arXiv:0909.2505v2 [hep-th] 15 Oct 2009

Compact baby skyrmions

C. Adam^{a)}, P. Klimas^{b)}, J. Sánchez-Guillén^{a)c)}, A. Wereszczyński^{d)}

a)Departamento de Fisica de Particulas, Universidad, de Santiago and Instituto Galego de Fisica de Altas Enerxias (IGFAE) E-15782 Santiago de Compostela, Spain

b)Instituto de Fisica de Sao Carlos, Universidade de Sao Carlos, Caixa Postal 369, CEP 13560-970, Sao Carlos-SP, Brazil

c)Sabbatical leave at: Departamento de Física Teórica, Universidad de Zaragoza, 50009 Zaragoza, Spain

d)Institute of Physics, Jagiellonian University, Reymonta 4, Kraków, Poland

October 16, 2009

keywords: baby skyrmions, Q-balls, compactons, peakons, signum-Gordon model PACS: 11.10.Kk, 11.10.Lm

Abstract

For the baby Skyrme model with a specific potential, compacton solutions, i.e., configurations with a compact support and parabolic approach to the vacuum, are derived. Specifically, in the non-topological sector, we find spinning Q-balls and Q-shells, as well as peakons. Moreover, we obtain compact baby skyrmions with non-trivial topological charge. All these solutions may form stable multi-soliton configurations provided they are sufficiently separated.

1 Introduction

The Skyrme model, i.e., a nonlinear theory of an SU(2) valued matrix field living in (3 + 1) Minkowski space-time, plays a prominent role in high energy physics as a low energy, effective model of baryonic matter [1]. It provides a non-perturbative description of nuclei in terms of topological solitons built out of the primary chiral field. The baryon charge is identified with the topological index, which also stabilizes soliton solutions (skyrmions).

The original Skyrme theory can be derived with the help of chiral perturbation theory, that is, a gradient expansion in terms of the pion field. In the simplest case it consists of three terms, namely the usual kinetic term, an expression of fourth order in derivatives known as the Skyrme term, and (optionally) a non-derivative part called potential. The Skyrme term is crucial because it allows to circumvent the Derrick argument for the non-existence of static soliton solutions.

In (2 + 1) dimensions the Skyrme model possesses its analogue known as the baby Skyrme model [2]. The main difference is the field contents. Instead of the chiral field one deals with a three component unit vector with S^2 topology. Then, static finite energy solutions are maps R^2 ∪ {∞} ∼= S^2 → S^2 and, therefore, are characterized by the second homotopy group of the target space S^2, which is nontrivial, π_2(S^2) = Z. Similarly to the original theory the baby Skyrme model contains the kinetic term, a (2 + 1) dimensional version of the Skyrme term and a potential. However, now the inclusion of the potential term is obligatory, as well, in order to circumvent the Derrick theorem.

Of course, due to the lesser number of dimensions the baby Skyrme model can serve as a laboratory for the original theory, where some ideas and methods can be tested. Independently, the baby Skyrme model found its own applications in condensed matter physics in the description of the quantum Hall effect [4].

One of the issues widely discussed in the literature is the role of the potential term and its influence for Skyrme solitons (see, e.g. [5]). Since this part of the model does not follow from any rigorous expansion, its particular form is arbitrary and should be adjusted to a concrete physical situation. For the full 3+1 dimensional Skyrme model, some recent studies of different potentials can be found, e.g., in [6]. For the baby Skyrme model, the simplest, one-vacuum cases are realized by the holomorphic [3] and the old potential [2] (potentials with vacuum degeneracy have been studied, e.g., in [7]). Recently, these potentials have been generalized in a natural way by Karliner and Hen to a one-parameter family of one-vacuum potentials V = (1 − n^3)^s, with parameter s ∈ [1/2, 4] [8], [9]. It has been observed that the value of the parameter s influences, not only quantitatively, but also qualitatively properties of topologically nontrivial solutions, leading to the repulsive or attractive character of the interaction between baby skyrmions. Moreover, also the rotational symmetry breaking seems to be governed by the parameter s.^1 In the present paper we would like to further analyze the case with s = 1/2. In fact, this potential has a very peculiar form with a so-called V -shaped singularity at the minimum. It leads to a completely new qualitatively feature. Namely, the model possesses compacton solutions.

As is suggested by its name, a compacton is a soliton solution with compact support. In contrast to standard solitons, compactons reach the vacuum at a finite distance. Therefore, they do not possess exponential tails but approach the vacuum in a parabolic, or generally, power-like manner. In our case, for s = 1/2, the approach is quadratic, i.e., parabolic. We remark that, in principle, there exist compactons (i.e., a power-like approach to the vacuum) for all s ∈ [1/2, 1), but we only consider the simplest case of a quadratic approach (i.e., s = 1/2) in this paper.

Originally, compactons have been derived as a class of one-dimensional solitary waves in generalized versions of the KdV equation [12]. Recently, the notion of compact domain walls (kink) has been extended to topological solitons in Lorentz invariant field theories. The key ingredient is the inclusion of so-called V -shaped potentials (i.e., potentials which are not smooth at their minimum [13]). In particular, the left and right

1Double-vacuum potentials have been also considered. The best-known example is the new Skyrme model which gives ring-line multi-soliton solutions [10]. For other potentials of this type see [11].

derivatives at the minimum do not vanish and the second derivative does not exist. The solutions of these theories are therefore typically weak solutions, which are the appropriate solutions for a variational problem, in any case. In practice, this means that there is no mass scale in the system. An alternative possibility is to consider K-fields, i.e., fields with a non-standard kinetic term [14], [15], [16] (outside the context of compactons, the role of K-fields in the formation of topological defects has been studied, e.g., in [17]). In general, the appearance of compactons is a result of the mutual relation between the spatial gradient term and the potential part of the action [18]. As always in non-linear field theory, the extension of one-dimensional objects to higher dimension is a rather non-trivial issue. However, higher dimensional compactons have been reported [19], [20]. Moreover, both V -shaped potentials as well as K-fields provide a mechanism for the generation of compactons also in higher dimensions. For example, one can mention compact Q-balls in the complex signum-Gordon model [21], [22] or compact vertices and compact suspended Hopf shells in some K-field models [23].

Our paper is organized as follows. In Section 2 we introduce the version of the baby Skyrme model we study in the rest of this paper. In Section 3 we derive non-topological compact Q-balls and Q-shells. We also find a special type of solutions called peakons. In Section 4 we derive topological compact baby skyrmions and compare our solutions to the recent results of Karliner and Hen, Refs. [8], [9]. In Section 5 we discuss a restriction of the baby Skyrme model without the quadratic kinetic term. We re-derive analytic compact baby skyrmions already found in [24] and generalize these results. Section 6 contains our conclusions.

2 A baby Skyrme model

In the present paper we focus on a version of the baby Skyrme model given by the following Lagrangian density L = (∂_μ⃗n)^2 − β[∂_μ⃗n × ∂_ν⃗n]^2 − V (⃗n), (1) where ⃗n = (n^1, n^2, n^3) is a unit iso-vector living in (2 + 1) dimensional Minkowski space-time and β is a positive coupling constant. For our purposes we specify the obligatory potential term as V = λ √ 2 (1 − n^3)^{1/2}, (2)

where λ is a positive constant. Further, for convenience reasons, we express the model in terms of a complex scalar field via the standard stereographic projection ⃗n = 1 1 + |u|^2 ( u + ū, −i(u − ū), 1 − |u|^2 ) . (3)

Then,

L = 4 u_μū^μ (1 + |u|^2)^2 − 8β (u_μū^μ)^2 − u^2_μū^2_ν (1 + |u|^2)^4 − λ |u| √ 1 + |u|^2

. (4)

The corresponding field equations read ∂_μ ( K^μ (1 + |u|^2)^2 ) + 2ū (1 + |u|^2)^3 K_μ∂^μu + λ 8 ū |u|(1 + |u|^2)^{3/2}

= 0 (5) and its complex conjugate. Here

K^μ = ū^μ − 4β

(u_νū^ν )ū^μ − ū^2_ν u^μ (1 + |u|^2)^2

. (6)

In the subsequent investigation we assume the following rotationally symmetric Ansatz u = e^{i(ωt+nϕ)}f(r), (7) where ω is a real parameter and n ∈ Z. Further, f is a non-negative function on the whole interval r ∈ [0, ∞). Such an Ansatz is in agreement with the observation that multisoliton solutions of this baby Skyrme model reveal rotational symmetry, at least for small values of the model parameters [8], [9].

The equations of motion can then be reduced to an ordinary differential equation for the shape function f

− 1 r ∂_r rf^′ 1 + 8βf^2 (_{n2} r^2 − ω 2 ) (1 + f^2)^2 + f ( 1 + 8βf^{′2} (1 + f^2)^2 ) ( n^2 r^2 − ω^2 )

+ 2f 1 + f^2 [ f^{′2} − f^2 ( n^2 r^2 − ω^2 )] + λ 8 sign(f) √ 1 + f^2 = 0. (8)

The total energy is E = ∫ d^2x 4 (1 + |u|^2)^2

(u_0ū_0 + ∇u∇ū) + 8β (1 + |u|^2)^4

[(∇u∇ū)^2 − (∇u)^2(∇ū)^2]

+ 8β (1 + |u|^2)^4

[2u_0ū_0(∇u∇ū) − u^2_0(∇ū)^2 − ū^2_0(∇u)^2] + λ |u| √ 1 + |u|^2

, (9)

or after inserting our Ansatz E = 2π ∫_∞ 0 rdr ( 4 (1 + f^2)^2 [ f^{′2} + f^2 ( n^2 r^2

+ ω^2 )]

+ 32βf^2f^{′2} (1 + f^2)^4 ( n^2 r^2

+ ω^2 ) + λfsign(f) √ 1 + f^2 ) . (10)

Here sign(f) is defined as sign(f) = 1 for f > 0 and sign(f) = 0 for f = 0.

3 Nontopological compact Q-balls

Compact nontopological Q-balls are solutions in the form of Ansatz (7), where the profile function starts with a vacuum value (here simply f = 0) and tends again to the vacuum at a finite distance.

Before we explicitly construct compactons, we would like to give a general argument for the existence of compact solutions. First, observe that for u → 0 our model reduces to the complex signum-Gordon model

lim_{u→0} L = L_0 ≡ 4u_μū^μ − λ|u|. (11)

As has been proved by Arodz et al [21], [22], such a model allows for compact (spinning and non-spinning) Q-balls and Q-shells. Due to the fact that the near vacuum limit (u → 0) is relevant for the existence of compactons (e.g., this limit allows for checking the power-like approach to the vacuum, which is essential for compactons) we may expect that objects of this type should be observed also in the full model. As we will see below, similar arguments hold also for topological baby skyrmions (such static solutions cannot exist in the signum-Gordon model because of the Derrick theorem).

Next, we want to remark that the typical restrictions which usually hold for the angular frequency ω for Q-balls do not apply in our case. Indeed, in a theory with a normal kinetic term for the complex scalar u and a potential V (|u|), the following restriction for ω holds for the case n = 0 (i.e., non-spinning Q-balls) [25],

min(2V/|u|^2) ≤ ω^2 ≤ μ^2 (12)

where μ is the resulting mass scale V^{′′}(0). For a V -shaped potential this mass scale does not exist (it is formally infinite) so the upper bound is shifted to infinity. Further, the lower bound is zero for the signum-Gordon model. As a consequence, the signum- Gordon model has Q-ball solutions for all values of ω. On the other hand, we shall see that there does exist a lower limit for possible values of ω in the full baby Skyrme model studied in the present paper. This lower limit is related to the complicated nonlinear structure of the baby Skyrme model, and there does not seem to exist a simple analytic expression in terms of the model parameters for that lower limit.

3.1 Expansion at the center

We plug a series expansion in the vicinity of the origin. Concretely, we assume for r → 0 that f(r) = r^k (a_0 + a_1r + ...). (13)

From finiteness of the energy we have to assume the following boundary conditions for n ≠ 0^2 f(0) = 0, f^′(0) = c_0, |c_0| < ∞. (14)

It is equivalent to the fact that k ≥ 1. Further, in order to cancel the potential part which starts with a constant one gets that k must be an integer less than 3. Thus,

k = 1, 2. (15)

Let us discuss the first case, i.e., k = 1. The leading order expression reads

− a_0 − 8βn^2a^3_0 + a_0n^2 + 8βn^2a^3_0 = 0 ⇒ |n| = 1. (16)

That is, the linear approach to the vacuum in the vicinity of the origin r = 0 is indeed observed for the n = ±1 solutions.

In the next possible case, k = 2, we find at the leading order

a_0(4 − n^2) − λ 8 = 0. (17)

One can easily notice that for n = ±2, the equation leads to a contradiction. Similarly, for n ≥ 3 we get that the profile function is a negative function in a sufficiently close

2For n = 0 the situation is slightly more involved, therefore we discuss this case in a separate section, see Section 3.5 below.

neighborhood of the origin as a_0 < 0. This is in contradiction to our assumption that f ≥ 0. Therefore, the only acceptable value for n is ±1.

In other words, configurations with n ≥ 2 cannot nontrivially start at r = 0 with a bell-like shape. Instead, such configurations may form shell-like objects which take the vacuum value f = 0 inside a certain inner radius R_1 > 0, as we shall see below.

3.2 Expansion at the boundary

We assume a similar series expansion for r → R, where R is a finite radial point where the profile function can be smoothly connected to the vacuum

f(r) = A_0(R − r)^s + ... (18)

From the required smoothness of the energy one has to impose

f(R) = 0, f^′(R) = 0, ⇒ s > 1. (19)

Then, at the leading order we find

− A_0s(s − 1)(R − r)^{s−2} + λ 8 = 0, (20)

with the obvious solution s = 2. This implies that there is a standard parabolic approach to the vacuum - a typical feature for compactons.

As has been proved before, spinning compactons with higher values of n cannot nontrivially begin at the origin. Instead, one may consider a solution with two parabolic (compacton) ends at R_1 and R_2 forming a shell-like structure. That is, we assume

f(r) = 0 0 ≤ r ≤ R_1 g(r) R_1 ≤ r ≤ R_2 0 r ≥ R_2

(21)

with the following boundary conditions lim r→R_{1,2} g(r) = 0, lim_{r→R1,2} dg(r) dr = 0, (22)

3.3 Numerical solutions

Numerical calculations have been performed using the shooting method starting at a point of the outer boundary of a compact solution and performing calculation towards r < R. Moreover, we assume β = 1 and λ = 1. Then, for each sufficiently large value of ω a regular compact configuration is found for a unique value of R. This is completely consistent with a simple count of the boundary conditions and free parameters. For fixed coupling constants λ, β and ω, in the case of n = 1 there is one boundary condition, namely f(0) = 0. At the same time, there is one free parameter, namely the compacton radius R, which has to be fine-tuned accordingly in order to fulfill the boundary condition. For n ≥ 2, there are two boundary conditions, namely f(R_1) = 0 and f^′(R_1) = 0. Further, there are two free parameters, namely the inner and outer compacton radius R_1 and R_2, which may, again be chosen as to fulfill the boundary conditions.

In Fig. (1) compact Q-balls with n = 1 are presented. One can recognize a linear

Figure 1: Profile function f for non-topological Q-balls with n = 1 and ω = 1...10

approach to the origin as anticipated before. The approach to the vacuum value f = 0 at r = R is parabolic, also in agreement with previous analytical considerations. As we see, compactons (their size as well as their maximum) become smaller and smaller with the growth of the spinning frequency ω. To be more specific, the size R

Figure 2: Profile function f for non-topological Q-shells with n = 2 and ω = 1...10

of the compacton is proportional to the inverse of the frequency (see Fig. (3), (4)) R ∼ 1 ω .

Similarly, the total energy of compact Q-balls also decrees with the frequency of rotation Fig. (5). One can find that Fig. (6) E ∼ 1 ω^4 . Another interesting feature is the fact that the maximum of the profile function seems to be of a spike-like nature as ω approaches a certain critical minimum value ω → ω_c ≲ 1. For this value of the frequency the numerics breaks down and we are not able to find compact Q balls with smaller values of ω. We shall say more about this issue in the next section. In Fig. (2) we present compact Q-shells with n = 2. In accordance

Figure 3: Dependence of the size of compact Q-balls with n = 1 on ω

Figure 4: Dependence of the size of compact Q-balls with n = 1 on 1/ω

with the previous analysis compact shells approach the vacuum parabolically at R_1 and R_2. As for the n = 1 solutions, also in this case the size R = R_2 − R_1 of the compact Q-shells is proportional to 1/ω Fig. (7).

Compact configurations with higher values of n are shown in Fig. (8) (ω = 1). All solutions are of shell shape, where the distance from the origin grows with n. On the other hand, the size of the non-topological Q-compactons quite rapidly tends to a constant value R_∞ ≡ lim_{n→∞}(R_2 − R_1) = 6.94. Of course, the asymptotic size of nontopological Q-compactons scales according to the previously found law. That is, R_∞ ∼= ρ_∞ ω , ρ_∞ ∼= 6.94.

Figure 5: Dependence of the energy E/2π of compact Q-balls with n = 1 on ω

Figure 6: Dependence of the energy E/2π of compact Q-balls with n = 1 on 1/ω^4

Figure 7: Dependence of the size of compact Q-balls with n = 2 on ω

It has been confirmed by numerical checks, see Fig. (10).

One immediately notices that qualitatively the non-topological Q-compactons in the baby Skyrme model behave, to some extent, similar to the spinning Q-balls in the complex signum-Gordon model. The scaling properties of the energy and size are the

Figure 8: Profile function f for non-topological Q-balls with ω = 1 and n = 3, 4, 8, 10

Figure 9: Dependence of the size of compact Q-balls with ω = 1 on n

Figure 10: Dependence of the size of compact Q-balls with ω = 5 on n

same. Even the asymptotical size of the compactons in the complex signum-Gordon model takes a similar value and reads ρ_∞sG =^{4π√}_3 ∼= 7.25.

3.4 Compact peakon

The similarity between nontopological compactons in the baby Skyrme model and the complex signum-Gordon model originates in the asymptotic equivalence of these models, i.e., as we noticed it before, in the fact that for |u| → 0 both Lagrangians takes the same form. As this limit is relevant for compacton solutions, one can expect that the properties of these solutions in both theories should be qualitatively similar. However, due to the strong nonlinearity in the baby Skyrme model, nontopological compactons do differ from their complex signum-Gordon counterparts. In fact, spinning compactons in our model exist only for frequencies which are larger than a certain critical minimum value ω_c.

A simple explanation of this effect is as follows.

Let us consider the equation of motion at the point r_m where the profile function takes its maximum f_m ≡ f(r_m). This point must always exist for a non-topological Q-ball or Q-shell, because the solution must connect to vacua f = 0. Then,

− f^{′′}_m 1 + 8βf^2_m (_{n2} r^2_m − ω 2 ) (1 + f^2_m)^2 + f^m − f^{3m} 1 + f^2_m ( n^2 r^2_m − ω^2 ) + λ 8 √ 1 + f^2_m = 0. (23)

where we use that f^′(r = r_m) = 0 and f^{′′}_m ≡ f^{′′}(r = r_m). It can be rewritten as ( n^2 r^2_m − ω^2 ) ( f_m − f^3_m 1 + f^2_m − f^{′′}_m 8βf^2_m (1 + f^2_m)^2 ) = f^{′′}_m − λ 8 √ 1 + f^2_m. (24)

The right hand side is always negative, as f^{′′}_m < 0 for a maximum. Analogously, the second bracket on the l.h.s. is always positive with the additional numerical information that for Q-balls the profile function at its maximum is less than one, f_m < 1. Therefore,

ω^2 > n^2 r^2_m

(25)

is a necessary condition for the existence of a solution. Even more can be said if we take into account that for ω = ω_c the maximum of f at r = r_m is a spike such that the second derivative f^{′′}_m becomes singular. This singularity cannot be cancelled by another term in the e.o.m., therefore it must be multiplied by zero. That is to say, the critical frequency must obey the equation 1 + 8βf^2_m (_{n2} r^2_m − ω 2 c ) (1 + f^2_m)^2

= 0 (26)

where r_m and f_m are the position of the peak and the value of f at the peak for the critical (peakon) solution. Numerically, this equation holds to a high precision. For n = 1, e.g., (and for β = 1) we find ω_c = 0.9600, r_m = 2.618 and f_m = 0.5029 which fulfills the above equation with a precision of about 10^{−4}. This ends our proof that the oscillation frequency cannot be arbitrarily small. From numerical calculations we found that (for λ = 1, β = 1) ω_c ≈ { 0.96 n = 1 0.94 n = 2..10 (27)

Thus, the minimal frequency is rather n-independent. (In principle, it depends also on the parameter β but we do not discuss this issue in the paper.)

So we found the interesting result that solutions for the minimal frequency are of a special type, usually referred to as peakons, i.e., solutions with a jump of the first derivative at the maximum [26] - [28]. Indeed while approaching the limiting frequency the shape of the profile function tends to form a spike at the maximum (Fig. 11), and the first derivative is not continuous, which leads to a singularity in the second derivative.^3 We remark that the peak forms at the maximum of the function f and, therefore, for

Figure 11: f and f^′ for the compact peakon for n = 1 and ω = 0.96

values of the field u which are well separated from its vacuum value u = 0. There is, therefore, no obvious reason which relates the formation of the peakon to the compact nature of the spinning Q-ball, and we expect that peakons of an analogous type may form also for spinning Q-balls in theories with the standard, exponential approach to the vacuum. This issue certainly requires some further investigation.

3.5 Non-spinning compact Q-balls

We still have to consider the case n = 0, i.e., the non-spinning, non-topological compact Q-ball. A first difference to the case of non-zero n is that the value of the profile function f(r) at the origin r = 0 is not restricted by either finiteness of the energy or zero topological charge in the case n = 0. Indeed the topological charge for the spherically symmetric ansatz is Q = i 2π ∫ d^2x ε^{jk}u_jū_k (1 + |u|^2)^2 ∼ n [ 1 1 + f^2 ]_∞ 0 (28)

which is zero for n ≠ 0 only provided that f(0) = 0 as well as f(∞) = 0, whereas there is no such restriction in the case n = 0. Inserting the power series ansatz

f(r) = a_0 + a_1r + a_2r^2 + . . . (29)

into the e.o.m. we find that a_1 must be zero, whereas a_2 is already determined uniquely in terms of the coupling constants and a_0 by a linear equation. The expansion at the

3Compact peakons have also been found in the (1+1) dimensional Hunter-Zheng equation, see [27].

compacton boundary is identical to the case n ≠ 0.

We use again shooting from the compacton boundary for the numerical integration. Here we have one free parameter (the compacton radius R) and one boundary condition (f^′(0) = 0), therefore for fixed values of the coupling constants we expect one solution with a fine-tuned value of R. Numerically, we find again that solutions only exist for a sufficiently large value of the frequency ω. In addition, the existence of solutions depends also on the values of the additional coupling constants. Specifically we find that for the choices of the coupling constants in the previous sections, namely β = 1 and λ = 1, solutions do not exist for any value of ω. Solutions do exist, for example, for the choice β = 1 and λ = 0.585, which we assume in the remainder of this section. For these values the critical value of ω below which solutions do not exist turns out to be ω_c = 0.8805 (30)

(i.e., a solution exists for ω = 0.8805 but does not exist for ω = 0.8800). Further, there does not form any spike at the critical value for ω. It just happens that for ω < ω_c the point f^′(0) = 0 cannot be reached by a shooting from the boundary. Instead, f^′ becomes singular either at r = 0 or already at some non-zero r, depending on the choice of the boundary radius R from which the shooting is done. In Fig. (12) we show the resulting profile functions f for ω = 1 and for the critical value ω = 0.8805.

Figure 12: f and −f^′ for the n = 0 Q-balls for the frequencies ω = 1 (left) and ω = 0.8805 (right).

As is obvious from the results of this and the previous sections, the existence of solutions depends rather crucially not only on the frequency ω, but also on the values of the coupling constants λ and β. Therefore, a scanning of the full parameter space of the theory for solutions might be of some interest and could reveal the existence of different phases in the model. Such a scan is, however, beyond the scope of this article, where we are mainly concerned with demonstrating the existence and the qualitative features of different types of solutions.

4 Topological compact baby skyrmions

Firstly, let us remark that the observed similarity of the baby Skyrme model with the complex signum-Gordon model of Arodz et al only occurs for nontopological solutions with a finite maximum value of the complex field, that is, |u| ∈ [0, |umax|]. In the case of configurations with a non-zero value of the topological charge, |u| may become arbitrarily large, |u| ∈ [0, ∞], and the geometric differences of the models start to play an important role. Specifically, there are no static finite energy solutions in the complex signum-Gordon model, whereas static topological baby skyrmions are known to exist in the model investigated in this paper. Concretely, topologically nontrivial solutions, i.e., baby skyrmions, may be found if we specify the following boundary data: at the origin f(0) = ∞ and f(r = R) = 0, then u (given by the previous Ansatz) covers the whole S^2 and possesses a nontrivial topology. Notice that as in the non-topological case, the profile function takes its vacuum value f = 0 at a finite distance.

4.1 Expansion at the center

In order to obey the boundary conditions proposed above at the origin we expand the profile function in the series

f(r) = b_0r^α + ..., where α < 0, (31)

and find at the leading order 8βn^2 b^2_0 ( α(α + 2) + α^2 ) r^{−α−4} + (α^2 − n^2)r^{α−2} + λ 8 r^α = 0. (32)

Moreover, the potential part may be also neglected and we get 8βn^2 b^2_0 ( α(α + 2) + α^2 ) r^{−α−4} + (α^2 − n^2)r^{α−2} = 0. (33)

First we assume that the second term gives the leading singularity. This happens if −α − 4 > α − 2 i.e., α < −1. Then

(α^2 − n^2)r^{α−2} = 0. (34)

with the obvious solution α = −|n|. (35) For α = −1 both terms are of order r^{−3}, but the coefficient of the first term is identically zero and we find (1 − n^2)r^{−3} = 0. (36)

This expression is fulfilled if n = ±1.

The third possibility occurs if α > −1, when the first term is the leading one. Then,

α(α + 2) + α^2 = 0. (37)

However, this equation has the only real solutions α = −1, 0, leading to a contradiction with our assumption.

To summarize, the leading divergency at the origin reads

f(r) = b_0 ( 1 r )_{|n|} , r → 0. (38)

Let us notice that the expansion at the boundary of compact baby skyrmions is identical to the non-topological case. Thus, we may expect the parabolic approach to the vacuum. Finally, the topological charge Q of these compacton configurations is simply

Q = n. (39)

4.2 Numerical solutions

4.2.1 Relation to the conventions of Karliner and Hen

The authors of [8], [9] performed a full two-dimensional numerical analysis of topological baby skyrmions for different powers of the potential term. Their main concern was the issue of rotational symmetry breaking, i.e, whether the rotationally symmetric solitons implied by the ansatz of this paper are true minimizers of the energy or just local critical points. They also covered the case of the power s = 1/2 studied in our paper, although they did not mention the fact that in this case the solitons are, in fact, compactons. As we want to compare their results to ours, in a first step we explain how their and our conventions are related. They use the lagrangian L = 1 2 (∂_μ⃗n)^2 − κ^2 2 [∂_μ⃗n × ∂_ν⃗n]^2 − μ^2(1 − n^3)^s (40)

and for our purpose we shall focus on the case s = 1/2 in the sequel. Their normal kinetic term differs from our term by a factor of one-half, therefore even after an identification of all coupling constants our soliton energies will be twice as large as theirs. Before matching the coupling constants, we want to use the freedom of a scale transformation in order to be able to make simplifying choices for some of them. In fact, the field equations of our model remain unchanged under the following transformation r → ρr, β → β ρ^2 , λ → ρ^2λ, ω → ρω (41) where ρ > 0 is a scale factor (further, in the static case ω = 0). For a general scale factor ρ, the relation between the coupling constants of Karliner and Hen and ours are

μ^2 = ρ^2λ 2 √ 2 , κ^2 = β ρ^2

. (42)

Further, Karliner and Hen chose μ^2 = 0.1 throughout their numerical analysis, whereas we shall choose λ = 1, which determines the scale factor to ρ^2 = √ 2/5 and, consequently, β = √ 2 5 κ^2. (43)

4.2.2 Numerical calculations

Numerical analysis confirms the analytical results presented above. We find topological skyrmions with a finite radius. The profile function is singular at the origin, with the expected divergency r^{−|n|}, and parabolically approaches 0 at a certain finite distance. For the parameter choice β = √ 2/500 (which corresponds to κ^2 = 0.01 in the papers of Karliner and Han), we plot solutions with topological charge Q = 1..10 in Fig. (13) (n^3 component of the iso-vector field) and Fig. (15) (energy density). The simplest baby skyrmion has a ball shape, with the maximum of the energy density at the origin. On the other hand, higher compact skyrmions have a ring-like structure. The location of the maximum of the energy density grows with the topological charge. The size of compact baby skyrmions also grows with the topological charge Fig. (17). In contrast to the non-topological case, there is no asymptotic (in the sense of the high topological charge) size of the compactons.

Concerning stability, we cannot prove the stability of a topological compacton with our

Figure 13: n^3 component for the compact baby skyrmions with topological charge Q = 1..10

Figure 14: Energy density ϵ(r) (where E = 2π ∫ drϵ(r)) of the compact baby skyrmions for λ = 1, β = √ 2/500, for topological charges Q = 1..10

Figure 15: Dependence of the energy E/(2π) of the compact baby skyrmions on Q

methods, but we can demonstrate its instability. Concretely, a compacton will certainly be unstable if it is heavier than several smaller topological compactons with the same total topological charge. From this stability criterion we find no sign of instability for

Figure 16: E/(2πQ) vs. Q of the compact baby skyrmion

Figure 17: Dependence of the size of the compact baby skyrmions on Q

the compactons with topological charges from Q = 1 to Q = 4. On the other hand, already the Q = 5 compacton is heavier than one Q = 3 compacton plus one Q = 2 compacton, and therefore unstable. All the higher compactons for Q = 6, 7, . . . are unstable, as well, see Fig. (16). These findings should be contrasted with the results of Refs. [8] and [9]. There the authors investigated the stability of the spherically symmetric topological baby skyrmions for the same values of the coupling constants for Q = 1, 2, 3 and found that all three spherically symmetric solitons are stable. This is fully compatible with our results, and we add the further information that the spherically symmetric baby skyrmions are unstable for Q = 5, 6, . . .. The stability of the Q = 4 spherically symmetric baby skyrmion remains an open question. It is not unstable w.r.t. decay into smaller baby skyrmions, but there still could exist a non-symmetric solution with the same topological charge and lesser energy.

5 Compactons of Gisiger and Paranjape

Already in 1996, Gisiger and Paranjape found topological compacton solutions in a version of the baby Skyrme model without the quadratic kinetic term, and with the "old" potential s = 1, that is, for the Lagrangian

L = −β[∂_μ⃗n × ∂_ν⃗n]^2 − λ(1 − n^3), (44)

see ([24]). Here we want to briefly discuss and generalize their result. For this purpose, we first re-derive their solutions using our field parametrization. For static, spherically symmetric configurations we find for the total energy E = 2π ∫_∞ 0 rdr ( β̃ f^2f^{′2} r^2(1 + f^2)^4 + λ f^2 1 + f^2 ) (45)

where β̃ ≡ 32n^2β. Now, we use the freedom to perform a scale transformation r → ρr with ρ^4 = β̃/λ to eliminate the coupling constants. We get E = 2π √ β̃λ ∫_∞ 0 rdr ( f^2f^{′2} r^2(1 + f^2)^4 + f^2 1 + f^2 ) (46)

or, after the further transformations x = r^2 2 , 1 − g = 1 1 + f^2

(47)

E = 2π √ β̃λ ∫_∞ 0 dx( 1 4 g^2_x + |g|) (48)

which is nothing else than the static energy functional of the real signum-Gordon model in 1+1 dimensions. For genuinely 1+1 dimensional compact solitons we would need at least two vacua of the potential, but here we have to take into account the boundary conditions inherited from the two-dimensional problem, namely f(r = 0) = ∞ and f(r = R) = 0, f^′(r = R) = 0, which transforms into g(x = 0) = 1 and g(x = X) = 0, g_x(x = X) = 0. The corresponding Euler–Lagrange equation is the signum-Gordon equation in one dimension 1 2 g_{xx} = sign(g) (49)

and the solution with the right boundary conditions is simply

g = (x − 1)^2 for x ∈ [0, 1) , g = 0 for x ≥ 1 (50)

with the parabolic approach to the vacuum at x = X = 1. This is the static solution of Gisiger and Paranjape.

Here, several remarks are appropriate. Firstly, the above result may be easily generalized for arbitrary potentials V_s = λ(1 − n_3)^s. The energy functional simply changes to E = 2π √ β̃λ ∫_∞ 0 dx( 1 4 g^2_x + |g|^s) (51)

with the Euler–Lagrange equation 1 2 g_{xx} = s|g|^{s−1}sign(g) (52)

and the topological compacton solution g = ( [(2 − s)x − 1]^2 ) 1_{2−s} for x ∈ [0, 1) , g = 0 for x ≥ 1. (53)

In this case, the approach to the vacuum is still power-like, but no longer quadratic (i.e., parabolic).

The second remark concerns the type of compacton we are dealing with in this case (specifically for s = 1). As the kinetic term is quartic in derivatives, and the potential is standard (quadratic near the minimum), one might believe that this is simply one of the cases of a compacton in a K field theory. This impression is, however, not entirely correct. In a typical K field theory with a quadratic approach to the vacuum, the kinetic term is in fact quartic in the directional derivative perpendicular to the compacton boundary (in the radial direction in our case). That is to say, after a symmetry reduction to an ODE, the energy density near the vacuum typically looks like ϵ ∼ f^4_x +f^2 where f is a generic field and x the generic independent variable after the symmetry reduction. This behaviour is, however, not possible in the model of Gisiger and Paranjape, due to the anti-symmetry of the quartic Skyrme term. There, the energy density looks more like ϵ ∼ f^2f^2_x +f^2 near the vacuum, and it may be brought to the signum-Gordon form ϵ ∼ g^2_x + |g| by the simple map g ≡ f^2 (we remind that even the full model within the spherically symmetric ansatz could be mapped to the signum-Gordon model by a slightly more complicated transformation). These compactons are, therefore, more similar in spirit to the compactons in V -shaped potential models than to compactons in K field theories.

The third remark concerns the possibility to find further solutions in the original model of Gisiger and Paranjape (i.e., for s = 1) by mapping other ansaetze to versions of the signum-Gordon model. Concretely, we propose the wave-like ansatz u = f(t, x)e^{iωy} (54) where t, x, y are the usual rectilinear coordinates in 1+2 dimensional Minkowski spacetime. Inserting this ansatz into the Lagrangian of Gisiger and Paranjape we get

L = 4ω^2 f^2 (1 + f^2)^2 (∂^μf)(∂_μf) − f^2 1 + f^2

(55)

(here the index μ = (0, 1) refers to 1+1 dimensional Minkowski space) or, after the transformation 1 − g = (1 + f^2)^{−1},

L = ω^2(∂^μg)(∂_μg) − |g| (56)

which is again the Lagrangian of the (time-dependent) real signum-Gordon equation in 1+1 dimensions. Now the boundary conditions are like in 1+1 dimensional Minkowski space, so there are no static soliton solutions (because the potential term has only one vacuum). There exist, however, compact time-dependent solutions like, e.g., the oscillon (a bell-shaped profile which oscillates in time), see [29] for details. These oscillons, therefore, provide solutions of the baby Skyrme model of Gisiger and Paranjape.

6 Conclusions

It has been the main purpose of the present article to demonstrate the existence of different kinds of compact solutions in the baby Skyrme model with a specific type of potential, V = (1−n_3)^{1/2}. This choice guarantees that the field approaches its vacuum value in a parabolic, i.e., quadratic fashion. For this model we could, indeed, prove the existence of both spinning and non-spinning non-topological compact Q-balls and Qshells. As a special case of these, we even found Q-balls and Q-shells where the profile function develops a peak at its maximum, so-called peakons. Further, we showed the existence of topological compact baby skyrmions and commented on the relation of our findings in this case with the recent results of Refs. [8], [9]. Finally, in Section 5 we investigated a slightly different model, namely the baby Skyrme model without the quadratic kinetic term. In this model, analytical topological compactons have already been found in Ref. [24], and we demonstrated that this model may, in fact, be mapped exactly to the signum-Gordon model, which is well-known to support compact solutions.

A first possible generalization consists in allowing for slightly more general potentials, concretely for the one-parameter family V_s = (1 − n_3)^s. For 1/2 ≤ s < 1, compact solutions should still exist, although the approach to the vacuum will no longer be quadratic for s ≠ 1/2. Instead, the field will approach its vacuum value in a power-like fashion with a power different from two. Another type of configurations which we did not investigate in this paper, but which should be quite easy to study with our methods, are topological Q-balls, i.e., fields with a non-zero topological charge and with a time dependent phase exp(iωt). Such configurations have been studied in baby Skyrme models, e.g., in [2], and in the full Skyrme theory, e.g., in [30].

Next, let us emphasize that due to the finite size of compacton solutions, the interaction between compactons is of a finite range type. Two compact baby skyrmions, or non-topological solutions, may interact only if they are sufficiently close to each other. Therefore, one may easily construct a multisoliton static configuration by putting an arbitrary number of compact baby skyrmions of arbitrary type (i.e., with arbitrary topological charge) provided that the centrers of the compactons are sufficiently separated. Another consequence of their strictly finite size is that these compact objects will have a scattering behaviour which is probably quite distinct from other models, so the study of scattering is certainly a worthwile enterprise. Other types of time-dependent configurations may be quite interesting, as well. One question is, for instance, whether stable or semi-stable solutions with a time-dependent energy density, like e.g. breathers, exist. Here we remark that non-topological, time-dependent solutions of the breather type have already been found in the old baby Skyrme model [31], therefore we expect that a compact version of these breathers probably exists also in the model studied in the present paper.

Given the interesting properties which can be found already in the classical theory, the issue of quantization naturally arises. For nonlinear theories like the baby Skyrme model, usually two methods of quantization are employed. In the first case, one identifies a finite number of relevant low energy degrees of freedom ("collective coordinates") which are then quantized by the methods of quantum mechanics. In this approach, therefore, only a finite number of d.o.f. is quantized, which represents a rather crude approximation in some instances. The other method frequently used consists in quantizing small fluctuations about some relevant classical solutions (like solitons or Q-balls), that is to say, using perturbation theory about a nontrivial classical configuration. In the case of compactons for V -shaped potentials, this second method faces the problem that the contribution of small fluctuations is not small in the vacuum region, essentially because the term sign(|δu|) is not small even for very small but nonzero δu. The use of perturbative methods is, therefore, problematic in theories which support compactons, and nonperturbative quantization methods or alternative expansions probably have to be used from the outset. We conclude that the quantization of compactons, although certainly rewarding given the nice particle-like properties of these objects, is a difficult problem which, in any case, is beyond the scope of the present paper. To conclude, we believe that we have unveiled a rich structure of compact solutions in the baby Skyrme model which we investigated in this paper. These findings, and the findings that can be expected from subsequent studies of this and similar models are certainly interesting both for a deeper fundamental understanding of complicated non-linear field theories and for possible applications to planar problems, given the applications the baby Skyrme model and related models have already found in this context.

Acknowledgements

C.A. and J.S.-G. thank MCyT (Spain) and FEDER (FPA2005-01963), and support from Xunta de Galicia (grant PGIDIT06PXIB296182PR and Conselleria de Educacion). A.W. acknowledges support from the Ministry of Science and Higher Education of Poland grant N N202 126735 (2008-2010).

References

[1] T. H. R. Skyrme, Proc. Roy. Soc. Lon. 260, 127 (1961); Nucl. Phys. 31, 556 (1961); J. Math. Phys. 12, 1735 (1971).

[2] B. M. A. G. Piette, B. J. Schroers and W. J. Zakrzewski, Z. Phys. C65 (1995) 165;

B. M. A. G. Piette, B. J. Schroers and W. J. Zakrzewski, Nucl. Phys. B439 (1995) 205.

[3] R. A. Leese, M. Peyrard and W. J. Zakrzewski Nonlinearity 3 (1990) 773; B. M.

A. G. Piette and W. J. Zakrzewski, Chaos, Solitons and Fractals 5 (1995) 2495; P. M. Sutcliffe, Nonlinearity (1991) 4 1109.

[4] A. A. Belavin, A. M. Polyakov, JETP Lett. 22 (1975) 245; S. L. Soundhi, A.

Karlhede, S. A. Kivelson, E. H. Rezayi, Phys. Rev. B47 (1993) 16419; N. R. Walet, T. Weidig, Europhys. Lett. 55 (2001) 633.

[5] R. Battye, P. Sutcliffe, Nucl. Phys. B705 (2005) 384; R. Battye, P. Sutcliffe, Phys.

Rev. C73 (2006) 005205

[6] V.B. Kopeliovich, B.M.A.G. Piette, W.J. Zakrzewski, Phys. Rev. D73 (2006) 014006; B.M.A.G. Piette, W.J. Zakrzewski, Phys. Rev. D77 (2008) 074009.

[7] T. Weidig, Nonlinearity 12 (1999) 1489, hep-th/9811238; P. Eslami, M. Sarbishaei, W.J. Zakrzewski, Nonlinearity 13 (2000) 1867, hep-th/0001153; R. Ward, Nonlinearity 17 (2004) 1033, hep-th/0307036.

[8] M. Karliner, I. Hen, Nonlinearity 21 (2008) 399-408

[9] M. Karliner, I. Hen, arXiv:0901.1489

[10] T. Weidig, Nonlinearity 12 (1999) 1489.

[11] P. Eslami, M. Sarbishaei and W. J. Zakrzewski, Nonlinearity 13 (2000) 1867

[12] P. Rosenau, J. H. Hyman, Phys. Rev. Lett. 70 (1993) 564

[13] Arodź H 2002 Acta Phys. Polon. B 33 1241; Arodź H 2004 Acta Phys. Polon. B 35 625; Arodź H, Klimas P and Tyranowski T 2005 Acta Phys. Polon. B 36 3861; Arodź H, Klimas P and Tyranowski T 2006 Phys. Rev. E 73 046609; Klimas P 2007 Acta Phys. Polon. B 38 21; Arodź H, Klimas P and Tyranowski T (2007) preprint hep-th/0701148

[14] Adam C, Sánchez-Guillén J and Wereszczyński A 2007 J. Phys. A40 13625 [15] Bazeia D, Lozano L and Menezes R, 2008 Phys. Lett. B 668 246, arXiv:0807.0213 [16] Adam C, Grandi N, Sánchez-Guillén J and Wereszczyński A 2008 J. Phys. A41 212004; Adam C, Grandi N, Klimas P, Sánchez-Guillén J and Wereszczyński A 2008 J. Phys. A41 375401; Bazeia D, Gomes A R, Lozano L and Menezes R, arXiv:0808.1815 [hep-th] [17] E. Babichev, Phys. Rev. D74 (2006) 085004; E. Babichev, Phys. Rev. D77 (2008) 065021.

[18] S. Dusuel, P. Michaux, M. Remoissenet, Phys. Rev. E57 (1998) 2320; P. Tchofo Dinda, M. Remoissenet, Phys. Rev. E60 (1999) 6218; M.A. Aguero, M.J. Paulin, Phys. Rev. E63 (2001) 046606; M.A. Aguero, M.L. Najera, J.A. Aguilar, J. Sanchez, Int. J. Theor. Phys. 48 (2009) 2098.

[19] P. Rosenau, J. H. Hyman, M. Staley, Phys. Rev. Lett. 98 (2007) 024101 [20] S.-Y. Lou, J. Phys. A35 (2002) 10619; J. Lin, X. Qian, Phys. Lett. A313 (2003) 93 [21] H. Arodz, J. Lis, Phys. Rev. D77, 107702 (2008) [22] H. Arodz, J. Karkowski, Z. Swierczynski, arXiv:0907.2801 [23] Adam C, Klimas P, Sánchez-Guillén J and Wereszczyński A, arXiv:0811.4503 [hep-th]; Adam C, Klimas P, Sánchez-Guillén J and Wereszczyński A, arXive:0902.

[24] T. Gisiger, M. B. Paranjape, Phys. Rev. D55 (1997) 7731.

[25] S. Coleman, Nucl. Phys. B262 (1985) 263; R.Battye, P. Sutcliffe, Nucl. Phys.

B590 (2000) 329.

[26] R. Camassa, D. D. Holm, Phys. Rev. Lett. 71 (1993) 1661; D. D. Holm, arXiv:0908.4351 [27] O. Fringer, D. D. Holm, Physica D150 (2001) 237 [28] M. Lundmark, J. Szmigielski, Inv. Prob. 19 (2003) 1241; R. Beals, D.M. Sattinger, J. Szmigielski, Adv. Math. 154 (2000) 229; A. Parker, Y. Matsuno, J. Phys. Soc. Jap. 75 (2006) 124001.

[29] Arodź H, Klimas P and Tyranowski T 2008, Phys. Rev. D77, 047701. [30] R.A. Battye, S. Krusch, P. Sutcliffe, Phys. Lett. B626 (2005) 120. [31] B.M.A.G. Piette, W.J. Zakrzewski, hep-th/9710012; B.M.A.G. Piette, W.J. Zakrzewski, Nonlinearity 11 (1998) 1103.