arXiv:0909.3336v1 [gr-qc] 17 Sep 2009

Dimensional Reduction of the 5D Kaluza-Klein Geodesic Deviation Equation

V. Lacquaniti^{1,2,3,⋄}, G. Montani^{1,4,5,†}, F. Vietri^{1,2,⋆}

1 ICRA—International Center for Relativistic Astrophysics, Physics Department (G9), University of Rome, "‘La Sapienza"’, Piazzale Aldo Moro 5, 00185 Rome, Italy.

2 Physics Department "‘E.Amaldi "‘, University of Rome, "‘Roma Tre"’, Via della Vasca Navale 84, I-00146, Rome , Italy 3 LAPTH -9, Chemin de Bellevue BP 110 74941 Annecy Le Vieux Cedex, France 4 ENEA- C. R. Frascati ( Department F. P. N. ), via E.Fermi 45, I-00044, Frascati, Rome, Italy 5 ICRANET - C.C. Pescara, Piazzale della Repubblica 10, I-65100, Pescara, Italy

Abstract

In the work of Kerner et al. (2001) the problem of the geodesic deviation in a 5D Kaluza Klein background is faced. The 4D space-time projection of the resulting equation coincides with the usual geodesic deviation equation in the presence of the Lorenz force, provided that the fifth component of the deviation vector satisfies an extra constraint which takes into account the q/m conservation along the path. The analysis was performed setting as a constant the scalar field which appears in Kaluza-Klein model. Here we focus on the extension of such a work to the model where the presence of the scalar field is considered. Our result coincides with that of Kerner et al. when the minimal case ϕ = 1 is considered, while it shows some departures in the general case. The novelty due to the presence of ϕ is that the variation of the q/m between the two geodesic lines is not conserved during the motion; an exact law for such a behaviour has been derived.

⋄ valentino.lacquaniti@icra.it,^† montani@icra.it,^⋆ vietrif@fis.uniroma3.it

Introduction

Kaluza-Klein (KK) theories ([1]-[5]) offer in vacuum a tool to consider the unification of interactions in a geometrical picture; in the 5D compactified model we reproduce the coupling of the gravitational field with a U(1) vector field, which we identify with the electromagnetic field, plus an extra scalar field, which is the scale factor of the extra dimension ([6]-[10]). The most striking results of such a model are the explanation for the generation of the local U(1) gauge symmetry and the discretization of the charge ([9], [10], [11]). Although these results are encouraging, nevertheless the introduction of matter in the compactified model is still an open problem: it yields some inconsistencies in the dynamics, like the generation of a huge massive modes spectrum and the problem concerning the proper identification of the correct coupling factors associated to gauge currents ([5], [11], [12]). In order to add a contribute to this debate, in this paper we consider the dimensional reduction of the geodesic deviation equation in the framework of the compactified 5D KK model. Such a topic was faced at first by Kerner et al. ([13]), setting from the beginning as a constant the scalar field, and the following equation has been derived: D^2δx^α Ds^2 = −R^α_{βγλ}u^βδx^γ u^λ + ekw_5 √ 1 + w^2_5 δx^ν ∇_ν ( F^{αβ}u_β ) − ekF^α_ν u^ν δQ . (1) Here ek is a dimensional constant which reads (ek)^2 =^{4G}_{c2} , w_5 is the fifth component of the 5D velocity w^A =^{dxA}_{ds5} , u^ρ is the 4D velocity, and as usual R^α_{βγλ} and F^{μν} are the Riemann and the Faraday tensor respectively. The factor^{ekw5}√_{1+w25} defines the ratio q/m of a given particle and the above equation describes the behaviour of the deviation parameter δx^μ for two close test particles with ratios q/m and q/m + δQ. The factor δQ explicitly reads δQ =^{dδx5}_{ds} − F_{μν} δx^μu^ν , and its dynamics is governed by the condition: d ds ( dδx_5 ds − F_{μν} δx^μu^ν ) = 0 . (2)

Therefore, choosing as suitable initial condition the value δQ = 0 the following equation can be written: D^2δx^α Ds^2 = −R^α_{βγλ}u^βδx^γ u^λ + q m δx^ν ∇_ν ( F^{αβ}u_β ) . (3)

In the usual 4D theory it describes the behaviour of the deviation parameter δx^α between two close test-particles, with same charge q and mass m, in presence of an electromagnetic field. Setting as a constant the scalar field however, does not allow us to distinguish between a 4D theory from a 5D theory; then the topic of this work is to build a 5D deviation equation in presence of the scalar field, in order to achieve a relation which could be in principle used to search evidence of an extra dimension.

1 Geodesic equation in Kaluza Klein

Let us consider at first the reduction of the geodesic equation in the framework of the cylindrical and compactified KK model. We assume, as in the 4D theory, that the motion of the free particle follows a geodesic line, i.e. the dynamics is governed by the following Action: S = −m̂ ∫ ds_5. (4)

Here m̂ is an unknown mass parameter and ds_{(5)} reads

ds^2_5 = ds^2 − ϕ^2 ( ekA_μdx^μ + dx^5 )_2

, μ = 0, 1, 2, 3, (5)

where ds is the 4D line element and ϕ is the extra scalar field. The reduction of the 5D geodesic equation^{dwA}_{ds5} = 0 provides the following set:

Du^γ Ds = ek w_5 √ 1 +^{w25}_{ϕ2}

F^{γβ}u_β + 1 ϕ^3 ( u^γ u^β − g^{γβ} ) ∂_β ϕ w^{25} 1 +^{w25}_{ϕ2} (6)

dw_5 ds = 0 (7)

Equation (6) describes the motion of the reduced particle, which is now interacting with the electromagnetic field and the scalar one. Equation (7) sets the existence of a constant of motion; it is possible also to show that w_5 is a scalar object. Explicitly we have:

w_5 = −ϕ^2 ( ekA_μw^μ + w^5 ) (8) Such a constant allows us to define the electromagnetic coupling. Indeed, we define the charge-mass ratio as follows: ek w_5 √ 1 +^{w25}_{ϕ2} = q mc^2 . (9)

An insight concerning the role of m̂ can be achieved by considering the hamiltonian formulation and studying the associated dispersion relation; while the study of the motion equation allows us to define only the charge-mass ratio, the analysis of conjugate momenta gives us a definition for mass and charge separately ( see [11] for details ). It turns out that the interacting 4D particle is characterized by the following relation:

(P_μ − qA_μ) (P^μ − qA^μ) = m^2 , (10)

where:

q = ekP_5 , m^2 = m̂^2 +

P^2_5 ϕ^2

. (11)

In these formulas P_A = m̂w_A are the conjugate momenta and these definitions reproduce the q/m ratio previously considered . But, more important, we see that the mass parameter m̂ we put in the Action (4) does not correctly represent the physical mass of the particle which is indeed m. The multiplying factor α = √ 1 +^{w25}_{ϕ2} that enters into the definition of the mass arises because we are forced, during the procedure, to perform a reparemetrization between ds and ds_5, such that we have :

α = √ 1 + w^2_5 ϕ^2 = ds ds_5 . (12)

We will see, in the next section, how this factor plays a role in the dynamical equation governing of the geodesic deviation.

2 Geodesic deviation equation in Kaluza-Klein

The starting point of our analysis is the 5D geodesic deviation equation, which we obtain extending to the 5D background the usual geodesic deviation equation; indeed, it is possible to show that, from the analysis of two close geodesic lines, the following equation can be built, D^2δx^A Ds^2_5

= −^5R^A_{BCD}w^B δx^C w^D , (13)

where^5R^A_{BCD} is the 5D Riemann tensor and δx^A represent the 5D displacement factor between two geodesic equations. Via the dimensional reduction procedure the 4D part of equation (13) yields the formula:

D^2δx^α Ds^2 − w^{25} 1 +^{w25}_{ϕ2} 1 ϕ^3 dϕ ds Dδx^α ds = −R^α_{βγλ}u^βδx^γ u^λ +

+ w_5 √ 1 +^{w25}_{ϕ2} δx^ν ∇_ν [ F^{αβ}u_β ] + w^{25} 1 +^{w25}_{ϕ2} δx^ν ∇_ν ( ∂^αϕ ϕ^3 ) −

− F^α_ν u^ν − 2 w^5√ 1 +^{w25}_{ϕ2} ∂^αϕ ϕ^3 δQ . (14)

In the same way the reduction of the fifth component yields: d ds √ 1 + w^2_5 ϕ^2 (δQ) = −w_5 δx^ν ∂^ν ϕ ϕ^3 dϕ ds . (15)

The definition of δQ is now as follows:

δQ = dδx^5 ds − 2 δx_5 ϕ dϕ ds − ϕ^2F_{μν} δx^μu^ν + 2 w_5 √ 1 +^{w25}_{ϕ2} δx^ρ∂_ρϕ ϕ . (16)

Now we are going to demonstrate that δQ represent the variation of the charge-mass ratio in presence of a scalar field. From the definition of^q_m in (9) we have: δ ( q m ) ≈ ek δw_5 √ 1 +^{w25}_{ϕ2} + O ( w^2_5 ) . (17)

Let us now calculate δw_5 by the definition (8):

δw_5 = δ [ ϕ^2 ( ekA_μu^μ + w^5 )] = δ ( ϕ^2 ) [ ekA_μu^μ + w^5 ] +ϕ^2δ ( ekA_μu^μ + w^5 ) =

= 2w_5 δx^ρ∂_ρϕ ϕ +ekϕ^2 ( δx^ρ∂_ρA_μu^μ − dA_μδx^μ ds_{(5)} ) + d (ekϕ^2A_μδx^μ + ϕ^2δx^5) ds_{(5)} − dϕ^2 ds_{(5)} ( ekA_μδx^μ + δx^5 ) . (18) The second term can be rewritten as the contraction of the Faraday tensor with the quantities δx^ρ and u^μ, while the last two terms represent the fifth component of the vector δx_A. Then we have:

δw_5 = dδx_5 ds_{(5)} − 2 δx_5 ϕ dϕ ds_{(5)}

− ϕ^2F_{μν} δx^μw^ν + 2w_5 δx^ρ∂_ρϕ ϕ . (19)

The last step is to use the factor α = √ 1 +^{w25}_{ϕ2} to perform a reparemeterization between ds and ds_5:

δw_5 = √ 1 + w^2_5 ϕ^2 dδx^5 ds − 2 δx_5 ϕ dϕ ds − ekϕ^2F_{μν} δx^μu^ν + 2w_5 √ 1 +^{w25}_{ϕ2} δx^ρ∂_ρϕ ϕ .

Using the definition (17) we finally find the (16):

δ ( q m ) = δQ = dδx^5 ds − 2 δx_5 ϕ dϕ ds − ekϕ^2F_{μν} δx^μu^ν + 2w_5 √ 1 +^{w25}_{ϕ2} δx^ρ∂_ρϕ ϕ . (20) Therefore, eq. (14) describes the geodesic deviation equation in presence of electromagnetism plus scalar field, while eq. (15) describes the behaviour of δQ or the influence of the scalar field on the ratio charge to mass ratio along the path of motion. Recalling the definition α = √ 1 +^{w25}_{ϕ2} =^{ds}_{ds5} we can manipulate eq. (15) and write: dα ds = −α u^2_4 ϕ^3 dϕ ds (21)

δα = α ( 1 ϕ^2 dδx_4 ds − u_4 ϕ^3 δx^ν ∂_ν ϕ ) . (22)

The combination of this two terms allows to analyze the eq. (15) from another point of view and to rewrite it as follows: d ds δQ = [ ϕ w^2_5 d ds δx_5 − αδα ϕ^3 w^2_5 − δQ α ] d ds α. (23)

The above equation thus gives the deviation of the factor δQ in term of the reparametrization factor α; in such a way we can link the problem of the not conservation of the charge-mass ratio with the projection factor from ds_{(5)} to ds.

3 Concluding Remarks

As we can see from equation (23), the factor δQ is no more conserved during the motion, due to the variation of α induced by the variation of ϕ. Therefore, even though we assume initial condition δQ = 0, nevertheless it does not vanish during the motion and it affects the path deviation, as we can see via eq. (14). It is remarkable that such a variation can be addressed to the variation of α, which is indeed the same factor that causes the illdefined mass that affects the compactified model inducing the generation of the Planckian massive tower ([5],[11],[12]). This is the main non-trivial result we get, which generalises the findings of the paper ([13]). Furthermore, from a phenomenological point of view, it provides a testable tool for an experimental detection of the field ϕ, through an analysis of its tidal effects on particle dynamics. It is worth noting, in this respect, that the variation of δQ, being related to α, is connected to the variation of the relative size between the extra dimension and the ordinary 4D lengths. This outcome is a direct consequence of the fact that we adopted a geodesic approach to describe the motion of the unreduced 5D test particle in our compactified model. Other approaches to the test particles dynamics in the framework of extra dimensional physics adopt different schemes concerning the properties of the extra dimension. Usually such approaches relax the cylindrical and the compactification hypotheses, and deal with non compact space and embedding procedure ([14]-[18]) -which at the end leads to the brane scheme ([19],[20])-, or still adopt the compactification hypothesis but face the problem of the motion using more than 5D and invoking a symmetry breaking mechanism for the generation of mass ([21]). In a recent proposal ([11],[22]), it has been suggested that the geodesic approach is not the proper one when dealing with test particle, due to the violation of the 5D Principle of Equivalence; hence, it was proposed to face the particle motion via the conservation law of a 5D cylindrical matter tensor defining the particle via an appropriate Papapetrou expansion ([23]). With respect to this debate the issue of the geodesic deviation can give an interesting theoretical tool for a comparison of the models. At the same time, the extension to multidimensional non-abelian model appears an interesting issue to be pursued.

Acknowledgements

Authors are grateful to CGM members for their feedback. The work of V. Lacquaniti has been partially supported by a fellowship "Bando Vinci" granted from the "French-Italian University".

References

[1] T. Kaluza, On the Unity Problem of Physics, Sitzungseber. Press. Akad.

Wiss. Phys. Math. ,1921.

[2] O.Klein, Z.F.Physik, 37, 1926. [3] O.Klein, Nature , 118, 1926.

[4] T.Appelquist, A.Chodos, P.Frund, Modern Kaluza-Klein theories. Addison Wesley, 1987.

[5] J.Overduin, Wesson, Kaluza-Klein Gravity. Available arXiv:gr-qc/9805018 v1 (1998).

[6] P. Jordan, Ann.Phisik , 1, 1947. [7] Y. Thirry, Comptes Rendus, 226, 1948. [8] E.Witten, Nucl. Phys. B, 186(3), p. 412-428 (1981).

[9] A.Marrocco, G.Montani, QED Coupling from a 5-D Kaluza-Klein Theory, available arXiv:gr-qc/0402073v1.

[10] F.Cianfrani, A.Marrocco, G.Montani, Int.J.Mod.Phys., D14, 2005, 1195-1231.

[11] V. Lacquaniti, G. Montani, Int. J. Mod .Phys. D,18, 929-946, 2009.

arXiv:0902.1718v1 [gr-qc].

[12] J.Van Dongen, Einstein and the Kaluza-Klein particle. Available arXiv:gr-qc/0009087 v1 (2000).

[13] R. Kerner, J. Martin, S.Mignemi, J.W. van Holten, Phys.Rev., D63, (2001) 027502.

[14] S.L.Dubovsky, V.A.Rubakov, On electric charge non-conservation in brane world, arXiv:hep-th/0204205v1 [15] V. A. Rubakov, Phys.Usp.,44, (2001) 871-893.

[16] S.L. Dubovsky, V.A. Rubakov, P.G. Tinyakov, Phys.Rev., D62, (2000) 105011.

[17] S. Randjbar-Daemi, M. Shaposhnikov, Phys.Lett. , B492, (2000) 361- 364.

[18] S. Randjbar-Daemi, M. Shaposhnikov, Phys.Lett, B491, (2000) 329- 332.

[19] L. Randall, R. Sundrum, Phys.Rev.Lett., 83, 4690-4693 (1999). [20] L. Randall, R. Sundrum, Phys.Rev.Lett., 83, 3370-3373 (1999). [21] P. D. B. Collins, A. D. Martin , E. J. Squires, Particle physics and cosmology, (Wiley, New York, 1989).

[22] V. Lacquaniti, G. Montani, Mod. Phys. Lett. A,24, No. 20 ,1565-1575, 2009.

[23] A. Papapetrou, Proc. Phys. Soc. 64, 57 (1951).