈ − a^{−2}∇^2Φ + 6HΦ̇ − HΨ̇ + (2 − q) H^2(1 + 2Φ − 2Ψ) ] (37)

R_{0k} = 2Φ̇_{,k} − 2HΨ_{,k}. (38)

Furthermore, we obtain the Ricci scalar R = g^{ab}R_{ab}

R = 6H^2 (1 − q) + 6Φ̈ + 24HΦ̇ − 6HΨ̇ − 2a^{−2}∇^2Ψ − 4a^{−2}∇^2Φ − 12H^2 (1 − q) Ψ, (39)

the squared Ricci tensor S = R_{ab}R^{ab}

S = 12H^4(q^2 − q + 1) + Φ̈ [ 12H^2 (1 − 2q) ] + Φ̇[72H^3(1 − q)] + a^{−2}∇^2Φ[−8H^2(2 − q)]

+a^{−2}∇^2Ψ [ −4H^2 (1 − 2q) ] + Ψ̇ [ −12H^3 (1 − 2q) ] + Ψ[−48H^4(q^2 − q + 1)], (40) and the squared Riemann tensor T = R_{abcd}R^{abcd}

T = 12H^4(q^2 + 1) + Φ̈[−24H^2q] + Φ̇[48H^3(1 − q)] + Ψ̇[24H^3q] +a^{−2}∇^2Ψ[8H^2q] + a^{−2}∇^2Φ[−16H^2] + Ψ[−48H^4(q^2 + 1)]. (41)

The Gauß-Bonnet term G = R^2 − 4S + T has the interesting property that, in terms of H and q, the scalar invariants S and T can be replaced by S_∗ :=^1_3 R^2 −^1_2 G and T_∗ :=^1_3 R^2 −G, respectively. It turns out that S_∗ = S and T_∗ = T is true not only on the background (H, q) but also on the perturbative level (Φ, Ψ):

G = −24H^4q + Φ̈[24H^2] + Φ̇[48H^3(1 − q)] + Ψ̇[−24H^3] +a^{−2}∇^2Ψ[−8H^2] + a^{−2}∇^2Φ[16H^2q] + Ψ[96H^4q]. (42)

As a check one finds � d^4x √ |g + δg|(G + δG) = (surface term) with G and g unperturbed in this equation.

For solving the Einstein field equations G^a_b = −8πG · T^a_b we need the perturbed components of the Einstein tensor G^a_b = R^a_b −^1_2 g^a_bR,

G^0_0 = −3H^2 − 6HΦ̇ + 6H^2Ψ + 2a^{−2}∇^2Φ (43)

G^i_j = −a^{−2}(Ψ^{,i}_{,j} + Φ^{,i}_{,j} ) + δ^i_j [ − 1 2 R − a^{−2}(1 − 2Φ)(δ_{ik}-terms from R_{ik}) ] (44)

G^0_k = 2Φ̇_{,k} − 2HΨ_{,k}. (45)

Moreover, we apply a spatial Fourier decomposition for the perturbation variables, Ψ(t, ⃗x) = � d^3k (2π)^3 exp(−i⃗k⃗x)Ψ(t, ⃗k) (46) with k_i = k̂_i · k, k̂_jk̂^j = 1, k = |⃗k| and Ψ_{,i} = −ik_iΨ, ∇^2Ψ = −k^2Ψ. Finally, the longitudinal traceless part projection operator P^j_i := (k̂_ik̂^j −^1_3 δ^j_i ) is introduced. It has the properties P^j_i δ^i_j = 0 and P^j_i G^i_j = a^{−2} ( k^ik_jk̂_ik̂^j − 1 3 k^2 ) (Ψ + Φ) = 2 3 ( k a )_2 (Ψ + Φ) = (8πG)P^j_i T^i_j, (47)

when applied to the spatial components of the Einstein equation. If there is no matter component with anisotropic stress, the right-hand side vanishes and therefore Ψ = −Φ. The matter content discussed in this paper fulfils this condition, however, we will keep the general formulas for future work.

4.2 Varying CC term The energy-momentum tensor of the cosmological term T^μ_{Λ ν} = ρ_Λ g^μ_ν is the product of the metric g^μ_ν = δ^μ_ν and the vacuum energy density ρ_Λ = ρ^i_Λ + β/f as given by Eq. (12). Since ρ^i_Λ and β are constants, only the function f = B/R has perturbations:

δT^μ_{Λ ν} = g^μ_ν δρ_Λ, δρ_Λ = β δ ( 1 f ) = −β δf f^2

. (48)

Applying the results from Sec. 4.1 for determining δf = δ(B/R) we find

δρ_Λ = βR B · N BR Relax= −O(ρi Λ) N BR (49) with the numerator N given by N := −(R^2 + S)δR + RδS − y(R^2T δR + R^3δT ). (50) The label “Relax” means being in the relaxation regime, where |ρ_Λ| = |ρ^i_Λ + βR/B| ≪ |ρ^i_Λ| and thus βR/B ≈ −ρ^i_Λ. Furthermore, in this regime, the term BR can be expressed in a simple form. First, the constant β = −ρ^i_Λ9H^2_∗ is determined by ρ_Λ ≈ 0 in the final de Sitter era (q = −1) with Hubble rate H_∗. Next, we plug β back into the relaxation relation ρ^i_Λ + βR/B ≈ 0 and obtain

BR^{Relax}= 9H^2_∗ R^2. (51) Note that BR ≠ 0 even in the radiation regime, where R^2 ≈ 1/(2y) was found in Sec. 3.1.

4.3 Conservation equations The energy-momentum tensor for the interacting Λ-X-component with dust-like EOS ω_X = 0 of the dark/X matter component is given by T^a_b = ρ_X u^au_b + ρ_Λg^a_b, (52) which is covariantly conserved according to the Bianchi identity. The perturbed versions of the energy densities and 4-velocity u^a are introduced by ρ_i → ρ_i(t) + δρ_i(t, ⃗x), i = X, Λ; u^a → u^a(t) + δu^a(t, ⃗x), (53) where in our coordinates

u^a = δ^a_0 , δu^0 = −Ψ = −δu_0, δu^j = v^j a , δu_j = −av^j (54)

with v^j being the 3-velocity perturbation. From the b = 0 component of the Bianchi identity T^a_{b;a} = 0 we find

T^a_{0;a} = [ρ̇_X + ρ̇_Λ + 3Hρ_X ] + δ̇ρ_Λ + δ̇ρ_X + 3Φ̇ρ_X + 3Hδρ_X + a^{−1}ρ_X v^j_{,j} = 0, (55) where the vanishing of the zero-order term in square brackets is just the conservation equation (3). Respectively, the b = j components lead to

T^{aj}_{;a} = −a^{−2}δρ_{Λ,j} + a^{−2}ρ_X Ψ_{,j} + (ρ̇_X + 4Hρ_X ) v^j a + ρ_X v̇^j a (56)

= −a^{−2}δρ_{Λ,j} + a^{−2}ρ_X Ψ_{,j} + d dt ( ρ_X v^j a ) + 5Hρ_X v^j a = 0. (57)

Since we assume irrotational matter the relations v^j = (k^j /k) v and v^j_{,j} = −ikv hold in Fourier space.

4.4 Perturbations of radiation The radiation distribution function can be described by the moments Θ_{a=0,1,2,...}, where Θ_0 represents the monopole, Θ_1 the dipole and so on, cf. Ref. [23]. For the purpose of this paper we can ignore higher moments. The perturbed energy-momentum tensor is given by δρ_r = δT^0_0 = 4ρ_rΘ_0, δT^0_j = 4iρ_rΘ_1k^j a k . (58)

The evolution equations for Θ_{0,1} read

Θ̇_0 = −Φ̇ + k a Θ_1, (59)

Θ̇_1 = −1 3 k a (Ψ + Θ_0) + 2 3 k a Θ_2. (60)

This set can be decoupled to calculate the evolution of Θ_{0,1} when Φ, Ψ are known:

(Θ̈_0 + Φ̈) + H(Θ̇_0 + Φ̇) + 1 3 ( k a )_2

(Θ_0 + Ψ) = 0, (61)

Θ̈_1 + HΘ̇_1 + 1 3 ( k a ) ( Ψ̇ − Φ̇ + ( k a ) Θ_1 ) = 0. (62)

The quadrupole term Θ_2 has been neglected in these equations.

4.5 Einstein equations for the perturbations From Sec. 4.1 we will use three components of δG^a_b = 8πG δT^a_b in Fourier space:

6HΦ̇ − 6H^2Ψ + 2 ( k a )_2

Φ = 8πG(δρ_Λ + δρ_X + δρ_r), (63)

−i2k^j (Φ̇ − HΨ) = 8πG ( ρ_X av^j − 4iρ_rΘ_1 k^j k a ) , (64) 1 8πG 2 3 ( k a )_2

(Ψ + Φ) = P^j_i T^i_j = − 8 3 ρ_rΘ_2 = anisotropic part. (65)

By contracting with k^j , the second equation can be rewritten in the more useful form ρ_X v k a = 4iρ_rΘ_1 k a − 2i 8πG ( k a )_2 (Φ̇ − HΨ). (66)

Combining these equations with the second of the following conservation equations from Sec. 4.3,

δ̇ρ_Λ + δ̇ρ_X + 3Φ̇ρ_X + 3Hδρ_X − iρ_X v k a = 0, (67) δρ_Λ ( k a )_2

− ρ_X Ψ ( k a )_2 − i d dt ( ρ_X v k a ) − i5H ( ρ_X v k a ) = 0, (68)

we find

δρ_Λ = ρ_X Ψ + 4 3 ρ_r(Θ_0 + Ψ − 2Θ_2) + 2 8πG [Φ̈ + 3HΦ̇ − HΨ̇ − ḢΨ − 3H^2Ψ], (69) δρ_X = −ρ_X Ψ − 4 3 ρ_r(4Θ_0 + Ψ − 2Θ_2) − 2 8πG [ Φ̈ − HΨ̇ − ḢΨ − ( k a )_2 Φ ] . (70)

Alternatively, the first conservation equation (67) leads to δρ_X = − 4 3 (4ρ_rΘ_0) − 2 8πG [ Φ̈ − HΨ̇ − 2ḢΨ + 1 3 ( k a )_2 (Ψ − 2Φ) ] , (71)

δρ_Λ + 1 4 δρ_X = −2Ψ(ρ_Λ + 1 4 ρ_X ) + 3 2 1 8πG [ Φ̈ + 4HΦ̇ − HΨ̇ + 1 3 ( k a )_2

(Ψ + 2Φ) ] , (72)

where the second line follows from the first and Eq. (63), respectively.

4.6 Evolution of the gravitational potentials and perturbations 4.6.1 Gravitational potentials

Let us estimate the order of magnitude of the vacuum energy perturbation δρ_Λ. Since by definition all perturbation variables Φ, Ψ, Θ_0, . . . are expected to be small at some initial time, we obtain a good estimate of the magnitude of δρ_Λ by using for instance Eq. (69), thus δρ_Λ = O(ρ_cΦ) with ρ_c = 3H^2/(8πG). On the other hand, we know that in the relaxation regime |ρ_Λ| = |ρ^i_Λ +^β_f | ≪ |ρ^i_Λ|, which leads via (49) to

O(ρ_cΦ) = δρ_Λ = −β δf f^2

= −ρ^i_Λ δf f (73) =⇒ δf f = N BR = − δρ_Λ ρ^i_Λ = O ( ρ_cΦ ρ^i_Λ ) . (74)

Due to the suppression by the large initial term ρ^i_Λ, the righthand side of the last equation is extremely small, implying |N/(BR)| ≪ 1. In addition, BR ≠ 0 from Eq. (51) is finite, and we conclude that the evolution of the gravitational potentials Φ, Ψ can be determined in excellent approximation by solving the equation N = 0 (instead of N/(BR) = ϵ ≪ 1), where N is given in Eq. (50). Note, however, that neither N nor δρ_Λ vanish as stated explicitely in Eq. (74). In the following sections, we will use “N = 0” as a shortcut for analysing the gravitational potentials, but not for calculating δρ_Λ directly via Eq. (49). Instead, δρ_Λ will be determined by one of the Eqs. (69,70,71,72) after the evolution of Φ, Ψ has been found from solving “N = 0”.

4.6.2 Matter era

In the matter epoch the deceleration variable q =^1_2 by construction and consequently H = 2/(3t) ≪ H_{eq}, R = 3H^2, S = 9H^4, T = 15H^4. This means that in Eq. (50) we can neglect the part proportional to y = H^{−4}_{eq} and find

N = −2R^2δR + RδS = −18H^4[6Φ̈ + 18HΦ̇ − 6HΨ̇ − 2a^{−2}∇^2(Ψ + Φ)] (75) = −6 · 18H^4[Φ̈ + 4HΦ̇] (with Ψ = −Φ). (76) As discussed in Sec. 4.6.1, now we use “N = 0” as a shortcut for determining the gravitational potential Φ. Accordingly, we solve Φ̈ + 4HΦ̇ = 0, which has the solutions Φ ∝ t^{−5/3} and Φ = const.. While the decaying mode will die out, the constant gravitational potential is a solution in ΛCDM, too. To calculate the perturbations of Λ, we cannot use directly the expression δρ_Λ = β^R_B ·^N_{BR} because we already required N = 0 to determine Φ. However, Eq. (69) is suitable for this purpose and we obtain

δρ_Λ = −ρ_X Φ + 4 3 ρ_r(Θ_0 − Φ) +

3H^2 8πG Φ = Φ ( ρ_c − ρ_X − 4 3 ρ_r ) + 4 3 ρ_rΘ_0 = 4ρ_ΛΘ_0, (77)

where we used in the last step the tracking property ρ_r = 3ρ_Λ from Eq. (29). In the matter era, Eq. (61) for the radiation monopole has the solution

Θ_0 = Φ + c_1 cos ( 2 √ 3 k aH ) + c_2 sin ( 2 √ 3 k aH ) , (78)

which implies that the Λ density contrast δρ_Λ/ρ_Λ ≃ 4Φ is constant in magnitude on average. Finally, Eq. (70) determines the evolution of δρ_X , δρ_X = − 16 3 ρ_rΘ_0 + [ 2ρ_c + 2 8πG ( k a )_2]

Φ ≈ ρ_X Φ [ 2 + 2k^2 3H^2_0 Ω_{X0} · a ] , (79) where we used ρ_c ≈ ρ_X ≈ Ω_{X0}ρ^0_c a^{−3} ≫ ρ_r in the last step. We conclude that for sub-horizon (k/(aH) ≫ 1) modes the X/dark matter density contrast

D := δρ_X ρ_X ∝ a (80)

grows linearly with the scale factor a providing the basis of structure formation. This is the same behaviour as in the ΛCDM model. It should be clear that once D becomes of order 1, the perturbative analysis breaks down.

Let us confirm Eq. (80) by directly solving the differential equation for δρ_X or respectively D. This is possible for negligible radiation and vacuum perturbations (δρ_{r,Λ} ≪ δρ_X ) in the subhorizon limit, where k/(aH) ≫ 1 and |Φ̇| ≪ |v k/a|. Accordingly, we find the Poisson equation ( k a )_2 Φ = 8πG 2 δρ_X = 8πG 2 ρ_X D (81)

from Eqs. (63) and (66). Furthermore, we take the time-derivative of Eq. (67) and remove all terms involving the velocity v with the help of Eqs. (68,67). Also, we introduce the function Q := −ρ̇_Λ/ρ_X , which occurs in the relation δ̇ρ_X = ρ_X (Ḋ + (Q − 3H)D) as a result of the conservation equation (3). Finally, with the Poisson equation Φ is eliminated from Eq. (68) and we obtain

D̈ + 2(H + Q)Ḋ + ( Q̇ + Q^2 + 2HQ − 4πGρ_X ) D = 0. (82)

In the matter era, the tracking relation (29) implies Q =^4_3 Hρ_r/ρ_X and Eq. (13) becomes 4πGρ_X = 3 2 H^2 ( 1 + 4 3 ρ_r ρ_X )_{−1} = 3 2 H^2 ( 1 − 4 3 ρ_r ρ_X + O ( ρ_r ρ_X )_2) . (83)

Neglecting the second-order correction in the last step we find for D two solutions from Eq. (82),

D = c_1 ( x + 8 3 + 80 9 x^{−1} ) + c_2 ( x^{− 32} + O ( x^{− 52} )) , x := a · ρ_{X0} ρ_{r0} , (84)

where ρ_{r0} ≪ ρ_{X0} and c_{1,2} are integration constants. In the limit x ≫ 1 this result confirms Eq. (80). Moreover, it agrees with the corresponding discussion about the density contrast in Ref. [18].

4.6.3 De Sitter era

In the final de Sitter regime we have q = −1, H = H_∗ = const., R = 12H^2, S = 36H^4 and T = 24H^4, respectively, and the terms proportional to y = H^{−4}_{eq} can be neglected. Also here, the arguments from Sec. 4.6.1 imply that solving N = 0 yields the evolution of Φ with N having the form

N = −(R^2 + S)δR + RδS = −18 · 36H^4 [ Φ̈ + 4HΦ̇ − HΨ̇ − 1 3 a^{−2}∇^2Ψ − 2 3 a^{−2}∇^2Φ − 4HΨ ]

= −18 · 36H^4 [ Φ̈ + 5HΦ̇ − 1 3 a^{−2}∇^2Φ + 4H^2Φ ] (with Ψ = −Φ). (85)

In Fourier space this means

Φ̈ + 5HΦ̇ + 1 3 ( k a )_2 Φ + 4H^2Φ = 0, (86) which has two solutions

Φ_1 = x^2(sin x + x^{−1} cos x) = x + 1 2 x^3 + O(x^5) (87)

Φ_2 = x^2(x^{−1} sin x − cos x) = 1 3 x^4 + O(x^6), (88)

where x := k √ 3aH . (89)

Since H is constant, both modes Φ_{1,2} are decaying for all wavenumbers k. With ẋ = −Hx the time derivatives read

Φ̇_1 = −H(Φ_1 + x^3 cos x), Φ̇_2 = −H(Φ_2 + x^3 sin x). (90)

The density perturbations of Λ and X follow from Eqs. (69,70,86) and the solutions Φ_{1,2} of the gravitational potentials:

δρ_Λ = −ρ_X Φ_1 +

3H^2 8πG ( 2 3 x^3 cos x − 2 3 x^2Φ_1 ) , (91)

δρ_X = ρ_X Φ_1 +

3H^2 8πG ( − 8 3 x^3 cos x + 8 3 x^2Φ_1 ) . (92)

Here, the corresponding results for Φ = Φ_2 can be obtained by replacing cos x by sin x. The zero-order Einstein equation requires ρ_X = 0 leading to δρ_X = −4δρ_Λ and δρ_Λ ρ_Λ | | | |_{Φ=Φ1} = − 2 3 (x^4 sin x), δρ_Λ ρ_Λ | | | |_{Φ=Φ2} = 2 3 (x^4 cos x). (93)

Therefore, the Λ density contrast is decreasing and no perturbative instabilities are to be expected in the future.

4.6.4 Radiation era

In the radiation epoch the expansion variables read q = 1, S = 12H^4 and T = 24H^4, respectively. Applying the considerations from Sec. 3.1 we find in the relaxation regime R ≈ 1 √ 2y ∼ H^2_{eq} ≪ H^2, BR = 9H^2_∗ R^2 ≈

9H^2_∗ 2y . (94)

Moreover, from Eq. (50) we obtain

N = −(R^2 + S)δR + RδS − y(R^2T δR + R^3δT ) (95) = − ( R^2 + S + 1 2 T ) δR + RδS − 1 2 RδT (96) ≈ −24H^4δR, (97)

where terms proportional to H_{eq} ≪ H have been neglected. Finally, the shortcut “N = 0” from Sec. 4.6.1 implies (with Ψ = −Φ) the equation

0 = δR = 6 ( Φ̈ + 5HΦ̇ + 1 3 ( k a )_2 Φ ) , (98) which is relevant for the evolution of Φ. The corresponding solutions read

Φ_1 = 3Φ_0x^{−2}(sin x + x^{−1} cos x) = Φ_0 ( 3x^{−3} + 3 2 x^{−1} + O(x) ) , (99)

Φ_2 = 3Φ_0x^{−2}(x^{−1} sin x − cos x) = Φ_0 ( 1 − 1 10 x^2 + O(x^4) ) , (100)

and they are equal to the solutions in ΛCDM, where radiation determines Φ alone. However, notice the remark at the end of this section. With a = (t/t_0)^{1/2}, H = 1/(2t) and

x := √ k^2 3a^2H^2 ∝ a ∝ √ t, ẋ = Hx (101) we find in the early-time limit t, a → 0

Φ_1 ∼ t^{− 32} , Φ_2 → Φ_0 = const. (102)

Therefore, only Φ_2 has a regular early-time behaviour Φ(t → 0) = Φ_0. Using this solution from now on, one can solve Eqs. (61) and (62) for the radiation potentials Θ_{0,1}, which are found to be (with Ψ = −Φ)

Θ_0(x) = c_1 cos x + c_2 sin x − Φ(x) + 3Φ_0 sin x x , (103)

Θ_1(x) = 1 √ 3 (−c_1 sin x + c_2 cos x − xΦ(x)) . (104)

However, note these results assume only two non-vanishing multipole modes Θ_{0,1} and no interaction with baryons.

The evolutions of the Λ and X components follow directly from Eqs. (71) and (72), respectively. We find δρ_X = 4Θ_0ρ_X − 2 3 ρ_c ((8c_1 + 12Φ_0) + 8c_2 sin x) = −4δρ_Λ. (105)

In the case of ΛCDM initial conditions (c_1 = −^3_2 Φ_0, c_2 = 0, see Sec. 4.7), we obtain during the tracking regime δρ_X ρ_X = 4Θ_0 = δρ_Λ ρ_Λ = δρ_r ρ_r , (106)

indicating that the perturbations of Λ, X and radiation evolve in the same manner.

A remark is in order. When using Eqs. (71) and (72) in the ΛCDM model, one must not forget the small but relevant change in the evolution equation (98) for Φ due to the presence of dust matter. Otherwise, one would erroneously infer that the tracking relation δρ_X + 4δρ_Λ = 0 is valid also in ΛCDM, where δρ_Λ ≡ 0. For this case, it is better to work with Eqs. (67) and (68).

4.7 Initial conditions We determine the initial conditions for δρ_r, δρ_Λ and δρ_x in terms of the primordial value Φ_0(k) of the gravitational potential (which we assume to be fixed by inflation). Since all perturbation modes relevant today were super-Hubble modes at that time, we will use the small wavenumber x = k/( √ 3aH) ≪ 1 as expansion parameter. Accordingly, we set k = 0 for the initial conditions of δρ_{r,Λ,X} and keep the leading order in k for Θ_1, v.

Let us start with the case in which the relaxation mechanism is not active yet, i.e. radiation dominates the cosmological evolution alone:

ρ_r ≫ |ρ_{Λ,X} |, ρ_Λ = ρ^i_Λ = const., |δρ_Λ| ≪ Φρ_c, Ḣ = −2H^2, Ψ = −Φ. (107)

From the time derivative of Eq. (63) we find with k = 0

6HΦ̈ − 6H^2Φ̇ − 24H^3Φ = 8πG 4ρ_r (Θ̇_0 − 4HΘ_0) (108) = −4H(6HΦ̇ + 6H^2Φ) − 12H^2Φ̇, (109)

where we used ρ_r ≈ ρ_c = 3H^2/(8πG) and the Eqs. (59) and (63). The resulting equation Φ̈ + 5HΦ̇ = 0 has two solutions Φ ∝ a^{−3} and Φ = Φ_0 = const. The first one is decaying and will die out quickly, thus we will consider only the constant mode. With Φ̇ = 0 Eqs. (63) and (66) yield the initial conditions Θ^i_0 = 1 2 Φ_0, Θ^i_1 = 1 6 k aH Φ_0 (110)

Moreover, the corresponding conditions for the X matter follow from the Bianchi identity (67) with k = 0, and respectively from (68) with k ≠ 0,

δρ^i_X = ρ_X (−3Φ_0 + c_3), iv^i = 1 2 k aH Φ_0 = 3Θ^i_1, (111)

where c_3 is a constant. Since the relaxation mechanism is not active, the results above are identical to those in the ΛCDM model as expected.

Now we discuss the case where the tracking regime (ρ_x = −4ρ_Λ ∝ ρ_r) already starts right after reheating or whatever was before the radiation era, thus we cannot assume ρ_{X,Λ} ≪ ρ_r. According to Eqs. (72) and (98) the perturbations of ρ_{X,Λ} obey the tracking relation δρ_X + 4δρ_Λ = 0. Then we solve the conservation equation (67) for δρ_X in the k → 0 limit, which yields

δρ^i_X = ρ_X (−4Φ_0 + c_3), (112)

with a constant c_3. Applying again δρ_Λ = −δρ_X /4, Eq. (68) can be solved for the initial X velocity perturbation v: (iv)^i = ( 2Φ_0 − 1 4 c_3 ) k aH . (113)

The initial condition for the radiation monopole, Θ^i_0 = c_1 + 2Φ_0, follows from Eq. (103) in the limit x → 0, whereas for Θ^i_1 we evolve Eq. (104) up to the first power in k,

Θ_1 = − 1 √ 3 (c_2 − c_1x − Φ_0x) + O(x^2) = c_2 √ 3 − x √ 3 (Θ^i_0 − Φ_0) + O(x^2). (114)

Since (iv)^i ∝ k, Eq. (66) implies Θ^i_1 ∝ k, and we obtain from the last equation

c_2 = 0, Θ^i_1 = − x √ 3 (Θ^i_0 − Φ_0) = − k 3aH (Θ^i_0 − Φ_0). (115)

Finally, the constants c_1 in Θ^i_0 and c_3 in δρ^i_X are related by (63),

2ρ_cΦ_0 = 3 4 δρ^i_X + δρ^i_r = ( −3Φ_0 + 3 4 c_3 ) ρ_X + 4ρ_rΘ^i_0. (116)

Therefore, the knowledge of either c_1, c_3 or δρ^i_Λ = −δρ^i_X /4 will uniquely fix all initial conditions. Remember that δρ^i_Λ can be calculated directly via Eq. (49) once an inflation or reheating model determines the background evolution at the initial time.

4.8 Tensor perturbations

According to the decomposition theorem, scalar, vector and tensor perturbations of the metric g_{mn} evolve independently. Therefore, we discuss in this section only tensor perturbations (gravitational waves). For simplicity, let us consider a wave propagating in z-direction, so that the wave amplitude is a function of the cosmic time t and z only. The perturbed metric in linear order reads

g_{00} = 1, g_{ij} = −a^2(t)(1 + H_{ij}(t, z)) = −a^2(t)

1 + h_1 h_2 0 h_2 1 − h_1 0 0 0 1

, (117)

where h_{1,2} denote the amplitudes of the two polarisation modes, and H_{ij} is symmetric, traceless and divergenceless. Then the Einstein tensor is given by

G^0_0 = −3H^2, G^3_3 = − ( 2 ä a + H^2 ) , G^1_2 = G^2_1 = 1 2 (ḧ_2 + 3Hḣ_2 − a^{−2}∂^2_z h_2), (118)

G^1_1 = G^3_3 + 1 2 (ḧ_1 + 3Hḣ_1 − a^{−2}∂^2_z h_1), G^2_2 = G^3_3 − 1 2 (ḧ_1 + 3Hḣ_1 − a^{−2}∂^2_z h_1). (119)

Moreover, it turns out that the geometrical scalars R = R^a_a, S = R^{ab}R_{ab} and T = R^{abcd}R_{abcd} do not depend on h_{1,2} implying that the gravity wave propagation in the ΛXCDM relaxation model is the same as in the ΛCDM model. Thus, from the Einstein equations one obtains the standard equations for gravitational waves

G^1_1 − G^2_2 = ḧ_1 + 3Hḣ_1 − a^{−2}∂^2_z h_1 = −8πG(T^1_1 − T^2_2) = 0, (120)

G^2_1 = 1 2 (ḧ_2 + 3Hḣ_2 − a^{−2}∂^2_z h_2) = −8πGT^2_1 = 0, (121)

where we assumed on the right-hand sides the absence of anisotropic stress.

5 Conclusions

We discussed analytically the vacuum tracking properties and the evolution of perturbations in the ΛXCDM relaxation model for a large initial CC. Therefore, this work complements the background evolution analysis in Ref. [1]. Concerning the tracking behaviour, the vacuum energy density is found to be proportional to the radiation energy density in the radiation era and in the matter era, too. In the radiation epoch the energy densities of radiation, dark/X matter and the vacuum scale in the same way, whereas deep in the matter era the vacuum energy is always one third of the radiation energy. Thus, in addition to avoiding the CC fine-tuning problem, this setup lets the coincidence problem look less severe than in the ΛCDM model.

Apart from the interesting tracking behaviour, we also analysed linear perturbations in this model. We found that their evolution has many similarities with the corresponding evolution in the ΛCDM model. For the cases studied in this work we did not find any hints of instability apart from the growing dark/X matter modes during the matter era, which provide the seed for structure formation. As a result, the perturbations are well-behaved according to the analytical discussion, but at the same time, we did not find a new observational signature of the relaxation model. However, deviations from ΛCDM are expected to appear in the transition regions from radiation to matter domination and from the matter era into the final de Sitter stage. In Ref. [1] several differences in the background evolution have been discussed already, and we expect that the scale factor evolution is the main source for observational signatures for two reasons. First, neither the baryon-photon plasma nor neutrinos couple to the dark sector in our model, and second, as a result of this work, the growth of dark/X matter modes in the matter era is more or less identical to ΛCDM. In summary, we found that the ΛXCDM relaxation model works well in the perturbations sector. When implementing the relaxation mechanism in a modified gravity framework, we expect to encounter more instabilities because new degrees of freedom are available. This subject is under investigation.

Acknowledgements

I would like to thank Joan Solà and Hrvoje Štefančić for useful discussions and comments. This work has been supported in part by MEC and FEDER under project FPA2007-66665, by the Spanish Consolider-Ingenio 2010 program CPAN CSD2007-00042 and by DIUE/CUR Generalitat de Catalunya under project 2009SGR502.

References

[1] F. Bauer, J. Solà, H. Štefančić, Phys.Lett. B678 (2009) 427, arXiv:0902.2215.

[2] S. Weinberg, Rev.Mod.Phys. 61 (1989) 1; P.J.E. Peebles and B. Ratra, Rev.Mod.Phys.

75 (2003) 559, astro-ph/0207347; T. Padmanabhan, Phys.Rept. 380 (2003) 235, hepth/0212290.

[3] R. Knop et al., Astrophys.J. 598 (2003) 102, astro-ph/0309368; A. Riess et al., Astrophys.J.

607 (2004) 665, astro-ph/0402512; D.N. Spergel et al., Astrophys.J.Suppl. 170 (2007) 377, astro-ph/0603449.

[4] A.D. Dolgov, in: ”The very Early Universe,” Ed. G. Gibbons, S.W. Hawking, S.T. Tiklos (Cambridge U., 1982); L.H. Ford, Phys.Rev. D35 (1987) 2339; R.D. Peccei, J. Solà and C. Wetterich, Phys.Lett. B195 (1987) 183; S.M. Barr, Phys.Rev. D36 (1987) 1691; C. Wetterich, Nucl.Phys. B302 (1988) 668; P.J.E. Peebles and B. Ratra, Astrophys.J. 325 (1988) L17; B. Ratra and P.J.E. Peebles, Phys.Rev. D37 (1988) 3406.

[5] S.M. Carroll, V. Duvvuri, M. Trodden, M.S. Turner, Phys.Rev. D70 (2004) 043528, astroph/0306438; S. Nojiri, S.D. Odintsov, Phys.Rev. D68 (2003) 123512, hep-th/0307288; S.M. Carroll, A. de Felice, V. Duwuri, D.A. Easson, M. Trodden, M.S. Turner, Phys.Rev. D71 (2005) 063513, astro-ph/0410031; S. Nojiri and S.D. Odintsov, eConf C0602061 (2006) 06, hep-th/0601213; T.P. Sotiriou, V. Faraoni, arXiv:0805.1726; R. Woodard, Lect.Notes Phys. 720 (2007) 403, astro-ph/0601672.

[6] H. Štefančić, Phys.Lett. B670 (2009) 246, arXiv:0807.3692; arXiv:0811.4548;

arXiv:0812.3796.

[7] J. Grande, J. Solà and H. Štefančić, JCAP 0608 (2006) 011, gr-qc/0604057; Phys.Lett. B645 (2007) 236, gr-qc/0609083; J.Phys. A 40 (2007) 6787, gr-qc/0701090.

[8] J. Grande, R. Opher, A. Pelinson, J. Solà, JCAP 0712 (2007) 007, arXiv:0709.2130;

J. Grande, A. Pelinson, J. Solà, Phys.Rev. D79 (2009) 043006, arXiv:0809.3462; arXiv:0904.3293.

[9] J.M. Overduin, F. I. Cooperstock, Phys.Rev. D58 (1998) 043506, astro-ph/9805260 and refs.

therein.

[10] A. Bonanno, M. Reuter, Phys.Rev. D62 (2000) 043008, hep-th/0002196; Phys.Rev. D65 (2002) 043508, hep-th/0106133.

[11] I.L. Shapiro, J. Solà, Phys.Lett. B475 (2000) 236, hep-ph/9910462; JHEP 0202 (2002) 006, hep-th/0012227; J.Phys. A40 (2007) 6583, gr-qc/0611055; arXiv:0808.0315.

[12] A. Babic, B. Guberina, R. Horvat, H. Štefančić, Phys.Rev. D65 (2002) 085002, hepph/0111207; Phys.Rev. D71 (2005) 124041, astro-ph/0407572; B. Guberina, R. Horvat, H. Štefančić, Phys.Rev. D67 (2003) 083001, hep-ph/0211184.

[13] F. Bauer, Class.Quant.Grav. 22 (2005) 3533, gr-qc/0501078; gr-qc/0512007; F. Bauer, Ph.d.

Thesis, hep-th/0610178; F. Bauer and L. Schrempp, JCAP 0804 (2008) 006, arXiv:0711.0744. [14] F.R. Klinkhamer and G.E.Volovik, Phys.Rev. D77 (2008) 085015, arXiv:0711.3170. [15] H.A. Borges, S. Carneiro and J.C. Fabris, Phys.Rev. D78 (2008) 123522, arXiv:0809.4939. [16] F.R. Urban and A.R. Zhitnitsky, Phys.Rev. D80 (2009) 063001, arXiv:0906.2165. [17] B.F.L. Ward, arXiv:0908.1764.

[18] S. Basilakos, M. Plionis, J. Solà, Phys.Rev. D80 (2009) 083511, arXiv:0907.4555. [19] S.M. Barr, S.P. Ng, R.J. Scherrer, Phys.Rev. D73 (2006) 063530, hep-ph/0601053. [20] F.K. Diakonos and E.N. Saridakis, JCAP 0902 (2009) 030, arXiv:0708.3143. [21] P. Batra, K. Hinterbichler, L. Hui, D.N. Kabat, Phys.Rev. D78 (2008) 043507, arXiv:0801.4526.

[22] J.C. Fabris, I.L. Shapiro and J.Solà, JCAP 0702 (2007) 016, gr-qc/0609017; A.M. Velasquez- Toribio, arXiv:0907.3518.

[23] S. Dodelson, “Modern cosmology,” Amsterdam, Netherlands: Academic Pr. (2003) 440 p.