arXiv:0909.2562v5 [gr-qc] 13 Sep 2010

September 14, 2010 3:25 WSPC/INSTRUCTION FILE HL˙IJMPA

PHENOMENOLOGICAL CONSTRAINTS ON THE KEHAGIAS-SFETSOS SOLUTION IN THE HOŘAVA-LIFSHITZ GRAVITY FROM SOLAR SYSTEM ORBITAL MOTIONS

LORENZO IORIO Ministero dell’Istruzione, dell’Università e della Ricerca, Viale Unità di Italia 68 Bari, (BA) 70125, Italy lorenzo.iorio@libero.it

MATTEO LUCA RUGGIERO Dipartimento di Fisica, Politecnico di Torino, Corso Duca degli Abruzzi 24 Torino, (TO) 10129, Italy matteo.ruggiero@polito.it

We focus on Hořava-Lifshitz (HL) theory of gravity, and, in particular, on the Kehagias and Sfetsos’s solution that is the analog of Schwarzschild black hole of General Relativity. In the weak-field and slow-motion approximation we analytically work out the secular precession of the longitude of the pericentre ϖ of a test particle induced by this solution. Its analytical form is different from that of the general relativistic Einstein’s pericentre precession. Then, we compare it to the latest determinations of the corrections Δϖ̇ to the standard Newtonian/Einsteinian planetary perihelion precessions recently estimated by E.V. Pitjeva with the EPM2008 ephemerides. It turns out that the planets of the solar system, taken singularly one at a time, allow to put lower bounds on the adimensional HL parameter ψ_0 of the order of 10^{−12} (Mercury)−10^{−24} (Pluto). They are not able to account for the Pioneer anomalous acceleration for r > 20 AU.

Keywords: Modified theories of gravity; Celestial mechanics

1. Introduction

Hořava1^,2 has recently proposed a four-dimensional theory of gravity that can be thought of as a candidate for a UV completion of General Relativity (GR), since it is power-counting renormalizable. This theory admits the Lifshitz scale invariance: x → bx, t → b^q t, and, after this, it is referred to as Hořava-Lifshitz (HL) theory. It is q = 3 in the UV, and hence HL theory exhibits anisotropy between space and time, while relativistic scaling with q = 1 is recovered in the IR regime. Actually, in the original formulation of HL gravity there are problems in recovering GR at large distances, unless the condition of “detailed balance” (used by Hořava to restrict the number of possible parameters) is relaxed3^,4. Thus, phenomenologically viable modifications5^,6 of the theory have been considered, even though some problems still seem to be present7^,8.

Since its formulation, HL gravity has been deeply investigated; several of its applications (e.g. cosmology, study of exact solutions, lensing, black holes and ther- 1

2 Lorenzo Iorio, Matteo Luca Ruggiero

modynamics of black holes) have been analyzed (see Refs. 9, 10 and references therein). In particular, a static, spherically symmetric solution has been found4 by Kehagias and Sfetsos (KS). Such a solution is the analog of Schwarzschild one of GR and, moreover, it asymptotically reproduces the usual behavior of Schwarzschild spacetime. The KS solution is obtained without requiring the projectability condition, assumed in the original HL theory. Spherically symmetric solutions with the projectability condition are, however, available11^,12^,13. It is important to point out that, up to now, in HL gravity the gravitational field is purely geometrical: in other words, the way matter has to be embedded still needs to be studied. Furthermore, since the way matter couples to gravity is not clear, the fact that particles move along geodesic is not granted, and deviations from geodesic motion are expected14. That being said, it is possible to consider the KS solution as a toy model which can be studied to obtain a better theoretical insight into the fundamental aspects of HL gravity because of its relative simplicity. Actually, this has already been done, focusing on implications of this solution in various physical scenarios, ranging from accretion disks15 to black holes thermodynamics (see Ref. 16 and references therein).

Since the Newtonian and lowest order post-Newtonian limits of the KS solution coincides with those of GR, it is manifest that this solution of HL gravity is in agreement with the classical tests of GR, as it has recently been shown in Ref. 17. In this paper we focus on the first corrections to the GR behavior, in order to evaluate the impact of these corrections on solar system orbital motions. Furthermore, we use data from solar system observations to constrain the KS solution. In particular, we want to investigate the weak-field and slow-motion approximation of the KS solution by working out the induced pericenter precession of a test particle (Section 2) and comparing it to recent observations-based determinations of the non-standard rates of the perihelia of some planets of the solar system (Section 3). Section 4 is devoted to the discussion and the conclusions.

2. Calculating the perihelion precession

In order to study orbital motion in the gravitational field of the Sun, we start from a static and spherically symmetric metric

ds^2 = e^{ν(r)}c^2dt^2 − e^{λ(r)}dr^2 − r^2dΦ^2, (1)

with dΦ^2 = dϑ^2 + sin^2 ϑdφ^2, in Schwarzschild-like coordinates. In particular, for the asymptotically flat KS solution we have4

e^{ν(r)} = e^{−λ(r)} = 1 + ψr^2 − √ ψ^2r^4 + 4ψMr, (2)

with M ≡^{GM}_{c2} , so that

ds^2 = ( 1 + ψr^2 − √ ψ^2r^4 + 4ψMr ) c^2dt^2 − dr^2 ( 1 + ψr^2 − √ ψ^2r^4 + 4ψMr

) − r^2dΦ^2. (3)

Phenomenological constraints on Hořava-Lifshitz gravity from solar system orbital motions 3

Let us re-write e^{ν(r)} as

e^{ν(r)} = 1 + ψr^2 [ 1 − √ 1 + 4M ψr^3 ] . (4)

Let us focus on a typical Sun-planet system so that r ≈ 1 AU; it is clear that some limiting condition on ψ must hold so that e^{ν(r)} → 1 − 2M r , (5)

as in the Schwarzschild case. After posing ψ .=^{ψ0}_{M2} , it turns out that it must be

ψ_0 ≫ 4 ( M r )_3 ≈ 4 × 10^{−24} (6)

for M = M_⊙ and r ≈ 1 AU. Indeed, in this case, one has e^{ν(r)} ≈ 1 − 2M r + 2 ψ_0 ( M r )_4

, (7)

so that

ds^2 = ( 1 − 2M r + 2M^4 ψ_0r^4 ) c^2dt^2 − 1 ( 1 −^{2M}_r +^{2M4}_{ψ0 r4}

) dr^2 − r^2dΦ^2. (8)

Even though here we are concerned on the KS solution of HL gravity, our approach apply as well to an arbitrary perturbation of the Schwarzschild solution in the form e^{ν(r)} ≈ 1 − 2M r + 2α r^4

, (9)

where α is a suitable perturbation parameter: in fact, on setting ψ_0 = M^4/α, it is possible to get constraints on α starting from the ones obtained on ψ_0, knowing the mass of the source M = c^2M/G.

By inspection of the metric (8), it is clear that the first ψ_0−type corrections to the GR behaviour for large distances are of order r^{−4}; We aim at investigating the effects of these corrections that depend on terms in the form^{M4}_{ψ0 r4} and we neglect the higher order effects of Schwarzschild metric (i.e. the terms that are proportional to (_M r )_k , k ≥ 2). To this end, we introduce the isotropic radial coordinate r̄ r̄ = r ( 1 − M r + 1 4 M^4 ψ_0r^4 ) (10)

and substitute in (8). After approximating, the metric becomes

ds^2 = ( 1 − 2M r̄ + 2M^4 ψ_0r̄^4 ) c^2dt^2 − ( 1 + 2M r̄ − 1 2 M^4 ψ_0r̄^4 ) ( dr̄^2 + r̄^2dΦ^2 ) (11)

or, introducing Cartesian coordinates such that r̄^2 = x^2 + y^2 + z^2,

ds^2 = ( 1 − 2M r̄ + 2M^4 ψ_0r̄^4 ) c^2dt^2 − ( 1 + 2M r̄ − 1 2 M^4 ψ_0r̄^4 ) ( dx^2 + dy^2 + dz^2 ) ; (12)

4 Lorenzo Iorio, Matteo Luca Ruggiero

in the following we will re-name r̄ as r.^a

From eq.(12) and from the post-Newtonian equations of motion of a test particle18

ẍ^i = − 1 2 c^2h_{00,i} − 1 2 c^2h_{ik}h_{00,k} + h_{00,k}ẋ^kẋ^i + ( h_{ik,m} − 1 2 h_{km,i} ) ẋ^kẋ^m, i = 1, 2, 3, (13) valid for time-independent space-time metrics without off-diagonal terms, it is possible to obtain the following expression for the ψ_0−dependent acceleration

⃗A_{ψ0} = G^4M^4

ψ_0c^6r^5 [( 4 + v^2 c^2 ) r̂ − 10 (v_r c^2 ) ⃗v ] , (14)

where r̂ .=^{⃗r} is the planet’s unit vector in the radial direction, ⃗v is the planet’s velocity, and v_r is its component in the radial direction, i.e. v_r .= ⃗v · r̂. Since typical solar systems’s planetary speeds are of the order of v ≈ na ≈ 10^4 m s^{−1}, where a is the semi-major axis and n .= √ GM/a^3 is the Keplerian mean motion related to the orbital period by P_b .= 2π/n, we can neglect the terms^{v2}_{c2} and, especially, (_{vr} c^2 ) v, which is even smaller since v_r is proportional to the planet’s eccentricity e19. Thus, ⃗A_{ψ0} reduces to the entirely radial term

⃗A_{ψ0} ≈ 4G^4M^4 ψ_0c^6r^5 r̂ (15)

whose magnitude, in the case M = M_⊙ and r ≈ 1 AU, is quite smaller than the Newtonian monopole for ψ_0 > 4 (_M r )_3

; as we will see later, such a condition is fully satisfied in the solar system. As a consequence, it is possible to apply the standard Gauss perturbative approach20 to derive the secular, i.e. averaged over one orbital period, precession of the longitude of the perihelion19 ϖ .= Ω + ω, where Ω is the longitude of the ascending node and ω is the argument of the perihelion. The Gauss equation for the node’s variation is20

Ω̇ = 1 na √ 1 − e^2 sin I A_n ( r a ) sin(ω + f), (16)

where A_n is the component of the perturbing acceleration ⃗A, whatever its physical origin may be, normal to the orbital plane, I is the inclination^b to the ecliptic, and f is the true anomaly reckoning the planet’s position from the the perihelion19.

aIt useful to remember that the isotropic form of Schwarzschild metric is, up to (_M r )_2 , ds^2 = ( 1 − 2M r + 2M^2 r^2 ) c^2dt^2 − ( 1 + 2M r + 3 2 M^2 r^2 ) ( dr^2 + r^2dΦ^2 ) .

bΩ, ω, I can be thought as the three Euler angles determining the spatial orientation of a rigid body, i.e. the un-perturbed Keplerian ellipse which changes neither its size, fixed by a, nor its shape, fixed by e, with respect to a locally quasi-inertial frame.

Phenomenological constraints on Hořava-Lifshitz gravity from solar system orbital motions 5

The Gauss equation for the variation of ω is20

ω̇ = √ 1 − e^2 nae [ −A_r cos f + A_τ ( 1 + r p ) sin f ] − cos IΩ̇, (17)

where p .= a(1 − e^2) is the semi-latus rectum, and A_r and A_τ are the components of ⃗A along the radial and transverse directions, respectively, both in-plane. The un-perturbed Keplerian ellipse, on which the right-hand-sides of eq. (16) and eq. (17) have to be evaluated, is19 r = a(1 − e^2) 1 + e cos f

, (18)

while the average over one orbital period has to be performed by means of19 dt = (1 − e^2)^{3/2} n(1 + e cos f)^2 df. (19) Since, in this case, there is no normal component of ⃗A_{ψ0} , the node is left unaffected. The calculations with eq.(17) are made simpler by the absence of the transverse component of ⃗A_{ψ0} as well. As a consequence, we obtain that the advance of the perihelion per orbit is

Δϖ_{ψ0} = −

3πM^4(4 + e^2) ψ_0n^2a^6(1 − e^2)^3

; (20)

thus, the secular precession of ϖ, reintroducing physical units, is ⟨ϖ̇⟩_{ψ0} .= Δϖ ( n 2π ) = − 3(GM)^4(4 + e^2) 2ψ_0c^6na^6(1 − e^2)^3 = − 3(GM)^{7/2}(4 + e^2) 2ψ_0c^6a^{9/2}(1 − e^2)^3

. (21)

Note that eq. (21) is analytically different from the gravitoelectric O(c^{−2}) Einstein precession which is proportional to (GM)^{3/2}a^{−5/2}(1 − e^2)^{−1}.

2.1. Alternative derivation of the perihelion precession Here we will derive the perihelion precession due to HL gravity with an alternative approach based on the Lagrange planetary equations20 valid when the perturbation considered can be derived from a potential function. Firstly, it is required to compute the average over one orbital revolution of the correction ΔU to the Newtonian potential U = −GM/r responsible of the perturbation.

In our case, from the expression of h_{00} in eq. (12) it follows

ΔU_{ψ0} =

(GM)^4 ψ_0c^6r^4

. (22)

It is straightforward to obtain

R_{ψ0} .= ⟨ΔU⟩_{ψ0} =

(GM)^4(2 + e^2) 2ψ_0c^6a^4(1 − e^2)^{5/2}

. (23)

6 Lorenzo Iorio, Matteo Luca Ruggiero

The Lagrange equations of the variation of ω and Ω due to a generic perturbation are ⟨ω̇⟩ = 1 na^2 √ 1 − e^2 [( 1 − e^2 e ) ∂R ∂e − cos I sin I ∂R ∂I ] , (24) ⟨ Ω̇ ⟩ = 1 na^2 √ 1 − e^2 sin I ∂R ∂I . (25)

Since R_{ψ0} does not contain the inclination I, we simply have ⟨ϖ̇⟩_{ψ0} = √ 1 − e^2 nea^2 ∂R_{ψ0} ∂e , (26)

which yields just eq. (21).

3. Confrontation with the observations

The expression of eq.(21) can be compared to the latest determinations of the corrections Δϖ̇ to the standard Newtonian/Einsteinian periehlion precessions of some planets of the solar system recently estimated by contrasting large planetary data sets of various types with accurate dynamical force models of (almost) all known Newtonian and general relativistic effects21^,22^,23. In view of the relatively short orbital periods of some of the planets considered with respect to the time interval spanned by the observational data set used, i.e. about one century, the estimated Δϖ̇ can be meaningfully compared to the predicted secular, i.e. averaged over one orbital revolution, precessions. Latest results obtained by Pitjeva23 are shown in Table 1 and Table 2; they are based on the EPM2008 ephemerides constructed from a data set of 550000 observations ranging from 1913 to 2008. It is interesting to note that she estimated corrections to the perihelion precessions of Neptune and Pluto as well, although the available observations do not yet cover full orbital revolutions for them.

Table 1. Estimated corrections Δϖ̇, in arcsec cty^{−1} , to the standard Newtonian/Einsteinian secular, i.e. averaged over one orbital revolution, precessions of the longitude of the perihelia of the inner planets obtained with the EPM2008 ephemerides23. The quoted errors are not the mere formal, statistical ones. The corrections Δϖ̇ account for any un-modelled dynamical effects, classical (i.e. Newtonian/general relativistic) or not.

Mercury Venus Earth Mars

−0.0040 ± 0.0050 0.024 ± 0.033 0.006 ± 0.007 −0.007 ± 0.007

Since the corrections to the standard perihelion precessions of Table 1-Table 2 are statistically compatible with zero, attributing them to the action of the HL

Phenomenological constraints on Hořava-Lifshitz gravity from solar system orbital motions 7

acceleration of eq. (14) implies that the maximum value of ψ_0 is infinity. Lower limits to it can be obtained from |ψ_0| ≥ | | | |− 3(GM)^{7/2}(4 + e^2) 2[Δϖ̇ ± δ(Δϖ̇)]_{max}c^6a^{9/2}(1 − e^2)^3 | | | | . (27)

They are shown in Table 3 for the inner planets and Table 4 for the outer planets. The larger value is 8 × 10^{−12} and comes from Mercury. As an a-posteriori check of the consistency of our perturbative results with the assumption of eq. (6), we note that our lower bounds on ψ_0 are always larger than 4(M/r)^3 for all the planets considered.

Let us note that ψ_0 = 8 × 10^{−12} (see Ref. 17) yields for Mercury a precession of −0.07007 arcsec cty^{−1}, which is quite different from the standard Einstein precession of +42.98 arcsec cty^{−1}.

Finally, we mention that since ⃗A_{ψ0} is a radial acceleration, although directed outward the Sun and not spatially uniform, it may be interesting to see if our limiting values for ψ_0 may, at least, explain the magnitude of the anomalous Pioneer acceleration (A_{Pio} = 8.74 × 10^{−10} m s^{−1}) experienced by the two twin probes after 20 AU26. The answer is negative. Indeed, the upper bounds on ⃗A_{ψ0} , corresponding to the lower bounds on ψ_0 obtained from Uranus, Neptune and Pluto orbiting in the spatial regions in which the Pioneer anomaly manifested itself in its presently known form, are smaller by about one order of magnitude. They are shown in Table 5. 4. Discussion and conclusions

In this paper we considered the spherically symmetric KS solution, which is a solution of HL gravity, obtained relaxing both the detailed balance and projectability conditions. The Newtonian and lowest order post-Newtonian limits of KS solution coincide with those of GR, and we focused on the first corrections to the GR behaviour, in order to evaluate the impact of these corrections on the solar system orbital motions and use the available data to constrain this particular solution of HL gravity. Actually, our results apply as well to arbitrary perturbations of the Schwarzschild proportional to 1/r^4.

After having analytically calculated the pericentre precession of a test particle averaged over one orbital revolution with both the Gauss and Lagrange perturbative schemes, we compared our theoretical prediction to the corrections to the standard Newtonian/Einsteinian perihelion precessions of all the planets of the solar system, recently estimated by E.V. Pitjeva by fitting the dynamical models of the EPM2008 ephemerides to 550000 observations of several types spanning the time interval 1913- 2008. The upper bounds on the estimated corrections to the perihelion precessions of all the planets, taken singularly one at a time, yield lower bounds on ψ_0. The largest one occurs for Mercury, being of the order of 10^{−12}, while Pluto yields the smallest one which is about 10^{−24}. Concerning Mercury, the corresponding lower bound for ψ_0 yields a retrograde perihelion precession of at most −0.07007 arcsec cty^{−1}, quite

September 14, 2010 3:25 WSPC/INSTRUCTION FILE HL˙IJMPA

8 Lorenzo Iorio, Matteo Luca Ruggiero

different from the standard general relativistic one. The lower bounds on ψ_0 from Uranus, Neptune and Pluto, moving where the Pioneer anomaly manifested itself in its presently known form, yield upper bounds on the corresponding HL acceleration one order of magnitude smaller than the anomalous Pioneer acceleration of 8.74 × 10^{−10} m s^{−2}.

If and when other teams of astronomers will estimate their own corrections to the standard rates of the planetary of perihelia, it will be possible to repeat the present analysis. A further, complementary approach that could be followed, although very time-consuming, consists in re-processing all the planetary data sets with the fully modeled KS metric and looking at the values of the estimated parameters, including also ψ_0 itself.

Acknowledgements

We thanks some anonymous referees for their useful and constructive remarks.

References 1. P. Hořava, Phys. Rev. D 79, 84008 (2009), [arXiv:0901.3775]. 2. P. Hořava, Phys. Rev. Lett. 102, 161301 (2009), [arXiv:0902.3657]. 3. H. Lü, J. Mei, C.N. Pope, Phys. Rev. Lett. 103, 091301 (2009) [arXiv:0904.1595]. 4. A. Kehagias and K. Sfetsos, Phys. Lett. B 678, 123 (2009), [arXiv:0905.0477]. 5. T.P. Sotiriou, M. Visser, S. Weinfurtner, Phys. Rev. Lett. 102, 251601 (2009), [arXiv:0904.4464].

6. T.P. Sotiriou, M. Visser, S. Weinfurtner, [arXiv:0905.2798].

7. C. Charmousis, G. Niz, A. Padilla, P.M. Saffin, JHEP 08, 070 (2009), [arXiv:0905.2579].

8. D. Blas, O. Pujolas, S. Sibiryakov, (2009) [arXiv:0906.3046] 9. S. Chen, J. Jing, Phys. Rev. D 80, 024036 (2009), [arXiv:0905.2055]. 10. R. A. Konoplya, Phys. Lett. B 679, 499 (2009), [arXiv:0905.1523]. 11. J. Tang, B. Chen, (2009) [arXiv:0909.4127].

12. A. Wang, D. Wands, R. Maartens, (2009) [arXiv:0909.5167]. 13. J. Greenwald, A. Papazoglou, A. Wang (2009), [arXiv:0912.0011]. 14. D. Capasso, A. P. Polychronakos, JHEP 02, 068 (2010), [arXiv:0905.2579]. 15. T. Harko, Z. Kovács, F.S.N. Lobo, Phys. Rev. D 80, 044021 (2009 [arXiv:0907.1449]. 16. W. Janke, D. A. Johnston, R. Kenna, (2010) [arXiv:1005.3392]. 17. T. Harko, Z. Kovács, F.S.N. Lobo, [arXiv:0908.2874].

18. V.A. Brumberg, Essential Relativistic Celestial Mechanics, Adam Hilger, Bristol, 1991. 19. A.E. Roy, Orbital Motion. Fourth Edition, IoP, Bristol, 2005.

20. B. Bertotti, P. Farinella and D. Vokrouhlicky, Physics of the Solar System, Kluwer, Dordrecht, 2003.

21. E.V. Pitjeva, Astron. Lett. 31, 340 (2005).

22. E.V. Pitjeva, paper presented at Journées “Systèmes de référence spatio-temporels” and X. Lohrmann-Kolloquium 22-24 September 2008 - Dresden, Germany.

23. E.V. Pitjeva, EPM ephemerides and relativity, in Relativity in Fundamental Astronomy: Dynamics, Reference Frames, and Data Analysis. Proceedings IAU Symposium No. 261, 2009 S.A. Klioner, P.K. Seidelman and M.H. Soffel, eds., pp. 170-178, 2010.

24. E.V. Pitjeva, Use of optical and radio astrometric observations of planets, satellites

September 14, 2010 3:25 WSPC/INSTRUCTION FILE HL˙IJMPA

Phenomenological constraints on Hořava-Lifshitz gravity from solar system orbital motions 9

and spacecraft for ephemeris astronomy, in W.J. Jin, I. Platais and M.A.C. Perryman (ed.) A Giant Step: from Milli- to Micro-arcsecond Astrometry Proceedings IAU Symposium No. 248, 2007, Cambridge University Press, Cambridge, 2008, pp. 20-22.

25. J. Lense and H. Thirring, Phys. Z. 19 156, (1918).

26. J.D. Anderson, P.A. Laing, E.L. Lau, A.S. Liu, M.M. Nieto and S.G. Turyshev, Phys.

Rev. Lett. 81, 2858 (1998), [gr-qc/9808081].

September 14, 2010 3:25 WSPC/INSTRUCTION FILE HL˙IJMPA

10 Lorenzo Iorio, Matteo Luca Ruggiero

Table 2. Estimated corrections Δϖ̇, in arcsec cty^{−1} , to the standard Newtonian/Einsteinian secular precessions of the longitude of the perihelia of the outer planets obtained with the EPM2008 ephemerides23. The quoted errors are not the mere formal, statistical ones. The corrections Δϖ̇ account for any un-modelled dynamical effects, classical (i.e. Newtonian/general relativistic) or not.

Jupiter Saturn Uranus Neptune Pluto

0.067 ± 0.093 −0.010 ± 0.015 −3.89 ± 3.90 −4.44 ± 5.40 2.84 ± 4.51

Table 3. Lower bounds on |ψ_0| obtained from the corrections Δϖ̇ to the standard perihelion precessions of the inner planets of Table 1 by using the predicted rate of eq. (21).

Mercury Venus Earth Mars

8 × 10^{−12} 6 × 10^{−14} 6 × 10^{−14} 8 × 10^{−15}

Table 4. Lower bounds on |ψ_0| obtained from the corrections Δϖ̇ to the standard perihelion precessions of the outer planets of Table 2 by using the predicted rate of eq. (21).

Jupiter Saturn Uranus Neptune Pluto

3 × 10^{−18} 1 × 10^{−18} 2 × 10^{−22} 2 × 10^{−23} 8 × 10^{−24}

Table 5. Upper bounds of the HL acceleration of eq. (14) at heliocentric distances of Uranus, Neptune and Pluto computed with the lower bounds on ψ_0 according to Table 4.

20 AU 30 AU 40 AU

5.4 × 10^{−11} m s^{−2} 5.5 × 10^{−11} m s^{−2} 3 × 10^{−11} m s^{−2}