arXiv:0909.2870v2 [hep-th] 2 Dec 2009

Heterotic supersymmetric backgrounds with compact holonomy revisited

G. Papadopoulos

Department of Mathematics King’s College London Strand London WC2R 2LS, UK

Abstract

We simplify the classification of supersymmetric solutions with compact holonomy of the Killing spinor equations of heterotic supergravity using the field equations and the additional assumption that the 3-form flux is closed. We determine all the fractions of supersymmetry that the solutions preserve and find that there is a restriction on the number of supersymmetries which depends on the isometry group of the background. We examine the geometry of spacetime in all cases. We find that the supersymmetric solutions of heterotic supergravity are associated with a large number of geometric structures which include 7-dimensional manifolds with G_2 structure, 6-dimensional complex and almost complex manifolds, and 4-dimensional hyper-Kähler, Kähler and anti-self-dual Weyl manifolds.

Contents

1 Introduction 2 2 Gravitino and dilatino KSEs revisited 4 3 G_2 7 4 SU(3) 10 5 SU(2) 21 6 Conclusions 31 Appendix A Dilatino KSE on group manifolds 33 References 35

1 Introduction

The Killing spinor equations of heterotic supergravity have been solved in all cases [1, 2] and it has been found that there are 61 type of solutions up to gauge transformations tabulated in table 2 of [3]. The solutions can be separated into two large classes depending on whether the holonomy, hol( ^∇), of the connection ^∇ with torsion the 3-form flux H is compact or non-compact. The holonomy group describes completely the solution of the gravitino Killing spinor equation (KSE). Each class is further subdivided. This is because not all solutions of the gravitino KSE are also solutions of the dilatino one. If L is the number of ^∇-parallel spinors, ie the solutions of the gravitino KSE, then typically the number N of Killing spinors, ie solutions of both gravitino and dilatino KSEs, is N ≤ L. Backgrounds with N < L have been called descendants in [2].

In the non-compact holonomy case, the solutions of the KSEs are characterized by the pair of numbers (L, N). In particular, L = 1, 2, 3, 4, 5, 6, 8, and each L is associated to a unique non-compact holonomy group. Moreover N takes all values N ≤ L for each L. In addition for every pair (L, N) there is a unique type of spacetime geometry that can occur. Furthermore, it has been shown that the geometry of the (L, N), N ≠ 7, backgrounds is a special case of that of (N, N) backgrounds. It suffices therefore to consider only those backgrounds for which all parallel spinors are Killing. This is apart from the (8, 7) case which is treated separately, see also table 4. Since there is a concise description of the geometry of (L, L) backgrounds, the understanding of the geometric conditions imposed by supersymmetry is complete for all backgrounds with non-compact holonomy.

In the compact holonomy case, the solutions of the KSEs can again be labeled by the pair (L, N), where L = 2, 4, 8, 16 and N ≤ L. But, unlike the non-compact case, they are not uniquely characterized by the pair (L, N). In particular for a given pair (L, N), there are different types of geometry that can occur. Moreover, there is no straightforward relation between the geometry of (L, N) and (N, N) backgrounds. Of course all conditions on the spacetime geometry that arise from the KSEs are known [2]. However, they are stated in a non-covariant manner as an artifact of the gauging fixing process used in the context of spinorial geometry method [4] to solving the dilatino KSEs. Furthermore, it is known that the spacetime of such supersymmetric backgrounds admits a Lorentzian Lie algebra action generating Killing vector fields which are nowhere vanishing. Nevertheless, the classification of Lorentzian Lie algebras [5, 6] has not been incorporated in the understanding of geometry of supersymmetric backgrounds.

In this paper, we shall re-examine the dilatino Killing spinor equation in a way that it is manifestly covariant. However, this cannot be achieved without some additional assumptions which we shall explain later. Nevertheless the covariant approach to solving the dilatino KSE has some advantages. One is that we illuminate the large degeneracy of types of geometry which occurs for each pair (L, N), and we find some restriction on N for a given L. The other advantage is that the classification of Lorentzian Lie algebras is now naturally incorporated in the classification of supersymmetric backgrounds.

Different sets of assumptions can be used to solve the dilatino KSE. However the most economical assumption is to take dH = 0, ie impose the Bianchi identity of the 3-form field strength, and also use the field equations that arise as the conditions for conformal invariance at 1-loop in the sigma model perturbation, ie the heterotic supergravity field equations^1. The condition dH = 0 is always valid in the heterotic case at the zeroth order of the α^′ expansion, and to all orders if the gauge connection is embedded in the spin connection. Moreover, it is valid to all orders for the type II common sector backgrounds.

The above assumptions have far reaching consequences. One reason for this is that one can use holonomy reduction arguments. These are based on the observation that the descendant backgrounds, N < L, have more ^∇-parallel tensors than those with N = L [2]. As a result, the holonomy of ^∇ for the descendant backgrounds reduces. Examining the pattern of holonomy reduction, one can determine some components of H which in turn allow for the solution of the dilatino KSE. Another consequence of the above assumptions is that one can incorporate information about the classification of Lorentzian Lie algebras into the solution of the KSEs in a natural way. To illustrate this, supersymmetric backgrounds with compact holonomy admit several ^∇-parallel vector fields one of which is time-like constructed from parallel spinor bi-linears. If dH = 0, one can show that their commutator is also ^∇-parallel. Then an argument based on holonomy reduction requires that the vector space spanned by the vector fields constructed from parallel spinor bi-linears closes under Lie brackets. Since it is a Lorentzian Lie algebra, the classification results can be used to determine the isometries of the supersymmetric backgrounds and as a result the geometry of spacetime. We find that the number of Killing spinors N depends on the Lorentzian Lie algebra which acts on the spacetime.

Assuming that the action of the Lorentzian Lie algebra on the spacetime M can be integrated to a free group action, M is a principal bundle M = P (G, B; π) with fibre group G which generates the isometries of spacetime and base space B. Moreover, it is equipped with a principal bundle connection, λ, which twists the fibre G over B [1]. Using these data a brief description of the results we find after solving the KSEs is as follows. In the G_2 case (L = 2), there are solutions to the KSEs with 1 and 2 supersymmetries, see also table 4. Lie G as well as some of the properties of the dilaton for these solutions are summarized in table 1. The base space B is a 7-dimensional manifold with a G_2 structure which is compatible with a connection with skew-symmetric torsion. The connection λ is a G_2 instanton with gauge group G. In the SU(3) case (L = 4), there are solutions with 1, 2 and 4 supersymmetries. Lie G as well as some of the geometric properties of the base space are summarized in table 2. B is a 6-dimensional manifold equipped with either a SU(3) or a U(3) structure compatible with a connection with skew-symmetric torsion. It may also be an almost complex or complex manifold depending on G and N. The connection λ is either a SU(3) or U(3) instanton, ie Hermitian-Einstein connection^2, with gauge group G. In the SU(2) case (L = 8), there are solutions with 2, 4, 6 and 8 supersymmetries. Lie G as well as some of the geometric properties of the base space are summarized in table 3. B is a 4-dimensional manifold which admits either a hyper-Kähler structure, or a Kähler structure or a the Weyl tensor is anti-self-dual. The connection λ is either an anti-self-dual instanton, or a U(2) instanton, or the self-dual part satisfies a Hermitian-Einstein type of condition, with gauge group G.

1Alternatively, we can assume the consequences of imposing dH = 0 and the field equations but allow for H not to be closed.

2In the U(3) case, there is a “cosmological constant” contribution along the diagonal U(1) subgroup.

This paper is organized as follows. In section 2, we review some aspects of the KSEs of heterotic supergravity and specify the part of the dilatino KSE that we solve later. In section 3, we solve the KSEs for backgrounds with holonomy G_2. In section 4, we solve the KSEs for backgrounds with holonomy SU(3). In section 5, we solve the KSEs for backgrounds with holonomy SU(2), and in section 6 we give our conclusions. In appendix A, we describe the solution of the dilatino KSE for group manifolds.

2 Gravitino and dilatino KSEs revisited

Before we proceed to investigate each case separately, we shall first explain the general characteristics of all cases and the strategy we have used to reformulate and solve the dilatino KSE. We summarize some aspects of the gravitino KSE. The solution of the gaugino KSE remains unaltered and can be found in [3], see also [7].

2.1 Gravitino KSE

The gravitino KSE of the heterotic supergravity has been solved in [1, 2]. The spacetime of all supersymmetric backgrounds which admit L parallel spinors with compact isotropy group K in Spin(9, 1), hol( ^∇) ⊆ K, admits a local frame e^A = (e^a, e^i) such that the spacetime metric g and H can be written as

ds^2 = η_{ab} e^ae^b + δ_{ij} e^ie^j , H = 1 3! H_{abc} e^a ∧ e^b ∧ e^c + 1 2 H_{abi} e^a ∧ e^b ∧ e^i + 1 2 H_{aij} e^a ∧ e^i ∧ e^j + H̃ , (2.1)

respectively, where

H̃ = 1 3! H_{ijk} e^i ∧ e^j ∧ e^k , (2.2)

and η^{ab} = g^{−1}(e^a, e^b). The range of the indices a and i depends on the choice of K. Moreover the gravitino KSE implies that the forms e^a , τ ≡ 1 k! τ_{i1i2...ik} e^{i1} ∧ e^{i2} ∧ · · · ∧ e^{ik} , (2.3) are ^∇-parallel, ie

^∇e^a = 0 , ^∇τ = 0 , (2.4)

where τ stands for the fundamental forms of K. Moreover one of the forms e^a is time-like and all are constructed from ^∇-parallel spinor bi-linears.

The first condition in (2.4) implies that

L_ag = 0 , de^a = η^{ab}i_bH , (2.5)

where the vector fields e^M_a = g^{MN} η_{ab}e^b_N are dual to the 1-forms e^a with respect to the spacetime metric g. The second condition in (2.5) determines the i_aH components of H in terms of the exterior derivative of e^a. Moreover the second condition in (2.4) can be solved to determine the rest of the components of H in (2.1) in terms of the spacetime metric and e^a and τ and their exterior derivatives. In addition, it leads in some cases to set of conditions on the e^a’s and τ’s which are interpreted as restrictions on the geometry of spacetime. This is the full content of the gravitino Killing spinor equation, see [1, 2] for more details.

For later use note that if dH = 0, the Bianchi identity for ^∇ yields R̂_{A[B,CD]} = −1 3 ^∇_AH_{BCD} . (2.6)

2.2 Dilatino KSE

Before we proceed to organize the conditions that arise from the dilatino KSE, first observe that H in (2.1) and all tensors of M can be decomposed further into irreducible representations of K. This is because K, as containing the holonomy group of ^∇, acts of the typical fibre of T M, the tangent space of spacetime, with some representation. In particular, the typical fibre decomposes as R^{9,1} = R^{9−ℓ,1} ⊕ R^ℓ, where R^{9−ℓ,1} is spanned by the directions of the parallel vector fields e_a and the orthogonal complement is taken with respect to the spacetime metric. K acts trivially on R^{9−ℓ,1} and with an irreducible representation on R^ℓ. Moreover since K ⊂ Spin(ℓ) ⊂ Spin(9, 1), its Lie algebra k ⊂ spin(ℓ) = Λ^2(R^ℓ). As a result, one can decompose Λ^2(R^ℓ) as Λ^2(R^ℓ) = k ⊕ k^⊥. In turn, this will lead to a decomposition of the 2-forms on M. Similarly, all tensors on M can be decomposed in representations of K.

A direct inspection of the conditions which arise in the dilatino KSE for the descendants in [2] reveals that they depend on the tensors

[e_a, e_b] , (d̃e^a)|_k⊥ , ∂_aΦ , S , (2.7)

where d̃ is the exterior derivative projected along the e^i directions, S is the singlet in the decomposition of H̃ under K and (d̃e^a)|_k⊥ denotes the projection of the 2-form d̃e^a on k^⊥.

On the other hand under the assumptions, dH = 0 and hol( ^∇) ⊆ K, an analysis of the Bianchi identity (2.6) for the ^∇ connection reveals that the tensors (2.7) are ^∇- parallel. Now if the forms (2.7) are linearly independent from those of (2.3), then hol( ^∇) reduces to a proper subgroup of K. We shall explain in each case later that the pattern of reduction is

G_2 =⇒ SU(3) =⇒ SU(2) =⇒ {1} . (2.8)

So if we assume that (2.7) are linearly independent from those (2.3) for a group K, then simply we have to consider the next case on with more parallel spinors. Since the sequence terminates, to examine all cases it suffices to take (2.7) to be linearly dependent on (2.3). As a result, one has

∂_aΦ = const , [e_a, e_b] = −H_{ab}^ce_c , (d̃e^a)|_k⊥ = f^a τ , S = ν τ , (2.9) where f^a and ν are constants and the last two equations are schematic. Therefore it is required that the vector space spanned by vector fields constructed as spinor bi-linears closes under Lie brackets and so it is a Lorentzian Lie algebra. Thus, in particular, [e_a, e_b]_i = 0 which implies that

H_{abi} = 0 . (2.10)

This leads to an extensive simplification of the conditions that arise from the dilatino KSE. Moreover, the Lorentzian Lie algebras that arise in each case have been classified and they will be given for each case separately.

Using (2.9) and (2.10), a direct inspection of the conditions that arise from the dilatino Killing spinor equation in [2], reveals that it factorizes^3. One part gives the condition

θ_τ = 2d̃Φ , (2.11)

where θ_τ is the Lee form of one of the fundamental forms of K. The expressions of all the relevant Lee forms can be found at [1, 2]. This encompasses the contribution that d̃Φ and H̃, apart from the singlet S, make in the dilatino KSE.

The other part of the dilatino KSE involves always the tensors (2.7), and can be written as

(Γ^a∂_aΦ − 1 12 H_{abc}Γ^{abc} − 1 12 S_{ijk}Γ^{ijk} − 1 4 H_{aij} Γ^{aij} )ϵ = 0 . (2.12)

Observe that in the last term only the k^⊥ component of d̃e^a contributes because the spinors ϵ are K-invariant and so are annihilated by the k part.

The condition (2.11) is known in all cases. So it remains to solve (2.12). The K = G_2 case is simple enough to incorporate the data (2.7) in the calculation of [2] without having to examine (2.12). For K = SU(3) and SU(2), we shall use the classification of Lorentzian Lie algebras [5, 6] to specify the structure constants H_{abc} and then we shall proceed to solve (2.12). This is achieved by writing (2.12) as a sum of commuting operators acting on the K-invariant spinors ϵ and by analyzing their eigen-values and eigen-spaces. The analysis for K = {1} has been done in [6], see also [2].

We have argued that the vector space spanned by the parallel vector bi-linears is closed under Lie brackets and so can be identified with a Lie algebra Lie(G) of a group G. Moreover L_aH = 0 since i_aH = de^a and dH = 0. Assuming that the infinitesimal group action generated by the vector field e_a can be integrated into a free group action on the spacetime^4, the spacetime is a principal bundle M = P (G, B; π) with base space B such that

ds^2 = η_{ab}λ^aλ^b + π^∗ds̃^2 H = 1 6 H_{abc}λ^a ∧ λ^b ∧ λ^c + η_{ab}λ^a ∧ F^b + π^∗H̃ , (2.13)

3This factorization is closely related to the decomposition of the dilatino KSE into the irreducible representation of K on R^ℓ and the singlets.

4e_a’s never vanish since they are parallel. So the assumption involves the appropriate closure of the orbits generated by the vector fields.

where λ^a ≡ e^a is a principal bundle connection and F^a ≡ d̃e^a := dλ^a − 1 2 H^a_{bc}λ^b ∧ λ^c ≡ 1 2 H^a_{ij} e^i ∧ e^j , (2.14)

is the associated curvature. H is the sum of the Chern-Simons form of λ and a 3-form H̃ of B.

Therefore to specify the geometry of the spacetime in each case, one has to describe three pieces of data, (i) the Lorentzian Lie algebra Lie(G), (ii) the geometry of the base space B with respect to the pair (ds̃^2, H̃), and (iii) how the fibre G twists over the base space. The latter is determined by the conditions that the curvature F of the principal bundle connection satisfies. For the field equations of the theory and details about the notation see [1, 2].

3 G_2

3.1 Holonomy reduction

The backgrounds with hol( ^∇) ⊆ G_2 admit three 1-forms e^a that can be constructed from Killing spinor bilinears. Therefore the typical fibre of T M decomposes as R^{2,1} ⊕ R^7. Moreover G_2 acts on R^7 with the 7-dimensional irreducible representation. The isotropy group in G_2 of a vector in R^7 is SU(3). Using the Bianchi identity (2.6) and dH = 0, one can show that [e_a, e_b] are ^∇-parallel [2]. Thus if [e_a, e_b] are linearly independent from {e_a}, then the holonomy of ^∇ reduces to a subgroup of SU(3). This is a special case of backgrounds with SU(3) holonomy that will be investigated later. Thus to examine a G_2 case that does not reduce to an SU(3) one, we shall take that the vector space spanned by the e_a’s closes under Lie brackets and becomes 3-dimensional Lorentzian Lie algebra. These have been classified and are isomorphic to

R^{2,1} , sl(2, R) . (3.1)

Next Λ^2(R^7) = g_2 ⊕ R^7. Thus (de^a)|_g⊥_2 are also in the 7-dimensional representation of G_2. Again the Bianchi identity (2.6) and dH = 0 imply that (de^a)|_g⊥_2 is ^∇-parallel. Thus if it does not vanish, then the holonomy group again reduces to SU(3). Thus to investigate the G_2 backgrounds which do not reduce to those of SU(3), we must take

(de^a)|_g⊥_2 = 0 . (3.2)

Now there is only one singlet representation of G_2 in Λ^3(R^7) and this is proportional to the fundamental G_2 3-form φ. Thus we write S_{ijk} = ν φ_{ijk} . (3.3) Moreover ν is not arbitrary but rather ν = − 1 6 (d̃φ, ⋆φ) , (3.4) since all H̃ is expressed in terms of the fundamental forms as a consequence of the gravitino KSE^5. Thus for the G_2 case, equation (2.9) is written as

∂_aΦ = const , [e_a, e_b] = −H_{ab}^ce_c , (d̃e^a)|_g⊥_2 = 0 , S_{ijk} = ν φ_{ijk} , (3.5)

where the structure constants H_{abc} either vanish or are those of sl(2, R).

3.2 Dilatino KSE

The (2.11) part of the dilatino KSE is

θ_φ = 2d̃Φ . (3.6)

Using (3.5), (2.12) becomes

(Γ^a∂_aΦ − 1 12 H_{abc}Γ^{abc} − 1 12 νφ_{ijk}Γ^{ijk})ϵ = 0 , (3.7)

where H_{abc} are the structure constants of either R^{2,1} or sl(2, R). To proceed, we shall examine this equation for R^{2,1} and sl(2, R) separately.

3.2.1 R^{2,1}

In the R^{2,1} case H_{abc} = 0. First suppose that ν = 0. In such case, (3.7) has a solution iff

η^{ab}∂_aΦ∂_bΦ = 0 . (3.8)

Thus there are backgrounds preserving one supersymmetry, N = 1, provided that ∂_aΦ spans a non-vanishing null direction in the Lie algebra R^{2,1}. Therefore the dilaton is linear along a light-cone fibre coordinate z^+ but in general depends non-linearly on the coordinates x of the base space B, ie

Φ = cz^+ + b(x) . (3.9)

However if ∂_aΦ = 0, then the dilatino KSE vanishes identically and such backgrounds preserve two supersymmetries. The dilaton is constant along the fibre directions but again depends non-linearly on the coordinates of the base space.

Next suppose that ν ≠ 0. A direct inspection of the results of [2] reveals that there is an N = 1 solution in this case provided that the dilaton is linear along a space-like fibre direction. Take ∂_1Φ ≠ 0, then

∂_1Φ = 7 2 ν = − 7 12 (d̃φ, ⋆φ) (3.10)

If the dilaton is constant along the fibre directions, ie ∂_aΦ = 0, then ν = 0 and the backgrounds preserve 2 supersymmetries.

5 In particular, H̃ = −^1_6 (d̃φ, ⋆φ)φ + ⋆d̃φ − ⋆(θ_φ ∧ φ), see [8].

3.2.2 sl(2, R)

If Lie G = sl(2, R), the field equation of the 3-form flux implies that

∂_aΦH^a_{bc} = 0 . (3.11)

Thus the ∂_aΦ direction in sl(2, R) commutes with all the others. Since sl(2, R) is simple, there is no such direction and so it is required that

∂_aΦ = 0 . (3.12)

Thus all backgrounds with SL(2, R) fibre have constant dilaton along the fibre direction. Of course the dilaton still depends on the coordinates on B. A direct inspection of the results of [2] reveals that all such backgrounds preserve 2 supersymmetries^6. Moreover

7(d̃φ, ⋆φ) = H_{−+1} , (3.13)

where H_{−+1} are the structure constants of sl(2, R). The results are summarized in table 1. G/dΦ spacelike null zero R^{2,1} 1 1 2 sl(2, R) − − 2

Table 1: The entries − do not occur. The terms spacelike, null and zero are referred to dΦ along the group fibre directions. The numerical entries are the number of supersymmetries preserved in each case.

3.3 Geometry

As it has already been mentioned, the spacetime is a principal bundle with fibre R^{2,1} or SL(2, R). Having specified the geometry of the fibre, it remains to find the geometry of the base space B and how the fibres twist over the base space.

First let us begin with the geometry of the base space. Since for all backgrounds d̃ea|_{g⊥2} = 0, as required for the holonomy group not to reduce to SU(3), the fundamental forms of G_2 satisfy

i_aφ = i_a ⋆ φ = 0 , L_aφ = L_a ⋆ φ = 0 , (3.14)

where ⋆ is the Hodge operation of the directions spanned by the e^i’s. Therefore both φ and ⋆φ descent on the base space B, and so B has a G_2-structure. This structure is compatible with a connection with skew-symmetric torsion^̃∇ given by the data (ds̃^2, H̃), where ds̃^2 = δ_{ij} e^ie^j . Such geometries have been investigated in [8, 1, 2].

The dilatino KSE requires the additional condition

(d̃φ, ⋆φ) = 0 , (3.15)

6 Solutions of the heterotic KSEs containing SL(2, R) have been emphasized in [9].

for the cases R^{2,1} N = 2, and R^{2,1} N = 1 when the dilaton is null. In the rest of the cases (d̃φ, ⋆φ) ≠ 0 and it is related either to the structure constants of sl(2, R) or to the spacelike linear dilaton along the group fibres for the R^{2,1}, N = 1 case.

The fibre twists over the base space with a principal R^{2,1} or SL(2, R) connection which is a G_2-instanton. This is because d̃e^a|_g⊥_2 = 0 and so

F^a|_g⊥_2 = 0 . (3.16)

Therefore the spacetime can be reconstructed in all cases starting from a 7-dimensional G_2-manifold B compatible with a metric connection with skew-symmetric torsion and a G_2-instanton connection over B with gauge group R^{2,1} or SL(2, R). It is characteristic that all backgrounds with N = 1 supersymmetry have a linear dilaton along the fibre group directions.

4 SU(3)

4.1 Holonomy Reduction

The backgrounds with hol( ^∇) ⊆ SU(3) admit four 1-forms e^a constructed from parallel spinor bi-linears [1]. So the typical fibre of T M decomposes as R^{9,1} = R^{3,1} ⊕ R^6 and SU(3) acts on R^6 ⊗ C = C^3 ⊕ C̄^3 with the fundamental representation and its complex conjugate. Moreover a vector in C^3 (or C̄^3) has isotropy group SU(2) in SU(3). As in the G_2 case, the Bianchi identity (2.6) and dH = 0 imply that [e_a, e_b] is ^∇-parallel. Thus if one of the vector fields [e_a, e_b] is linearly independent from those in {e_a}, then the holonomy of ^∇ reduces to a subgroup of SU(2). Such backgrounds are included in those with holonomy SU(2) which will be examined in the next section. To investigate SU(3) backgrounds which do not reduce to SU(2) ones, we shall take that the vector space spanned by {e_a} closes under Lie brackets. So {e_a}’s span a 4-dimensional Lorentzian Lie algebra and these are isomorphic to

R^{3,1} , sl(2, R) ⊕ R , R ⊕ su(2) , cw_4 . (4.1)

The fundamental forms of SU(3) are the Hermitian 2-form ω and the holomorphic volume 3-form χ which are chosen as

ω = −e^2 ∧ e^7 − e^3 ∧ e^8 − e^4 ∧ e^9 , χ = (e^2 + ie^7) ∧ (e^3 + ie^8) ∧ (e^4 + ie^9) , (4.2)

and so a, b = 0, 5, 1, 6. To identify the components of d̃e^a along su(3)^⊥, we decompose d̃ea in (2,0), (1,1) and (0,2)-forms using the almost complex structure constructed from the fundamental form ω of SU(3) and ds̃^2. The directions that lie along su(3)^⊥ are the (2,0) and (0,2) components as well as the (1,1) component along the Hermitian form ω.

The (0,2) and (2,0) components of (ẽ^a)|_{su(3)}⊥ lie in the fundamental representation of SU(3) and its complex conjugate. Again the Bianchi identity (2.6) and dH = 0 imply that they are ^∇-parallel. Thus if they do not vanish, then the holonomy of these SU(3) backgrounds reduces to SU(2). So to investigate SU(3) backgrounds which are not special cases of those with holonomy SU(2), we have to set

(d̃e^a)^{2,0} = 0 ; (4.3) the (0,2) component is complex conjugate to (2,0). The component of (d̃e^a)|_{su(3)}⊥ along ω does not reduce the holonomy of the spacetime because it is proportional to a fundamental form of SU(3). Thus we can set

(d̃e^a)|_{su(3)}⊥ = f^aω , (4.4)

where f is a constant.

It remains to identify the singlet component S of H̃. In the decomposition of Λ^3(R^6)⊗ C under SU(3) there is a unique singlet representation proportional to the fundamental form χ and its complex conjugate. Thus we can set S = 1 2 √ 2 (μ χ + μ̄ χ̄) . (4.5)

The Bianchi identity (2.6) and dH = 0 imply that μ is a complex constant, and the normalization numerical factor has been chosen for convenience.

Therefore, the equation (2.9) for the SU(3) case can be written as

∂_aΦ = const , [e_a, e_b] = −H_{ab}^ce_c , (d̃e^a)|_{su(3)}⊥ = f^aω , S = 1 2 √ 2 (μ χ + μ̄ χ̄) , (4.6)

where the structure constants H_{abc} are those of one of the Lie algebras in (4.1).

Before we proceed to examine the dilatino KSE case by case, we shall establish that

∂_aΦ H^a_{bc} = 0 , f_a H^a_{bc} = 0 . (4.7)

The first follows from the field equation of 2-form gauge potential as in the G_2 case. To establish the latter equation, let us compute the Lie derivative of χ along the Killing vector direction e_a and use (4.4) to find

L_aχ = −3if_aχ . (4.8)

Since [L_X , L_Y ] = L_{[X,Y ]}, it is easy to see that consistency requires the second equation in (4.7). Therefore the directions spanned by ∂_aΦ and f are central in Lie G.

4.2 Dilatino KSE

The (2.11) part of the dilatino KSE is

θ_ω = 2d̃Φ , (4.9)

and the (2.12) can be written as ( Γ^a∂_aΦ − 1 12 H_{abc}Γ^{abc} − 1 4 f_aω_{ij} Γ^{aij} − 1 2 (μ Γ^{234} + μ̄ Γ^{¯2¯3¯4}) ) ϵ = 0 , (4.10)

where we have expressed the singlet part S of H̃ explicitly in terms of Hermitian gamma matrices.

The simplest case to consider first is f = μ = 0. The dilatino KSE depends only on the dilaton and the structure constants H_{abc}. This is the case examined in [6]. Here the dilatino KSE has been analyzed in detail for the holonomy SU(2) case in appendix A because it is more delicate. The analogous SU(3) case is straightforward. The solutions preserve either 2 or all 4 supersymmetries.

4.2.1 R^{3,1}

N = 1

In this case H_{abc} = 0. Next suppose that ∂_aΦ ≠ 0. Multiplying (4.10) with ∂_bΦΓ^b, we find that it can be written as

[(∂_aΦ)^2 − 1 2 ∂_aΦf^ac(ω) − 1 4 ∂_aΦf_bc(ω)Γ^{ab} − 1 2 ∂_aΦΓ^ac(S)]ϵ = 0 , (4.11)

where c(ω) = 1 2 ω_{ij}Γ^{ij} , c(S) = μ Γ^{234} + μ̄ Γ^{¯2¯3¯4} . (4.12)

Observe that on SU(3)-invariant spinors [c(ω)]^2 = −9 1_{4×4} and [c(S)]^2 = −8μμ̄ 1_{4×4}. Then define the traceless matrices A = 1 2 ∂_aΦf^ac(ω) + 1 2 ∂_aΦΓ^ac(S) , B = 1 4 ∂_aΦf_bc(ω)Γ^{ab} (4.13)

and observe that on SU(3)-invariant spinors

A^2 = Δ^2_1 Id , B^2 = Δ^2 Id , AB = BA , (4.14)

where

Δ^2_1 = − 9 4 (∂_aΦf^a)^2 + 2μμ̄∂_aΦ∂^aΦ ,

Δ^2 = 9 4 [∂_aΦ∂^aΦf_bf^b − (∂_aΦf^a)^2] . (4.15)

Now there are various possibilities to consider. First observe that if ∂_aΦ∂^aΦ ≠ 0, multiplying the (4.10) with ∂_aΦΓ^a is an invertible operation and so (4.11) is equivalent to (4.10). The null ∂_aΦ∂^aΦ = 0 and ∂_aΦ = 0 cases will be investigated separately, and both of them give backgrounds which preserve at least 2 supersymmetries.

So let us take ∂_aΦ∂^aΦ ≠ 0. Next if

Δ^2_1, Δ^2 > 0 (4.16)

one can decompose the SU(3)-invariant spinors in eigen-spaces of A and B. This in particular implies that ∂_aΦ and f_a are spacelike and non-co-linear. N = 1 supersymmetric backgrounds exist provided that

(∂_aΦ)^2 ∓ Δ_1 ∓ Δ_2 = 0 (4.17)

the relative ambiguous signs are uncorrelated. For example, N = 1 solutions exist if both ∂_aΦ and f_a are orthogonal and space-like.

Next if either

Δ^2_1 < 0 , or Δ^2 < 0 , (4.18) then there are no solutions. This is because the spinors in the heterotic case are real and either A or B can be diagonalized only over complex spinors.

There are two marginal cases to consider depending on whether either Δ^2_1 or Δ^2 vanish. In such case either A or B become nilpotent. Notice that f and ∂_aΦ are either space-like or null. Since the null case will be investigated later, we take (∂_aΦ)^2 > 0. To begin, suppose that A is nilpotent, A^2 = 0, ie

Δ_1 = 0 , Δ^2 > 0 . (4.19)

Decomposing the Killing spinor in eigenvalues of B as Bϵ_± = ±Δ_2ϵ_±, Δ_2 > 0, and since A commutes with B, the dilatino KSE becomes

((∂_aΦ)^2 − Δ_2)ϵ_+ − Aϵ_+ = 0 ((∂_aΦ)^2 + Δ_2)ϵ_− − Aϵ_− = 0 (4.20)

Acting on the second equation with A and using A^2 = 0, we find that Aϵ_− = 0. Substituting back, we arrive at ϵ_− = 0. Similarly acting on the first equation with A and using a similar argument, we conclude that ϵ_+ = 0 unless (∂_aΦ)^2 − Δ_2 = 0, ie that (4.17) is valid in the limit Δ_1 = 0 for one choice of sign. Now substituting this into the first equation above, we find that Aϵ_+ = 0 as well. It remains to find the dimension of the kernel of A on the eigenspace of B with eigenvalue Δ_2. For this first observe that ∂_aΦf^a ≠ 0 since otherwise Δ_1 = 0 would imply that ∂_aΦ is null. Using this, the condition Aϵ_+ = 0 can be rewritten as [ 1 − ∂_aΦΓ^ac(ω)c(S) 9 ∂_aΦf^a ] ϵ_+ = 0 (4.21)

Since the second term is traceless and has eigenvalues ±1 for Δ_1 = 0, the kernel is 1-dimensional. These solutions are included in (4.17) at the limit that Δ_1 vanishes.

Next take

Δ^2_1 > 0 , Δ_2 = 0 , (4.22)

in which case B^2 = 0. As in the previous case, separating the dilatino KSE in eigenspaces, ϵ_±, of A with eigenvalues ±Δ_1, we find that the dilatino KSE is satisfied provided that ϵ_− = 0, Bϵ_+ = 0, and (4.17) is satisfied for Δ_2 = 0 for one choice of sign. It remains to determine the kernel of B. For this, write f_a = ℓ∂_aΦ + u_a, where ∂_aΦu^a = 0, u ≠ 0, and ℓ is a constant. As in the previous case, we take (∂_aΦ)^2 > 0 and so Δ_2 = 0 implies that u is null. In terms of u B is written as B = 1 4 ∂_aΦu_bc(ω)Γ^{ab} . (4.23)

Therefore Bϵ_+ = 0 implies that

u_aΓ^aϵ_+ = 0 (4.24)

and so ϵ satisfies the standard chiral projection condition.

Now suppose that ∂_aΦ is null. In such case Δ^2 < 0 unless ∂_aΦf^a = 0. Thus in the null case Δ_1 = Δ_2 = 0. Assume that f ≠ 0 and act on (4.10) with f_aΓ^ac(ω). This gives

[f_a∂_bΦΓ^{ab}c(ω) + 9 2 f^2 − 1 2 f_aΓ^ac(ω)c(S)]ϵ = 0 . (4.25)

Set L =^1_2 f_aΓ^ac(ω)c(S) and K = f_a∂_bΦΓ^{ab}c(ω). Now

L^2 = 18f^2Id , K^2 = 0 , LK = KL , (4.26)

Thus solutions exist iff f^2 ≥ 0. Moreover acting on (4.25) with K, we find that ( 9 2 f^2 − L)Kϵ = 0 . (4.27)

Since the eigenvalues of L are different from^9_2 f^2, the only solutions of this are that either Kϵ = 0 or f^2 = 0. In the former case substituting this back into (4.25), one concludes that ϵ = 0 and so such backgrounds are not supersymmeric. In the latter case, both f_a and ∂_aΦ are null and co-linear. Thus acting on (4.10) with ∂_aΓ^a, one finds that

∂_aΦΓ^ac(S)ϵ = 0 (4.28)

which in turn implies that ∂_aΦΓ^aϵ = 0, ie without loss of generality one can set

Γ^+ϵ = 0 . (4.29)

Substituting this back into (4.10), one concludes that there are solutions iff

μ = 0 (4.30)

ie the (3,0) part of H̃ vanishes. As we shall see this implies that B is a complex manifold. In addition observe that if f and ∂_aΦ are null and co-linear and μ = 0, then the matrices A = B = 0. As we shall explain such backgrounds preserve at least 2 supersymmetries.

It remains to investigate the case that ∂_aΦ = 0. For this, it is easy to see that if f^2 = 0 as well, the dilatino KSE has no solutions unless μ = 0. Thus to proceed, we take f^2 ≠ 0. Acting with f_aΓ^ac(ω) on the dilatino KSE and after some rearrangement, it can be rewritten as [ 1 − f_aΓ^ac(ω)c(S) 9f^2 ] ϵ = 0 . (4.31)

This has solutions provided that

f^2 = 8 9 μμ̄ . (4.32)

Moreover such backgrounds preserve at least 2 supersymmetries. Of course if f = ∂_aΦ = 0 and μ = 0, then the solutions preserve 4 supersymmetries.

N = 2

We have already seen that if ∂_aΦ is null or zero, then the solutions preserve 2 supersymmetries. Thus it remains to find the solutions of the Killing spinor equations provided that (∂_aΦ)^2 ≠ 0 In such case, the solutions of the Killing spinor equations will preserve two supersymmetries iff either A or B vanish identically. The possibility of both vanishing is included in the case that ∂_aΦ is null.

First for A = 0, one has that ∂_aΦf^a = 0 and μ = 0. There are solutions provided that both ∂_aΦ and f are spacelike and orthogonal, and (4.17) is satisfied. Next B = 0, iff f_a = ℓ∂_aΦ, ie f and ∂_aΦ are co-linear. Solutions preserving 2 supersymmetries exist provided that Δ^2 > 0 and (4.17) is satisfied. For these solutions μ ≠ 0. There are no solutions preserving 3 supersymmetries.

4.2.2 R ⊕ su(2)

Without loss of generality, we can assume that su(2) spans the directions 1, 5, 6. Eqn (4.7) implies that the only non-vanishing component of ∂_aΦ and f_a is ∂_0Φ and f_0. Setting 1 6 H_{abc}Γ^{abc} = νΓ^{516} (4.33)

where ν is a constant, and acting with Γ^{516} onto the KSE (2.12), one finds

[−∂_0ΦΓ^{0516} + ν 2 + f_0 2 Γ^{0516}c(ω) − 1 2 Γ^{516}c(S)]ϵ = 0 . (4.34)

Next define A = 1 2 f_0Γ^{0516}c(ω) , B = −∂_0ΦΓ^{0516} − 1 2 Γ^{516}c(S) , (4.35)

and observe that

A^2 = 9 4 f^2_0 , B^2 = −(∂_0Φ)^2 − 2μμ̄ , AB = BA . (4.36)

If (∂_0Φ)^2 + 2μμ̄ ≠ 0, the eigenvalues of B are complex and there are no solutions. So, we should take

∂_0Φ = 0 , μ = 0 . (4.37)

Thus the dilaton is constant along the fibre directions and the Nijenhuis tensor of the base space B vanishes.

In such case, the dilatino KSE becomes [ ν 2 + 1 2 Γ^{0516}c(ω)]ϵ = 0 (4.38)

So there are solutions provided that

ν = ±3f_0 . (4.39)

In fact, all solutions preserve 4 supersymmetries.

4.2.3 sl(2) ⊕ R

Without loss of generality, let us assume that sl(2) spans the directions 0, 5, 1. In such case, eqn (4.7) implies that the only non-vanishing component of ∂_aΦ and f_a is ∂_6Φ and f_6. Next write 1 6 H_{abc}Γ^{abc} = νΓ^{051} (4.40)

and multiply (4.10) with Γ^{051} to find

[∂_6ΦΓ^{0516} − 1 2 ν − 1 2 f_6Γ^{0516}c(ω) − 1 2 Γ^{051}c(S)]ϵ = 0 . (4.41)

Then as in the previous case define A = − 1 2 f_6Γ^{0516}c(ω) , B = ∂_6ΦΓ^{0516} − 1 2 Γ^{051}c(S) , (4.42)

and observe that

A^2 = 9 4 f^2_6 , B^2 = −(∂_6Φ)^2 + 2μμ̄ , AB = BA . (4.43)

Now there are various cases to be considered. If −(∂_6Φ)^2 + 2μμ̄ < 0, the eigenvalues of B are complex and there are no solutions. On the other hand if −(∂_6Φ)^2 + 2μμ̄ > 0, there are solutions preserving 1 supersymmetry provided that − 1 2 ν ± 3 2 f_6 ± √ −(∂_6Φ)^2 + 2μμ̄ = 0 , (4.44)

where the signs are uncorrelated. Notice that if f_6 = 0, the solutions preserve 2 supersymmetries.

It remains to investigate the case (∂_6Φ)^2 = 2μμ̄. Separating the dilatino KSE on the eigenspaces of A we have [B − 1 2 ν ± 3 2 f_6]ϵ_± = 0 . (4.45)

Acting with B and using B^2 = 0, there are solutions provided that

ν = ±3f_6 . (4.46)

Choosing one of the signs, say the positive sign, the Killing spinor equation becomes

[∂_6Φ − 1 2 Γ^6c(S)]ϵ_+ = 0 . (4.47)

Now (Γ^6c(S))^2 = 8μμ̄, so there are solutions that preserve 1 supersymmetry provided

∂_6Φ ± √ 2μμ̄ = 0 . (4.48)

Clearly, the B^2 = 0 case is included in that of (4.44) for special values of the parameters.

There are backgrounds with 2 supersymmetries if at least one of the operators A or B vanish identically. A vanishes if f_6 = 0 and as we have mentioned the solutions preserve 2 supersymmetries. On the other hand B vanishes if both ∂_6Φ and μ = 0. In this case the solutions preserve 4 supersymmetries.

4.2.4 cw_4

Without loss of generality, let us assume that cw_4 spans the directions +, −, 1, 6. In such case, eqn (4.7) implies that the only non-vanishing component of ∂_aΦ and f_a is ∂_+Φ and f_+. Setting 1 6 H_{abc}Γ^{abc} = νΓ^{+16} , (4.49)

the dilatino KSE can be written as

[∂_+ΦΓ^+ − 1 2 νΓ^{+16} − 1 2 f_+Γ^+c(ω) − 1 2 c(S)]ϵ = 0 . (4.50)

If μ ≠ 0, acting with Γ^+ on the above equation, one finds that

c(S)Γ^+ϵ = 0 (4.51)

which in turn gives Γ^+ϵ = 0. Substituting this into the KSE, one concludes that c(S)ϵ = 0 and so for supersymmetric solutions μ = 0. Therefore the dilatino KSE becomes

∂_+ΦΓ^+ − 1 2 νΓ^{+16} − 1 2 f_+Γ^+c(ω)]ϵ = 0 . (4.52)

Writing ϵ = ϵ_− + ϵ_+ with Γ^+ϵ_+ = 0, the solutions preserve at least 2 supersymmetries with Killing spinors ϵ_+. To find whether more supersymmetries are preserved substitute ϵ = ϵ_− + ϵ_+ into the KSE and observe that

[∂_+Φ − 1 2 νΓ^{16} − 1 2 f_+c(ω)]Γ^+ϵ_− = 0 . (4.53)

Acting with Γ^{16} on the above equation and taking eigenspaces with respect to Γ^{16}c(ω) and observing that (Γ^{16})^2 = −1, there are solutions provided that

∂_aΦ = 0 , ν = ±3f_+ . (4.54)

These are in fact the conditions for backgrounds with 4 supersymmetries.

4.3 Geometry

The geometry of the base space B of the spacetime depends on whether μ and f vanish. If μ ≠ 0, then the Nijenhuis tensor of the base space does not vanish and so B is an almost complex manifold. On the other hand, solutions with μ = 0 have as base space a complex manifold.

The SU(3) structure of the spacetime is not always inherited by the base space B. If f = 0, then both ω and χ are invariant under the infinitesimal transformations generated by the Lie algebras (4.1), L_aω = L_aχ = 0. Since in addition they both vanish along the fibre directions, they descent to a Hermitian form and a holomorphic (3,0)-form on the base B, respectively. Moreover, these data are compatible with (g̃, H̃). So B is a manifold with an SU(3) structure compatible with a metric connection with skewsymmetric torsion ^̃∇. Such geometries have been investigated extensively in [10]-[18].

Next suppose that f ≠ 0. In this case again L_aω = 0 and it vanishes along the fibre directions of the spacetime, thus it descents to a Hermitian form on B and so B is an almost complex manifold. (It becomes complex if μ = 0.) In addition ω is compatible with ^̃∇, ^̃∇ω = 0. This is not the case with χ. Although χ vanishes along the fibre directions of spacetime, the Lie derivative of χ does not (4.8). As a result χ does not descent as a (3,0)-form on B but rather as a (3,0)-form twisted by a line bundle. Moreover χ is not compatible with the data (g̃, H̃) of the base space. To see this, write x^M = (y^α, x^μ), where x^μ are coordinates of the base space B and y^α are coordinates of the fibre of M. Then

e^a ≡ λ^a = λ^a_αdy^α + λ^a_μdx^μ , e^i = e^i_μdx^μ . (4.55)

The inverse frame is

λ_a = λ^α_a ∂_α , e_i = e^μ_i ∂_μ − λ^b_ν e^ν_i λ^α_b ∂_α . (4.56)

In particular

∂_μ = e^i_μ∂_i + λ^a_μ∂_a . (4.57)

Thus

Ω̂_μ^i_j = e^k_μΩ̂_{k,}^i_j + λ^a_μΩ̂_{a,}^i_j = e^k_μΩ̂_{k,}^i_j + λ^a_μH_{aj}^i . (4.58)

Then ^∇_μχ = 0 implies that

^̃∇_μχ = 3iλa_μf_aχ . (4.59)

Thus B does not inherit the SU(3) structure of the spacetime but rather a U(3) structure if λ^a_μf_a ≠ 0.

Furthermore, the twisting of the fibre directions of the spacetime over the base space depend on f. If f = 0, F takes values, as a 2-form, in su(3) with gauge group one of the groups in (4.1), ie it is a Donaldson connection. However if f ≠ 0, then F takes values in u(3) with again gauge group one of the groups in (4.1), ie it is a Hermitian-Einstein connection. Some of the geometric properties of these solutions are tabulated in table 2.

4.3.1 R^{3,1}

N = 1

We have seen that the parameters of solutions with N = 1 supersymmetry are restricted as in (4.17), for Δ_1, Δ_2 ≥ 0 and it is required that both A and B do not vanish.

One of the properties of the geometry of these backgrounds is that the base space B of spacetime is always almost complex. So see this first recall that if ∂_aΦ is null or zero, then the solutions preserve at least 2 supersymmetries. Thus, we always have (∂_aΦ)^2 ≠ 0.

Lie G/N 1 2 3 4 R^{3,1} AC, U(3) (A)C, (S)U(3) − C, SU(3) R ⊕ su(2) − − − C, U(3) sl(2, R) ⊕ R AC, U(3) AC, SU(3) − C, U(3) cw_4 − C, (S)U(3) − C, U(3)

Table 2: N is the number of supersymmetries and Lie G is the Lie algebra of isometries of the solutions. The entries give information about the geometry of base space. AC stands for almost complex and C for complex manifold, respectively. (A)C stands for either complex or almost complex. The groups SU(3) and U(3) denote the holonomy of ^̃∇. (S)U(3) means that the holonomy of ^̃∇ is either contained in SU(3) or U(3). The entries − do not occur.

Now if μ = 0, Δ^2_1 is negative unless ∂_aΦf^a = 0. Thus for solutions to exist, in addition ∂_aΦf^a = 0. In such case A = 0 and the solutions preserve at least 2 supersymmetries.

Another consequence of the analysis above is that the dilaton is linear for all N = 1 backgrounds along the fibre directions. This follows from the requirement that (∂_aΦ)^2 ≠ 0. It is also straightforward to observe that if f = 0, then B = 0 and so again the solutions preserve at least 2 supersymmetries. Thus we have shown that for solutions with N = 1 supersymmetry, B is an almost complex manifold with hol( ^̃∇) ⊆ U(3).

N = 2 Solutions with 2 supersymmetries may or may not admit a complex base space B.

There are two classes of solutions with complex base space (μ = 0) the following:

• f and ∂_aΦ null and co-linear, f_a = ℓ∂_aΦ, ℓ ≥ 0, ∂_aΦ ≠ 0.

• f and ∂_aΦ spacelike and orthogonal, ∂_aΦf^a = 0, ∂_aΦ ≠ 0.

There are also solutions with 2 supersymmetries and almost complex base space. Again, there are two classes

• ∂_aΦ spacelike and f_a = ℓ∂_aΦ, ℓ ≥ 0.

• ∂_aΦ = 0, f ≠ 0.

Of course in all cases, apart from the last one, the parameters are required to satisfy (4.17).

Therefore the base space of backgrounds with 2 supersymmetries may or may not be a complex manifold and may or may not have hol( ^̃∇) ⊆ SU(3). So there is a large range of possibilities. Moreover, there are backgrounds for which the dilaton is constant along the fibre directions but for these B is almost complex and hol( ^̃∇) ⊆ U(3).

There are no backgrounds with 3 supersymmetries. For backgrounds with 4 supersymmetries, the dilaton is constant along the fibre directions, B is complex, and hol( ^̃∇) ⊆ SU(3).

4.3.2 R ⊕ su(2)

All solutions in this case preserve 4 supersymmetries. It follows from [1] that the base space B is complex^7 but hol( ^̃∇) ⊆ U(3).

4.3.3 sl(2) ⊕ R

N = 1

We have seen that the parameters of solutions with N = 1 supersymmetry are restricted as in (4.44), for 2μμ̄ ≥ (∂_6Φ)^2 and it is required that both A and B do not vanish.

It is clear from the conditions of the dilatino KSE that for all N = 1 backgrounds the base space is an almost complex manifold and hol( ^̃∇) ⊆ U(3). However unlike the R^{3,1} case, there are backgrounds with 1 supersymmetry and constant dilaton in the fibre directions, ∂_aΦ = 0.

N = 2

The base space B of solutions with 2 supersymmetries is always an almost complex manifold. However in this case f = 0. As a result the base space B is an almost complex manifold with hol( ^̃∇) ⊆ SU(3). There are also solutions with constant dilaton along the fibre directions ∂_aΦ = 0.

For solutions with 4 supersymmetries B is a complex manifold, f ≠ 0. The geometry has been investigated in [1].

4.3.4 cw_4

There are backgrounds with 2 or 4 supersymmetries. In particular, there are no N = 1 solutions. For all N = 2 solutions the base space is complex μ = 0. Moreover, there are solutions with constant or non-constant dilaton and with either f = 0 or f ≠ 0, ie either hol( ^̃∇) ⊆ SU(3) or hol( ^̃∇) ⊆ U(3).

The base space of solutions with N = 4 supersymetries is a complex manifold and hol( ^̃∇) ⊆ U(3). This is because f does not vanish as it can be seen in (4.54).

In all cases SU(3) we have investigated above, there are no solutions with 3 supersymmetries. This is reminiscent to the absence of solutions preserving 31 supersymmetries in IIB, IIA and 11-dimensional supergravities [19, 20]. However we have not ruled out the possibility that solutions with 3 supersymmetries exist after an appropriate discrete identification of solutions that preserve 4 supersymmetries as in [21].

7The conditions for solutions with 4 supersymmetries are that B is complex and ∂_aΦ = 0, θ_ω = 2d̃Φ, H_{aij} = H_{akl}I^k_iI^l_j and^1_3 ϵ_a^{bcd}H_{bcd} − ω^{ij} H_{aij} = 0.

5 SU(2)

5.1 Holonomy reduction

The backgrounds with hol( ^∇) ⊆ SU(2) admit six 1-forms e^a constructed from parallel spinor bi-linears. So the typical fibre of T M decomposes as R^{9,1} = R^{5,1} ⊕ R^4 and SU(2) acts on R^4 ⊗C = C^2 ⊕C̄^2 with the fundamental representation and its complex conjugate. Moreover a vector in C^2 (or C̄^2) has isotropy group {1} in SU(2). As in the previous cases, the Bianchi identity (2.6) and dH = 0 imply that [e_a, a_b] are ^∇-parallel. Thus if one of the vector field [e_a, e_b] is linearly independent from those in {e_a}, then the holonomy of ^∇ reduces to {1} and it becomes a special case of backgrounds with holonomy {1}. These have been classified in [6], see also [2]. Thus to investigate SU(2) backgrounds which do not reduce to {1} ones, we shall take that the vector space spanned by {e_a} to close under Lie brackets. So {e_a}’s span a 6-dimensional Lorentzian Lie algebra and these are isomorphic to

R^{5,1} , R^{3,1} ⊕ su(2) , sl(2, R) ⊕ R^4 , sl(2, R) ⊕ su(2) , cw_4 ⊕ R^2 , cw_6 . (5.1)

The fundamental forms of SU(2) are the three Hermitian forms

ω_1 = −e^3 ∧ e^8 − e^4 ∧ e^9 , ω_2 = e^3 ∧ e^4 − e^8 ∧ e^9 , ω_3 = −e^4 ∧ e^8 + e^3 ∧ e^9 (5.2)

therefore a = 0, 5, 1, 6, 2, 7. These are associated with endomorphism which satisfy the algebra of imaginary unit quaternions, I_rI_s = −δ_{rs}1_{4×4} + ϵ_{rst}I_t.

To identify the components of d̃e^a along su(2)^⊥, we use the decomposition Λ^2(R^4) = su(2) ⊕ su^⊥(2), where su^⊥(2) = su(2). The su(2) component is spanned by the anti-self-dual 2-forms while the su^⊥(2) is spanned the self-dual 2-forms given in (5.2). Therefore, the su^⊥(2) component of d̃e^a can be written as

d̃e^a + ⋆d̃e^a = 2f^a_r ω^r . (5.3)

Since the Bianchi identity (2.6) and dH = 0 imply that d̃e^a + ⋆d̃e^a are ^∇-parallel, f^a_r are some real constants.

It can be easily seen that there is no a su(2)-invariant component of H̃, and so S = 0. Thus for the SU(2) case, equation (2.9) is written as

∂_aΦ = const , [e_a, e_b] = −H_{ab}^ce_c , d̃e^a + ⋆d̃e^a = 2f^a_r ω^r , S = 0. (5.4)

As in the SU(3) case, we have that ∂_aΦ and f are restricted. In particular one finds that

∂_aΦH^a_{bc} = 0 , (5.5) and − H^c_{ab}f_{cs} = 2f_{ar}f_{bt}ϵ^{rt}_s . (5.6)

The former equation follows from the field equation of the 2-form gauge potential as in the G_2 and SU(3) cases. To prove (5.6) use ^∇ω^r = 0, the quaternionic algebra of I_r’s and d̃e^a + ⋆d̃e^a = 2f^a_r ω^r in (5.4) to find that

L_aω^r = 2f_{as}ϵ^s_{rt} ω^t . (5.7)

Moreover the property [L_X , L_Y ] = L_{[X,Y ]} of the Lie derivative implies (5.6). Therefore f : Lie G → su(2) is a Lie algebra homomorphism.

5.1.1 Solution of the homomorphism condition (5.6)

Depending on Lie G in (5.1), (5.6) has two non-vanishing solutions. One solution is

f_{ar} = w_av_r , v_rv^r = 1 , (5.8)

provided that

H^c_{ab} w_c = 0 . (5.9)

Clearly the direction along w in Lie G is central. So this solution exists for all Lie G in (5.1) apart from sl(2) ⊕ su(2).

The other solution is

(f_{as}) = (0, 0, 0, − 1 2 H_{627}f̃_r′_s) , r^′ = 6, 2, 7 , s = 1, 2, 3 , (5.10)

provided that Lie G = h⊕su(2), su(2) spans the directions 6, 2, 7 and (f̃_r′_s) = diag(1, 1, 1). Therefore f is a Lie algebra homomorphism with Kernel h. Thus when it is restricted on the su(2) subalgebra of Lie G, it is a Lie algebra isomorphism.

To prove (5.8) and (5.10), first observe that if there is a t ∈ Lie G which is central and t^af_{ar} ≠ 0, then all the other f_{ar} are proportional to t^af_{ar}, ie f_{br} = u_b t^af_{ar}. This follows easily by contracting (5.6) with t. In particular one has |v|v_r = t^af_{ar} in (5.8).

Moreover if Lie G contains a cw algebra, all solutions of (5.6) are of the type (5.8). To show this, observe that the non-vanishing structure constants of cw are of the type H_{+ij}. If (f_{−r}) does not vanish, then it follows from the previous statement that the solution is (5.8). Next suppose that f_{−r} = 0. Setting a = i and b = j in (5.6) and using the only H_{+ij} are non-vanishing, one finds that f_i = (f_{ir}) are proportional to each other, ie f_{ir} = u_iv_r. Then setting a = + and b = j in (5.6) and using the proportionality of f_i’s, it is easy to see that f_+ = (f_{+r}) is also proportional to f_i’s. Thus the only solution is (5.8).

It remains to investigate (5.6) for the Lie algebras Lie G = h ⊕ su(2) in (5.1). Now if t^af_{ar} = 0 for all t central elements, then one derives (5.10) for the R^{2,1} ⊕su(2) case. Next consider sl(2, R)⊕su(2). Using the fact that sl(2, R) and su(2) commute, if f_a = (f_{ar}) has non-vanishing components for directions in both these subalgebras, then one concludes the only solution is (5.8). But since w is required in addition to be central, this solution is excluded. Alternatively f_a = (f_{ar}) must vanish when restricted on either sl(2, R) or su(2). In addition the Kernel must be sl(2, R) since f is a Lie algebra homomorphism. Thus (f_{as}) = (0, f_{rs}), where (f_{rs}) is an invertible matrix.

To proceed, we can always choose e^a such that η_{ab} is the Minkowski metric. Without loss of generality, we orient su(2) in the directions 6, 2 and 7, and so the structure constants are H_r′_s′_t′ = H_{627}ϵ_r′_s′_t′ , r^′, s^′, t^′ = 6, 2, 7, ϵ_{627} = 1. Next setting

f_r′_r = − 1 2 H_{627}f̃_r′_r , (5.11)

one finds that f̃_{r′r}f̃_{s′s}ϵ^{rs}_t = ϵ_{r′s′}^{t′}f̃_{t′t} . (5.12) It is easy to see that the 3-vectors f̃_r′ = (f̃_r′_r) have unit length and are mutually orthogonal. Therefore up to an orthogonal transformation, one can set f̃_{61} = f̃_{22} = f̃_{73} = 1 and the rest of the components to vanish. This proves (5.10).

5.1.2 Dilatino KSE Adapting the general analysis in section 2 to this case, the part of the dilatino KSE involving the Lee form (2.11) is θ_{ω1} = θ_{ω2} = θ_{ω3} = 2d̃Φ . (5.13) Using (5.4), the rest of the KSE (2.12) can be written as

(Γ^a∂_aΦ − 1 12 H_{abc}Γ^{abc} − 1 4 f_{ar} ω^r_{ij} Γ^{aij} )ϵ = 0 . (5.14)

In what follows we shall solve (5.14) for the Lie algebras (5.1), and for the solutions of the homomorphism condition (5.8) and (5.10).

5.2 f = wv

The dilatino KSE in the (5.8) becomes

(Γ^a∂_aΦ − 1 12 H_{abc}Γ^{abc} − 1 4 w_av_r(ω^r)_{ij}Γ^{aij} )ϵ = 0 . (5.15)

The solutions depend on the properties of w and ∂Φ, and so we shall examine various cases. We shall always assume that w ≠ 0 since the w = 0 case is examined in appendix A. We shall demonstrate that there are solutions that preserve either 4 or 8 supersymmetries.

5.2.1 R^{5,1}

w^2 ≠ 0

Since R^{5,1} is abelian H_{abc} = 0. Act on (5.15) with w_aΓ^a and write the resulting equation as (∂_aΦw^a + A − w^2B)ϵ = 0 (5.16) where A = w_a∂_bΦΓ^{ab} , B = 1 4 v_r(ω^r)_{ij}Γ^{ij} . (5.17) Observe that

A^2 = − [ w^2(∂_aΦ)^2 − (w^a∂_aΦ)^2 ] 1_{8×8} , B^2 = −1_{8×8} , AB = BA . (5.18) Since B has always imaginary eigenvalues act with B on (5.16) to find (∂_aΦw^aB + AB + w^2)ϵ = 0 . (5.19) Separating the equation in eigenvalues of AB, there are solutions iff ∂_aΦ w^a = 0 , w^2(∂_aΦ)^2 > 0 , (5.20) and ± √ w^2(∂_aΦ)^2 = w^2 . (5.21) The first condition is required so that the dependence on B to vanish because otherwise the eigen-spaces are complex. The second condition is required for the eigenvalues of AB to be real. The last condition is necessary for matching the eigenvalues of AB with w^2. All these conditions have solutions, iff both w and ∂_aΦ are spacelike^8 and orthogonal. So w^2 = (∂_aΦ)^2. Note that if ∂_aΦ vanishes, for consistency w is null and this case is investigated below. The solutions preserve 4 supersymmetries.

w^2 = 0 Acting on (5.14) with Γ^aw_a as before, one finds that (∂Φ · w + A)ϵ = 0 (5.22) Acting now on (5.14) with Γ^a∂_aΦ and using the above equation, one concludes that ((∂_aΦ)^2 − 2∂Φ · wB)ϵ = 0 (5.23) This has no solutions unless (∂_aΦ)^2 = ∂Φ · w = 0. Thus both ∂_aΦ and w must be null and co-linear.

The analysis for the case that (∂_aΦ)^2 = 0 is similar to that for which w^2 = 0 leading to the same solution that ∂_aΦ and w must be null and co-linear. The solutions preserve 4 supersymmetries. The Killing spinors satisfy the projection w_aΓ^aϵ = 0. 5.2.2 R^{2,1} ⊕ su(2) w^2 ≠ 0

8The case that both are timelike is excluded by the orthogonality condition.

Define A and B as before and moreover set C = w_a∂_bΦΓ^{ab} − 1 12 w_{a1} H_{a2a3a4} Γ^{a1a2a3 a4} . (5.24) Observe that the two terms in C anti-commute with each other and C^2 = Δ^2 1_{8×8} (5.25) where

Δ^2 = − [ w^2(∂_aΦ)^2 − (w^a∂_aΦ)^2] + 1 4 w^2H^2 , H^2 = 1 6 H_{abc}H^{abc} > 0 . (5.26) Moreover we have that BC = CB . (5.27) Acting on (5.14) with w_aΓ^a, observe that it can be rewritten as (w^a∂_aΦ + C − w^2B)ϵ = 0 . (5.28) Since the eigenvalues of B are imaginary, acting with B on (5.28) and separating the equation in eigenspaces of BC, there are solutions iff Δ^2 < 0 , w^a∂_aΦ = 0 , √ −Δ^2 ± w^2 = 0 . (5.29) The first condition is required for BC to have real eigenvalues. Since ∂_aΦ is orthogonal to w, Δ^2 simplifies as Δ^2 = −w^2(∂_aΦ)^2 + 1 4 w^2H^2 . (5.30) Now suppose that w^2 > 0. In such case Δ^2 < 0 requires that (∂_aΦ)^2 >^1_4 H^2 > 0.

Thus there are solutions that preserve 4 supersymmetries provided that w and ∂_aΦ are both spacelike and orthogonal and (∂_aΦ)^2 − 1 4 H^2 = w^2 . (5.31) Next if w^2 < 0, the condition Δ^2 < 0 requires that (∂_aΦ)^2 <^1_4 H^2. Again there are solutions preserving 4 supersymmetries provided that ∂_aΦ is spacelike. There are no solutions with both w and ∂_aΦ timelike because of the orthogonality condition. Note also that if ∂_aΦ is null, there is no solution.

w^2 = 0 Acting with w_aΓ^a on (5.14) and using w^2 = 0, one finds that [w · ∂Φ + w_a∂_bΦΓ^{ab} − 1 12 w_aH_{bcd}Γ^{abcd}]ϵ = 0 (5.32)

On the other hand, acting with ∂_aΦΓ^a −^1_{12} H_{abc}Γ^{abc} on (5.14) and using the above equation, one finds that

[(∂_aΦ)^2 − 1 24 H_{abc}H^{abc} − 1 2 w · ∂ΦB]ϵ = 0 . (5.33)

This implies that

(∂_aΦ)^2 = 1 24 H_{abc}H^{abc} > 0 , w · ∂Φ = 0 . (5.34)

Since ∂_aΦ is required to be spacelike, we act on (5.14) with ∂_aΦΓ^a to find

[(∂_aΦ)^2 − 1 12 ∂_aΦH_{bcd}Γ^{abcd} + w_a∂_bΦΓ^{ab}B]ϵ = 0 . (5.35)

Next observe that the last two terms in the above equation anti-commute and so define D = 1 12 ∂_aΦH_{bcd}Γ^{abcd} − w_a∂_bΦΓ^{ab}B . (5.36) In terms of D the dilatino KSE (5.14) can be written as [(∂_aΦ)^2 − D]ϵ = 0 . (5.37) Observe that

D^2 = 1 4 (∂_aΦ)^2H^21_{8×8} . (5.38)

Therefore the eigenvalues of D are real and so there are solutions which preserve 4 supersymmetries provided that (5.34) is satisfied. In fact the Killing spinors satisfy the projection w_aΓ^aϵ = 0. The remaining dilatino KSE is also satisfied because the SU(2)-invariant spinors are chiral from the 6-dimensional perspective.

5.2.3 sl(2, R) ⊕ R^3 The analysis of the solutions of the dilatino Killing spinor equation is similar to that of the previous case. So we define again A, B, C and D. The only difference is that we now have to take into account that ∂_aΦ and w are spacelike and H is timelike.

w^2 ≠ 0 A brief inspection of the previous case reveals that there is a solution of the Killing spinor equations preserving 4 supersymmetries provided that both ∂_aΦ and w are spacelike and orthogonal, and (5.31) is satisfied. Observe that in this case, there are solutions for which ∂_aΦ = 0, ie the dilaton is constant along the fibre directions.

5.2.4 cw_4 ⊕ R^2 and cw_6

Suppose now that LieG = cw_6 or cw_4 ⊕ R^2. In this case H is null. Acting with H_{abc}Γ^{abc} on (5.14), one finds that ( − 1 12 H_{abc}∂_dΦΓ^{abcd} + 1 48 H_{abc}w_dΓ^{abcd}v_rω^r_{ij}Γ^{ij} ) ϵ = 0 . (5.39)

Next acting on the same equation with ∂_aΦΓ^a −^1_4 w_aΓ^av_rω^r_{ij}Γ^{ij} and using the above equation, one finds that

(∂_aΦ)^2 = w^2 , ∂Φ · w = 0 . (5.40)

So there are two possibilities. Either ∂_aΦ and w are null and co-linear or both are spacelike and orthogonal. In the former case, the backgrounds preserve 4 of supersymmetries. The Killing spinors satisfy the projection w_aΓ^aϵ = 0. Now if both w = ∂_aΦ = 0 and the structure constants of cw_6 are self-dual, then the solution preserves 8 supersymmetries.

The latter case is only available for LieG = cw_4 ⊕ R^2. To investigate it further act on the dilatino KSE with w_aΓ^a and observe that it can be written as (C − w^2B)ϵ = 0 or equivalently as

(CB + w^2)ϵ = 0 . (5.41)

Moreover (CB)^2 = w^2(∂_aΦ)^21_{8×8}. Since both ∂_aΦ and w are spacelike CB has real eigenvalues and there are solutions preserving 4 supersymmetries provided that (5.40) is satisfied.

5.3 Solutions for f in (5.10)

5.3.1 sl(2, R) ⊕ su(2)

In the sl(2, R) ⊕ su(2) case, ∂_aΦ = 0. The KSE becomes [− 1 12 H_{abc}Γ^{abc} − 1 4 f_{ar}Γ^aω^r_{ij}Γ^{ij}]ϵ = 0 . (5.42)

Without loss of generality, let us take su(2) to be along the directions 051 and su(2) along the directions 627. In such case, the Killing spinor equation can be rewritten as [ − 1 2 [H_{051} + H_{627}]Γ^{627} − 1 4 f_r′_rΓ^{r′} ω^r_{ij}Γ^{ij} ] ϵ = 0 . (5.43)

Using (5.10) and acting with Γ^{627}, one finds [1 2 [H_{051} + H_{627}] − ν 8 ϵ_r′_s′_t′ Γ^{s′t′} ω^{r′}_{ij} Γ^{ij} ] ϵ = 0 , ν = − 1 2 H_{627} , (5.44)

where ϵ_{627} = 1 and ω^6 ≡ ω^1, ω^2 ≡ ω^2 and ω^7 ≡ ω^3. Next one can show that on the space of SU(2)-invariant spinors

W^2 = −2W + 3 , W = 1 8 ϵ_r′_s′_t′ Γ^{s′t′} ω^{r′}_{ij} Γ^{ij} . (5.45)

Therefore W has eigenvalues 1 and −3. Since W is traceless, 1 has multiplicity 6 while −3 has multiplicity 2. Therefore if

H_{051} + 2H_{627} = 0 (5.46)

the background preserves 6 supersymmetries, while if

H_{051} − 2H_{627} = 0 (5.47)

the background preserves 2 supersymmetries. In the special case that the structure constants of sl(2, R) ⊕ su(2) are self-dual and f = 0, the solutions preserve all 8 supersymmetries.

5.3.2 R^{2,1} ⊕ su(2)

Next let us consider R^{2,1} ⊕ su(2). In this case, the Killing spinor equation can be written as [Z + 1 2 H_{627} − νW ]ϵ = 0 , ν = − 1 2 H_{627} , (5.48)

where Z = Γ^{627}∂_aΦΓ^a and W is given in (5.45). Since ∂_aΦ is in the directions of R^{2,1}, observe that

Z^2 = (∂_aΦ)^2 1_{8×8} , ZW = W Z . (5.49)

Suppose that ∂_aΦ is spacelike, then the backgrounds preserve 4 supersymmetries provided that ± √ (∂_aΦ)^2 = −H_{627} . (5.50)

For each choice of sign, three of the Killing spinors belong to the eigenspace of W with eigenvalue 1 and one Killing spinor belongs to the eigenspace of W with eigenvalue −3. In addition, they satisfy an appropriate projection with respect to Z. There are no solutions for either ∂_aΦ null or timelike. All these backgrounds have linear dilaton along the spacelike fibre directions of R^{2,1}.

5.4 Geometry

To solve the KSE (5.14) as in the SU(3) holonomy case, we write x^M = (y^α, x^μ), where x^μ are coordinates of the base space B and y^α are coordinates of the fibre of M. Then, we have

λ^a = λ^a_αdy^α + λ^a_μdx^μ , e^i = e^i_μdx^μ , ∂_μ = e^i_μ∂_i + λ^a_μ∂_a , (5.51)

as in the holonomy SU(3) case. Both the spacetime metric g and H are independent from the fibre coordinates y. Next as in [22] set

ds̃^2 = h ds̊^2 , H̃ = −˚⋆dh , (5.52) where all tensors, including the function h, depend only on the coordinates x^μ, and the Hodge star operation is taken with respect to the metric ds̊^2. To find the geometry of the base space B, one has to determine ds̊^2.

Substituting the above data (5.52) into (5.13), we get

h^{−1}∂_ih = 2∂_iΦ . (5.53)

Thus

∂_μ log h = 2(∂_μΦ − λ^a_μ∂_aΦ) = 0 . (5.54)

Assuming that ∂_aΦ ≠ 0, one finds as an integrability condition that

F^a_{μν} ∂_aΦ = 0 , (5.55)

ie the curvature of the principal bundle connection must vanish along the direction ∂_aΦ in Lie G. Integrating locally (5.54), we get

2Φ = log h + Y (y) , (5.56)

where Y depends only on the fibre coordinates. Since ∂_aΦ is constant, Φ is at most linear in the y coordinates.

To find the geometry of the base space, note that

Ω̂_μ^i_j = e^k_μΩ̂_{k,}^i_j + λ^a_μΩ̂_{a,}^i_j = Ω̊_{μ,}^i_j + λ^a_μH_{aj}^i , (5.57)

where Ω̊ is the frame connection of the metric d^2s̊ given in (5.52). Since ^∇ω_r = 0, the covariant derivative of ω^r along B with respect to the Levi-Civita connection ˚∇ of the metric ds̊^2 is

˚∇_μ(ω_r)_{ij} − 2λ^a_μf_{as}ϵ^s_r^t(ω_t)_{ij} = 0 . (5.58)

Note that if λ^a_μf_{as} ≠ 0, then L_aω_r ≠ 0. So the 2-forms ω_r on M do not descent as 2-forms on the base space B. Instead, they are 2-forms on B with values on a bundle with connection λ.

It is known that if there is no restriction on the connection λ, all 4-manifolds satisfy (5.58). However in our case, there is a restriction because the self-dual part of the curvature of λ satisfies

F^a + ⋆F^a = 2f^a_r ω^r (5.59)

and f is a constant matrix.

Clearly if f = 0, the base space B is hyper-Kähler and the connection λ an anti-self-dual instanton on B with gauge group Lie(G). On the other hand if the anti-self dual part of F vanishes, then B is self-dual Weyl Einstein. This is the Quaternionic Kähler condition in 4 dimensions, see eg [23].

Returning to the general case, the integrability condition of (5.58) is − R̊_{μν,}^λ_ρω̊^r_{λσ} + R̊_{μν,}^λ_σω̊^r_{λρ} = 2F^a_{μν} f_{as}ϵ^{sr}_tω̊^t_{ρσ} . (5.60)

This condition implies that the self-dual part of the Weyl tensor vanishes thus B is a anti-self-dual Weyl manifold. In addition, one finds that R̊_{μν,}^{ρσ}ω̊^r_{ρσ} = 4F^r_{μν} , R̊_{μν} = −2 ∑ r F^a_{μρ}f_{ar}ω̊^r_{σν} γ^{ρσ} , (5.61)

where ds̊^2 = γ_{μν} dx^μdx^ν . Observe that if the anti-self-dual part of F vanishes, then B is Einstein with cosmological constant proportional to f^2.

So far we investigated the general case. Now we shall adapt the above results to the cases (5.8) and (5.10).

5.4.1 f = wv

N = 4

To begin define ω := v_rω^r. Then using (5.58) observe that ω satisfies

˚∇ω̊ = 0 . (5.62)

Thus B is Kähler. Moreover, the remaining two equations in (5.58) become

˚∇_μω̊^r_{ij} − 2λ_μv_sϵ^{sr}_tω̊^t_{ij} = 0 , λ := w_aλ^a . (5.63)

These two conditions are automatically satisfied for all the Kähler manifolds, in fact the other two ω’s are sections of K ⊗ L, where K the canonical bundle on B and L is the line bundle with connection λ. The only additional condition is the analogue of (5.59) which implies that

F + ⋆F = 2w^2ω , (5.64)

where F is the curvature of λ. In general B is not Einstein. But if in addition the antiself-dual part of F vanishes, then B is Kähler-Einstein with non-vanishing cosmological constant, and the Ricci tensor is given by

R̊_{μν} = 2w^2γ_{μν} . (5.65)

The sign of the curvature of B depends on whether w is spacelike or timelike. If w is null, then B is hyper-Kähler. The only negative curved case occurs whenever Lie G = R^{2,1} ⊕ su(2).

Thus, if f = wv, B is Kähler. In particular hol(˚∇) ⊆ U(2). Moreover the curvature of the connection along the central element of Lie G spanned by w, λ = w_aλ^a, satisfies the Hermitian Einstein condition with cosmological constant, ie the self-dual part is given by (5.64). The remaining components of F^a are anti-self-dual.

There is a special case of solutions with 4 supersymmetries and B hyper-Kähler. These arise for example whenever w = 0. Moreover in this case F is anti-self-dual. Such solutions exist for all Lie algebras in (5.1) unless their parameters are restricted such that the solutions admit 8 supersymmetries. Typically the dilaton is linear along the fibre directions of spacetime but there are also N = 4 solutions with constant dilaton.

N = 8

The N = 8 solutions have been classified in [27]. B is hyper-Kähler and F is antiself-dual with gauge group Lie algebra given in (5.1). The dilaton is constant along the fibre directions of spacetime.

Lie G/N 1 2 3 4 5 6 7 8 R^{2,1} ⊕ su(2) − − − HK, K, ASW − − − − sl(2, R) ⊕ R^3 − − − K − − − − cw_4 ⊕ R^2 − − − HK, K − − − cw_6 − − − HK, K − − − HK R^{5,1} − − − HK, K − − HK sl(2, R) ⊕ su(2) − ASW − − − ASW − HK

Table 3: N is the number of supersymmetries. ASW (Anti-self-dual Weyl), K (Kähler) and HK (hyper-Kähler) refers to the geometry of the 4-dimensional base space B of the associated supersymmetric background. The entries − do not occur.

5.4.2 f given in (5.10)

N = 2, 4, 6

The analysis is identical to that given in the beginning of the section for the general case. The only difference is that f is now restricted to be non-vanishing only on the su(2) subalgebra of R^{2,1} ⊕ su(2) and sl(2, R) ⊕ su(2). As we have already remarked the self-dual part of the Weyl tensor of B vanishes. In general, hol(˚∇) ⊆ Spin(4). The components F^r of F^a along the su(2) subalgebra of R^{2,1} ⊕su(2) and sl(2, R)⊕su(2) satisfy a Hermitian-Einstein type of condition (5.59). The remaining anti-self-dual components of F^a are not restricted.

6 Conclusions

We have simplified the solution of the KSEs of heterotic backgrounds for which the connection with skew-torsion ^∇ has holonomy contained in a compact group. In particular, we have shown that if dH = 0 and the field equations are satisfied, then there are restrictions on the fractions of supersymmetry that can occur and these depend on the Lie algebra of isometries that acts on the backgrounds. We have collected an outline of our results in table 4. This should be compared with table 2 of [3] which has been composed without making any additional assumptions. The absence of N = 3 solutions in the SU(3) case and N = 7 solutions in the SU(2) case is a local result and reminiscent to those in [19, 20] for 10- and 11-dimensional supergravities. We have not ruled out the possibility that such backgrounds could exist after a discrete identification of solutions with 4 and 8 supersymmetries, respectively, see [21]. Observe in addition that there are no solutions in the SU(2) case with 3 and 5 supersymmetries.

hol( ^∇) N Spin(7) ⋉ R^8 1 SU(4) ⋉ R^8 ↗, 2 Sp(2) ⋉ R^8 ↗, ↗, 3 ×^2SU(2) ⋉ R^8 ↗, ↗, ↗, 4 SU(2) ⋉ R^8 ↗, ↗, ↗, ↗, 5 U(1) ⋉ R^8 ↗, ↗, ↗, ↗, ↗, 6 R^8 ↗, ↗, ↗, ↗, ↗, ↗, −, 8 G_2 1, 2 SU(3) 1, 2, − , 4 SU(2) −, 2, −, 4, −, 6, −, 8 {1} 8, 10, 12, 14, 16

Table 4: In the columns are the holonomy groups that arise from the solution of the gravitino KSE and the number N of supersymmetries, respectively. ↗ and − denote the entries in table 2 of [3] that are special cases of backgrounds for which all parallel spinors are Killing and those that do not occur, respectively.

We have also examined the geometry of the solutions. In all these cases, the spacetime is a principal bundle with fibre group G and base space B. We have determined all the groups G that occur and identify the geometry of B in all cases. In the G_2 case, B admits a G_2 structure compatible with a connection with skew-symmetric torsion. In the SU(3) case, B admits either a SU(3) or a U(3) structure again compatible with a connection with skew-symmetric torsion. B is either a complex or an almost complex manifold. In the SU(2) case, B can either be Kähler, or hyper-Kähler or anti-self-dual Weyl manifold. The latter condition includes the 4-dimensional quaternionic Kähler manifolds which in addition are required to be Einstein. We have also found the conditions on the curvature F of the connection that twists G over B imposed by supersymmetry. These are typically instanton-like conditions in dimension 7, 6 and 4. Furthermore, we examined the properties of the dilaton for these backgrounds. In particular, we found that some of them exhibit a linear dilaton along the fibre G of spacetime.

There is a worldvolume interpretation for all these solutions. In particular, they can be thought as gauged WZW models with group manifold G over B. The action that it is gauged is the left action which is anomalous. However since the gauge fields are composite, this anomaly can be canceled from a contribution form the base space. The details are similar to those in [27] as applied to backgrounds that preserve 8 supersymmetries.

The supersymmetric heterotic backgrounds exhibit a rich geometric structure. Many explicit solutions are known, see eg [22, 24, 25, 26]. There is also a classification of all solutions with 8 supersymmetries [27] and a large class of solutions with 4 supersymmetries can be understood [28]. Further progress can be made to construct new examples. The main question is to find base manifolds B of the spacetime that have the prescribed properties required by supersymmetry. In most cases, there are no general methods for the construction of such manifolds. The development of such methods is a problem for the future.

Acknowledgments: I would like to thank Ulf Gran, Jan Gutowski and Andrew Swann for helpful discussions. I am partially supported by the EPSRC grant, EP/F069774/1 and the STFC rolling grant ST/G000/395/1.

Appendix A Dilatino KSE on group manifolds

It is instructive solve the dilatino KSE in the case that depends only on the dilaton and the Lie structure constants H_{abc}. This has already been done for the group manifold models in [6]. Here we shall adapt this to the hol( ^∇) ⊆ SU(2) case. The holonomy hol( ^∇) ⊆ SU(3) is straightforward. If f = 0 in the hol( ^∇) ⊆ SU(2) case, then F is anti-self-dual. The dilatino Killing spinor equation becomes

(Γ^a∂_aΦ − 1 12 H_{abc}Γ^{abc})ϵ = 0 . (A.1)

There are three cases to consider depending on whether ∂_aΦ is (i) (∂_aΦ)^2 ≠ 0, ie spaceor time-like^9 , (ii) (∂_aΦ)^2 = 0 but ∂_aΦ ≠ 0, ie null, or (iii) ∂_aΦ = 0.

(∂_aΦ)^2 ≠ 0 Acting with Γ^a∂_aΦ on (A.1) and using (5.5), one finds that [ (∂_aΦ)^2 − 1 12 ∂_{a1} Φ H_{a2a3a4} Γ^{a1a2a3a4} ] ϵ = 0 . (A.2)

Next set A = 1 12 ∂_{a1} Φ H_{a2a3a4} Γ^{a1a2a3a4} (A.3)

and using that H_{abc} are the structure constants of a metric Lie algebra observe that

A^2 = 1 24 (∂_aΦ)^2H_{abc}H^{abc}1_{8×8} (A.4)

For A to have real non-vanishing eigenvalues

(∂_aΦ)^2H_{abc}H^{abc} > 0 (A.5)

so ∂_aΦ and H_{abc} are either both spacelike or both time-like.

There are no solutions if H is timelike. To see this observe that H_{abc} is timelike only when Lie(G) = sl(2, R) ⊕ h in (5.1) for h = su(2) or R^3. For h = su(2), (A.5) is incompatible with (5.5). Moreover for h = R^3, (5.5) implies that ∂_aΦ is spacelike and so (A.5) is not satisfied.

9 From now on we shall use the notation (∂_aΦ)^2 = η^{ab}∂_aΦ∂_bΦ and |∂_aΦ| = √ |(∂_aΦ)^2|.

It remains to see whether there are solutions if H is space-like. If H is space-like (A.5) is satisfied provided that ∂_aΦ is space-like as well. In such case there are solutions preserving 4 supersymmetries provided

(∂_aΦ)^2 = 1 24 H_{abc}H^{abc} > 0. (A.6) Moreover (A.1) is equivalent to the projector ( 1 − ∂_{a1} Φ H_{a2a3a4} Γ^{a1a2a3a4} 12(∂_aΦ)^2 ) ϵ = 0 . (A.7)

Next observe that A^2 = 0, A ≠ 0, iff H_{abc} is nilpotent. It is easy to see from this that consistency requires that ∂_aΦ must also be nilpotent. Thus such backgrounds are included in the solutions which shall investigate below. Therefore, the only solutions that can be arranged to satisfied the conditions (A.5) and (A.6), and so admit 4 supersymmetries, have isometry algebra R^{3,1} ⊕ su(2) . (A.8)

∂_aΦ null If ∂_aΦ is null, then Aϵ = 0. Now acting on (A.1) with H_{abc}Γ^{abc} and using Aϵ = 0, one finds that H_{abc}H^{abc}ϵ = 0 (A.9) and so for solutions to exist H_{abc} must also be null.

Without loss of generality the only non-vanishing component of ∂_aΦ can be taken to be ∂_+Φ. In such case (5.5) implies that the non-vanishing components of H_{abc} are H_{+a}′_b′ . In such case, the dilatino KSE is equivalent to the light-cone projection Γ^+ϵ = 0. The only groups listed in (5.1) that admit null structure constants are R^{5,1} , cw_4 ⊕ R^2 , cw_6 . (A.10) As in the previous case, these backgrounds preserve strictly 4 supersymmetries.

∂_aΦ = 0 If the dilaton is constant, it is easy to see that (A.1) has solutions provided H_{abc} is null. The Lie algebras R^{5,1} , cw_4 ⊕ R^2 , cw_6 , (A.11) in (5.1) have null structure constants. It turns out that the backgrounds with isometry algebras cw_4 ⊕ R^2 , cw_6 , (A.12) preserve strictly 4 supersymmetries provided that the structure constants of cw_6 are not self-dual, while R^{5,1} , cw_6 , (A.13) preserve all 8 supersymmetries provided that the structure constants of cw_6 are self-dual.

References

[1] U. Gran, P. Lohrmann and G. Papadopoulos, “The spinorial geometry of supersymmetric heterotic string backgrounds,” JHEP 0602 (2006) 063 [arXiv:hep-th/0510176].

[2] U. Gran, G. Papadopoulos, D. Roest and P. Sloane, “Geometry of all supersymmetric type I backgrounds,” JHEP 0708, 074 (2007) [arXiv:hep-th/0703143].

[3] U. Gran, G. Papadopoulos and D. Roest, “Supersymmetric heterotic string backgrounds,” Phys. Lett. B 656 (2007) 119 [arXiv:0706.4407 [hep-th]].

[4] J. Gillard, U. Gran and G. Papadopoulos, “The spinorial geometry of supersymmetric backgrounds,” Class. Quant. Grav. 22 (2005) 1033 [arXiv:hep-th/0410155].

[5] A. Medina and P. Revoy, “Algebres de Lie et produit scalaire invariant,” Ann. Scient.

Ec. Norm. Sup. 18 (1985) 553.

[6] J. Figueroa-O’Farrill, T. Kawano and S. Yamaguchi, “Parallelisable heterotic backgrounds,” JHEP 0310, 012 (2003) [arXiv:hep-th/0308141].

T. Kawano and S. Yamaguchi, “Dilatonic parallelizable NS-NS backgrounds,” Phys. Lett. B 568 (2003) 78 [arXiv:hep-th/0306038].

A. Chamseddine, J. Figueroa-O’Farrill and W. Sabra, “Supergravity vacua and Lorentzian Lie groups,” arXiv:hep-th/0306278.

[7] S. Detournay, D. Klemm and C. Pedroli, “Generalized instantons in N = 4 super Yang- Mills theory and spinorial geometry,” arXiv:0907.4174 [hep-th].

[8] T. Friedrich, S. Ivanov, “Parallel spinors and connections with skew-symmetric torsion in string theory” Asian Journal of Mathematics 6 (2002), 303-336 [math.DG/0102142].

“ Killing spinor equations in dimension 7 and geometry of integrable G_2-manifolds” J. Geom. Phys. 48 (2003), 1-11 [math.DG/0112201].

[9] H. Kunitomo and M. Ohta, “Supersymmetric AdS_3 solutions in Heterotic Supergravity,” arXiv:0902.0655 [hep-th].

[10] A. Strominger, “Superstrings With Torsion,” Nucl. Phys. B 274, 253 (1986).

[11] C. M. Hull, “Compactifications Of The Heterotic Superstring,” Phys. Lett. B 178 (1986) 357.

[12] S. Ivanov and G. Papadopoulos, “A no-go theorem for string warped compactifications,” Phys. Lett. B 497 (2001) 309 [arXiv:hep-th/0008232].

“Vanishing theorems and string backgrounds,” Class. Quant. Grav. 18 (2001) 1089 [arXiv:math.dg/0010038].

[13] J. P. Gauntlett, D. Martelli, S. Pakis and D. Waldram, “G-structures and wrapped NS5- branes,” Commun. Math. Phys. 247 (2004) 421 [arXiv:hep-th/0205050].

[14] A. Fino, M. Parton, S. Salamon, “Families of strong KT structures in six dimensions”, [math.DG/0209259].

[15] G. L. Cardoso, G. Curio, G. Dall’Agata, D. Lust, P. Manousselis and G. Zoupanos, “Non- Kaehler string backgrounds and their five torsion classes,” Nucl. Phys. B 652 (2003) 5 [arXiv:hep-th/0211118

[16] E. Goldstein and S. Prokushkin, “Geometric model for complex non-Kaehler manifolds with SU(3) structure,” Commun. Math. Phys. 251 (2004), 65 [arXiv:hep-th/0212307].

[17] D. Grantcharov, G. Grantcharov, Y. S. Poon, “Calabi-Yau Connections with Torsion on Toric Bundles” [math.DG/0306207].

[18] S. Chiossi and S. Salamon, “The intrinsic torsion of SU(3) and G_2 structures,” arXiv:math.dg/0202282.

[19] U. Gran, J. Gutowski, G. Papadopoulos and D. Roest, “N = 31 is not IIB,” JHEP 0702 (2007) 044 [arXiv:hep-th/0606049].

“N = 31, D = 11,” JHEP 0702 (2007) 043 [arXiv:hep-th/0610331].

[20] I. A. Bandos, J. A. de Azcarraga and O. Varela, “On the absence of BPS preonic solutions in IIA and IIB supergravities,” JHEP 0609 (2006) 009 [arXiv:hep-th/0607060].

[21] J. Figueroa-O’Farrill, J. Gutowski and W. Sabra, “The return of the four- and fivedimensional preons,” Class. Quant. Grav. 24 (2007) 4429 [arXiv:0705.2778 [hep-th]].

[22] C. G. . Callan, J. A. Harvey and A. Strominger, “World sheet approach to heterotic instantons and solitons,” Nucl. Phys. B 359 (1991) 611. “Supersymmetric string solitons,” arXiv:hep-th/9112030.

[23] S. Salamon, “Riemannian geometry and holonomy groups”, Longman Scientific and Technical, England (1989) [24] A. Dabholkar, G. W. Gibbons, J. A. Harvey and F. Ruiz Ruiz, “SUPERSTRINGS AND SOLITONS,” Nucl. Phys. B 340 (1990) 33.

[25] E. Eyras, P. K. Townsend and M. Zamaklar, “The heterotic dyonic instanton,” JHEP 0105 (2001) 046 [arXiv:hep-th/0012016].

[26] O. Lunin and S. D. Mathur, “Metric of the multiply wound rotating string,” Nucl. Phys.

B 610 (2001) 49 [arXiv:hep-th/0105136].

[27] G. Papadopoulos, “New half supersymmetric solutions of the heterotic string,” Class.

Quant. Grav. 26 (2009) 135001 [arXiv:0809.1156 [hep-th]]. [28] G. Papadopoulos, to appear.