arXiv:0909.4879v2 [hep-ph] 12 Oct 2009

Resizing the Conformal Window: A β-function Ansatz

O. Antipin^∗

Department of Physics, University of Jyväskylä, P.O.Box 35, FIN-40014 Jyväskylä, Finland and Helsinki Institute of Physics, P.O.Box 64, FIN-00014 University of Helsinki, Finland

K. Tuominen^{†‡}

CP^3-Origins, Campusvej 55, 5230 Odense, Denmark.

and Helsinki Institute of Physics, P.O.Box 64, FIN-00014 University of Helsinki, Finland

(Dated: October 12, 2009)

Abstract

We propose an ansatz for the nonperturbative beta function of a generic non-supersymmetric Yang-Mills theory with or without fermions in an arbitrary representation of the gauge group. While our construction is similar to the recently proposed Ryttov-Sannino all order beta function, the essential difference is that it allows for the existence of an unstable ultraviolet fixed point in addition to the predicted Bank-Zaks -like infrared stable fixed point. Our beta function preserves all of the tested features with respect to the non-supersymmetric Yang-Mills theories. We predict the conformal window identifying the lower end of it as a merger of the infrared and ultraviolet fixed points.

† On leave of absence from Department of Physics, University of Jyväskylä ∗Electronic address: oleg.a.antipin@jyu.fi ‡Electronic address: kimmo.tuominen@jyu.fi

I. INTRODUCTION

Infrared conformal field theories have received a lot of attention recently in high energy physics thanks to the progress made in understanding the phase diagram of strongly coupled gauge theory as a function of number of colors and flavors as well as matter representations [1]. Phenomenologically, (quasi)conformal field theories have application in development of models for dynamical electroweak symmetry breaking [2], for unparticles [3] and the associated LHC phenomenology. In these cases one is interested in theories which are (quasi)conformal in the infrared, i.e. the β-function of the theory has a non-trivial zero at finite value of the coupling, β(g^∗) = 0.

Perturbatively very little is known of the existence and properties of such conformal theories. The Banks-Zaks analysis [4] for the fixed point is valid typically only near the boundary where asymptotic freedom is lost and is unjustified for physically viable numbers of colors and flavors. Similar uncertainties arise in the analysis aimed to determine the lower boundary of the conformal window using truncated Schwinger-Dyson equations (ladder approximation) [5, 6]. However, these methods serve as important tools to gain at least qualitative intuition of the full dynamics of strongly coupled gauge theories. Using such methods, it was concluded in [1] that phenomenologically interesting theories could be constructed with relatively small new matter content if higher representations with respect to the new strong dynamics were utilized. Several candidate theories for walking technicolor model building were identified. Recently these models have been investigated also on the lattice. For two flavors in the adjoint representation of the SU(2) gauge group, using unimproved Wilson fermions, it has been argued that the theory has an infrared fixed point [7, 8]. For two flavors in the sextet representation of the SU(3) gauge group it was first argued that there also a fixed point exists [9], but as properly improved Wilson fermions were implemented into the simulations the conclusion is weaker as the theory appears to be more on the sill of the conformal window [10]. Lattice calculations have also been performed for SU(3) gauge theory with fundamental fermions, and these calculations support the conclusion that for N_f = 12 the theory has a conformal fixed point in the infrared [11].

Given all this, it would be highly desirable to know the β-function for a generic SU(N) gauge theory with matter. This has been achieved in supersymmetric cases where supersymmetry provides enough constraint to allow for analytic progress. For N = 4 super Yang–Mills (SYM) the β-function is identically zero while for N = 1 super-QCD (SQCD) the exact β-function has been determined [12]. In particular it has been shown that for 3N_c/2 < N_f < 3N_c SQCD has an infrared stable fixed point [13, 14]. An important progress for non-supersymmetric theories was made in [15] where an ansatz generalizing the SQCD β-function for non-supersymmetric gauge theories was introduced. This ansatz was constructed to reproduce known perturbative results and to match on its supersymmetric counterpart in appropriate limits. Furthermore, this β-function ansatz was applied to determine the conformal window, i.e. the numbers of colors and flavors for which the non-supersymmetric SU(N_c) gauge theory with fermions in a given representation has an infrared stable fixed point. Regarding this question, consider [16] where it has been argued that there are three generic mechanisms how conformality is lost in quantum theories. Namely, 1) the fixed point can go to zero coupling, 2) it can go to infinite coupling or 3) the

Infrared fixed point (IRFP) may annihilate with an ultraviolet fixed point (UVFP) whence they both disappear into the complex plane.

Of these mechanisms 1) and 2) are afforded by SQCD. To see this, recall the result of Seiberg [13, 14] that SQCD is conformal in the window 3/2 ≤ x ≡ N_f /N_c ≤ 3 where N_c (N_f ) is number of color (flavors). For x just below three, the theory has a Banks-Zaks fixed point at weak gauge coupling g [4], and approaching x = 3 from below, this fixed point merges into the trivial fixed point at g = 0. For x > 3 the theory is in the asymptotically non-free phase, a non-Abelian free electric phase, and the phase transition from x <∼ 3 for which the theory has a fixed point to x > 3 whence the fixed point does not exist anymore provides an example of mechanism 1) above. In contrast, then, approaching the lower end of the conformal window at x = 3/2 from above, SQCD undergoes a phase transition from a strongly coupled conformal theory when x ≳ 3/2 to yet another different phase. The nature of this phase is most straightforwardly exhibited by resorting to the electricmagnetic duality: The above discussion of the phases has been explicitly carried out for the electric degrees of freedom. However, for SQCD there is an equivalent description in terms of the magnetic degrees of freedom which are composites of the elementary electric degrees of freedom. The magnetic sector is described by SU(N_f − N_c) gauge theory which is not asymptotically free for N_f ≲ 3/2N_c and hence is weakly coupled at large distances; the theory is in the non-Abelian free magnetic phase. Since the electric and magnetic couplings are related as g_M ∼ 1/g_E, what happened in terms of the magnetic degrees of freedom above corresponds to the loss of conformality in the electric description via mechanism 2). Hence the scenarios 1) and 2) can describe the same physics in terms of different (magnetic or electric) degrees of freedom. Of course this needs not to be the case unless one can establish an electric-magnetic duality as in the example above. An interesting development for the QCD dual, i.e. an attempt to generalize the ”Seiberg program” used in the above discussion to non-supersymmetric cases, appeared recently [17].

However, it is interesting to note that mechanism 3) seems not to be allowed either with the β-function of SQCD or with the β-function ansatz of [15] for non-supersymmetric SU(N_c) gauge theory. On the other hand, it was shown in [16] that mechanism 3) is realized in a wide class of non-supersymmetric theories. Quantitative indications for this phenomena in QCD with many flavors were presented in [18]. Along these lines, it was also discussed in [16], that in SU(3) gauge theory with fermions in the fundamental representation QCD-like vacuum with spontaneously broken chiral symmetry arises at large N_c and N_f when Banks-Zaks fixed point annihilates with another UVFP as x = N_f /N_c = x_{crit}. It was therefore predicted that above this critical value x_{crit}, SU(3) gauge theory would possess an UVFP called QCD^∗ (in addition to IRFP and the free UV fixed point). In an attempt to identify QCD^∗ theory several models were considered but no theory possessing the full chiral symmetry of QCD in the perturbative regime was found leaving the value of x_{crit} unknown.

In this paper we will combine the ideas of [15] and [16] and propose an alternative ansatz for an all order β-function for a generic Yang–Mills (YM) theory featuring the mechanism 3). Having an analytic proposal will enable us to draw concrete numerical predictions uncovering rich dynamics. Closing the parallel with [16], we will consider QCD^∗ =QCD which means that YM gauge coupling has an additional unstable UVFP at the strong coupling and this will allow us to predict the value of x_{crit}.

To introduce notations we will first review the Ryttov-Sannino β-function proposal [15] in Sec.II and then move on to present the modified ansatz in subsequent sections discussing first the large N_c limit and then phenomenologically including the O(1/N_c) corrections. We will compare the conformal windows which we obtain with the existing literature in Sec. IV where we also present our conclusions and outlook.

II. RYTTOV-SANNINO β-FUNCTION PROPOSAL

As we review the basic results of [15] we also redefine some notations to facilitate smooth comparison with [16]. Define the rescaled ’t Hooft coupling a ≡ g^2N_c (4π)^2

, (1)

and denote N_f /N_c ≡ x. In the perturbative β-function for a generic non-supersymmetric YM theory with N_f Dirac fermions in a given representation R of the gauge group, two lowest order coefficients are universal, i.e. independent on the renormalization scheme used to compute them: β(a) ≡ μ da dμ = − 2 3 β_0(x)a^2 − 2 3 β_1(x)a^3 , (2)

where μ is the renormalization scale and the first two β-function coefficients are given by

β_0(x) = 11

C_2(G) N_c − 4T (R)x (3)

β_1(x) = 34

C^2_2 (G)

N^2_c

− 20

C_2(G) N_c T (R)x − 12 C_2(R) N_c T (R)x . (4) We are using standard group theory notation, with generators T (R)^a, a = 1 . . . N^2 −1 of the gauge group in the representation R normalized according to Tr [ T (R)^aT (R)^b ] = T (R)δ^{ab}. The quadratic Casimir C_2(R) is given by T (R)^aT (R)^a = C_2(R)1 and the trace normalization factor T (R) is related with quadratic Casimir via C_2(R)d(r) = T (R)d(G) where d(R) is the dimension of the representation R. The adjoint representation is denoted by G. These group theory factors for the representations used in this paper can be found explicitly in [15]. It is useful to introduce a further variable X ≡ 2T (R)x = 2T (R) N_f N_c (5) which for the fundamental representation is equal to x.

The generic form of the β-function ansatz in [15] was motivated by two features. First, that the perturbative expression for the anomalous dimension γ of the quark mass operator,

γ(a) = 6

C_2(R) N_c a + O(a^2) , (6) depends on C_2(R) which also appears explicitly in the last term of the second coefficient of the β-function. Second, with the notation defined above, the exact β-function of SQCD [12] takes the form

β(a) = −2a^2 β_0(X) + Xγ(a) 1 − 2a , (7) γ(a) = −4a C_2(R) N_c + O(a^2) , (8)

where γ(a) = −^{Nc}_{(4π)2} d ln Z(μ)/d ln μ is the anomalous dimension of the matter superfield and β_0(x) = 3 − X is the first coefficient of the perturbative β-function.

The proposal of [15] was then to write all-order β-function in the following form: β(a) = − 2 3 a^2 β_0(X) − X γ(a) 1 −^{2aC2(G)}_{Nc} ( 1 +^{6β′0(X)}_{β0(X)}

) , (9)

with β_0(X) = 11^{C2(G)}_{Nc} − 2X and

β^′_0(X) = C_2(G)/N_c − X/2 . (10)

For the group SU(N_c) we have C_2(G) = N_c which simplifies the above equations in this case; however, the form which we have written can be applied for other gauge groups as well. It is easy to show that the above β-function reduces to Eq. (2) when expanding to O(a^3). Since only the two-loop β-function has universal coefficients, it was assumed in [15] that there is a scheme in which the proposed β-function is complete.

Decreasing the number of flavors slightly from the point of the loss of asymptotic freedom where β_0 = 0, one expects a perturbative zero in the β-function to occur [4]. Using Eq. (9) the analysis of [15] near this IRFP shows that at the IRFP the denominator is positive and remains finite as β_0 = 0 point is approached. Due to existence of the perturbative IRFP, analysis was extended to a lower number of flavors and the critical number of flavors below which the unitarity bound [19, 20, 21] γ = 2 is violated was used as a bound on the lower end of the conformal window. It was further shown that β-function in Eq. (9) reproduces the exact β-function for N =1 SYM. In addition to that, pure YM case was analyzed in detail. The deviation of the β-function ansatz from the perturbative two-loop result was presented and compared to the deviation of the lattice data with respect to the same two-loop result. The size of the corrections in both cases were found to be of similar magnitude.

As discussed in the introduction, to gain more insight on how conformality is lost in nonsupersymmetric gauge theories as a function of number of colors and flavors, we will next modify Eq. (9) to be able to include conformality loss via mechanism 3), while preserving all of the above mentioned tested features.

III. A NEW ANSATZ

The simplest way to allow for the additional non-trivial UVFP in β-function of Eq. (9), and thus anticipate for the ‘fixed point merger’, is to include a term ∼ γ^2 in the numerator of the β-function. The denominator is also modified due to the reasons we explain below. The modified all order β-function, in the notation introduced in the beginning of the previous section, is therefore β(a) = − 2 3 a^2 · β_0(X) − X γ(a) + r(X)γ^2(a) 1 −^{2aC2 (G)}_{Nc} ( 1 +^{6β′0(X)}_{β0(X)} ) + 2Xa^2(1 − 2a)^{−1}

, (11)

where β_0(X) and β^′_0(X) are as defined earlier and we introduced unknown function r(X) which will be specified below.

It is worth emphasizing that at no stage so far we have taken the large N_c limit but we have simply rewritten everything using new variables and in Eq. (11) added a γ^2 term compared to Eq. (9). By construction, everything at this stage is valid for any N_c. In the terminology used in [16], our β-function proposal, when applied to SU(3) with fundamental representation, corresponds to the QCD^∗ =QCD, i.e. the evolution of the gauge coupling has an additional unstable UVFP at the strong coupling, as we discussed in the introduction; in other words, within this approach the only relevant operators we consider at strong coupling are kinetic terms for the fermions and the gauge fields.

Before proceeding with the more detailed analysis of (11), let us briefly comment on its general form. The denominator has been chosen in order to reproduce the two-loop result upon expanding to O(a^3) and to match with super Yang–Mills in the large N_c-limit when the fermion content of the theory consists of a single Weyl fermion in the adjoint representation. However, our subsequent results are not dependent on the denominator, so we expect them to be more general. In fact, one could imagine to write the numerator in (11) as a more general expansion

β_0(X) − q(X)γ(a) + r(X)γ^2(a) + s(X)a^2 + · · · , (12)

with the omitted terms containing even higher terms in γ and a. With the choice of the denominator as in (11), q(X) = X is fixed by matching on the two-loop perturbative βfunction. Since we aim to study situation where β-function has at most two zeros, we neglect any higher order contribution in γ than the ones explicitly present in (12). Since the value of γ(a^∗) at the fixed point, as determined by setting the expression (12) to zero, should be scheme-independent, it cannot depend explicitly on the value of the coupling and hence in our approach we have s(X) ≡ 0 and no higher order contributions proportional to higher powers of a can appear either.

As we mentioned above, the last term in the denominator allows us to reproduce the exact β-function of supersymmetric Yang–Mills theory in the limit of infinite number of colors assuming that the scheme is the same. Actually, it is straightforward to modify the denominator to provide this matching at any value of N_c, but since our interest is in nonsupersymmetric gauge theories and our results will be independent of the precise form of the denominator, we choose not to pursue this detail here. We are satisfied with the simple result that our β-function is compatible with the exact equivalence theorems in the literature [22].

Hence, with these remarks in mind we now return to the form (11) and aim to determine the function r(X). We will first do it in the limit N_c → ∞, and then consider O(1/N_c) corrections in a later subsection.

A. Large N_c limit

In the large N_c limit we will apply the holographic expectation [16, 23] that operator dimensions of the quark mass operators at the two fixed points satisfy

Δ_+ + Δ_− = d = 4 , (13)

which translates for the anomalous dimensions into equation

γ_1 + γ_2 = 2. (14)

Note, that this implies that fixed point merger, a point where conformality is lost, will occur at γ_1 = γ_2 = 1.

Setting the numerator of the β-function (11) to zero and solving the resulting quadratic equation, with the constraint Eq. (14) for the two roots, we find that

r(X) = X/2. (15)

This fixes the final unknown coefficient of the β-function in Eq. (11).

Let us take a closer look at the terms in the numerator of β-functions in Eqs. (9) and (11) containing the β_0(X) coefficient,

β_0(X) − X γ All order β-function (16)

β_0(X) + X 2 γ(γ − 2) Modified all order β-function . (17)

Comparing these, we observe the following:

1. The modified β-function, in the large N_c limit, unambiguously predicts the lower end of the conformal window. For a given theory, we have to solve for X by setting the numerator of modified beta-function, Eq. (17), equal to zero under the condition γ = 1 on the basis of the constraint (14) from holography. Therefore, by construction, the maximum value of the anomalous dimension at the IRFP is γ^{∗max} = 1. In contrast, with (16) the lower end of the conformal window is not absolutely predicted but only bounded by demanding the absence of negative norm states in conformal field theory which corresponds to setting γ = 2 in Eq.(16). Of course, actual size of the conformal window may be smaller as chiral symmetry breaking could be triggered already for values γ < 2. Nevertheless, in (16) nothing forbids to have, at the fixed point, γ^∗ > 1 assuming that given YM theory is conformal in the infrared. As an example, take an SU(3) gauge theory with two Dirac flavors in two-index symmetric (sextet) representation. Assuming this theory achieved an IRFP, β-function in Eq. (9) predicts that γ^∗ = 1.3 [24]. We keep in mind, that our result γ^{∗max} = 1 is valid only in the large N_c limit. We will see that it will be possible to have γ^{∗max} > 1 in a modified β-function (11) once we include O(1/N_c) corrections.

2. In both β-functions, upper end of the conformal window corresponds to γ = 0 which translates to β_0 = 0 in Eqs. (16) and (17). Notice also that the second value of the anomalous dimension satisfying β_0 = 0 in Eq. (17) is γ = 2 which coincides with the maximum value generally allowed in conformal field theory.

3. The perturbative IRFP analysis of [15] carried out for (unmodified) β-function remains valid for (11) since the anomalous dimension at the IRFP is small, γ ≪ 1.

4. Pure YM (N_f = 0) prediction from (11) is the same as from (9) and therefore comparison with the lattice data performed for this case in [15] also holds for β-function in (11).

5. As already stated, similarly to the case of [15] we reproduce the exact NSVZ β-function of super Yang–Mills. Using (15) in (11) and considering one Weyl fermion in the adjoint representation, the resulting β-function is equated with the known SYM β. Solving for γ leads to the NSVZ result and furthermore shows that with our β-function the quantity a(Q)⟨ψ̄ψ⟩_Q is renormalization group invariant to all orders. This in turns establishes the equivalence between our scheme and the one used by NSVZ. Requiring this matching was the origin of the choice for the last term in the denominator of 11. Recall, however, that the results concerning the size of the conformal window in this section (and in next sections) are blind to the precise form of the denominator in (11).

All that being said, let us now turn to the numerical predictions for the size of the conformal window with the new β-function ansatz. To determine the boundary of the conformal window corresponding to the transition from infrared conformal phase to chiral symmetry broken phase (i.e. the lower end of the conformal window) we set the expression in Eq. (17) to zero and use that at the critical point γ_1 = γ_2 = 1. This leads to the prediction that, in the large N_c limit, the lower end of the conformal window is at

X_{min} =

22C_2(G) 5N_c = 22 5 . (18)

where in the final step we used G_2(G) = N_c. For the SU(N_c) gauge theory with the fundamental quarks this predicts that x_{min} = 22/5 in the large N_c limit. Note that for fundamental fermions this implies also that we have N_f → ∞, i.e. the Veneziano limit. We extrapolate further on this result in the left panel of Fig. 2 for the SU(3) theory with fundamental matter. There, above x = 11/2 = 5.5 asymptotic freedom is lost (corresponding to the upper end of the conformal window), while below x = 22/5 = 4.4 the two zeros for γ become complex. We therefore observe that for the SU(3), our extrapolation from large N_c result gives the critical number of flavors N^{cr}_f = 13.2 below which the conformality is lost. This disagrees with the latest lattice result that the lower end of the conformal window occurs for 8 ≤ N_f ≤ 12 [11].

Obvious reason for this disagreement is in the fact that Eq. (14) was motivated in [16] by the holographic considerations where on the four dimensional field theory side one usually considers the large N_c limit. Hence, by construction, we expect the results of this section to be valid in the large N_c limit. Then for fundamental fermions in the Veneziano limit x_{min} = 22/5 is a prediction. Unfortunately we are not aware of any lattice simulations for SU(N_c) gauge theory in the Veneziano limit to confront with our predictions.

It is therefore clear that we should expect important O(1/N_c) corrections to (14) which, in turn, would modify the r(X) coefficient of the γ^2 term. We will include these effects in the following subsection by means of a phenomenological modifying parameter ϵ as γ_1+γ_2 = 2+ϵ.

Before that, let us also perform some additional numerical tests for our proposal. Consider first calculating the lower end of the conformal window in terms of critical number of Dirac fermions N^{cr}_f from (18) for fermions in the two-index symmetric (2S) representation of the SU(N_c) gauge group. As discussed above, we keep in mind that for low number of colors we expect corrections to (14) so that only the result in the large N_c limit should be trustworthy and others should be interpreted with care. Results are presented in Fig.1 together with results corresponding to the β-function ansatz of [15] and with recent results [25] obtained using deformation theory to establish the role of topological excitations in generating a mass gap in a gauge theory. Specifically these latter results apply to the gauge theory quantized on a R^3 × S^1 where an appropriate matter content is introduced to preserve the (approximate) center symmetry at any radius. The estimate for the lower end of the conformal window is then obtained using the expectation that for conformal theories the topological excitations become irrelevant as the size of S^1 is increased, while for confining theories instead, they become more relevant. In the figure, also the result from the ladder approximation is shown.

We will return to the comparisons between different methods in Sec. III B after estimating the O(1/N_c) corrections. At this stage we simply observe from Fig.1 that the predictions from Ryttov-Sannino β-function as well as those from the deformation theory method are consistently lower than ours for the minimum N_f for which the conformal window is reached. As to the confinement mechanism from [25], for the SU(N)-2S it is due to magnetic bions; quantum mechanically stable topological composites carrying a net magnetic charge.

FIG. 1: Size of the conformal window determined using different methods discussed in the text with N_f fermions in 2-index symmetric representation of SU(N_c). The topmost thick solid curve denotes the upper boundary of the conformal window, i.e. loss of asymptotic freedom. For the lower boundary the lower solid curve is the prediction from our β-function proposal, Eq.(18), the long dashed curve is the prediction from [25] and the curve with shorter dashes correspond to the prediction from [15] for γ = 2 (the dotted curve shows the corresponding result for γ = 1). The thin line between the solid and long-dashed curves corresponds to the ladder approximation.

The SU(2)-2S gauge theory with two Dirac flavors has been investigated on the lattice in [7, 8]. These studies indicate that either the theory is very near the IRFP or the IRFP is already reached. Additionally, lattice results in [9, 10] suggest that the SU(3)-2S theory with two Dirac flavors may already achieved an IRFP. We also note that the phenomenology of a walking technicolor theory with two flavors either in two-index symmetric representation of SU(2) [26] or SU(3) [27] has been studied recently.

B. Away from the large N_c limit

Now, let us include the O(1/N_c) effects by means of introducing parameter ϵ as γ_1 + γ_2 = 2 + ϵ. Repeating then the exercise of Sec. III A, we arrive at the following coefficient of the γ^2 term r(X) = X 2 + ϵ

, (19)

and, thus, zero of the numerator of the new beta-function will occur at:

β_0(X) + X γ( γ 2 + ϵ

− 1) = 0. (20)

or, when writing β_0(X) explicitly, 11 C_2(G) N_c + X [ γ ( γ 2 + ϵ − 1 ) − 2 ] = 0, (21)

where again for SU(N_c) gauge group G_2(G)/N_c = 1.

FIG. 2: Left: The line X(γ) along which β(a) = 0. Above X = 11/2 = 5.5 asymptotic freedom is lost while below X = 22/5 = 4.4 no real solutions exist. Right: The effects of 1/N_c corrections. Solid curve is the same as in the left panel. Dashed curve corresponds to ϵ = −0.5 and dotted to ϵ = 0.5

In the right panel of Fig. 2 we plot the solution X(γ) of this equation for the SU(3) fundamental with the illustrative values ϵ = ±0.5 and ϵ = 0. The latter coincides with the curve in the left panel of Fig. 2. We observe that fixed point merger happens at γ = 0.75 and γ = 1.25 for ϵ = −0.5 and ϵ = 0.5, respectively. The upper end of the conformal window at X=11/2=5.5 corresponding to γ_1 = 0 remains unchanged. As a qualitative effect we notice that the size of the conformal window increases (decreases) with positive (negative) ϵ and for positive ϵ the anomalous dimension at the UVFP will exceed the unitarity limit γ ≤ 2 before the IRFP merges with the free UVFP, i.e. before the other solution reaches γ = 0 value.

In other words, as we decrease γ at the IRFP (by increasing ϵ with fixed X or vice versa) there is a point where UVFP disappears due to violation of the unitarity bound. Thus, past this point our picture becomes qualitatively similar to the one predicted by Ryttov-Sannino β-function. The value of γ at the IRFP below which the UVFP ceases to exist is given by γ = ϵ. We illustrate schematically these behaviors by plotting the running of the gauge coupling as a function of energy scale in Fig. 3. We go from left to right in Fig. 3 as we increase X. Initially, we are well below the lower end of the conformal window and have QCD-like behavior of the coupling constant. When we approach the non-trivial zero of the β-function, coupling runs slowly and we have a walking-like behavior. Increasing X further we cross past the merger and two nearly degenerate zeros of the β-function appear and, with increasing X, they separate further away until at the UVFP the unitarity bound is violated. At this point we have only the non-trivial IRFP. Finally this IRFP merges with the free UVFP as we exit conformal window at the upper end.

Above discussion modifies slightly if ϵ < 0. The difference with the above case is that both IRFP and UVFP remain present until the point where asymptotic freedom is lost. At this point we reach the maximal value for anomalous dimension at the unstable UVFP, γ^{max}_{UV F P} = 2 − ϵ, while IRFP merges with the free UVFP. In terms of the graphs in Fig. 3, the phase labeled ”UVFP disappears” will be absent.

FIG. 3: Running of the gauge coupling as a function of energy scale implied by our β-function proposal.

Above, we have treated ϵ as a phenomenological parameter whose value is expected to be O(1). To obtain semi-quantitative estimates for conformal windows away from large N_c limit we will set ϵ = 1.

As a heuristic discussion how this value might emerge, we detour a little via the AdS/CFT correspondence starting from the well known result that for a given mass m of a scalar in AdS_{d+1} there are two solutions, Δ_±, for the dimension of the corresponding operators in the conformal field theory on the boundary

Δ_± = d 2 ± √ d^2 4 + m^2. (22)

We now recall from[23] (see also [28]) that for: − d^2 4 < m^2 < − d^2 4 + 1. (23)

there are two AdS-invariant quantizations corresponding to the z^{Δ+} and z^{Δ−} asymptotic behavior of the scalar wave functions near the AdS boundary. Either solution can be realized but the action is finite only for Δ > d/2 (corresponding to γ < d/2 − 1). But this bound was shown to be relaxed by adding appropriate boundary terms to the action leading to the weaker condition Δ > (d − 2)/2 (corresponding to γ < d/2) which coincides with the unitarity bound on the dimension of a scalar operator in d dimensions. For the mass range in Eq. (23), this unitarity bound allows both Δ_± solutions while for larger m^2 only Δ_+ is permitted.

Since our β-function is not limited only to the conformal theories, we cannot take the results of [23] too literally. Within the language of our proposal, we imagine that in the region where our β-function has two non-trivial zeros we expect the dimensions of the quark mass operators at the fixed points to be bounded by the unitarity bound only (i.e. γ < 2), while in the region of only one zero the stronger bound (γ < 1) applies. We notice that the picture we just described is featured for the ϵ > 0 case only; see the right panel of Fig.2, where two fixed points coexist until the UVFP violates the unitary bound and therefore disappears.

This formulation also leads to an upper bound for ϵ, since as the UVFP disappears due to the corresponding anomalous dimension becoming larger than two, the anomalous dimension at remaining IRFP has to be bounded by γ ≤ 1 as discussed above. This, in turn, leads to the upper bound ϵ < 1.

Combining these holographic results we now consider only 0 ≤ ϵ ≤ 1 and use this bound on ϵ to correct the lower boundary of the conformal window determined in the previous subsection. Solving Eq. (20) at the point where the UV and IR fixed points merge (i.e. where γ_1 = γ_2 = 1 + ϵ/2) we obtain

X_{min} =

22C_2(G) N_c(5 + ϵ/2) = 22 5 + ϵ/2

, (24)

where the second equality again applies for SU(N_c) gauge theory. Consequently, we propose to use the upper bound on ϵ for an estimate of the lower end of the conformal window as follows: For SU(N_c) with β_0(X) = 11 − 2X ≥ 0, use ϵ_{max} = 1 as an error estimate for finite N_c corrections. This diagnostics leads to the X_{min} = 4 value predicted by Eq. (24).

TABLE I: Lower end of the conformal window using procedure outlined in text for fundamental (F), 2-index (anti)symmetric (2AS) 2S and adjoint (A) representations.

N_c N_{f,min} Fund. N_{f,min} 2AS N_{f,min} 2S N_{f,min} A. 2 8 - 2 2 3 12 12 2.4 2 4 16 8 2.67 2 5 20 6.67 2.86 2 6 24 6 3 2 10 40 5 3.33 2 → ∞ 4N_c 4 4 2

Let us apply this result first for SU(3) with fundamental fermions. Using x_{min} = X_{min} = 4 this translates to N_{f,min} = 12, in agreement with the recent lattice results.

Then let us consider various values of N_c and also higher representations in addition to the fundamental one. We collect the results into the Table I. Interestingly, our results are consistent with present lattice results: The SU(3) gauge theory with 12 fundamental flavors appears to possess a fixed point [11], as seems to be the case also for SU(2) with two adjoint flavors [7]. In contrast, the most recent study of SU(3) with two flavors in the two-index symmetric representation seems to be just outside the conformal window [10] which is also suggested by our bound in Table I. Remarkably, our results for twoindexed and adjoint representations match exactly on the corresponding predictions from deformation theory [25]. Even more intriguingly, taking into account the recent refinements within this framework [29], also the numbers in the column corresponding to the fundamental representation coincide exactly

Of course any relation between our β-function ansatz and some underlying microscopic dynamics is pure speculation; nevertheless the coincidence with [25] although unexpected is temptingly systematic. Our results also agree with the ones in [30].

As a further comparison, we can estimate the values of the gauge coupling at the lower end of the conformal window and compare with the corresponding critical values of the gauge coupling predicted by ladder approximation [5, 6]. Here one needs to resort to perturbative formulas for the anomalous dimension. Using the one-loop formula (6) we find

α_c = π 3C_2(R)

Ladder approximation , (25)

α_c = 2γ^∗ 3C_2(R)

Both all order beta-functions , (26)

where γ^∗ stands for the anomalous dimension evaluated at the IRFP. From these equations we notice that at the critical point the value of the coupling predicted by the modified βfunction is smaller than the ladder result; recall that the maximum value of the anomalous dimension at the IRFP, for finite values of ϵ, was 1.5. Needless to say, usage of one-loop result for γ ∼ 1 is hardly justified and should not be taken too seriously. One can try to improve by using two-loop formula for γ, and this generally has the effect of making the numerical value of the coupling α_c smaller; the same effect also happens with the Ryttov-Sannino β-function ansatz [31]. This is a nice feature also in light of recent lattice simulations which, in the cases of fundamental [11] and higher representations [7, 9], systematically seem to observe a fixed point at relatively small value of the coupling. All this seems to imply a consistent picture that even if the numerical value of the coupling is small (in some scheme), there can be large nonperturbative effects.

IV. CONCLUSIONS AND FURTHER PROSPECTS

In this paper we exploited recently proposed mechanism of IR and UV fixed point annihilation as a key difference between supersymmetric and non-supersymmetric YM gauge theories. We incorporated this mechanism of fixed point merging into a proposal for a nonperturbative β-function whose functional form is similar to the Ryttov-Sannino β-function. Our conjectured form of the β-function was shown to exhibit rich dynamics.

We summarized the dynamical picture implied by our new β-function as an energy behavior of the gauge coupling and analyzed the conformal window predicted by our proposal and confronted it with the existing lattice data. Further improvements in lattice results are needed in order to support/reject our β-function more conclusively. We also compared our results with results from Ryttov-Sannino β-function [15] as well as with results of [25]. As a speculative note, the agreements and disagreements between these three approaches suggest that there might be important differences in how conformality is lost in supersymmetric versus non-supersymmetric gauge theories

The estimates for the conformal windows in gauge theories based on Sp(2N_c) and SO(N_c) groups have appeared in[32] using the Ryttov-Sannino β-function and in [33] using the deformation theory methods. Since our proposal can be equivalently well applied there, we checked these as well. Recall that our result for the lower boundary of the conformal window was X_{min} =

22C_2(G) N_c(5 + ϵ/2)

, (27)

which implies that (taking ϵ = 1)

N_{f,min} = 4

C_2(G) 2T (R) . (28)

For Sp(2N_c) the required group theory factors are C_2(G) = N_c + 1 and T (F ) = 1/2, T (A) = N_c +1, T (2AS) = N_c −1 while for SO(N_c) these are, C_2(G) = N_c −2 and T (F ) = 1, T (A) = N_c − 2, T (2S) = N_c + 2. The notation is the same which we have used in earlier sections, namely F, A, 2S and 2AS denote fundamental, adjoint, two-index symmetric and antisymmetric representations. Note that the adjoint representation coincides for Sp(2N_c) with two-index symmetric and for SO(N_c) with two-index antisymmetric representation for all N_c. The results are summarized in Table II. Comparing with corresponding results compactly tabulated in [33] we conclude that our results match closely again with the deformation theory for adjoint and two-index representations while disagree more with the fundamental.

TABLE II: Summary of the results for the lower boundary of the conformal window for Sp(2N_c) (left) and SO(N_c) (right) gauge theories for fundamental (F), adjoint (A) and two-index (2S or 2AS) representations.

N_c N_{f,min}, F N_{f,min}, A N_{f,min}, 2AS 2 12 2 6 3 16 2 4 4 20 2 3.4 5 24 2 3 10 44 2 2.4 → ∞ 4N_c 2 2

N_c N_{f,min}, F N_{f,min}, A N_{f,min}, 2S 6 8 2 1 7 10 2 1.1 8 12 2 1.2 9 14 2 1.3 10 16 2 1.33 → ∞ 2N_c 2 2

Finally, some further developments of the original proposal in [15] have appeared in the literature: inclusion of multiple fermion representations was considered in [34] and finite quark mass and flavor dependence in [35]. Similar extensions could be carried out also for the proposal we have presented in this paper, but we will leave these for future work. As a yet another direction for future investigation using these phenomenological β-function ansätze would be the construction of the 5D holographic dual gravity theory coupled to the dilaton and the axion using the method outlined in [36]. In this approach, dilaton potential is shown to be in one-to-one correspondence with the exact beta-function of gauge theory, and its knowledge determines the full structure of the vacuum solution; however, including the anomalous dimension of the quark mass operator explicitly present in our approach would require some further efforts.

Acknowledgments

We thank A. Armoni, H. Gies, F. Sannino and M. Unsal for useful and insightful correspondence.

[1] F. Sannino and K. Tuominen, Phys. Rev. D 71, 051901 (2005) [arXiv:hep-ph/0405209]. [2] D. D. Dietrich, F. Sannino and K. Tuominen, Phys. Rev. D 72, 055001 (2005) [arXiv:hepph/0505059]; D. D. Dietrich, F. Sannino and K. Tuominen, Phys. Rev. D 73, 037701 (2006) [arXiv:hep-ph/0510217].

[3] H. Georgi, Phys. Rev. Lett. 98, 221601 (2007) [arXiv:hep-ph/0703260]; H. Georgi, Phys. Lett.

B 650, 275 (2007) [arXiv:0704.2457 [hep-ph]]. [4] T. Banks and A. Zaks, Nucl. Phys. B 196 (1982) 189.

[5] T. Appelquist, K. D. Lane and U. Mahanta, Phys. Rev. Lett. 61 (1988) 1553. [6] A. G. Cohen and H. Georgi, Nucl. Phys. B 314 (1989) 7.

[7] A. J. Hietanen, J. Rantaharju, K. Rummukainen and K. Tuominen, arXiv:0812.1467 [hep-lat];

A. J. Hietanen, K. Rummukainen and K. Tuominen, arXiv:0904.0864 [hep-lat].

[8] S. Catterall and F. Sannino, Phys. Rev. D 76, 034504 (2007) [arXiv:0705.1664 [hep-lat]]; L. Del Debbio, A. Patella and C. Pica, arXiv:0805.2058 [hep-lat]; S. Catterall, J. Giedt, F. Sannino and J. Schneible, arXiv:0807.0792 [hep-lat].

[9] Y. Shamir, B. Svetitsky and T. DeGrand, Phys. Rev. D 78, 031502 (2008) [arXiv:0803.1707 [hep-lat]].

[10] T. DeGrand, Y. Shamir and B. Svetitsky, Phys. Rev. D 79, 034501 (2009) [arXiv:0812.1427 [hep-lat]].

[11] T. Appelquist, G. T. Fleming and E. T. Neil, Phys. Rev. Lett. 100 (2008) 171607 [Erratumibid. 102 (2009) 149902] [arXiv:0712.0609 [hep-ph]]; T. Appelquist, G. T. Fleming and E. T. Neil, Phys. Rev. D 79, 076010 (2009) [arXiv:0901.3766 [hep-ph]].

[12] V. A. Novikov, M. A. Shifman, A. I. Vainshtein and V. I. Zakharov, Nucl. Phys. B 229 (1983) 381; M. A. Shifman and A. I. Vainshtein, Nucl. Phys. B 277 (1986) 456 [Sov. Phys. JETP 64 (1986 ZETFA,91,723-744.1986) 428].

[13] N. Seiberg, Nucl. Phys. B 435 (1995) 129 [arXiv:hep-th/9411149].

[14] K. A. Intriligator and N. Seiberg, Nucl. Phys. Proc. Suppl. 45BC, 1 (1996) [arXiv:hepth/9509066].

[15] T. A. Ryttov and F. Sannino, Phys. Rev. D 78 (2008) 065001 [arXiv:0711.3745 [hep-th]]. [16] D. B. Kaplan, J. W. Lee, D. T. Son and M. A. Stephanov, arXiv:0905.4752 [hep-th]. [17] F. Sannino, arXiv:0907.1364 [hep-th].

[18] H. Gies and J. Jaeckel, Eur. Phys. J. C 46, 433 (2006) [arXiv:hep-ph/0507171]. [19] G. Mack, Commun. Math. Phys. 55 (1977) 1. [20] M. Flato and C. Fronsdal, Lett. Math. Phys. 8, 159 (1984). [21] V. K. Dobrev and V. B. Petkova, Phys. Lett. B 162 (1985) 127.

[22] A. Armoni, M. Shifman and G. Veneziano, Nucl. Phys. B 667, 170 (2003) [arXiv:hepth/0302163]; A. Armoni, M. Shifman and G. Veneziano, Phys. Rev. D 71, 045015 (2005) [arXiv:hep-th/0412203].

[23] I. R. Klebanov and E. Witten, Nucl. Phys. B 556, 89 (1999) [arXiv:hep-th/9905104]. [24] F. Sannino, arXiv:0804.0182 [hep-ph].

[25] E. Poppitz and M. Unsal, JHEP 0909, 050 (2009) [arXiv:0906.5156 [hep-th]]. [26] O. Antipin, M. Heikinheimo and K. Tuominen, arXiv:0905.0622 [hep-ph]; M. T. Frandsen, I. Masina and F. Sannino, arXiv:0905.1331 [hep-ph]; R. Foadi, M. T. Frandsen and F. Sannino, Phys. Rev. D 77, 097702 (2008) [arXiv:0712.1948 [hep-ph]]; O. Antipin and K. Tuominen, Phys. Rev. D 79, 075011 (2009) [arXiv:0901.4243 [hep-ph]].

[27] A. Belyaev, R. Foadi, M. T. Frandsen, M. Jarvinen, F. Sannino and A. Pukhov, Phys. Rev.

D 79, 035006 (2009) [arXiv:0809.0793 [hep-ph]].

[28] P. Breitenlohner and D. Z. Freedman, Annals Phys. 144, 249 (1982). [29] E. Poppitz and M. Unsal, arXiv:0910.1245 [hep-th]. [30] A. Armoni, arXiv:0907.4091 [hep-ph]. [31] F. Sannino, private communication.

[32] F. Sannino, Phys. Rev. D 79, 096007 (2009) [arXiv:0902.3494 [hep-ph]]. [33] S. Golkar, arXiv:0909.2838 [hep-th].

[34] T. A. Ryttov and F. Sannino, arXiv:0906.0307 [hep-ph]; T. A. Ryttov and F. Sannino, Phys.

Rev. D 78, 115010 (2008) [arXiv:0809.0713 [hep-ph]]. [35] D. D. Dietrich, arXiv:0908.1364 [hep-th].

[36] U. Gursoy and E. Kiritsis, JHEP 0802 (2008) 032 [arXiv:0707.1324 [hep-th]].