arXiv:0909.5226v3 [hep-th] 17 Dec 2009

FIAN/TD/15-09

Bosonic conformal higher–spin fields

of any symmetry

M.A. Vasiliev

I.E. Tamm Department of Theoretical Physics, P.N. Lebedev Physical Institute, Leninsky prospect 53, 119991 Moscow, Russia

To the memory of Efim Samoilovich Fradkin

Abstract

Free Lagrangians are found both for gauge and non-gauge bosonic conformal fields of any symmetry type and in any space-time dimension. Conformal gauge fields of various types, their gauge transformations and gauge invariant field strengths (generalized Weyl tensors), which are derived by the σ_− cohomology technics in the frame-like formulation, are shown to correspond to supersymmetric vacua of certain supersymmetric matrix mechanics. The correspondence between conformal and AdS_d higher-spin models, that turn out to have identical generalized Weyl tensors, is discussed.

Contents

1 Introduction 3

2 Preliminaries 5 2.1 Conformal algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.2 Unfolded dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.3 Dynamical content via σ_− cohomology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 2.4 Conformal gauge fields as Fock vectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

3 σ_− cohomology analysis 16 3.1 Operator σ_− . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 3.2 Homotopy operator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 3.2.1 Generalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 3.2.2 Evaluation of H . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 3.2.3 Tensor product with a differential form . . . . . . . . . . . . . . . . . . . . . . . . . . 19 3.2.4 Dimension reduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 3.3 Cohomology and supersymmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 3.4 Cohomology computation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 3.5 Dynamical interpretation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 3.6 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 3.6.1 Maxwell theory and differential forms . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 3.6.2 Conformal gravity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 3.6.3 Rectangular diagrams . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 3.7 Structure of unfolded conformal equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

4 Conformal actions 37 4.1 Generalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 4.2 Special conformal symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 4.3 Lagrangian conformal systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 4.3.1 General case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 4.3.2 Conformal gauge fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 4.3.3 BF -type conformal systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

5 Weyl module 47

6 Conclusion 50

1 Introduction

Symmetric conformal higher–spin (HS) gauge fields were originally studied by Fradkin and Tseytlin in [1] where gauge invariant actions for these fields were found in four dimensions. These authors used so-called metric-like formalism developed originally for Poincarè invariant unitary relativistic systems including symmetric massive HS fields [2], symmetric massless HS fields [3] and massless fields of arbitrary symmetry type [4]. (For related work see also [5, 6, 7, 8, 9, 10, 11, 12, 13].) The results of [1] were extended to any dimension by Segal [14] and to mixed symmetry gauge fields described by rectangular Young tableaux of height n in even dimension d = 2(n + 1) by Marnelius [15].

Specific examples of conformal HS fields have been extensively studied in the literature (see in particular [16, 17, 18, 19, 20]). After the works [21, 22] it is known that, beyond four dimensions, the class of conformal fields that corresponds to unitary theories is very restricted. Namely, apart from massless scalar and spinor in any dimension, only mixed symmetry fields that have field strengths described by rectangular Young diagrams of height d/2 in even space–time dimensions, studied in [23, 24, 25, 26], have unitary spaces of single particle states. However, the formulation of these systems in terms of gauge potentials breaks down conformal invariance as happens, for example, for the 4d massless spin two field described in terms of metric and, more generally, for all gauge fields except for the generalized “spin one” fields described by rank d/2 − 1 differential form potentials in even dimension, which include usual 4d spin one^1. Beyond this class, conformal models, that allow gauge invariant (and hence Lagrangian) formulation in flat space, contain higher derivatives leading to ghosts. An example of such a model is provided by the 4d Weyl gravity with the Lagrangian (see, e.g., [1]) L = C_{nm,kl}C^{nm,kl} , (1.1) where C_{nm,kl} is the Weyl tensor. In this case, the field equations contain four derivatives.

In this paper we describe bosonic conformal mixed symmetry fields of general type in Minkowski space, using geometric methods of the frame-like formulation and unfolded dynamics approach. The frame-like formulation was originally proposed for the description of symmetric massless fields of any spin in flat [28] and AdS spaces [29, 30] and then extended to 4d conformal symmetric massless fields in [31], to mixed symmetry fields in AdS_4 [32, 33] and Minkowski [34] spaces, as well as to string inspired reducible sets of fields [35], partially massless fields [36] and even to massive fields [37]. Unfolded formulation^2 is a specific reformulation of partial differential equations in a coordinate–independent first-order form by virtue of introducing an appropriate (may be infinite) set of auxiliary fields.

In fact, the full list of conformal invariant equations has been already elaborated in [41] using the unfolded dynamics approach. However, being formulated in terms of zero–forms, the approach of [41] makes gauge symmetries not manifest. In this paper we apply unfolded dynamics to the frame-like formulation with manifest gauge symmetries of differential form gauge fields, which reformulation is important for the further analysis of interactions. In

1 Note that in [27] it was shown that this effect can be avoided in the AdS geometry, that is the conformal invariant formulation of [27] for general 4d gauge fields becomes singular in the flat limit.

2This terminology was introduced in [38], while the approach was originally introduced and applied to the analysis of HS theory in [39, 40].

addition, we construct free conformal invariant actions that describe both gauge and nongauge mixed symmetry conformal fields of general type.

As known from supergravity [42, 1] and world-like particle models [43], (super)conformal models provide a useful tool for the study of quantum-mechanically well-defined unitary models in terms of spontaneously broken conformal symmetry. A version of this approach is known as two-time physics [44]. In all cases, the idea is that it is useful to describe non-conformal models as spontaneously broken conformal ones. We expect that analogous phenomenon is true for HS theories and the results of this paper will be useful for the study of the unitary HS models.

In the unfolded dynamics approach, dynamical content of a model is characterized by the so-called σ_− cohomology [45] (for recent discussions and reviews see [46, 47, 48]) which, in particular, classifies all gauge invariant tensors that can be constructed from a given gauge field. From this perspective, the important difference between conformal models and those in AdS_d is that the analysis of the former is based on the study of σ_− complex that has clear group–theoretical meaning with respect to the conformal algebra o(d, 2), that, in turn, greatly simplifies the study of its cohomology. In the unitary AdS_d case, the σ_− complex is more involved, having no direct group–theoretical interpretation in terms of the AdS_d algebra o(d − 1, 2). The idea is that the interpretation of o(d − 1, 2) as a subalgebra of the conformal algebra o(d, 2) provides natural relation between the AdS and conformal σ_− cohomology. In fact, one of the motivations for the study of this paper is to interpret AdS_d cohomology, obtained recently in [50], in terms of the conformal algebra cohomology. This not only gives an efficient tool for the study of formal aspects of the HS gauge theory but, hopefully, will lead to its “compensator version” with spontaneously broken conformal symmetry. Eventually, accomplishment of this program may have important applications to the study of nonlinear HS theories with mixed symmetry fields.

A useful observation that greatly simplifies the computation is that the σ_− cohomology in conformal gauge theories consists of supersymmetric vacua of some supersymmetric matrix mechanics. We explain this method in some detail because it can be applied to other interesting physical models associated to sl_n and sp(2M) symmetric models. The sl_n case is expected to be related to off-shell higher–spin theories of the type considered in the pioneering paper [51]. The case of sp(2M) corresponds to HS gauge theories in the generalized space-time with symmetric matrix coordinates [52, 53, 54, 55].

The idea to describe a conformal invariant system in the manifestly o(d, 2) covariant way was originally proposed by Dirac in his celebrated paper [56] that underlies most of the modern approaches to conformal field theories beyond two dimension (see [43, 57, 44, 17] and references therein). In mathematical literature, a similar approach is called tractor theory [58, 59] (for applications and more references see [60].) A new element of the unfolded dynamics approach is that it operates with differential forms valued in an irreducible o(d, 2)– module V . In this paper we consider the important subclass of finite dimensional o(d, 2)– modules, i.e., spaces of irreducible tensors of o(d, 2). Comparing obtained results with those of [41] we shall see that this class contains all possible finite-component conformal gauge fields. The extension to differential forms gives several benefits. One is that space-time enters the construction rather implicitly. The only characteristics, that matters in practice, is its dimension. In other words, it is not important how exactly space-time is realized: as a slice of the projective cone or simply as Minkowski space. In all cases, conformal invariance follows from the frame-like formulation in terms of o(d, 2)–modules.

The structure of the paper is as follows.

Section 2 recollects some well-known facts. In Subsection 2.1, we introduce conformal algebra notation. In Subsection 2.2, we recall how conformal invariant backgrounds and global conformal symmetries result from the zero-curvature equations for o(d, 2). Main elements of the σ_− cohomology analysis of unfolded partial differential equations are summarized in Subsection 2.3. In Subsection 2.4, we recall how tensorial spaces can be described as subspaces of appropriate Fock spaces.

Section 3 contains the analysis of σ_− cohomology for conformal gauge theories as well as its dynamical interpretation. The operator σ_− for the finite dimensional conformal modules is introduced in Subsection 3.1. The homotopy operator is introduced in Subsection 3.2 while its interpretation in terms of supersymmetric matrix mechanics is given in Subsection 3.3. The σ_− cohomology is computed in Subsection 3.4 and its dynamical interpretation is presented in Subsection 3.5. Subsection 3.6 contains illustrative examples. General structure of the unfolded field equations for conformal gauge fields is discussed in Subsection 3.7.

Conformal invariant actions for gauge and non-gauge fields are worked out in Section 4 which is rather independent. The shortcut is through Subsections 2.1, 2.2 and 3.5-3.7.

Section 5 focuses on the interpretation of the obtained results in terms of infinite dimensional modules of conformal algebra in the context of the results of [41] and possible application of the unfolded dynamics at the action level.

Conclusions and perspectives are discussed in Section 6 with the emphasize on the relation of the obtained results with the unitary HS models.

Appendix presents some properties of the conformal invariance condition.

2 Preliminaries

2.1 Conformal algebra

Generators T^{AB} of o(d, 2) satisfy the commutation relations

[T^{AB} , T^{CD}] = η^{BC} T^{AD} − η^{AC} T^{BD} − η^{BD}T^{AC} + η^{AD}T^{BC} , (2.1)

where η^{AB} = η^{BA} is a nondegenerate o(d, 2) invariant symmetric form. Indices A, B, . . . take d+2 values and are raised and lowered by η^{AB} and its inverse η_{AB} . We arrange A = (a, −, +) with a, b, . . . = 0, . . . d − 1 so that

η^{+−} = 1 , η^{++} = η^{−−} = 0 , η^{±a} = 0 , (2.2)

and η^{ab} is a nondegenerate invariant form of the Lorentz algebra o(d − 1, 1) in d dimensions. In Lorentz notation we assign

T^{−a} = P^a , T^{+a} = K^a , T^{+−} = D , T^{ab} = L^{ab} , (2.3)

where P^a, K^a, D and L^{ab} are the generators of translations, special conformal transformations, dilatations and Lorentz transformations, respectively. Note that D induces the following grading of the algebra [D , P^a] = −P^a , [D , K^a] = K^a , [D , T^{ab}] = 0. (2.4) Conformal gravity can be described in terms of o(d, 2) one-form connection

W (x) = 1 2 W_{AB}(x)T^{AB} , W_{AB}(x) = dx^nW_{n AB}(x) (2.5)

and two-form curvature R(x) = 1 2 R_{AB} (x)T^{AB} , R_{AB}(x) = dW_{AB}(x) + W_{AC} (x) ∧ W^C_B (x) , d = dx^n ∂ ∂x^n . (2.6)

(Underlined indices m, n = 0, . . . d − 1 are associated to vector fields and differential forms on the base manifold.) In terms of Lorentz irreducible components we have

W (x) = h^a(x)P_a + 1 2 ω^{ab}(x)L_{ab} + f_a(x)K^a + b(x)D , (2.7)

R(x) = R^a(x)P_a + 1 2 R^{ab}(x)L_{ab} + r_a(x)K^a + r(x)D , (2.8) where R^a = dh^a + ω^a_b ∧ h^b − b ∧ h^a , (2.9)

R^{ab} = dω^{ab} + ω^a_c ∧ ω^{cb} − h^a ∧ f^b + h^b ∧ f^a , (2.10)

r = db + h^a ∧ f_a , (2.11)

r^a = df^a + ω^a_b ∧ f^b + b ∧ f^a . (2.12) Here ω^{ab}(x) is Lorentz connection, f_a(x) and b(x) are gauge fields for special conformal transformations and dilatation, respectively, and h^a = dx^mh_m^a is the vielbein one-form that is required to be nondegenerate det|h_m^a| ≠ 0 . (2.13) The conformal gauge transformations are δh^a = D^Lϵ^a − ϵ^a_bh^b + ϵh^a − ϵ^ab , (2.14)

δω^{ab} = D^Lϵ^{ab} − h^aϵ̃^b + ϵ^af^b + h^bϵ̃^a − ϵ^bf^a , (2.15)

δb = dϵ + h^aϵ̃_a − ϵ^af_a , (2.16)

δf^a = D^Lϵ̃^a − ϵ^a_bf^b − ϵf^a + ϵ̃^ab , (2.17) where ϵ^a(x), ϵ^{ab}(x), ϵ̃_a(x) and ϵ(x) are gauge parameters of translations, Lorentz transformations, special conformal transformations and dilatations, respectively. D^L is the Lorentz covariant derivative D^Lψ^a = dψ^a + ω^a_b ∧ ψ^b . (2.18)

The AdS_d algebra o(d − 1, 2) can be realized as the subalgebra of o(d, 2) spanned by the generators L_{ab} and P_a = P_a + λ^2K_a, where λ^2 > 0 (λ^2 < 0 corresponds to the de Sitter case of o(d, 1) ⊂ o(d, 2)). The limit λ → 0 gives the Poincare subalgebra iso(d − 1, 1) ⊂ o(d, 2).

2.2 Unfolded dynamics

In the unfolded dynamics approach [40] (for more detail see e.g. [46, 27]), g–invariant dynamical systems are described in terms of differential forms W^Ω valued in one or another g-module (index Ω). In the case of most interest in this paper, g = o(d, 2).

A g–invariant background is described by a flat connection of g, i.e., a one-form W_0 that satisfies the zero–curvature equation

dW_0 + 1 2 [W_0 , W_0] = 0 , (2.19)

where [ , ] is a Lie bracket in g. Usually, g contains one or another space-time symmetry as a subalgebra. The part of W_0 associated to the Poincarè or AdS translations is identified with the frame one–form.

In the case of g = o(d, 2), different vacuum solutions W_0(x) may have different interpretations. If nonzero components of W_0 are in the Poincarè subalgebra iso(d − 1, 1) ⊂ o(d, 2) then it describes (locally) Minkowski space-time. For example, this is true in the case of Cartesian coordinates in Minkowski space where the only nonzero component of W_0 is

h^a = dx^a . (2.20)

If nonzero components of W_0 belong to the AdS_d subalgebra o(d − 1, 2) ⊂ o(d, 2), then it describes (locally) AdS_d space-time. A flat connection of o(d−1, 2), namely e^a and ω^{ab}, gives a flat connection of o(d, 2) with h^a = e^a, f_a = λ^2e_a, b = 0 and the same Lorentz connection ω^{ab}, i.e., this Ansatz solves (2.19) for the conformal algebra provided that e^a and ω^{ab} solve the zero curvature equations for o(d − 1, 2). de Sitter case is described analogously with λ^2 < 0.) Note that, as a by-product, this gives a coordinate independent proof of conformal flatness of (A)dS_d.

Coming back to generic g-symmetric case, let D_0 be a g–covariant derivative built from W_0. Then (2.19) implies D^2_0 = 0 . (2.21)

This allows us to introduce a linearized curvature

R^Ω_1 = D_0W^Ω_1 (2.22)

for any p-form W^Ω_1 valued in some g-module V . Because of (2.21), R^Ω_1 satisfies the Bianchi identities D_0R^Ω_1 (x) = 0 (2.23) and is gauge invariant under the gauge transformation

δW^Ω_1 (x) = D_0ϵ^Ω_{p−1}(x) , (2.24)

where ϵ^Ω_{p−1}(x) is an arbitrary V –valued (p−1)–form. Also note that there is a chain of gauge symmetries for gauge symmetries

δϵ^Ω_i (x) = D_0ϵ^Ω_{i−1}(x) , 0 ≤ i ≤ p − 1 , (2.25)

that leave invariant the gauge transformations (2.24) and the transformations (2.25) themselves.

We can let W_1 describe a set of differential forms of different degrees extending the definition (2.22) to R^Ω_1 = dW^Ω_1 + F^Ω(W_0, W_1) , (2.26)

where F^Ω(W_0, W_1) is built from wedge products of the differential forms W_0 and W_1 and is linear in W_1, but not necessarily in W_0. The equation

R^Ω_1 = 0 (2.27)

is required to be formally consistent with (2.19), i.e., to respect d^2 = 0 for any W_0 that satisfies (2.19). The system (2.19) and (2.27) expresses the exterior differential of any of the fields W^Ω_1 (x) and W^A_0 via wedge products of the same set of fields. Such differential equations are called unfolded.

General unfolded systems are associated to the curvatures

R^α = dW^α + F^α(W) (2.28)

where W^α(x) is some set of differential forms and F^α(W) obeys the generalized Jacobi condition F^α(W) ∂F^β (W) ∂W^α = 0 , (2.29)

that expresses the compatibility of the unfolded equation

R^α(W(x)) = 0 (2.30)

with d^2 = 0. The important subclass of unfolded systems is constituted by the so-called universal unfolded systems [46] where (2.29) still takes place with the odd and even differential form variables treated as odd and even supercoordinates of some superspace. In other words, the unfolded system is universal if (2.29) is insensitive to the dimension of space-time d (i.e., to the property that any (d+1)–form is zero; for more detail see [27]). The unfolded systems that appear in HS models, and, in particular, the systems studied in this paper are universal. In this case the derivative^{∂F Ω(W)}_{∂W α} is well-defined, allowing to define the transformation law [40] δW^α(x) = dϵ^α(x) − ϵ^β(x) ∂F^α(W(x)) ∂W^β (x) , (2.31) where the derivative is left and ϵ^α(x) is an arbitrary (p_α − 1)–form if W^α(x) is a p_α-form. It is easy to see that

δR^α = (−1)^{pβ} ϵ^βR^γ

∂^2F^α(W) ∂W^γ ∂W^β . (2.32)

Hence, the unfolded equation (2.30) is invariant under the gauge transformation (2.31).

The system (2.19), (2.27) describes general linearized unfolded field equations, where W = (W_0, W_1) describes background geometry via W_0 and dynamical fluctuations via W_1. In the case where F^Ω(0, W_1) = 0 (i.e., W_0 enters F (W_0, W_1) at least linearly), which is considered in this paper, differential forms of various degrees contained in W_1 are valued in some g-modules so that d along with the terms linear in W_0 in (2.26) provide covariant derivatives of g in the respective modules. The terms of higher orders in W_0, that cannot be removed by a field redefinition, describe g-cohomology with the coefficients in the respective modules (see, e.g. [27] for more detail and references). As is well-known [40, 27], the equations (2.27) can describe a field theory with infinite number of degrees of freedom provided that zeroforms contained in W_1 are valued in infinite dimensional g-modules. In fact, the presence of infinite dimensional modules is also crucial for the existence of a nontrivial g-cohomology for semisimple g, represented in this construction by the part of F^Ω(W_0, W_1) of higher orders of W_0.

For the unfolded system (2.19), (2.27) with W = (W_0 , W_1) the transformation law (2.31) gives two types of symmetries. The one associated to W_1 is Abelian because F (W_0 , W_1) is linear in W_1 at the linearized level. This is the Abelian gauge symmetry of free fields that generalizes the transformation law (2.24) to F (W_0 , W_1) nonlinear in W_0.

The other one associated to W_0 is

δW^A_0 (x) = D_0ϵ^A(x) (2.33)

δW^Ω_1 (x) = (ϵ(x) · W_1(x))^Ω , (2.34)

where (ϵ · W_1)^Ω = −ϵ^A

∂F^Ω(W_0, W_1) ∂W^A_0 . (2.35)

This induces nonAbelian global symmetries of the linear (free) system (2.27). Indeed, having fixed a background connection W^A_0 (x), we have to demand δW^A_0 (x) = 0 which implies by virtue of (2.33) that the leftover global symmetry is described by the global symmetry parameter ϵ^A_0 (x) that verifies D_0ϵ^A_0 (x) = 0 . (2.36)

Since D^2_0 = 0, these equations are consistent, admitting a solution that can be reconstructed from free values ϵ^A(x_0) at any point x_0. Of course, this is a local statement that can be obstructed by additional topological (i.e., boundary) conditions. Assuming that this does not happen (i.e., that a manifold, where W^A_0 (x) is defined, is indeed g–invariant) we conclude that the connections W^Ω_1 and curvatures R^Ω_1 transform covariantly

δW^Ω_1 (x) = (ϵ_0(x) · W_1(x))^Ω , δR^Ω_1 (x) = (ϵ_0(x) · R_1(x))^Ω (2.37) under the global g–transformations. Hence, the equation (2.27) is g invariant. Note that due to the cohomological terms of higher orders in W_0, the global g–transformation laws of the p-form connections with p > 0 acquire via (2.35) additional contributions that mix forms of different degrees. (For particular examples see Subsection 3.7 and [27].)

In the particular case of global conformal symmetry important for the further analysis it is elementary to solve the condition (2.36) in the Cartesian coordinate system (2.20) to obtain

ϵ̃_{0 a}(x) = ε̃_a , (2.38) ϵ_0(x) = ε − x^aε̃_a , (2.39) ϵ^{ab}_0 (x) = ε^{ab} + x^aε̃^b − x^bε̃^a , (2.40)

ϵ^a_0(x) = ε^a + x^bε^{ab} − x^aϵ + x^ax^bε̃_b − 1 2 x^2ε̃^a , (2.41)

where ε_a, ε, ε^{ab} and ε̃^a are arbitrary x–independent parameters of the global conformal symmetry transformations which appear as integration constants of the equations (2.36) and correspond, respectively, to translations, dilatations, Lorentz transformations and special conformal transformations. Let us stress again that with this choice of the conformal symmetry parameters, the Cartesian vacuum connection (2.20) remains invariant under the conformal gauge transformations (2.33).

Let C^ω denote the subset of zero-forms among W^Ω_1 . Since in the sector of zero-forms F^ω(W_0, C) is a one-form, it is linear in W_0 (recall that W_0-independent terms are not allowed in our consideration). Hence, C^ω span some g-module C. A distinguishing property of zeroforms is that they have no associated gauge parameters and hence the inhomogeneous (i.e., the first) term in the transformation law (2.31). As a result, at the linearized level, they describe gauge invariant combinations of derivatives of dynamical fields. Indeed, at least some of the zero-forms C^ω turn out to be expressed in terms of the gauge fields described by the p-form gauge connections W^Ω_1 with p > 0 via the cohomological terms in (2.26) that are nonlinear in W_0. Those, that are not expressed via derivatives of the gauge fields by this mechanism describe non-gauge fields like, for instance, scalar and spinor. From this consideration it follows that the zero-form module C describes the space of gauge invariant physical states. As such it is closely related to the module of single-particle states in the corresponding field theory [54].

2.3 Dynamical content via σ_− cohomology

We use the following terminology. The fields W^Ω_1 contain dynamical fields ϕ^{dyn}, auxiliary fields ϕ^{aux}_n and Stueckelberg fields ϕ^{st}. As explained in more detail below, auxiliary fields ϕ^{aux}_n are expressed via space-time derivatives of order up to n of ϕ^{dyn} by appropriate constraints. Stueckelberg fields ϕ^{st} are pure gauge, i.e., they can be gauge fixed to zero by algebraic Stueckelberg shift symmetries. Leftover fields, that are neither Stueckelberg nor auxiliary, are dynamical.

The (p−1)–form gauge parameters describe differential gauge symmetries for the dynamical fields and algebraic Stueckelberg (shift) symmetries that compensate the Stueckelberg fields. The parameters (2.25) ϵ_i(x) with i < p − 1, which exist for p > 1, govern the degeneracy of gauge transformations, i.e., gauge symmetries for gauge symmetries.

The gauge invariant curvatures contain components of different types. Some can be set to zero by imposing constraints that express algebraically auxiliary fields in terms of derivatives of the dynamical fields. Some other are zero by virtue of Bianchi identities applied to the constraints. The leftover components, that remain nonzero upon substitution of the expressions for auxiliary fields in terms of derivatives of the dynamical ones, describe gauge invariant combinations of derivatives of the dynamical fields. Among them, a distinguished role have ground field strengths that result from the application of certain gauge invariant differential operators to the dynamical fields and are such that all other gauge invariant differential operators result from the ground ones by further differentiations. In other words, all gauge invariant combinations of derivatives of the dynamical fields are the ground field strengths or their derivatives. A set of all gauge invariant combinations of derivatives of the dynamical fields forms an infinite dimensional g–module C that fully characterizes the gauge invariant pattern of the system. It is called Weyl module.

As an example, consider Poincarè or AdS gravity, where g = iso(1, d − 1) or o(d − 1, 2), respectively. The fields W^Ω_1 take values in the adjoint representation of g, describing the weak field deviations of the full connection W^Ω = W^Ω_0 +W^Ω_1 from the vacuum one W^Ω_0 . They therefore contain vielbein one-form e^a and Lorentz connection ω^{ab}. Here ω^{ab} is the auxiliary field while e^a contains the dynamical field, which is the symmetric part of e_{n,a}, i.e., the linearized fluctuation of the metric, and the Stueckelberg field, which is the antisymmetric part of e_{n,a}. The latter is pure gauge due to the (linearized) local Lorentz symmetry.

There are two types of gauge symmetries in this example. One is local Lorentz symmetry with the gauge parameters ϵ^{ab}, which is Stueckelberg. Another one is the “translation” gauge symmetry with the vector gauge parameter ϵ^a. This is the true differential symmetry that describes linearized diffeomorphisms.

The components R^a_1 of the gauge invariant curvatures, associated to translations, can be set to zero by imposing the zero–torsion constraint R^a_1 = 0 that expresses Lorentz connection via the first derivatives of the vielbein. With this substitution, R^{nm}_1 (with the convention R^{ab}_1 = e^a_{0n}e^b_{0m}R^{nm}_1 ) is the linearized Riemann tensor two-form. The Bianchi identities applied to the zero-torsion constraint imply the familiar linearized cyclic identity of the Riemann tensor e^a_0 ∧ R_{1a}^b = 0 . (2.42)

Other components of R^{mn}_1 remain algebraically independent. These include the linearized Ricci tensor R_{nm} and the linearized Weyl tensor C_{nm,kl}. They represent all gauge invariant combinations of the metric that contain two derivatives, i.e., the full set of gauge invariant ground field strengths. Setting R_{nm} = 0 imposes the linearized Einstein (i.e., spin two) equations. Setting C_{nm,kl} = 0 is the condition that the metric is conformally flat (in the linearized approximation, that its traceless part is zero). Imposing both conditions, i.e., that the linearized Riemann tensor is zero, implies that the linearized metric is pure gauge.

Pattern of a general g–invariant system is encoded in the so-called σ_− cohomology [45] (see also [54, 46]) which is a perturbative concept that emerges in the linearized analysis. To apply this machinery, the following conditions have to be satisfied. First, a space V , where fields W^Ω_1 take their values, should be endowed with some grading G such that its spectrum is bounded from below. Usually G counts a rank of a tensor (equivalently, a power of an appropriate generating polynomial) and eventually counts the order k − l of highest space-time derivatives of degree l dynamical fields ϕ^{dyn} contained in the degree k auxiliary fields ϕ^{aux}. In the example of gravity we set G(A^n) = 1 and G(B^{mn}) = 2 for elements A^n and B^{nm} of the adjoint representation of g = iso(1, d − 1) or o(d − 1, 2).

Suppose that the background covariant derivative admits the decomposition

D_0 = D_{00} + σ_− + σ_+ , (2.43)

where [G , σ_−] = −σ_− , [G , D_{00}] = 0 and σ_+ is a sum of some operators of positive grade. From (2.21) it follows that σ^2_− = 0 . The standard choice of σ_− is such that it is the part of the covariant derivative associated to the vielbein, that decreases the grading G by one. For instance, in the example of gravity

σ_−(A^a) = 0 , σ_−(B)^a = e_bB^{ba} . (2.44)

(Recall that σ_− maps a space of grade G to the space of grade G − 1.) The grading G should not be confused with the grading that counts a degree of a differential form. Since, in this paper, σ_− is a part of the covariant derivative, it has the form degree one. Note that the more general situation (2.26) where σ_− mixes differential forms of different degrees is also of interest (for more detail see e.g. [46, 27]).

Provided that σ_− acts vertically (i.e., does not differentiate x^n), the cohomology of σ_− determines the dynamical content of the dynamical system at hand. Namely, as shown in [45], for a p-form W^Ω_1 valued in a vector space V , H^{p+1}(σ_−, V ), H^p(σ_−, V ) and H^{p−1}(σ_−, V ) characterize, respectively, ground field strengths (that can be interpreted as left hand sides of possible gauge invariant field equations), dynamical fields, and differential gauge symmetries encoded by the curvatures (2.22), gauge fields W_1 and transformation laws (2.24). Let us note that H^k(σ_−, V ) with k > p + 1 describe so called syzygies^3 of the field equations [27] while H^k(σ_−, V ) with k < p − 1 describe differential gauge symmetries for gauge symmetries (2.25) [61].

The meaning of this statement is simple.

From the level-by-level analysis of the linearized curvature R_1 (2.22) it follows that all fields that do not belong to Ker σ_− can be expressed via derivatives of some lower grade fields by setting appropriate components of the linearized curvature R_1 to zero. Hence these are auxiliary fields. Those that are σ_− exact can be gauged away by the Stueckelberg part of the gauge transformation (2.24) associated to the σ_− part of D in (2.43). The fields that remain belong to the cohomology of σ_−. These are dynamical fields.

Dynamical content of the gauge transformations and field equations can be analyzed analogously. For example, suppose that it is possible to impose constraints R_{1 i} = 0 on the auxiliary fields imposing no restrictions on the dynamical fields, where the curvatures R_{1 i} have grades i_{min} ≤ i ≤ k. From the Bianchi identity (2.23) if follows then that σ_−R_{1 k+1} = 0, i.e., R_{1 k+1} is σ_− closed. If the cohomology H^{p+1} is zero in the grade k + 1 sector then

3Syzygies H^{p+2}(σ_−, V ) describe differential relations (Bianchi identities) between the ground differential operators, H^{p+3}(σ_−, V ) describe differential relations between the latter differential relations, etc.

the R_{1 k+1} = σ_−(χ_{k+2}) for some χ_{k+2}. Since W_{1 k+2} also enters R_{1 k+1} via σ_−(W_{1 k+2}), it can be adjusted to cancel χ_{k+2}, thus achieving R_{1 k+1} = 0. The latter condition becomes a combination of identities that follow from the previously imposed constraints along with the new one that expresses W_{1 k+2} via derivatives of the fields of lower grades. If, on the other hand, a nontrivial cohomology H^{p+1} appears on the level k, it is impossible to achieve that R_{1 k} = 0 without imposing further differential equations on W_{1 k+1} and hence on the dynamical fields through which W_{1 k+1} has been already expressed. Equivalently, those components of R_1 that belong to H^{p+1} represent gauge invariant ground field strengths built from derivatives of the dynamical fields. Clearly, if the dynamical fields have grade l, the resulting level k field strengths contain k + 1 − l their derivatives. If a system is such that H^{p+1} is zero, no gauge invariant field equations are imposed by the equations R_1 = 0 and the system is called off-shell.

Since σ_− usually originates from the part of the covariant derivative of a space-time symmetry algebra that contains vielbein, the nondegeneracy of the latter implies that a maximal possible number of field components are expressed via space-time derivatives of the dynamical fields.

2.4 Conformal gauge fields as Fock vectors

It is convenient to describe tensors as elements of an appropriate Fock space. Consider a set of oscillators a^{†Ai} , a^B_j , where 1 ≤ i, j ≤ h for some h ≥ 1, that satisfy the commutation relations [a^A_i , a^{†Bj}] = δ^j_i η^{AB} , [a^A_i , a^B_j ] = 0 , [a^{†Ai} , a^{†Bj}] = 0 . (2.45)

The bilinears T^{AB} = ∑ i ( a^{†Ai}a^B_i − a^{†Bi}a^A_i ) (2.46)

satisfy the o(d, 2) commutation relations (2.1).

The bilinears τ^{ij} = a^{†Ai}a^{†Bj} η_{AB} , τ^i_j = 1 2 {a^{†Ai} , a^B_j }η_{AB} , τ_{ij} = a^A_i a^B_j η_{AB} (2.47) are generators of sp(2h) with the following nonzero commutation relations

[τ^i_j , τ^k_l] = δ^k_j τ^i_l − δ^i_l τ^k_j , (2.48)

[τ^i_j , τ_{kl}] = −δ^i_kτ_{jl} − δ^i_l τ_{jk} , [τ^i_j , τ^{kl}] = δ^k_j τ^{il} + δ^l_jτ^{ik} , (2.49)

[τ_{ij} , τ^{kl}] = δ^k_j τ^l_i + δ^k_i τ^l_j + δ^l_j τ^k_i + δ^l_iτ^k_j . (2.50)

The o(d, 2) generators T^{AB} rotate o(d, 2) vector indices A, B with no effect on the sp(2h) indices i, j while the sp(2h) generators τ act on the indices i, j with no effect on the vector indices A, B. The two mutually commuting algebras o(d, 2) and sp(2h) form so-called Howe dual pair [62].

Consider a Fock space F spanned by vectors |Φ⟩ = ∑ L_1≥0,L_2≥0,... 1 √ L_1!L_2! . . . Φ^{A1...A1L}1^{,A21...A2L}2^{...}a^{†1}_{A1} . . . a^{†1}_{A1L1} a^{†2}_{A21} . . . a^{†2}_{A2L2} . . . |0⟩ (2.51) generated from the Fock vacuum |0⟩ that satisfies

a^A_i |0⟩ = 0 . (2.52)

From (2.46) it follows that homogeneous polynomials f(a^†)|0⟩ of different degrees form finite dimensional o(d, 2)–submodules of V . To single out irreducible submodules one has to impose further conditions built from the sp(2h) generators that commute to the o(d, 2). These are the sp(2h) highest weight conditions

τ_{ij} |Φ⟩ = 0 , (2.53)

τ^i_j |Φ⟩ = 0 j > i , (2.54)

τ^i_i|Φ⟩ = L_i|Φ⟩ (2.55)

(no summation over i), where L_i are some non-negative integers such that

L_j ≥ L_i for i > j . (2.56)

Clearly, the condition (2.53) implies that the tensors in the expansion (2.51) are traceless. The condition (2.54) implies that the symmetrization of all indices contracted with the oscillators a^{†iA} for some i with any index contracted with an oscillator a^{†jA} with j > i gives zero. This is the Young antisymmetrization condition in the so-called symmetric basis (indices contracted with the bosonic oscillators a^{†iA} for a given i are automatically symmetrized). Finally, the condition (2.55) determines a number of indices in the manifestly symmetrized groups. Such a tensor is depicted by the Young diagram composed of h = H_1 rows of lengths L_i L_1 L_2 L_3 . . . L_{H−2} L_{H−1} H_1H_2 . . .

L_{H1} (2.57)

Note that Young diagrams that do not satisfy (2.56) are not considered because in this case the conditions (2.54) and (2.55) admit only zero solution. Another restriction specific for the modules of the orthogonal algebra, that results from the tracelessness conditions, is that traceless Young diagrams of o(k, l) can be nonzero provided that the heights H_1 and H_2 of its first (and hence any) two columns satisfy

H_1 + H_2 ≤ k + l . (2.58)

Indeed, this is easily seen by the dualization of the two columns, that is by the contraction of indices with two epsilon symbols ε_{A1...Ak+l} ε_{B1...Bk+l} a^{A1}_1 . . . a^{Ah1}_{h1} a^{B1}_1 . . . a^{Bh2}_{h2} which, by virtue of the determinant formula for two epsilon symbols, turns out to be proportional to the operator τ_{ij} if (2.58) is not respected, because at least one pair of indices of the two chosen columns will be contracted. (See, e.g., [63].)

The Young diagram (2.57) will be denoted Y (L|o(d, 2)) where L = (L_1, L_2, . . . , L_h) . (2.59) The space of such tensors will be denoted F^L_{o(d,2)}. To single out an irreducible o(d, 2) tensor it remains to impose the (anti-)selfduality condition, that is possible for d = 2 mod 4 and h = d/2 + 1. We will not consider (anti-)selfdual tensors in this paper, however.

The space Λ of differential forms in d dimensions is also convenient to realize as a Fock module. To this end we introduce fermionic annihilation and creation operators ξ_a and ξ^{†a}, respectively, that carry Lorentz indices and have anticommutation relations {ξ_a , ξ^{†b}} = δ^b_a , {ξ_a , ξ_b} = 0 , {ξ^{†a} , ξ^{†b}} = 0 . (2.60) We identify ξ^{† a} with tangent components of space-time differentials dx^n via ξ^{† a} = dx^nh^a_n . (2.61) Then Λ is realized as the space of states |ω⟩ = d∑ p=0 dx^{n1} . . . dx^{np} ω_{n1...np} |0⟩ = d∑ p=0 ξ^{† a1} . . . ξ^{† ap} ω_{a1...ap} |0⟩ , (2.62) where the Fock vacuum is defined by ξ_a|0⟩ = 0 . (2.63) We shall often omit the wedge symbol because the wedge product of differential forms is nothing but the product in the Grassmann subalgebra generated by ξ^{†a} of the Clifford algebra generated by ξ_a and ξ^{†b}. p forms span the subspaces Λ^p of degree p–homogeneous polynomials in Λ, i.e., |ω⟩ ∈ Λ^p : ξ^{†a}ξ_a|ω⟩ = p|ω⟩ . (2.64) The full Fock space F is F = F ⊗ Λ . (2.65) Its subspace F^L_{o(d,2)}, that satisfies the conditions (2.53)-(2.55), is F^L_{o(d,2)} = F^L_{o(d,2)} ⊗ Λ . (2.66) The subspace associated to p–forms is F^{L,p}_{o(d,2)} = F^L_{o(d,2)} ⊗ Λ^p . (2.67)

Let |Ω⟩ = ∑ p≥0;L_i≥0 1 √ L_1!L_2! . . . Ω^{A1...A1L1 ,A21...A2L2 ...} a_1 ...a_p ξ † a_1 . . . ξ† a_p a†1 A^1 . . . a †1 A^1_{L1} a †2 A^2_1 . . . a †2 A^2_{L2} . . . |0⟩ . (2.68) We endow the Fock space F with the scalar product that pairs p-forms with p-forms ⟨Φ|Ω⟩ = ∑ p≥0;L_i≥0 p ! Φ^{a1...ap}_A1_{...A}1_{L1 ,A}2_{1...A}2_{L2 ,...}Ω^{A1...A1L1 ,A21...A2L2 ,...} a_p...a_1 . (2.69)

Note that ⟨0|ξ^{† a} = 0 , ⟨0|a^{† i}_A = 0 , ⟨0|0⟩ = 1 . (2.70)

3 σ_− cohomology analysis

3.1 Operator σ_−

Let a p–form |Ω(x)⟩ be realized as a Fock vector (2.68) that satisfies the conditions (2.53)- (2.55) and (2.64). In other words, it is a section of the vector fiber bundle over d-dimensional Minkowski space M^d (x^n are any local coordinates of M^d) with the fibers F^{L,p}_{o(d,2)}.

For any fixed conformal invariant background described by a flat connection W_0 (2.19), the linearized HS curvature R_1 is

|R_1(x)⟩ = D_0|Ω(x)⟩ , D_0 = d + 1 2 W_{0 AB} T^{AB} , d = dx^n ∂ ∂x^n = ξ^{† a}h^n_a ∂ ∂x^n . (3.1)

We define σ_− as the part of covariant derivative associated to the translation generator of the conformal algebra, σ_− = ξ^†_aT^{−a} . (3.2) Let us stress that F^L_{o(d,2)} is invariant space of σ_− for any L.

The grading operator G of Section 2.3 is the dilatation generator D = T^{+−}

G = D = n_+ − n_− , (3.3)

where n_+ = a^{†+i}a^−_i , n_− = a^{†−i}a^+_i . (3.4) G counts the difference between the number of indices that take values − and + in the coefficients Ω^{A1...A1L1 ,A21...A2L2 ...} a_1...a_p (x) in Eq. (2.68) (recall that A

± = A_∓). Note that 0 ≤ n_± ≤ L_1 because the Young properties imply that symmetrization over any L_1 + 1 indices gives zero.

Generally, the grading G may or may not be induced by some grading of the symmetry algebra g. For example, in the case of AdS_d gravity with g = o(d − 1, 2), the grading (2.44) is not a grading of g. (From the conformal algebra perspective this is so because the AdS translation generators are represented by a mixture of conformal translation generators and special conformal generators that carry different conformal dimensions.) In this case, σ_− acts in V but does not belong to the representation of g. Depending on whether σ_− belongs to g or not, σ_− cohomology is related to the Lie algebra cohomology (as in the conformal case) or not (as in the AdS case).

3.2 Homotopy operator

3.2.1 Generalities Let V = ∑_∞ p=−∞ ⊕V p where V^p is some set of finite dimensional linear spaces. Let σ be a grade one nilpotent operator σ(V^p) ⊂ V^{p+1} , σ^2 = 0 . (3.5) Cohomology H^p(σ, V) is the quotient space H^p(σ, V) = Ker σ ∩ V^p Im σ ∩ V^p . (3.6) Roughly speaking, H^p(σ, V) consists of elements of V^p, that are σ closed but not exact.

Let σ^† be a grade −1 operator that squares to zero, i.e., σ^†(V^p) ∈ V^{p−1} , (σ^†)^2 = 0 . (3.7) Then, from (3.5) and (3.7) it follows that the homotopy operator H = {σ , σ^†} (3.8) commutes both with σ and with σ^† [σ , H] = 0 , [σ^† , H] = 0 (3.9) and H(V^p) ∈ V^p , ∀p . (3.10) An efficient standard cohomology computation tool (see e.g. [64]) is provided by the Homotopy Lemma If H is diagonalizable in V, then H = ∑ p ⊕H^p(σ, V) ⊂ Ker H. Indeed, let v be a σ–closed eigenvector of H Hv = λv , σv = 0 (3.11) with λ ≠ 0. Then v is σ–exact because v = λ^{−1}H v = σχ , χ = λ^{−1}σ^†v ■ (3.12) In other words, only those elements that belong to the subspace spanned by eigenvectors of H with zero eigenvalue can belong to H.

Now we are in a position to apply Homotopy Lemma to the operator σ = σ_− with V = F^L_{o(d,2)} (2.66) and V^p = F^{L,p}_{o(d,2)} (2.67). (Let us stress that the operator σ_− (3.2) increases a form degree, with respect to which the cohomology H^p is defined, but decreases the grading in o(d, 2).) This will allow us to compute Ker H and, hence, H^p(σ_−, V) for all p. The method provides a nice application of supersymmetry and turns out to be surprisingly simple and efficient. Hence, we explain it in some detail.

3.2.2 Evaluation of H Let σ^†_− = −ξ_aT^{+a} . (3.13) Using (2.1), (2.46), (3.2), (3.3) and (3.4) it is easy to obtain

−2{σ_− , σ^†_−} = −2H = {T^{−a} , T^+_a } − T^{ab}T^F_{ab} + D[ξ^†_a , ξ^a] , (3.14)

where T^{ab} and T^F_{ab} are the Lorentz generators that act, respectively, on the bosonic and fermionic oscillators, i.e., T^F_{ab} act on the indices of differential forms

T^F_{ab} = 1 2 ( [ξ_a , ξ^†_b ] − [ξ_b , ξ^†_a] ) . (3.15) Let T^L_{ab} = T_{ab} + T^F_{ab} (3.16) be the total Lorentz generator that rotates all Lorentz indices. Then Eq. (3.14) gives H = 1 4 ( T^{L ab}T^L_{ab} − T^{AB}T_{AB} ) − 1 2 (Δ + p)(Δ + p − d) , (3.17)

where p is a form degree and Δ is the conformal dimension

ξ^†_aξ^a|Ω⟩ = p Ω , DΩ = Δ|Ω⟩ . (3.18)

Hence, to evaluate H, it is enough to evaluate the Casimir operators of o(d, 2) and o(d − 1, 1) on their arbitrary finite dimensional modules.

An elementary computation by using the fact that the Casimir operators of o(d, 2) are expressed via those of the Howe dual algebra sp(2h), which in turn are easily computed using (2.53)-(2.55), gives the following well-known result [65] T^{AB}T_{AB} = −2 h∑ i=1 L_i(L_i + d + 2 − 2i) , (3.19)

where summation is over all rows of the Young diagram.

Note that analogous computation in terms of fermionic oscillator realization of Young diagrams, that makes antisymmetries manifest, gives

T^{AB}T_{AB} = 2

L_1∑

i=1 H_i(H_i − d − 2i) , (3.20)

where i enumerates columns of the same Young diagram, that have heights H_i (H_1 = h). Although it is not immediately obvious that these two expressions give the same result for any Young diagram, the identity can be checked by induction.

It is sometimes convenient to represent a Young diagram as a combination of rectangular horizontal blocks composed of rows of equal lengths. In this representation, a Young diagram is characterized by the lengths L_α and heights F_α of the α^{th} blocks. Again,

L_α ≥ L_β for α < β . (3.21)

In particular, one can consider the case with F_α = 1 that corresponds to the standard description of a Young diagram in terms of rows. The maximal block decomposition of a Young diagram is that with pairwise different lengths of all blocks, i.e., L_α > L_β for α < β L_1 F_1 {

L_2

F_2

L_3

F_3 {

(3.22) For any block decomposition, Eq. (3.19) gives T^{AB}T_{AB} = −2 ∑ α L_αF_α(L_α + d + 1 − 2 α−1∑ β=1 F_β − F_α) . (3.23)

The Casimir operator T^{AB}T_{AB} in (3.17) is determined by the choice of the o(d, 2)–module F^L_{o(d,2)}. The rest terms in (3.17) are diagonal on irreducible modules V_u of the Lorentz subalgebra o(d − 1, 1) ⊂ o(d, 2) contained in the tensor (2.68), i.e., Res^{o(d,2)}_{o(d−1,1)}F^L_{o(d,2)} = ∑ u ⊕V_u . (3.24)

Since indices of a differential p-form in (2.68) are totally antisymmetrized, they are described by a column of height p. Hence, the o(d − 1, 1) pattern of the p–form (2.68) is

Ω = ∑ u ⊕^p { . . ⊗ V_u . (3.25)

This can be worked out with the help of the two simple facts explained in Subsections 3.2.3 and 3.2.4.

3.2.3 Tensor product with a differential form Let V_u be described by some Young diagram Y (l_i|o(d − 1, 1)) and p ≤ [d/2] , l_{h+1} = 0 , h ≤ [d/2] . (3.26) Then Y (1, 1, . . . 1, p 0, . . . 0) ⊗ Y (l^1, l^2 . . .) = ∑ {ε_i} ⊕r(ε) Y (l_1 + ε_1, l_2 + ε_2, . . .) , ε_i = 0 or ± 1 (3.27) at the condition that_h ∑ i=1 ε^2_i ≤ p (3.28)

and the resulting Young diagram is admissible, i.e., the conditions (2.56) and (2.58) are respected. A positive integer r(ε) is the multiplicity of the diagram Y (l_1 + ε_1, l_2 + ε_2, . . .) with a given set ε_i.

The meaning of this formula is as follows. In the tensor product (3.27), each index of the column Y (1, 1, . . . 1,

p 0, . . . 0), referred to as form indices, can be either added or subtracted

from the diagram Y (l_1, l_2 . . .) (subtraction results from the contraction of a pair of indices between the two factors in the tensor product). Because indices in a row are symmetrized while the tensor Y (1, 1, . . . 1, p 0, . . . 0) is totally antisymmetric, no two form indices can be

added or subtracted to the same row. So, there are three options. Some of form indices are added to some rows. These are labelled by ε_i = 1. Some other are subtracted from some other rows. These are labelled by ε_i = −1. The third option is that one form index is contracted to a row and then some other is added to the same row. Such rows, as well as not involved ones, are labelled by ε_i = 0. If the third option occurs in some^1_2 (p − ∑_h i=1(ε^2_i )) > 0 rows it leads to the degeneracy r(ε) > 1 . Fortunately, modules of this type will be shown not to contribute to the cohomology of interest, that allows us to avoid the computation of the multiplicities r(ε). For our purpose it is enough to use Lemma 1 For p ≤ d/2, any Young diagram with all form indices added, i.e., ∑ i ε_i = p , appears once.

Comment By dualization, in the case of p ≥ d/2 the same is true with p replaced by p^′ = d − p.

3.2.4 Dimension reduction

Now let us discuss the pattern of the decomposition (3.24). Let an o(d, 2)-module F^L_{o(d,2)} be characterized by a Young diagram with the maximal horizontal rectangular blocks of lengths L_α and heights F_α, i.e., abusing notation, L = ((L_1, F_1), (L_2, F_2), . . .) .

Let d + 2 dimensions be decomposed into d + 1 dimensions plus one distinguished dimension along a vector V_A. Clearly, all o(d, 1) tensors contained in the original o(d, 2) tensor result from various projections along V_A. These are described by those o(d, 1) Young diagrams that result from the original o(d, 2) Young diagram by cutting any number of cells in such a way that the resulting Young diagram is admissible and no two cut cells belong to the same column because projection along the same vector V_A is symmetric in all projected (i.e., cut) indices. It remains to note that the latter symmetry property implies that all cut cells of any block can be moved to its bottom row. This gives the following branching Res^{o(d,2)}_{o(d,1)}F^L_{o(d,2)} =⇒ ∑ L̃_α ⊕F^{L(L̃α)}_{o(d,1)} (3.29)

where L(L̃_α) = ( (L_α, F_α − 1), (L̃_α, 1) ) , L_{α+1} ≤ L̃_α ≤ L_α , (3.30) i.e.,

=⇒

F_1 {

F_2

F_3 {

L_1

L_2

L_3

L_1 L̃_1 { F_1 −1

F_2 −1 { L_2

L̃_2 L_3 L̃_3

F_3 −1 {

As a result, we arrive at Lemma 2 Pattern of Res^{o(d,2)}_{o(d,1)}F^L_{o(d,2)} results from cutting any number of cells from the last row of each maximal block in such a way that the resulting Young diagram is admissible and no two cut cells belong to the same column. Every diagram in this list appears once.

The branching of o(d, 2)–modules into o(d − 1, 1)–modules can be obtained by the repetition of this procedure.

For our purpose, it is convenient to assume that the two types of cut indices are + and −. Clearly, the result of branching is insensitive to whether the projected direction is time-like, space-like or light-like as is the case for the ± directions. More precisely, we will assume that irreducible Lorentz tensors carry n_+ lower indices + and n_− lower indices −, i.e., the oscillators to which these indices are contracted carry n_± upper indices ±. (Abusing notation, we use the same notation for the operators (3.4) and their eigenvalues.) This means that for each o(d − 1, 1) tensor resulting from the double dimensional reduction of some o(d, 2) tensor, its conformal weight Δ is

Δ = n_+ − n_− . (3.31)

It is straightforward to compute the homotopy operator H on any irreducible Lorentz submodule by using the formula (3.17) and the formulae for the Casimir operators like (3.19) or (3.23). Although H is automatically diagonal in this basis, for the first sight, it may seem difficult to find Ker H. The trick that allows us to solve the problem is to use underlying supersymmetry.

3.3 Cohomology and supersymmetry

To observe supersymmetry it is enough to change notations

Q = σ_− , Q^† = σ^†_− . (3.32)

The supergenerators Q and Q^† are conjugated with respect to the conjugation that maps a^B_i to a^{†i}_B and ξ^a to ξ^{†a}. In the unitary case of o(d + 2) with positive-definite η^{AB} , the scalar product on the Fock space F, that respects the involution †, is positive-definite. In this truly supersymmetric case, the homotopy operator (Hamiltonian)

H = {Q , Q^†} (3.33) is non-negative, i.e., all eigenvalues of H are either positive or zero.

The finite dimensional space F^L_{o(d,2)} ⊂ F is invariant under the action of Q, Q^† and H. So, Ker H can be searched separately for each of these spaces. The key observation, which will allow us to find easily Ker H and then cohomology H^p(σ_−, F^L_{o(d,2)}), is Lemma 3 The homotopy operator H is non-negative on F^L_{o(d,2)}.

This follows from the observation that the eigenvalues (3.17) of H are insensitive to the signature of the metric η^{AB}, depending only on the type of the Young diagrams and eigenvalues Δ. In the compact case of o(d + 2), where H is non-negative, the eigenvalues of Δ are still given by Eq. (3.31), where ± components correspond to the complex notation on a Euclidean two-plane: A^± =^{1√}_2 (A^0 ± iA^d). Although in this case the generators T^{±A} are complex conjugated so that, strictly speaking, each of them does not belong to o(d + 2, R), this does not affect the computation in the complex Hilbert space F ■.

Before going into detail of the computation, which is the subject of Section 3.4, let us note that, using that the relevant spaces are finite dimensional, in the unitary case of o(d+2), a stronger version of the Homotopy Lemma of Section 3.2.1 holds: Lemma 4 H(Q, F^L_{o(d+2)}) = KerH | | |_{F Lo(d+2)} . (3.34)

Proof: in the unitary case Ker H consists of supersymmetric states annihilated both by Q and by Q^† ⟨a|{Q , Q^†}|a⟩ = 0 −→ Q|a⟩ = 0 , Q^†|a⟩ = 0 . (3.35) Hence, elements of Ker H are Q-closed. To show that KerΣ does not contain Q-exact elements, suppose that H|a⟩ = 0 , |a⟩ = Q|b⟩ (3.36) for some |b⟩. Since [Q, H] = 0 (cf (3.9)), the expansion of |b⟩ in eigenvectors of H can only contain those with zero eigenvalues, i.e., |b⟩ ∈ Ker H. But this implies that Q|b⟩ = 0, i.e., every exact |a⟩ ∈ Ker H is zero ■

Although, a priori, one has to be careful with the extrapolation of Lemma 4 beyond the unitary case, the following Proposition Eq. (3.34) holds for o(d, 2) turns out to be true. This happens because the signature of the metric neither affects the cohomology computation nor obstructs (anti-)selfduality conditions due to complexification of the space of states F.

3.4 Cohomology computation

First of all, we observe that the expression (3.17) for H is symmetric under the Hodge duality supplemented by the sign change of conformal dimension p → d − p , Δ → −Δ . (3.37)

As a result, Proposition of Section 3.3 suggests that

H^p(σ_−, F^L_{o(d,2)}) = H^{d−p}(σ_−, F^L_{o(d,2)}) . (3.38)

Since Δ changes its sign under the exchange of indices + and −, representatives of H^{d−p}(σ_−, F^L_{o(d,2)}) and H^p(σ_−, F^L_{o(d,2)}) are related by the same exchange. We therefore consider the case p ≤ d/2. Also it follows from this symmetry that in the case of p = d/2 for even d and Δ ≠ 0 the cohomology is doubled due to the exchange between + and −.

The idea of computation is to study the dependence of H(μ) on parameters μ that characterize various irreducible Lorentz modules in the system. If, for some μ, we find that H(μ) > H(μ^′) for some other possible μ^′, then H(μ) > 0 by Lemma 3. This simple analysis allows us to rule out most of the possibilities, and easily find Ker H. (The reader not interested in details can go directly to the Theorem in the end of this section.)

Parameters that can vary include

• The original o(d, 2) diagram Y (L|o(d, 2)).

• The numbers n_+ and n_− of indices associated to the Lorentz invariant directions + and − and, in particular, the conformal dimension (3.31). Different positions of cells and also matter.

• Parameters ε_i that characterize various types of irreducible Lorentz tensors resulting from the tensor product with the form indices in (3.27), as well as the form rank p.

It is important to note that this analysis is true only for those Young diagrams that describe nonzero tensor modules, i.e., satisfy (2.56) and (2.58).

Let the original o(d, 2) diagram Y be such that h_1 ≤ [^d_2 ] + 1. This condition guarantees that the restriction (2.58) holds and can always be reached by dualization.

From (3.17) we obtain Lemma 5 a. For p < [d/2] KerH has Δ ≤ 0, i.e., n_− ≥ n_+. For p > [d/2] KerH has Δ ≥ 0, i.e., n_− ≤ n_+.

b. For p = [d/2] KerH is symmetric under the exchange of and . Proof: from (3.17) it follows that the exchange of and which changes Δ to −Δ only affects the Δ–dependent term in (3.17) which is −^1_2 (Δ^2 − (d − 2p)Δ). The latter is even in Δ if p = [d/2] and smaller (greater) for negative (positive) than for positive (negative) Δ if p < [d/2]. ■ Lemma 6 Varying various ε_i in (3.27), H is minimized at

ε_1 = . . . = ε_p′ = 1 , ε_p′_{+1} = . . . = ε_h = 0 , p^′ = min (p, d − p) , (3.39)

i.e., all (dualized for 2p > d) form indices are added to the first p^′ rows. This follows from the observation that only the first term in (3.17) changes for different ϵ_i at given p and that from the formula (3.19) applied to the o(d − 1, 1) modules it follows that H is minimized in the case (3.39). ■

Let F^{L rel}_{o(d,2)} ⊂ F^L_{o(d,2)} be spanned by relevant subspaces V^{rel}_v F^{L rel}_{o(d,2)} = ∑ v ⊕V^{rel}_v (3.40)

that are described by those Young diagrams in the Lorentz decomposition of Y (L|o(d, 2)) that have no Lorentz indices in the ([^d_2 ] + 1)^{th} row, i.e., the lowest row of Y (L|o(d, 2)) is either zero or fully filled with and cells. Also we use notation

Ω^{rel} = ∑ v ⊕^p { . . ⊗ V^{rel}_v . (3.41)

The quotient space V/V^{rel} is zero if the lowest row of Y (L|o(d, 2)) is zero i.e., H_1 ≤ [^d_2 ]. If H_1 = [^d_2 ] + 1, then V/V^{rel} is spanned by those V_u that are described by the Lorentz Young diagrams that have one Lorentz vector cell in the ([^d_2 ] + 1)^{th} row and still respect the condition (2.58) (note that two Lorentz cells in the ([^d_2 ] + 1)^{th} row is incompatible with (2.58)). This case, however, is ruled out by Lemma 7 KerH ⊂ Ω^{rel}. The proof follows from Lemma 6 along with the observation that by formula (3.19) applied to the Lorentz algebra o(d − 1, 1) (i.e., with d + 2 replaced by d) the contribution of the Lorentz cell in the [^d_2 ] + 1 row of the Lorentz diagram to the first term in (3.17) is zero for odd d and^1_2 for even d. Replacing this cell by or therefore does not increase this contribution. Using Lemma 5 we observe that in the case of p ≤ [d/2], Δ ≤ 0 ( p ≥ [d/2], Δ ≥ 0) the replacement of the Lorentz cell in the [^d_2 ] + 1 row by a ( ) cell decreases the last term in (3.17). Hence KerH is minimized on Ω^{rel}.■

Thus, it remains to consider Ω^{rel}. The following simple observations solve the problem. Lemma 8 Ker H consists of those Young diagrams in Ω^{rel} that contain either cells or cells. Proof: firstly, we observe that if there is a pair of and in some column, its removal leads to the Lorentz diagram that can be obtained from the o(d, 2) Young diagram with the removed two cells at the same positions. In this case only the second term in Eq. (3.17) changes and from Eq. (3.19) it follows that the resulting diagram has smaller H.

[d/2]+1 =⇒ [d/2]+1

(3.42)

After no and are left in any column, the same can be done in any row

[d/2]+1 =⇒ [d/2]+1

(3.43)

Eventually, one is left with the relevant diagrams of the form

(3.44)

where the dots encode either only cells or only cells. ■

Lemma 8 implies in particular that the full pattern of the double dimensional reduction of o(d, 2) modules into o(d − 1, 1) modules is not needed for the analysis of Ker H, i.e., it is enough to use the pattern (3.29) of the dimensional reduction along either or extra dimension.

From Lemma 5 then follows that if p <^d_2 (p >^d_2 ), Ker H is concentrated on the diagrams with no ( ) cells and if p =^d_2 , Ker H is concentrated on the diagrams with either only or only cells. Finally, we need Lemma 9 Let Y_p , Y_{p−1} ⊂ Ω^{rel} be two Lorentz Young diagrams of the class prescribed by Lemma 6 for p and p − 1 forms, respectively, and such that Y_p results from Y_{p−1} via addition of the form Lorentz index to the p^{th} row followed by the replacement by of a Lorentz cell in some q^{th} row with q ≠ p. Then H(Y_{p−1}) > H(Y_p) for q > p and H(Y_{p−1}) < H(Y_p) for q < p.

p

Y_p

⇐⇒ p−1

Y_{p−1}

(3.45)

Taking into account that Δ + p in Eq. (3.17) remains the same in the two diagrams, the proof is analogous to that of Lemma 8 ■.

From Lemma 9 it follows that, for p <^d_2 , H may vanish only for the maximal possible number of cells below the p^{th} row and no cells above the p^{th} row. Hence, it remains to consider the Lorentz Young diagram

Y (L_1 + 1, . . . L_p + 1, L_{p+2} . . . L_h|o(d − 1, 1)) =

L_1 + 1 L_2 + 1

L_{p−1} + 1 L_p + 1 L_{p+2}

L_h (3.46)

The Lorentz Young diagram (3.46) has the (p + 1)^{th} row missed compared to the original o(d, 2) Young diagram because L_{p+1} cells are inserted below the p^{th} row. This yields

Δ = −L_{p+1} . (3.47)

Let us show that indeed H = 0 in this case. First of all we observe using (3.19) that the contribution of every (p + l)^{th} row with l > 0 in (3.46) to the Lorentz Casimir in (3.17) cancels that of the (p + l + 1)^{th} row in the o(d, 2) Casimir because the shift of dimension d → d + 2 exactly compensates the shift of the label i. The remaining contributions are due to the first p lines in the Lorentz Casimir, the first p + 1 lines of the o(d, 2) Casimir and the third term in (3.17), i.e., taking into account (3.47), H = 1 2 ( p∑ i=1 [L_i(L_i + d + 2 − 2i) − (L_i + 1)(L_i + d + 1 − 2i)]

+ L_{p+1}(L_{p+1} + d − 2p) − (L_{p+1} + p)(L_{p+1} + p − d)) = − p∑ i=1 (d + 1 − 2i) − p(p − d) = 0 . (3.48)

Thus we arrive at the following Theorem Let the original o(d, 2)–module be F^L_{o(d,2)}, and G^{L,p}_{o(d−1,1)} be a linear space of o(d − 1, 1) tensors described by the Young diagram

Y (L_1 + 1, L_2 + 1, . . . , L_p + 1, L_{p+2}, L_{p+3}, . . . |o(d − 1, 1)) , (3.49)

that results from Y (L|o(d, 2)) by cutting the (p + 1)^{th} row and adding a cell to each of the first p rows

p ⊗ ⇒ ⇒

F^L_{o(d,2)} G^{L,p}_{o(d−1,1)}

(3.50)

The cohomology H^p(σ_−, F^L_{o(d,2)}) and its conformal dimension Δ are

2p < d : H^p(σ_−, F^L_{o(d,2)}) = G^{L,p}_{o(d−1,1)} , Δ = −L_{p+1} , (3.51)

2p > d : H^p(σ_−, F^L_{o(d,2)}) = G^{L,p}_{o(d−1,1)} , Δ = L_{p+1} , (3.52)

d = 2p, L_{p+1} > 0 : H^p(σ_−, F^L_{o(d,2)}) = G^{L,p}_{o(d−1,1)} ⊕ G^{L,p}_{o(d−1,1)}, Δ = ±L_{p+1} , (3.53)

d = 2p, L_{p+1} = 0 : H^p(σ_−, F^L_{o(d,2)}) = G^{L,p}_{o(d−1,1)} , Δ = 0 . (3.54)

3.5 Dynamical interpretation

According to general σ_− cohomology analysis sketched in Section 2.3, for a p-form gauge field valued in the o(d, 2)–tensor module F^L_{o(d,2)}, H^q(σ_−, F^L_{o(d,2)}) = G^{L,q}_{o(d−1,1)} with q = p − 1, p and p + 1 describe, respectively, differential gauge symmetry parameters ε^{dif} (x), dynamical fields ϕ^{dyn}(x) and gauge invariant ground field strengths C(x) called Weyl tensors. Since G^{L,q}_{o(d−1,1)} is irreducible as a Lorentz module, all these objects have definite symmetry properties and are traceless. In particular, the tracelessness of the dynamical fields ϕ^{dyn}(x) is due to Stueckelberg symmetries which generalize the spin two dilatation symmetry to a general conformal field. Note that the HS dilatation symmetry was considered in [66] for the case of spin three where it was shown that it leaves invariant the spin three generalized Weyl tensor (see also [67] for more examples).

Let a representative of H^p(σ_−, F^L_{o(d,2)}) be described in terms of the coefficients Ω^{a1...ap;A1...A1L}1^{,A21...A2L}2^{...} in Eq. (2.68). Let Φ_{a1...ap;A}1_{...A}1_{L1 ,A}2_{1...A}2_{L2 ...} be an arbitrary auxiliary tensor, that has the same properties as Ω, i.e., it belongs to L with respect to the indices A^i and is totally antisymmetric with respect to the form indices a.

For 2p ≤ d a representative of H^p(σ_−, F^L_{o(d,2)}) is defined by ⟨Φ|Ω⟩ = Φ_{b1...bp; a}1_{...a}1_{L1 ,...,a}p_{1 ...a}p_{Lp ,}− . . . − Lp+1 ,a^{p+2}_1 ...a^{p+2}_{Lp+2} ...a^h_1 ...a^h_{Lh} ω^{a1...a1L1 b1,...,ap1 ...apLp bp,ap+21 ...ap+2Lp+2 ,...,ah1 ...ahLh} , (3.55) where ω^{a1...a1L1+1,...,ap1 ...apLp+1,ap+21 ...ap+2Lp+2 ...ah1 ...ahLh} is an arbitrary tensor valued in G^{L,p}_{o(d−1,1)} (3.50) to parametrize cohomology. To strip off Φ one should insert a Young projector Π that enforces |Ω⟩ (3.55) to satisfy the irreducibility conditions (2.53)-(2.55) of Y (L, o(d, 2)).

Analogously, for 2p ≥ d, a representative of H^p(σ_−, F^L_{o(d,2)}) is ⟨Φ|Ω⟩ = ϵ_{b1...bp′}^{c1...cp} Φ_{c1...cp; a1...a1L1 ,...,a}p′_{1 ...a}p′_{Lp′ ,}+ . . . + Lp′+1 ,a^{p′+2}_1 ...a^{p′+2}_{Lp′+2} ,...,a^h_1 ...a^h_{Lh}

×ω^{a1...a1L1 b1,...,a} p′ 1 ...a^{p′}_{Lp′} b_p′ ,a^{p′+2}_1 ...a^{p′+2}_{Lp′+2} ,...,a^h_1 ...a^h_{Lh} , (3.56)

where p^′ = d − p. For 2p = d the representatives (3.55) and (3.56) are different at L_{p+1} ≠ 0 and coincide at L_{p+1} = 0.

The gauge field transformation law can be represented in the form

δϕ^{dyn} = L^L_p ε^{dif} , (3.57)

where L^L_p is a differential operator of order

q = L_p − L_{p+1} + 1 , (3.58)

that maps tensor fields in G^{L,p−1}_{o(d−1,1)} to those in G^{L,p}_{o(d−1,1)}. Note that in the case L_p > L_{p+1} the operator L^L_p contains more than one derivative. In this respect, the corresponding conformal fields are analogues of the so-called partially massless fields in AdS_d originally discovered by Deser and Nepomechie in [68] and investigated further in [69, 70, 71, 72, 73, 16, 36, 49, 50]. In fact, as discussed in Section 3.6, the system of conformal partially massless fields considered in [16] provides a particular example of conformal systems considered in this paper.

On the other hand, the gauge transformation law contains one derivative in the case where L_p = L_{p+1}, i.e., the p^{th} row of the original o(d, 2) Young diagram is not a lowest row of some block in the maximal block decomposition. For example this is the case in conformal gravity where p = 1 and L_1 = L_2 = 1 , L_3 = L_4 = . . . = 0.

Analogously, in the case where the (p + 1)^{th} row is not a lowest row of some block in the maximal block decomposition, the corresponding Weyl tensor contains one derivative of the dynamical field ϕ^{dyn}. In this case, the nontrivial cohomology H^{p+1} appears at the lowest level and, correspondingly, the condition that the lowest curvature is zero analogous to the zero-torsion condition in gravity imposes not only constraints on the auxiliary fields but also nontrivial differential equations on the dynamical fields.

In fact, L^L_p is determined up to an overall factor by a chosen o(d, 2) Young diagram Y (L|o(d, 2)) and a nonnegative integer p. Its form is determined by the Lorentz irreducibility properties of G^{L,p−1}_{o(d−1,1)} and G^{L,p}_{o(d−1,1)}. To make it explicit, it is useful to introduce the Lorentz invariant scalar product on G^{L,p}_{o(d−1,1)} (χ , ϕ) = χ^{a1...a1L}1^{+1,a21...a2L}2^{+1,...} ϕ_a1_{...a}1_{L1 +1,a}2_{1...a}2_{L2 +1,...} (3.59) We have for χ ∈ G^{L,p}_{o(d−1,1)} and ε ∈ G^{L,p−1}_{o(d−1,1)}, (χ , L^L_p ε) = χ^{a1...a1L1+1,a21...a2L2+1,...,ap1 ...apLp+1,ap+21 ...ap+2Lp+2 ,ap+31 ...ap+3Lp+3 ...} (3.60) ×∂_a^p_{Lp+1 +1} ∂_a^p_{Lp+1+2} . . . ∂_a^p_{Lp +1} ε_a1_{...a}1_{L1+1,a}2_{1...a}2_{L2+1,...,a}p_{1 ...a}p_{Lp+1 ,a}p+2_{1 ...a}p+2_{Lp+2 ,a}p+3_{1 ...a}p+3_{Lp+3 ...} .

To strip off the auxiliary parameter χ one has to insert the projector Π to G^{L,p}_{o(d−1,1)} (L^L_p ε)_a1_{...a}1_{L1 +1,a}2_{1...a}2_{L2+1,...,a}p_{1 ...a}p_{Lp+1,a}p+2_{1 ...a}p+2_{Lp+2 ,a}p+3_{1 ...a}p+3_{Lp+3 ...} (3.61) = Π(∂_a^p_{Lp+1+1} ∂_a^p_{Lp+1+2} . . . ∂_a^p_{Lp +1} ε_a1_{...a}1_{L1+1,a}2_{1...a}2_{L2+1,...,a}p_{1 ...a}p_{Lp+1 ,a}p+2_{1 ...a}p+2_{Lp+2 ,a}p+3_{1 ...a}p+3_{Lp+3 ...}) , that removes traces and imposes Young symmetrizations. This projector is fairly complicated in the general case. Fortunately, in many cases, its manifest form is not needed for practical analysis where it suffices to use Eq. (3.60).

The Weyl tensor C ∈ G^{L,p+1}_{o(d−1,1)} is obtained by a similar procedure with p replaced by p+1

C(ϕ^{dyn}) = L^L_{p+1}ϕ^{dyn} . (3.62)

Being a part of the manifestly gauge invariant curvature (2.26), the Weyl tensor is gauge invariant. This implies L^L_{p+1}L^L_p ≡ 0 . (3.63) This relation with various p expresses the gauge invariance of the Weyl tensor, gauge symmetries for gauge symmetries, Bianchi identities

L^L_{p+2}C(ϕ^{dyn}) = 0 . (3.64)

and syzygies (i.e., Bianchi identities for Bianchi identities). In fact it is not difficult to see directly that the identity (3.63) is true because in (3.60) with ε = L^L_{p−1}ε^′ some two derivatives will be contracted with two indices of the same column in χ. Eq. (3.63) expresses the complex associated to o(d, 2)-module homomorphisms discussed in [41].

The space of gauge invariant field strengths associated to the conformal Weyl tensors coincides with the space of Weyl tensors introduced in [33] in the analysis of massless mixed symmetry fields in AdS_d. As discussed in Section 6, the full σ_− cohomology in the AdS case differs from that of the conformal case. This difference allows in particular second order wave equations for the fields in AdS_d associated to the additional AdS cohomology. Weyl tensors in the AdS theory describe those components of the HS curvatures that remain nonzero on shell. Remarkably, this part of the AdS cohomology is inherited from the conformal cohomology. For example, in Einstein gravity, Einstein equations are associated to the Einstein AdS cohomology while the Weyl tensor contains those components of the Riemann tensor that can be nonzero on shell.

3.6 Examples

3.6.1 Maxwell theory and differential forms

4d Maxwell theory provides an example of a gauge conformal system. It corresponds to the case of a one-form gauge field valued in the trivial o(d, 2)-module L = (0, 0, . . .). By Theorem of Section 3.4, G^{0,p}_{o(d−1,1)} (3.49) is the space of rank-p antisymmetric tensors. For the case of gauge one-form (i.e., p = 1) we have scalar gauge parameter ϵ(x) (G^{0,0}_{o(d−1,1)}), vector dynamical field A(x) = dx^nA_n(x) (G^{0,1}_{o(d−1,1)}) with the gauge transformation law

δA(x) = dϵ(x) (3.65) and antisymmetric field strength C_{a,b}(x) (G^{0,2}_{o(d−1,1)}) built from first derivatives of A_n(x)

dA(x) = h^a ∧ h^bC_{a,b}(x) , (3.66)

where h^a is vierbein of 4d Minkowski space (h^a = dx^a in the Cartesian coordinate system). Clearly, C_{a,b}(x) identifies with the Maxwell tensor.

More generally, for a p–form gauge field in the trivial representation of o(d, 2), we have a (p − 1)–form gauge parameter, a p-form dynamical field and a (p + 1)–form ground field strength. Although this structure holds for any d, as demonstrated in Section 4, the form of conformal invariant field equations and, in particular, their order depends on d.

3.6.2 Conformal gravity

In the case of conformal gravity, the gauge field is a one-form valued in the adjoint o(d, 2)– module, i.e., p = 1 and L = (1, 1, 0, 0, . . .). According to Theorem of Section 3.4, the differential gauge parameter in G^{L,0}_{o(d−1,1)} = Y (1, 0, 0, . . . |o(d − 1, 1)) is a Lorentz vector ε^a, the dynamical field in G^{L,1}_{o(d−1,1)} ∼ Y (2, 0, 0, . . . |o(d−1, 1)) is a traceless symmetric tensor g_{ab}, and the ground field strength in G^{L,2}_{o(d−1,1)} ∼ Y (2, 2, 0, . . . |o(d − 1, 1)) is a Lorentz traceless

tensor C_{ab,cd} described by the “window” Young diagram . These results agree with the standard analysis of conformal gravity. Namely differential gauge symmetries are linearized diffeomorphisms. The dynamical fields characterize conformal equivalence classes of the metric, described at the linearized level by a traceless symmetric tensor. The gauge invariant ground field strength is the Weyl tensor.

In more familiar field–theoretical terms, the σ_− cohomological analysis is equivalent to the following. The dilatation gauge one-form b is Stueckelberg. It can be gauge fixed to zero

b = 0 (3.67)

by a special conformal gauge transformation with the parameter ϵ̃^a(x) = ϵ^{a−}. (Here one uses that h^a is nondegenerate.) The leftover gauge symmetries are local translations, Lorentz transformations and dilatations. The latter two are also Stueckelberg, taking away the antisymmetric and trace parts of the linearized fluctuation h̃_n^a of the vielbein. Apart from the traceless symmetric part of h̃_n^a, the remaining fields include the Lorentz connection ω^{ab} and special conformal connection f^a. These are auxiliary fields. The Lorentz connection ω^{ab} is expressed via vielbein by the standard zero–torsion constraint

R^a = 0 . (3.68)

f^a enters the dilatation curvature and the Lorentz curvature. The antisymmetric part of f_n^a can be adjusted to set the dilatation curvature to zero R = 0 . The symmetric part of f_n^a can be adjusted to set the trace part of the Lorentz curvature R_{nm ;a,b} to zero. The part of the Lorentz curvature R_{nm ;a,b} antisymmetric in three indices is zero by virtue of the Bianchi identity that follows from the zero–torsion constraint (3.68). The nonzero components of the Lorentz curvature R_{nm ;a,b} are therefore contained in its traceless part described by the window Lorentz Young diagram. This is the Weyl tensor. All these facts can be concisely written in the form R_{ab}(x) = h^c ∧ h^dC_{ca,db}(x) , (3.69) where R_{ab} is the Lorentz curvature two-form and C_{ab,cd} describes the Weyl tensor in the symmetric basis, i.e., C_{ab,cd} = C_{ba,cd} = C_{ab,dc} , C_{(ab,c)d} = 0 , C^a_{a,cd} = 0 . (3.70) Note that the relation with the conventional definition in the antisymmetric basis is C_{[ac],[bd]} = 1 3 (C_{ab,cd} − C_{cb,ad}) , C_{ab,cd} = C_{[ac],[bd]} + C_{[bc],[ad]} . (3.71) As is well known, the condition C_{ab,cd} = 0 implies that metric is conformally flat, i.e., the dynamical field is pure gauge. This fact is a simple consequence of the unfolded formulation of conformal gravity. Indeed, taking into account that, locally, any two o(d, 2) flat connections are related by a o(d, 2) gauge transformation and that o(d, 2) gauge transformations contain local dilatations of the metric, it follows that the metric tensor is conformally flat iff the Weyl tensor is zero.

Let us note that the special conformal connection f^a appears on the right hand side of Einstein equations. This agrees with the fact that (linearized) Einstein equations are not conformal invariant because the condition f^a = 0 or f^a = λ^2h^a are only Poincaré or AdS_d invariant. A similar phenomenon takes place for most of conformal systems: to obtain a unitary field-theoretical system with second-order field equations one has to set to zero some of components of the conformal gauge fields, that breaks down conformal symmetry. This phenomenon is anticipated to play important role for the study of σ_− cohomology of the Poincare’ or AdS algebra in terms of conformal algebra. The case of trivial gauge o(d, 2)- module is exceptional in this respect. Hence, the case of forms considered in Section 3.6.1, that includes 4d Maxwell theory, conforms with unitarity.

3.6.3 Rectangular diagrams

Let us consider a rectangular o(d, 2) Young diagram of length s − 1 and height h, i.e., L = (s − 1, . . . , s − 1 h , 0, . . . 0 . . . 0) . (3.72)

There are two options. G^{L,p}_{o(d−1,1)} with p < h is the space of Lorentz tensors described by the Young diagram composed of two blocks. The higher one has length s and height p and the lower one has length s − 1 and height h − p − 1

G^{L,p}_{o(d−1,1)} , p < h , h − p − 1 p

h − 1

}

s − 1 s

. (3.73) G^{L,p}_{o(d−1,1)} with p ≥ h is the space of Lorentz tensors described by the flag Young diagram resulting from the addition the first column of height p to the original rectangular Young diagram

G^{L,p}_{o(d−1,1)} , p ≥ h , h p

} s

. (3.74) The cases with p = h − 1 and p = h are of most interest.

In the case p = h − 1, physical fields are described by the rectangular Young diagram of length s and height h − 1

ϕ^{dyn} : h − 1

s . (3.75) Weyl tensor is described by the rectangular Young diagram of length s and height h

C : h

s (3.76) and gauge parameter ε^{dif} is described by the diagram

ε^{dif} : h − 2

s − 1 s

. (3.77) 32

These fields generalize the single row symmetric conformal HS fields of [1, 14], which correspond to the case of h = 2, p = 1 as well as the case of h =^d_2 , p = h − 1 considered recently in [15], to an arbitrary rectangular block. The example of forms of Subsection 3.6.1 corresponds to s = 1. 4d conformal gravity has h = s = 2, p = 1. In all cases with p = h − 1, the Weyl tensor C contains s derivatives of ϕ^{dyn} and the gauge transformation law of ϕ^{dyn} contains one derivative of the gauge parameter ε^{dif} .

In the case p = h, physical fields are described by the rectangular Young diagram of length s and height h

ϕ^{dyn} : h

s . (3.78)

Weyl tensor is described by the diagram

C : h s

. (3.79)

The gauge parameter is described by the rectangular Young diagram of length s and height h − 1. The Weyl tensor C contains one derivative of the dynamical field ϕ^{dyn}, while the gauge transformation of the latter contains s derivatives of ε^{dif} . This example generalizes to any h partially massless conformal fields considered in [16, 36], which correspond to the case of h = 1. Again, the degenerate case of s = 1 describes differential forms.

Finally, consider the case of a one-form gauge field in the single column representation of height h. In this case, dynamical field is the hook of height h − 1

ϕ^{dyn} : h − 1 (3.80)

the gauge parameter is a rank h − 1 antisymmetric tensor

ε^{dif} : h − 1 (3.81) and the gauge invariant field strength is a two column traceless tensor with h − 1 cells in the first column and two cells in the second column

C : h − 1 . (3.82)

For the particular case of h = 3 this gives three-cell hook dynamical field with antisymmetric tensor as a gauge parameter and window as the generalized Weyl tensor. Both the gauge transformation law and the expression for the Weyl tensor in terms of the dynamical fields contain one derivative. Let us note that this pattern is analogous to that of the hook field in flat [74, 7, 75, 76] and AdS_d [77] spaces. The difference is that in the conformal case the dynamical field is traceless while in the AdS case it is not [77]. This is analogous to the case of gravity where the dynamical field is traceless in the conformal case and traceful in the AdS or Poincare’ case. On the other hand, in the Poincaré invariant case the hook system acquires an additional gauge symmetry with the symmetric tensor gauge parameter [74, 77].

3.7 Structure of unfolded conformal equations

From the analysis of σ_− cohomology it follows that, in the system described by a gauge p-form field with 2p ≤ d, all components of the curvature p + 1-forms with conformal dimensions Δ < Δ(H^{p+1}(σ_−, F^L_{o(d,2)})) can be set to zero imposing no restrictions on the dynamical fields, i.e., these equations are zero-torsion-like constraints that express auxiliary fields via derivatives of the dynamical fields. Let us write these equations symbolically as

R^{...}_− = 0 , Δ(R_−) < Δ(H^{p+1}(σ_−, F^L_{o(d,2)})) . (3.83)

The lowest conformal dimension of curvatures components R_C that cannot be set to zero by some choice of constraints on the connections is Δ(H^{p+1}(σ_−, F^L_{o(d,2)})). Then the equation R^{···}_C = h^{···} ∧ . . . h^{···} p+1 C^{···} (3.84)

is a constraint that expresses some auxiliary fields contained in the p-form gauge field W ∈ F^{L,p}_{o(d,2)} and the generalized Weyl zero-form C ∈ H^{p+1}(σ_−, F^L_{o(d,2)}) via derivatives of the dynamical fields ϕ^{dyn} ∈ H^p(σ_−, F^L_{o(d,2)}) imposing no restrictions on the latter.

More precisely, the equation (3.84) reads as Φ_A1_{...A}1_{L1 ,...,A}h_{1 ...A}h_{Lh} R^{A1...A1L1 ,...,Ah1 ...AhLh} C = Φ_a1_{...a}1_{L1 ,...,a}p+1_{1 ...a}p+1_{Lp+1 ,}− . . . − Lp+2 ,a^{p+3}_1 ...a^{p+3}_{Lp+3} ,...,a^h_1 ...a^h_{Lh} h_{b1} ∧ . . . ∧ h_{bp+1} C^{a1...a1L1 b1,...,ap+11 ...ap+1Lp bp+1,ap+31 ...ap+3Lp+2 ,...,ah1 ...ahLh} , (3.85) where Φ_A1_{...A}1_{L1 ,...,A}h_{1 ...A}h_{Lh} ∈ F^L_{o(d,2)} is an auxiliary parameter introduced to avoid complicated projectors. From this formula it follows that nonzero components of the p+1–form curvature

R^{A1...A1L1 ,...,Ah1 ...AhLh} C belong to the space U^{L,p}_{o(d−1,1)} of fiber Lorentz tensors described by the Young diagram that results from the o(d, 2) Young diagram F^L_{o(d,2)} by cutting its (p + 2)^{th} row

p p + 2 ⇒ ⇒

F^L_{o(d,2)} U^{L,p}_{o(d−1,1)}

(3.86)

(Let us stress that this prescription refers to the fiber indices, while the differential form indices remain untouched.)

A useful viewpoint is to interpret the Maxwell tensor C_{a,b}(x) in (3.66), Weyl tensor C_{ab,cd}(x) in (3.69) and generalized Weyl tensors C in (3.84) as new zero-form fields valued in H^{p+1}(σ_−, F^L_{o(d,2)}). With this interpretation one can say that the generalized Weyl tensor fills in nontrivial σ_− cohomology in the gauge curvature so that the equation (3.84) becomes an algebraic constraint that expresses generalized Weyl tensors and, may be, some other auxiliary gauge fields via derivatives of the dynamical fields. Being defined in terms of the gauge invariant curvatures, the generalized Weyl tensors are manifestly gauge invariant.

In fact, the generalized Weyl tensor C is the ground (primary) field of an infinite dimensional o(d, 2)-module called Weyl module. To uncover its structure one has to study Bianchi identities that by virtue of the definition (3.84) of the generalized Weyl tensor impose restrictions on the derivatives of C(x). Denoting the unrestricted combinations of derivatives of C(x) as new fields C^I (x), eventually leads to the equations of the form

D_0C^I (x) = 0 , (3.87)

where the zero–forms C^I (x) take values in some infinite dimensional o(d, 2)–module W^{off} (index I), which we call off-shell Weyl module, while the generalized Weyl tensor C(x) is valued in its vacuum subspace with minimal conformal dimension. D_0 is the o(d, 2) covariant derivative in W^{off} , built from the vacuum o(d, 2) connection W_0. The higher components of C^I , i.e., those that have higher conformal dimension than the ground Weyl tensor, are expressed by virtue of (3.87) via derivatives of the latter (see also Section 5).

In terms of zero-forms C^I , the full unfolded system consists of the covariant constancy equation (3.87) along with the equations that extend Eqs. (3.83) and (3.84) to all conformal dimensions R^{···} = W^{···}_0 ∧ . . . W^{···}_0 p+1 C^{···} . (3.88)

The equations (3.87) and (3.88) are formally consistent for any o(d, 2) flat connection and provide a particular example of the linearized unfolded system (2.26), (2.27). This system is off-shell because it imposes no differential conditions on the physical field ϕ^{dyn}. Nontrivial conformal equations result from the farther reduction of W^{off} as discussed in Section 5.

Conformal dimension of the Weyl tensor valued in the Lorentz module G^{L,p+1}_{o(d−1,1)} can be read off the equation (3.84)

ΔC = −L_{p+2} + p + 1 , 2(p + 1) ≤ d , ΔC = L_{p+2} + p + 1 , 2(p + 1) ≥ d . (3.89)

Here the terms with L_{p+2} result from L_{p+2} or cells in the original o(d, 2) tensor module L where the p-form connection W_1 and the p + 1-form curvatures R_1 are valued. The p-dependent terms come from the contribution of the background frame one-forms in (3.84), since being associated to translations, each of the vielbein one-forms carries conformal dimension 1. In the case of 2(p + 1) = d the Weyl tensors with both conformal dimensions are present.

Analogously, representing the gauge p-form W_1 in terms of the zero-form dynamical field ϕ^{dyn} and the (p − 1)-form gauge parameter in terms of the zero-form differential gauge parameter ϵ^{dif} as W^{···}_1 = h^{···} ∧ . . . h^{···} p ϕ^{dyn···} , ϵ^{···}_1 = h^{···} ∧ . . . h^{···} p−1 ϵ^{dif ···} , (3.90)

implies that Δϕ^{dyn} = −L_{p+1} + p , 2p ≤ d , Δϕ^{dyn} = L_{p+1} + p , 2p ≥ d . (3.91)

Δϵ^{dif} = −L_p + p − 1 , 2(p − 1) ≤ d , Δϵ^{dif} = L_p + p − 1 , 2(p − 1) ≥ d . (3.92)

As explained in Section 2.2, that the system of equations (3.87) and (3.88) along with (2.19) is unfolded implies that it is conformal invariant. By the general formula (2.41), the transformation law consists of two parts. The standard part, that results from the terms linear in W_0, is the transformation law in the module where W_1 is valued. Additional terms, that mix forms of different degrees, originate from the terms nonlinear in W_0. This modification leads in particular to the nontrivial conformal transformation for the spin one field, described by a one-form valued in the trivial o(d, 2)-module. Indeed, from the unfolded equation (3.66) it follows that

δA_n = 2ε^n(x)h^m_n C_{nm}(x) = 2 ( ε^m(x)∂_mA_n + ∂_n(ε^m(x))A_m − ∂_n(ε^m(x)A_m) ) , (3.93)

where the last terms describes a field-dependent gauge transformation.

An important consequence of Eq. (3.87) and general formula (2.41) applied to zero-forms

δC^I = (ϵ(x) · C)^I (3.94) is that generalized Weyl tensors are invariant under special conformal gauge transformations, i.e., generalized Weyl tensors are primary conformal fields. Indeed, since Weyl tensor has minimal conformal dimension Δ in the Weyl module, its special conformal transformation is zero because it increases conformal dimension. Let us stress that, being a consequence of the unfolded formulation, the proof of this fundamental property does not use the manifest form of C(ϕ^{dyn}).

4 Conformal actions

4.1 Generalities

Manifestly gauge invariant actions can be easily constructed from gauge invariant tensors C(ϕ^{dyn}) and their derivatives E(C) S = ∫ d^dxL(E(C(ϕ^{dyn}))) . (4.1) However, most of these actions are not conformal. Let us consider some examples.

The action of four dimensional Maxwell electrodynamics is S = 1 2 ∫ d^4x C^{a,b}(ϕ^{dyn})C_{a,b}(ϕ^{dyn}) , (4.2) where C_{a,b}(ϕ^{dyn}) is the Maxwell tensor, which in our terms is the generalized Weyl tensor for the one-form conformal field A_n = ϕ^{dyn}_n in the trivial representation of the conformal group.

Conformal action of linearized 4d conformal gravity is S = 1 2 ∫ d^4x C^{ab,cd}(ϕ^{dyn})C_{ab,cd}(ϕ^{dyn}) , (4.3) where ϕ^{dyn}_{ab} is the traceless part of linearized metric and C_{ab,cd}(ϕ^{dyn}) is the linearized Weyl tensor.

These actions are both gauge invariant and conformal invariant, as well as the actions of 4d conformal symmetric HS fields [1], which in our notations are S = 1 2 ∫ d^4x C^{a1...as,b1...bs} (ϕ^{dyn})C_{a1...as,b1...bs} (ϕ^{dyn}) . (4.4) ϕ^{dyn}_{a1...as} are metric-like HS fields that are rank s traceless symmetric tensors where s is spin.

However, Maxwell action and HS actions (4.4) are not conformal beyond d = 4 [14] because the dilatation invariance requires conformal dimension Δ_L of a Lagrangian to match that of the volume element. Namely, as we demonstrate shortly, the necessary condition is Δ_L = d . For a Lagrangian L = Ψ_1E(∂)Ψ_2 (4.5) bilinear in the fields Ψ_1 and Ψ_2 of conformal dimensions Δ_1 and Δ_2, respectively, Δ_L = Δ_1 + Δ_2 + q, provided that the differential operator E(∂) has order q. Hence the dilatation invariance requires q = d − Δ_1 − Δ_2 . (4.6)

Since conformal dimensions (3.51)-(3.54) of generalized Weyl tensors are d–independent, this implies that q should increase with d. The condition (4.6) is necessary but not sufficient, however, because it does not guarantee invariance of the Lagrangian under special conformal transformations. As demonstrated in Section 4.2, the latter condition restricts strongly E(∂) and Δ_{1,2}.

The simplest way to check global conformal invariance is to use that global conformal symmetry transformations in Minkowski geometry are particular o(d, 2) gauge transformations (2.38)-(2.41). A nice feature of this approach is that, by their definition, the global transformations leave invariant background (vacuum) connections in the Lagrangian. Neither, they act on the space-time coordinates x^n. As a result, everything is determined by the conformal properties of the fields that enter Lagrangian.

Let us analyze the transformation of a Lagrangian under the global transformations (2.38)-(2.41). We shall discard total derivatives, hence checking invariance of the action. (Note that the total derivative terms are artifacts of our formalism in which space-time coordinates are not affected by the global symmetry transformations.) In this analysis one should take into account that, in accordance with the form of unfolded equations (d + dx^aP_a)C = 0 in Cartesian coordinates with the vielbein one-form h^a = dx^a, the translation generator is P_a = − ∂ ∂x^a . (4.7)

Invariance under global translations requires E in (4.5) be x-independent. The variation under global dilatation with the constant parameter ϵ gives, taking into account (2.39) and (2.41), δL = ϵ(Δ_1 + Δ_2 + q − d)L + ϵ∂_n(x^nL) . (4.8)

Hence, the condition (4.6) indeed guarantees global dilatation invariance.

Lorentz invariance requires Lorentz indices be contracted by the Lorentz invariant metric or epsilon symbol. In this paper we mostly consider p-even models free of the epsilon symbol.

Let Lorentz tensor fields Ψ(x) be realized as Fock vectors analogous to (2.51) |Ψ(x)⟩ = ∑ l_1≥0,l_2≥0,... 1 √ l_1!l_2! . . . Ψ^{a1...a1l}1^{,a21...a2l}2^{...}(x)a^{†1}_{a1} . . . a^{†1}_{a1l1} a^{†2}_{a21} . . . a^{†2}_{a2l2} . . . |0⟩ . (4.9)

Lorentz generators are given by the formula analogous to (2.46)

T^{ab} = ∑ i ( a^{†ai}a^b_i − a^{†bi}a^a_i ) . (4.10)

Also the field |Ψ⟩ and its conjugate ⟨Ψ| are assumed to be Lorentz irreducible, satisfying the conditions t_{ij} |Ψ⟩ = 0 , (4.11)

t^i_j |Ψ⟩ = 0 j > i , (4.12)

(t^i_i − l_i)|Ψ⟩ = 0 , no summation over i, (4.13) where t^{ij} = a^{†ai}a^{†bj}η_{ab} , t^i_j = 1 2 {a^{†ai} , a^b_j}η_{ab} , t_{ij} = a^a_i a^b_j η_{ab} (4.14) and non-negative integers l_i satisfy l_j ≥ l_i for i > j, characterizing the lengths of rows of a Young tableau associated to the Lorentz module V^l (l = (l_1, l_2, . . . l_h)), where |Ψ⟩ is valued. Analogously,

⟨Ψ|t^{ij} = 0 , ⟨Ψ|t^i_j = 0 j < i , ⟨Ψ|(t^i_i − l_i) = 0 . (4.15)

In these terms, a general Poincaré invariant Lagrangian for |Ψ_1⟩ and |Ψ_2⟩ valued in the same Lorentz module V reads L = ⟨Ψ_1|E|Ψ_2⟩ , (4.16) where E = E(□, Θ^i_j) (4.17) and □ = ∂^a∂_a , Θ^i_j = a^{†i a}a^b_j ∂_a∂_b . (4.18) Let us note that the operators Θ^i_j satisfy “almost gl_h” commutation relations

[Θ^i_j , Θ^l_k] = □ ( δ^l_jΘ^i_k − δ^i_kΘ^l_j ) , [Θ^i_j , □] = 0 . (4.19)

These relations extend to “almost sp(2h)” by adding the operators

Θ^{ij} = a^{†i a}a^{†j b}∂_a∂_b , Θ_{ij} = a^a_i a^b_j ∂_a∂_b , (4.20)

that satisfy [Θ_{ij} , Θ^{nm}] = □(δ^n_i Θ^m_j + δ^n_j Θ^m_i + δ^m_i Θ^n_j + δ^m_j Θ^n_i) (4.21) (other commutators are zero). A nonlocal rescaling to sp(2h) is (Θ^i_j, Θ^{ij}, Θ_{ij}) −→ □^{−1}(θ^i_j , θ^{ij}, θ_{ij} ).

It is easy to see that any operator of the form (4.17) has the following commutation relations with the Lorentz generator (4.10)

[T_{ab} , E] = E_a∂_b − E_b∂_a , E_a = [E , x_a] = ∂E(∂) ∂∂^a . (4.22)

The meaning of (4.22) is that, as is obvious from (4.17) and (4.18), Lorentz rotation of indices carried by oscillators is equivalent to that of indices carried by derivatives. Another useful relation is E^a∂_a = qE , (4.23) where q is the order of the differential operator E(∂). Note that in the case where Ψ_1, Ψ_2 ∈ V and the Lagrangian is free of the epsilon symbol, q is even because it equals to 2dim V minus twice a number of metric tensors that contract Lorentz indices.

Using these formulae along with (2.40) and (2.41) it is easy to see that, as anticipated, any Lagrangian (4.16) is Lorentz invariant up to a total derivative, hence leading to the Poincaré invariant action. Eq. (4.6) guarantees scaling invariance. Analysis of special conformal symmetry is less trivial. Note that, from the action perspective, one difference between special conformal transformations and translations is that the actions are invariant under translations because the integration allows us to discard total derivatives δL ∼ P_aΣ^a. In the case of special conformal transformations, the terms δL ∼ K^aΣ_a cannot be integrated out.

4.2 Special conformal symmetry

Now we are in a position to derive the full conformal invariance conditions on E at the condition that the fields Ψ_{1,2} in the Lagrangian (4.16) are primaries, i.e., that they do not transform directly under special conformal gauge transformations. The global special conformal transformation of primary fields is entirely described by the x-dependent dilatations (2.39), Lorentz transformations (2.40) and translations (2.41) with the parameter ε̃^a. It should be stressed that the condition that Ψ_{1,2} are primaries does not restrict the class of conformal Lagrangians because, as is customary in conformal field theory, all other fields are descendants (i.e., derivatives) of the primary fields. A contribution of descendants can still be described by the Lagrangian (4.16) with an appropriate differential operator E.

In the unfolded formulation of conformal theory, primary fields are valued in H(σ_−) provided that σ_− is defined so that it does not mix differential forms of different degrees. (This is the case where the terms polylinear in W_0 in (2.26) are not included in the definition of σ_− so that it has the form (3.2) in the respective module of the conformal algebra.) As explained in Subsection (2.3), all other fields are descendants that are expressed via derivatives of the primaries by the unfolded equations. In the case of conformal gauge fields studied in Section 3, there are two types of primary fields for every conformal system, namely, dynamical fields ϕ^{dyn} and Weyl tensors C(ϕ^{dyn}).

An elementary computation shows that, up to total derivatives, the special conformal variation of the Lagrangian (4.16) with primaries Ψ_{1,2} is

δL = ε̃^a⟨Ψ_1| ( −(q − 1 + Δ_2)E_a + 1 2 E_b^b∂_a + E^bM_{ba} ) |Ψ_2⟩ , E_b^b =

∂^2E ∂ ∂^b∂ ∂_b , (4.24)

where we made use of the dilatation invariance condition (4.6). Thus, any E, that satisfies (4.6) and −(q − 1 + Δ_2)E_a + 1 2 E_b^b∂_a + E^bM_{ba} ∼ 0 , (4.25)

where ∼ implies equivalence up to terms that are zero by virtue of the irreducibility conditions (4.11)-(4.15), gives rise to a conformal invariant Lagrangian (4.16). This equation has interesting properties summarized in Appendix, though they are not used directly in this paper.

Let us look for a solution of Eq. (4.25) of the form

E = E(□ , Θ_i) , Θ_i = Θ^i_i , no summation over repeated indices. (4.26)

It is not difficult to see that this form of E can always be achieved for Lorentz fields that satisfy the irreducibility conditions (4.11)-(4.15).

Let E be represented in the form E = ∮ dt ds ρ(s, t): exp t(□ + h∑ i=1 s^iΘ_i): , (4.27)

where normal ordering is such that a^{†ai} and a^a_i are moved to the left and right, respectively. The integration is defined via Cauchy formula normalized in such a way that ∮ dww^{−1} = 1 , ∮ dww^n = 0 , n ≠ −1 (4.28) for w = t or w = s^i. The following useful identities result from partial integration ∮ dtdsσ(s, t)(□ + h∑ i=1 s^iΘ_i) exp t(□ + h∑ i=1 s^iΘ_i) = − ∮ dtds ∂ ∂t σ(s, t) exp t(□ + h∑ i=1 s^iΘ_i) ,

(4.29) ∮ dt ds σ(s, t) tΘ_j exp t(□ + h∑ i=1 s^iΘ_i) = − ∮ dtds ∂ ∂s^j σ(s, t) exp t(□ + h∑ i=1 s^iΘ_i) . (4.30)

The computation of (4.24) is not too hard. It is most conveniently accomplished in terms in the star-product formalism with the normal-ordered star-product ∗ induced by the normal ordering introduced above. In this computation one sets to zero terms of the form A ∗ t^r or t^l ∗ A where t^r and t^l are operators that are zero by virtue of (4.11)-(4.13) or (4.15), respectively. The final result is

⟨Ψ_2| 1 2 E_b^b∂_a + E^bM_{ba} − (q − 1 + Δ_2)E_a|Ψ_1⟩ = ∮ dtds t⟨Ψ_2| : exp(t(□ + h∑ i=1 s^iΘ_i)) ∑ i {( d − 2t ∂ ∂t − 2(Δ_2 + q + 1) ) [∂_a + 1 2 s^i(a^{+i}_a a^b_i + a^{+bi}a_{a i})∂_b] (4.31) + ( s^i(l_i + d 2 + h − 2i − t ∂ ∂t + ∑ j≥i s^j ∂ ∂s^j ) + 2 + ∑ j<i s^j(1 + s^j ∂ ∂s^j ) ) (a^{+bi}a_{a i} − a^{+i}_a a^b_i )∂_b } : σ(s, t)|Ψ_1⟩. The condition that the first term on the right hand side of (4.31) is zero demands

σ(s, t) = t^{( d2 −Δ2−q−1)}σ(s) . (4.32)

Since a power of t in (4.27) determines by virtue of (4.28) an order of the differential operator in the Lagrangian, this in turn implies that q = 2Δ_2 +2q−d . Comparing this with the scaling invariance condition (4.6), we obtain that Δ_1 = Δ_2. Hence, in the sequel we set

Δ_1 = Δ_2 = Δ = 1 2 (d − q) . (4.33)

Since Δ_1 = Δ_2, one can choose Ψ_1 = Ψ_2. Because q is even, the condition (4.33) implies that Ψ_{1,2} has integer (half-integer) conformal dimension in even (odd) space-time dimension.

The condition that the second term in (4.31) vanishes gives the following equations on σ(s) ( s^i(λ_i + ∑ j≥i s^j ∂ ∂s^j ) + 2 + ∑ j<i s^j(1 + s^j ∂ ∂s^j ) ) σ(s) ∼ 0 , (4.34)

where λ_i = l_i +

(d + q) 2 + h − 2i + 1 . (4.35)

Here ∼ implies equivalence up to terms that are analytic in some of the variables s^i and hence do not contribute under the integral (4.27).

To solve Eq. (4.34), one observes that σ(s) can be represented in the form

σ(s) = σ̃(s^1) h∏ i=1 μ_i ( s^i s^{i+1} ) , (4.36)

where σ̃(s^1) and μ_i(^{si}_{si+1} ) verify the equations

(s(λ_1 + s ∂ ∂s ) + 2)σ̃(s) = const ∼ 0 , (4.37) ( s^{i+1}λ_{i+1} + s^i(1 − λ_i) + (s^i − s^{i+1})s^i ∂ ∂s^i ) μ_i ( si s^{i+1} ) = 0 , (4.38)

which is easy to solve to obtain

σ̃(s) = ∞∑ n=1 (−2)^n(λ_1 − n − 1)!s^{−n} , μ_i(x) = ∞∑ n=−∞ (λ_{i+1} − n − 1)! (λ_i − n − 1)!

x^n . (4.39)

Note that the issue of convergency of this infinite sum is irrelevant because only a finite number of terms contribute to the Lagrangian. From (4.39) and (4.36) we obtain remarkably simple explicit formula σ(s) = ∞∑ m_l≥0 (−2)^{∑hk=1 mk} h∏ i=1 (l_i +^{(d+q)}_2 − i − 1 − ∑_h j=i m_j )!

(l_i +^{(d+q)}_2 − i − ∑_h j=i+1 mj )! (s^1)^{−m1−1} . . . (s^h)^{−mh−1} . (4.40)

4.3 Lagrangian conformal systems

4.3.1 General case

Plugging Eq. (4.40) into (4.32) and (4.27) gives manifest form of the Lagrangian (4.16) for the primary conformal fields Ψ_{1,2} valued in a Lorentz tensor module V^l, that have conformal dimension Δ related to q via (4.33)

L^{V l,q}(Ψ_1, Ψ_2) = ∑ m_l≥0 2^{∑hk=1 mk} (q/2 − ∑_h k=1 m_k)! h∏ i=1 l_i!(l_i +^{(d+q)}_2 − i − 1 − ∑_h j=i m_j )!

m_i!(l_i − m_i)!(l_i +^{(d+q)}_2 − i − ∑_h j=i+1 mj )! ∂_a1 . . . ∂_a1_{m1} ∂_a2_1 . . . ∂_a2_{m2} . . . Ψ^{a1...a1m1 c1m1+1...c1l1 ,a21...a2m2 c2m2+1...c2l2 ,...} 1 □^{q/2−∑i mi} ∂^{b1} . . . ∂^{b1m}1 ∂^{b21} . . . ∂^{b2m}2 . . . Ψ_{2 b}1_{...b}1_{m1 c}1_{m1+1...c}1_{l1 ,b}2_{1...b}2_{m2 c}2_{m2+1...c}2_{l2 ,...} .(4.41) By construction, L^{V l,q}(Ψ_1, Ψ_2) (4.41) is conformal. Let us discuss some of its properties.

The factorials 1 m_i!(l_i − m_i)!(q/2 − ∑_h k=1 m_k)!

restrict summation to a finite number of terms in the region 0 ≤ m_1 ≤ l_i, ∑_h k=1 m_k ≤ q/2 , where the rest of factorials are finite for allowed Young tableaux and i ≤ h ≤ d/2.

It should be stressed that not all terms in (4.41) are independent because the contraction of indices of Ψ_{1,2} with those of derivatives implies their symmetrization. In particular, all differently looking contractions of derivatives within a particular horizontal rectangular block are equivalent up to a factor to the contraction with its bottom row. Another property is that all terms that contain more than l_1 derivatives contracted with indices of Ψ_1 (and hence Ψ_2) are identically zero. We are not aware of a compact analogue of the formula (4.41) that involves only linearly independent terms.

For Ψ_{1,2} = ϕ^{dyn}, where ϕ^{dyn} is an independent Lorentz tensor field of conformal dimension (4.33) for a given q ≥ 0, conformal field equations that follow from the Lagrangian (4.41) written in the form (4.5) with the differential operator E^{V l,q} are

E^{V l,q}Ψ_{1,2} = 0 . (4.42)

In particular, in the case of trivial Lorentz representation this gives free Klein-Gordon equation for a scalar field of canonical conformal dimension Δ =^1_2 d − 1 as well as the equations that contain k^{th} power of the D’Alambertian for a scalar field of conformal dimension Δ =^1_2 d − k. In the case q = 0, the operator E is a constant and the field equation (4.42) implies Ψ_{1,2} = 0. Numerous examples of non-gauge invariant Lagrangian conformal field equations, that follow from the Lagrangian (4.41), were considered in [41].

Comparison of the obtained results with [41] shows that Eq.(4.41) provides the full list of conformal Lagrangians for conformal fields.

4.3.2 Conformal gauge fields

A particularly interesting case is where Ψ_{1,2} = ϕ^{dyn} for one of the gauge conformal fields, i.e., ϕ^{dyn} is valued in the tensor space G^{L,p}_{o(d−1,1)} and has the conformal dimension (3.91). Since the conformal dimension (3.91) is integer, from (4.33) it follows that gauge invariant conformal systems only exist in even space-time dimension. (Formally, in the case of odd d, the Lagrangian becomes nonlocal containing a square root of the second-order differential operator, that, however, does not make much sense from various perspectives.) From the results of [41] it follows that for q > 0 there is a unique system of differential equations on ϕ^{dyn} that can be Lagrangian, having as many field equations as dynamical fields. Hence, it should coincide with the equation (4.42) which therefore has to be gauge invariant. By (3.57) this means that E^L_p L^L_p = 0 , q > 0 , (4.43) where E^L_p is the differential operator E for the dynamical field of interest. Note that in the case of q = 0, the equation (4.42) implies ϕ^{dyn} = 0 which is not a gauge invariant condition.

In this setup, the gauge invariance of the Lagrangian (4.41) for gauge fields ϕ^{dyn} is not manifest. Note that lagrangians of this type were considered recently in [78] for the case of symmetric conformal fields in any dimension. To make gauge invariance manifest, one should express the action in terms of manifestly gauge invariant objects, i.e., Weyl tensors C(ϕ^{dyn}). Since they are also primary fields associated to the lowest weight of the infinite dimensional Weyl module one can try the Lagrangian (4.16) with Ψ_{1,2} = C(ϕ^{dyn}), i.e., L^{GL,p+1o(d−1,1),q} = 1 2 ⟨C(ϕ^{dyn})|E^L_{p+1}|C(ϕ^{dyn})⟩ . (4.44)

We consider the case where the dynamical field ϕ^{dyn} results from a p-form gauge field with

p ≤ d/2 − 1 . (4.45)

Since the Weyl tensor has conformal dimension (3.89), from (4.33) we see that E^L_{p+1} is a differential operator of order q = d + 2L_{p+2} − 2p − 2 (4.46)

(d must be even). However, for q > 0 the Lagrangian (4.44) turns out to be zero. This fact is not immediately seen from the formula (4.41), being a consequence of the general property of gauge invariance of its field equations of (4.43) along with (3.62). Its explicit verification is annoying even for differential forms in the simplest representations of the conformal algebra (including the trivial representation), that we performed as a consistency check.

The only case where the Lagrangian (4.44) gives rise to nontrivial field equations is that with q = 0 which condition is satisfied for

p = d/2 − 1 , L_{d/2+1} = 0 . (4.47)

The corresponding Lagrangian L^{GL,p+1o(d−1,1),0} = 1 2 ⟨C(ϕ^{dyn})|C(ϕ^{dyn})⟩ (4.48) gives rise to the field equations_∗ L^L_{d/2}L^L_{d/2}ϕ^{dyn} = 0 , (4.49)

where the differential operator^∗L^L_{p+1} is dual to L^L_{p+1} with respect to the integrated form (3.59), i.e., ∫ d^dx(^∗L^L_{p+1}A, B) = ∫ d^dx(A, L^L_{p+1}B) , ∀ A ∈ G^{L,p+1}_{o(d−1,1)} , B ∈ G^{L,p}_{o(d−1,1)} . (4.50) Examples of such Lagrangians are provided by the 4d Fradkin-Tseytlin system [1], where Y is a two-row rectangular Young diagram of length s, and its recent generalization to any even d [15] that corresponds in our terms to the case of a (d/2 − 1)-form W valued in a rectangular o(d, 2) Young diagram Y of height d/2 and length s. These are examples (3.75) and (3.76) with h = d/2.

Note that the Lagrangian (4.41) turns out to be dynamically nontrivial either for the primary fields ϕ^{dyn} or for the Weyl tensors C(ϕ^{dyn}), depending on whether E is a nontrivial differential operator or a constant, respectively.

The reason why the naive application of the construction of Lagrangian (4.41) to the Weyl tensors fails to give the correct result in the general case is that the analysis of conformal invariance of Section 4.2 does not account that gauge invariant generalized Weyl tensors C(ϕ^{dyn}) satisfy Bianchi identities, i.e., that the conformal invariance conditions should be imposed up to terms that are zero by virtue of (3.64). For the case of a constant differential operator E such terms are irrelevant because the variation (4.24) is trivially zero. Hence in this case the action (4.48) works properly. For nonconstant E the gauge invariant conformal action may and, as we have shown, should differ from the naive action (4.44) that is trivial in this case.

It turns out, however, that the manifestly gauge invariant conformal action for general conformal gauge fields can be constructed in a slightly different fashion using again the Lagrangian (4.41). The idea is to construct the action in terms of the gauge invariant curvatures (2.22) rather than Weyl tensors. As shown in Section 3.7, from the σ_− cohomology analysis it follows that constraints on auxiliary fields can be imposed in such a way that the components of the gauge invariant curvatures with sufficiently low conformal dimension vanish according to (3.83) while the lowest nonzero components of the gauge invariant curvatures R_C given by (3.84) take values in the space U^{L,p}_{o(d−1,1)} (3.86). Once the constraints (3.83) are imposed, R_C behaves as the primary field with respect to the conformal group action on the fiber indices. Indeed, the variation of R_C under the local special conformal transformations is proportional to the lower components R_− of the gauge invariant curvature, which are zero by (3.83). Translations, Lorentz transformations and dilatations act on R_L in the standard fashion with Δ(R_L) = −L_{p+2} .

The manifestly gauge invariant Lagrangian for any gauge conformal field associated to the p-form gauge field in the representation L of the conformal algebra is L^{L,p} = g^{n1m1} g^{n2m2} . . . g^{np+1mp+1} L^{U L,po(d−1,1),q}(R_{L n1...np+1} , R_{L m1...mp+1} ) , (4.51) where m_i and n_j are differential form indices contracted by the background metric. R_C is valued in the Lorentz module U^{L,p}_{o(d−1,1)}. The differential operator E still has order q (4.46). It is important to note that Bianchi identities do not affect the analysis of conformal properties of the Lagrangian (4.51) because they account the antisymmetrization with the differential form (i.e., underlined) indices of gauge invariant curvatures while the operator E in the Lagrangian (4.51) acts only on the fiber indices which are implicit in Eq. (4.51).

Plugging the expression (3.85) for R_C in terms of the Weyl field strength into (4.51) we express the Lagrangian (4.51) in terms of C(ϕ^{dyn}). Generically, the resulting Lagrangian differs from (4.44). As anticipated, the exceptional case, where the two constructions coincide, is p = d/2 − 1 where E = const.

Let us note that the form of the differential operator, that acts on the Weyl field strengths in the resulting action, admits the ambiguity modulo terms that vanish by virtue of the Bianchi identities (3.64). For example, in the case of rectangular diagrams with p = h − 1 considered in Subsection 3.6.3, Eq. (3.64) implies that the antisymmetrization of any h + 1 indices of the first derivative of the Weyl tensor is zero (in this case, the Bianchi identities are described by the Young diagram that has one cell in the (h + 1)^{th} row in addition to the rectangular block of height h). It is not hard to see that in this case, by virtue of Bianchi identities, any conformal invariant Lagrangian can be reduced to the form

L^{GL,p+1o(d−1,1),q} = α⟨C(ϕ^{dyn})|□^{d2 −h}|C(ϕ^{dyn})⟩ + total derivatives , (4.52)

where α is some constant.

Indeed, consider for example the case of spin one with the Weyl tensor C_{n1 ,... ,nh} = ∂_{[n1} ϕ_{n2 ,... ,nh]} . (4.53) By virtue of the Bianchi identities

∂_{[n0} C_{n1 ,... ,nh]} = 0 (4.54) the term ∂_mC_{k ,n2 ,... ,nh} ∂^kC^{m ,n2 ,... ,nh} (4.55) is proportional to ∂_mC_{n1 ,... ,nh} ∂^mC^{n1 ,... ,nh} . (4.56) For higher spins with s > 1 one proceeds analogously.

Note that the Lagrangian of the type (4.52) was considered in [14] in the particular case of symmetric conformal fields, i.e., h = 2. It would be interesting to see what kind of simplification can be achieved by virtue of Bianchi identities for generic mixed symmetry gauge conformal fields.

4.3.3 BF -type conformal systems

One can also consider the mixed case of the Lagrangian L = 1 2 ⟨ϕ^{dyn}_1 |E^L_{p+1}|C(ϕ^{dyn}_2 )⟩ . (4.57)

Again, L turns out to be trivial for q > 0. In the case of q = 0 this Lagrangian describes a conformal system analogous to the BF system with the Lagrangian L = B̃^{ab}∂_aA_b, where B̃ab = ϵabcdB_{cd} is an independent field. The equations of motion are

C(ϕ̃^{dyn}_1 ) = 0 , C(ϕ^{dyn}_2 ) = 0 . (4.58)

However, in this setup, the gauge symmetry of ϕ̃^{dyn}_1 is implicit. To describe manifestly gauge invariant BF systems it is more convenient to use the frame-like formalism.

Consider the following BF -type topological action S = ∫ M^d Λ_Ω(x) ∧ R^Ω_1 (W_1(x)) , (4.59)

where R^Ω_1 is the gauge invariant (p + 1)-form curvature (2.22) built from the p-form gauge field W^Ω_1 (x) valued in some o(d, 2)-tensor module L and Λ_Ω(x) is a d − p − 1–form gauge field valued in the same tensor module. Let Υ_Ω be its d − p form curvature and Σ_Ω be its d − p − 2 gauge symmetry parameter

Υ_Ω(x) = D_0Λ_Ω(x) , δΛ_Ω(x) = D_0Σ_Ω(x) . (4.60)

This action is obviously gauge invariant under both (2.24) and (4.60). In addition, it is manifestly invariant under local o(d, 2) transformations that also act on the vacuum connection W_0 which enters the covariant derivative D_0. Hence it is manifestly invariant under the global o(d, 2) transformations described by the local transformations with the parameters ϵ_0(x) that satisfy (2.36) to leave W_0 invariant. Note that the action (4.59) is a simplified version of the nonlinear action introduced in [40] for the general (nonlinear) unfolded system. As explained in Section 5, a slight modification of this construction leads to the first-order formulation of the conformal actions provided that the structure of the full unfolded system (3.87) and (3.88) is available.

5 Weyl module

The fact that g invariant field equations result from homomorphisms of g–modules is well known (see e.g. [79, 80, 81] and references therein). The novelty of the unfolded dynamics approach is that it incorporates gauge fields and gauge symmetries via inclusion of p > 0 differential forms. This extension is of primary importance for the analysis of physically interesting gauge invariant nonlinear models.

In this section we comment briefly on the relation of the results of this paper with those of [41], where the classification of conformal invariant field equations in any dimension was given based on the analysis of generalized Verma modules. Recall that generalized Verma modules are induced from finite dimensional modules of the parabolic subalgebra p = h⊂ t that extends the maximal compact subalgebra h = o(2) ⊕ o(d) ⊂ o(d, 2) by the subalgebra of translations t spanned by P_a. A generalized Verma module V_h is therefore characterized by the weights of h. The latter characterize a tensor type and conformal dimension of the dynamical field ϕ^{dyn}(x).

The unfolded equations studied in [41] have the form

DΦ(x) = 0 , (5.1)

where Φ(x) is a zero-form field valued in V_h and D is the o(d, 2) covariant derivative in V_h. ϕ^{dyn}(x) are components of Φ(x) valued in the vacuum subspace from which V_h is induced.

The two cases are different. If V_h is irreducible, the equation (5.1) is a set of constraints that express all components of Φ(x) via derivatives of ϕ^{dyn}(x). If V_h is reducible, it contains a submodule that is also a generalized Verma module V_h′ induced from a singular space S ∈ V_h that itself forms a p-module being annihilated by the translation generators. The appearance of a submodule (singular subspace) in V_h implies that the equation (5.1) contains a differential equation on ϕ^{dyn}(x) and another dynamical field ϕ^{′dyn}(x) valued in S appears, that is not expressed via derivatives of ϕ^{dyn}(x) (and hence the equation on ϕ^{dyn}(x)).

If unfolded equations are imposed on fields valued in some g-module V that contains a submodule U, i.e., the sequence

0 → U → V → W → 0 (5.2)

is exact, then a set of equations on the fields ϕ valued in the quotient module W = V/U constitutes a subsystem of the unfolded equations while the set of equations on the fields χ valued in U may receive a contribution from the fields valued in W , i.e., schematically,

dϕ + W_0ϕ = 0 , (5.3)

dχ + W_0χ + W_0ϕ = 0. (5.4)

For a reducible generalized Verma module V , the equation (5.3) contains a nontrivial differential condition.

To go off-shell it is more convenient to have opposite structure with the roles of ϕ and χ exchanged. This is achieved in the contragredient module V^♮ which is the dual module to

V with the exchanged roles of translations and special conformal transformations (i.e., the dualization is combined with Chevalley involution). The structure of V^♮ is dual to that of V , i.e., 0 → W^♮ → V^♮ → U^♮ → 0 , (5.5)

where W^♮ and U^♮ are dual to W and U respectively. Correspondingly, the equations dual to (5.3) and (5.4) have the structure

dϕ^♮ + W_0ϕ^♮ + W_0χ^♮ = 0 , (5.6)

dχ^♮ + W_0χ^♮ = 0. (5.7)

The difference between the systems (5.3),(5.4) and (5.6),(5.7) is that the appearance of χ^♮ in (5.6) puts this equation off-shell, expressing χ^♮ via left hand sides of the field equations resulting from Eq. (5.3). Provided that χ^♮ is valued in an irreducible module U^♮, the equation (5.7) imposes no differential conditions on χ^♮ apart from Bianchi conditions that may follow from (5.6).

In the non-gauge case the structure of V^♮ is just as described. The fields χ^♮ describe the left hand sides of the field equations on ϕ^♮ and their derivatives. Setting χ^♮ = 0, one puts the system on-shell. The resulting irreducible o(d, 2)-module W^♮ where ϕ^♮ is valued consists of various on-shell nontrivial derivatives of the dynamical field ϕ^{♮dyn}(x). The case of series of generalized Verma modules listed in Eqs. (4.46), (4.66) of [41] corresponds to the nongauge conformal systems.

On the other hand, the pattern of Lorentz representations and conformal weights of the zero-forms valued in H^p(σ_−, F^L_{o(d,2)}) matches the list of weights of generalized Verma modules (4.41), (4.49) of [41]. These are the series of generalized Verma modules that are based on dominant integral highest weights of o(d, 2). The latter property agrees with the analysis of this paper performed in terms of gauge fields valued in finite dimensional o(d, 2)–modules, i.e., dominant integral highest weights. In this case the structure of V^♮ is more subtle.

Let V be induced from the module equivalent to that of the Weyl tensor associated to some o(d, 2) weight L and differential form degree p (being implicit, L and p are assumed to be fixed in this section). By definition, V^♮ is fully off-shell in the sense that the covariant constancy equation DC^α(x) = 0 (5.8)

on the fields C^α(x) valued in V^♮ imposes no restrictions on its ground state field identified with the generalized Weyl tensor C(x), merely expressing all components of C^α(x) via derivatives of C(x). This pattern, however does not take into account that C(x) should obey the Bianchi identities as a consequence of the equation (3.84) or, equivalently, that C(x) can be built from the dynamical fields according to (3.62). Demanding the Weyl tensor to satisfy Bianchi identities implies that some combinations of derivatives of the Weyl tensor are set to zero. Since the setting is conformal invariant, this set of derivatives should be determined by the unfolded field equations for the components valued in some quotient module B = V^♮/W^{off} where W^{off} is a submodule of V^♮. Roughly speaking, the module V^♮ is spanned by various derivatives of the unrestricted Weyl tensor RC , where R is an arbitrary differential operator, while the fields valued in the off-shell Weyl submodule W^{off} describe those derivatives of the Weyl tensor that remain nonzero upon C(x) is expressed in terms of the dynamical field C(x) = Lϕ^{dyn}(x). The module W^{off} is off-shell in the sense that the unfolded equations (3.87) and (3.88) impose no conditions on the dynamical field ϕ^{dyn}. Let us stress that the module V^♮ has just one nontrivial submodule [41] which therefore is W^{off} .

The crucial question then is whether or not it is possible to impose further conformal invariant differential equations on C. The full answer to this question can be read off the results of [41] and turns out to be surprisingly simple. The cases of odd and even dimensions are essentially different in this respect.

In odd dimension d = 2k + 1, W^{off} turns out to be irreducible, which means that, except the trivial (pure gauge) case of the equation C(ϕ(x)) = 0 no conformal invariant field equations can be imposed on the Weyl tensor for any type of conformal gauge fields. This implies that any gauge invariant system in odd dimensions is trivial, being either off-shell with the Weyl tensor restricted only by Bianchi identities or pure gauge with zero Weyl tensor. For example, requiring the Weyl tensor to vanish in conformal gravity implies that the metric tensor is conformally flat, hence being pure gauge with respect to local dilatations.

In even dimensions, W^{off} contains a single submodule W^{on} while W^{off} /W^{on} is spanned by various derivatives of the left-hand sides of the field equations. The restriction of W^{off} to W^{on} just imposes the nontrivial equations on the Weyl tensor C(ϕ^{dyn}) and hence on ϕ^{dyn}. Note that the appearance of nontrivial field equations in this case is due to so-called subsingular space in the generalized Verma module. This means that although the module V has just one submodule V^′, the quotient module V/V^′ turns out to be reducible, i.e., it acquires upon factorization a singular subspace called subsingular space. In more physical terms this means that nontrivial equations on the Weyl tensor can only be imposed along with Bianchi identities which hold automatically once it is expressed in terms of derivatives of the dynamical field ϕ^{dyn}. In fact, this implies that the equations are imposed on ϕ^{dyn}. These are the equations that follow from the Lagrangian (4.51).

Let us stress the difference between two seemingly similar classes of conformal HS fields. One class consists of unitary conformal modules associated to V_h where h corresponds to rectangular Young tableaux of height d/2 (hence d is even), length s and conformal dimension d/2 − s + 1. These systems were considered in [23, 21, 25, 83] and correspond to the fields in the middle of the rhomb in the diagram in (B.2) of [41] with λ_i = s − 1, q = d/2.

Another class consists of the conformal gauge fields, that correspond to (d/2 − 1)−forms valued in rectangular Young diagrams of height d/2 [1, 15]. In notation of [41] their Weyl tensors are described by the weights (−d/2, s, s, s . . . ± s). Since the first weight is minus conformal dimension [41], we observe that the two types of fields have different conformal dimensions for all spins s ≠ 1. For s = 1 they coincide describing the case of forms.

For all s > 1, the two types of systems are essentially different. The gauge system is non-unitary while the unitary system is not gauge, which means that the representation of the fields to be associated to HS Weyl tensors as derivatives of gauge potentials in the unitary case breaks conformal invariance because the conformal dimension does not match. (Note, however, that in [27] it was shown that there is a nonstandard possibility to extend the unitary system to the gauge case by such a doubling of the system in Anti-de Sitter background that is singular in the flat limit.)

The actions obtained in Section 4 have a form typical for the metric-like formalism, although the structure of both dynamical fields and gauge invariant field strengths was derived from the unfolded dynamics based on the frame-like formalism that operates with differential forms. Since the frame-like formalism seems to be most appropriate for the extension to the nonlinear case, it is interesting whether there is a natural formulation for conformal actions in the frame-like formalism. A special feature of conformal gauge theories is that the nontrivial cohomology responsible for field equations belongs to the Weyl module rather than to the gauge field module as in the unitary HS models. As a result, the corresponding actions should be built in terms of the Weyl module. In this respect they should be analogous to the scalar field action proposed in [45]. More precisely, we conjecture that the corresponding action has the structure S = ∫ M^d ( Λ(x) ∧ (R_1(W_1(x)) − W^{···}_0 ∧ . . . W^{···}_0 p+1 C) + λDC + 1 2 ⟨C|E|C⟩ ) , (5.9)

where C is regarded as an independent field and C denotes the infinite set of fields valued in W^{off} . The equations for the Lagrange multipliers impose the off-shell unfolded equations that express the Weyl tensor C via derivatives of the dynamical fields ϕ^{dyn} and C via derivatives of C. Substitution of this result into the last term reproduces the action (4.51).

The action (5.9) is expected to provide a starting point towards a nonlinear HS conformal action within the unfolded dynamics approach. For the case of symmetric HS fields, it would be interesting to compare the result with the nonlinear action proposed by Segal [14] and with the free second-order action proposed by Metsaev [18, 19]. To this end, it remains however to derive the manifest form of the full unfolded system (3.87) and (3.88).

6 Conclusion

In this paper conformal mixed symmetry gauge fields in any dimension were analyzed in the frame-like approach. In particular, the dynamical content of the gauge system based on p-form gauge fields in any finite dimensional tensor module of the conformal algebra o(d, 2) was worked out. This allowed us to describe a variety of conformal systems that include all known and infinitely many new mixed symmetry conformal gauge fields. Conformal invariant actions are constructed for generic conformal systems that include both gauge and non-gauge fields. Comparison of the obtained results with the list of nontrivial conformal field equations of [41] suggests that the list of bosonic conformal Lagrangian systems presented in this paper is complete.

Technically, the analysis of the dynamical content of a system is performed in terms of so-called σ_− cohomology [45] which is particulary simple in the conformal case where it amounts to the Lie algebra cohomology. Although the latter can be read of the literature (see, e.g., [41] and references therein), its analysis is presented in full generality because the applied method, based on the analysis of supersymmetric vacua in a specific supersymmetric matrix model, is quite efficient and can have other applications. Every supersymmetric state gives rise to a nontrivial σ_− cohomology that has clear dynamical interpretation in conformal field-theoretical models in terms of dynamical gauge fields, gauge invariant field strengths, gauge symmetry parameters, Bianchi identities, syzygies and gauge symmetries for gauge symmetries.

The obtained results are anticipated to have applications to the description of more complicated unitary field-theoretical systems in AdS_d space, which are of most physical interest. A useful viewpoint is to interpret nonconformal systems in AdS_d as conformal models with the o(d, 2) symmetry broken to the AdS_d symmetry o(d − 1, 2) somewhat in spirit of two-time physics [44]. This approach looks promising for better understanding of the dynamical content of AdS_d dynamical systems. In this case, the o(d, 2) irreducible multiplets of fields of conformal theory decompose into reducible sets of o(d−1, 2) multiplets, some of which may be set to zero by the conditions that break down the o(d, 2) symmetry. One implication of this phenomenon is that the AdS σ_− cohomology should result from two sources. One comes from the conformal theory cohomology, i.e., Weyl field strengths. Indeed, the Weyl tensors of the conformal models are shown to coincide with those of the AdS mixed symmetry systems [32, 33]. Another part results from the comparison of the sets of gauge fields in the AdS models and those in the conformal models. Along these lines, it should be possible to give a concise interpretation of recent computation by Skvortsov [49, 50] of σ_− cohomology in the AdS models of mixed symmetry unitary fields.

Other directions for the future research include the analysis of fermionic conformal systems as well as of generalized conformal systems based on sl_n (see also [50]) and sp(2M). The sl_n models are expected to be related to off-shell field-theoretical systems (see e.g. [25] and references therein), while the sp(2M) models are of interest for the models in the sp(2M) invariant matrix space-times [52, 53, 54, 55, 82, 27] (and references therein).

Finally, let us stress that unfolded dynamics provides a particularly useful tool for uplifting the field-theoretical models to larger spaces where their symmetries are geometrically realized. For conformal models considered in this paper, an interesting development would be their reformulation in d + 2 dimensional space-times where the conformal group O(d, 2) acts geometrically, extending the previous developments along this direction [56, 43, 57, 44].

Acknowledgments

I am grateful to O.Gelfond and E.Skvortsov for helpful comments on the manuscript and to M.Grigoriev, D.Sorokin and, especially, O.Shaynkman for useful discussions. This research was supported in part by RFBR Grant No 08-02-00963, LSS No 1615.2008.2 and Alexander von Humboldt Foundation Grant PHYS0167.

Appendix Properties of the conformal invariance condition

Using (4.22), the equation E^bM_{ba} + 1 2 E_b^b∂_a = γE_a , (6.1) where γ is a free parameter, can be equivalently written in the form M_{ab}E^b + 1 2 E_b^b∂_a = γ̃E_a , (6.2)

where γ̃ = d + q − 2 − γ (6.3) and q is a degree (4.23) of the differential operator E. Let E_1 and E_2 be solutions of (6.1) with some parameters γ_1 and γ_2. It is easy to see that

(E_1E_2)^bM_{ba} + 1 2 (E_1E_2)_b^b∂_a = (γ_2 + q_1)E_1E_{2a} + γ_1E_{1a}E_2 , (6.4)

where q_1 is a degree of the differential operator E_1. As a result, the operator E_{1,2} = E_1E_2 satisfies the equation (6.1) with γ = γ_1 provided that γ_1 = γ_2 + q_1 . (6.5) By virtue of (6.3), this is equivalent to γ̃_2 = γ̃_1 + q_2 . (6.6)

References

[1] E.S.Fradkin and A.A.Tseytlin, Phys.Rep. 119 (1985) 233. [2] L. P. S. Singh and C. R. Hagen, Phys. Rev. D9 (1974) 898. [3] C. Fronsdal, Phys. Rev. D18 (1978) 3624; D20 (1979) 848.

[4] J. M. F. Labastida, Phys. Rev. Lett. 58 (1987) 531; Nucl. Phys. B322 (1989) 185. [5] D. Francia and A. Sagnotti, Phys. Lett. B543 (2002) 303 [arXiv:hep-th/0207002]. [6] X. Bekaert and N. Boulanger, Commun. Math. Phys. 245 (2004) 27 [arXiv:hepth/0208058].

[7] Yu. M. Zinoviev, arXiv:hep-th/0211233.

[8] P. de Medeiros and C. Hull, JHEP 0305 (2003) 019 [arXiv:hep-th/0303036]. [9] I. L. Buchbinder, V. A. Krykhtin and H. Takata, Phys. Lett. B656 (2007) 253 [arXiv:0707.2181 [hep-th]].

[10] D. Francia, Nucl. Phys. B796 (2008) 77 [arXiv:0710.5378 [hep-th]]. [11] I. L. Buchbinder and A. V. Galajinsky, JHEP 0811 (2008) 081 [arXiv:0810.2852 [hepth]].

[12] A. A. Reshetnyak, “Nonlinear Operator Superalgebras and BFV-BRST Operators for Lagrangian Description of Mixed-symmetry HS Fields in AdS Spaces,” arXiv:0812.2329 [hep-th].

[13] A. Campoleoni, D. Francia, J. Mourad and A. Sagnotti, Nucl. Phys. B815 (2009) 289 [arXiv:0810.4350 [hep-th]]; arXiv:0904.4447 [hep-th].

[14] A. Yu. Segal, Nucl. Phys. B664 (2003) 59 [hep-th/0207212].

[15] R. Marnelius, “Lagrangian higher spin field theories from the O(N) extended supersymmetric particle,” arXiv:0906.2084 [hep-th].

[16] S. Deser and A. Waldron, “Conformal invariance of partially massless higher spins”, arXiv:hep-th/0408155.

[17] P. Arvidsson and R. Marnelius, “Conformal theories including conformal gravity as gauge theories on hypercone”, hep-th/0612060 .

[18] R. R. Metsaev, “Ordinary-derivative formulation of conformal totally symmetric arbitrary spin bosonic fields”, arXiv:0709.4392 [hep-th].

[19] R. R. Metsaev, “Ordinary-derivative formulation of conformal low spin fields”, arXiv:0707.4437 [hep-th].

[20] R. R. Metsaev, “Conformal self-dual fields”, arXiv:0812.2861 [hep-th]. [21] W. Siegel, Int. J. Mod. Phys. A4 (1989) 2015. [22] R. R. Metsaev, Mod. Phys. Lett. A10 (1995) 1719.

[23] P. S. Howe, S. Penati, M. Pernici and P. K. Townsend, Class. Quant. Grav. 6 (1989) 1125.

[24] C. M. Hull, Nucl. Phys. B583 (2000) 237 [hep-th/0004195]; Class. Quant. Grav. 18 (2001) 3233 [hep-th/0011171]; JHEP 0012 (2000) 007 [hep-th/0011215].

[25] I. Bandos, X. Bekaert, J. A. de Azcarraga, D. Sorokin and M. Tsulaia, JHEP 0505 (2005) 031 [hep-th/0501113].

[26] F. Bastianelli, O. Corradini and E. Latini, JHEP 0811 (2008) 054 [arXiv:0810.0188 [hep-th]].

[27] M. A. Vasiliev, Nucl. Phys. B793 (2008) 469 [arXiv:0707.1085 [hep-th]]. [28] M. A. Vasiliev, Sov. J. Nucl. Phys. 32 (1980) 439 [Yad. Fiz. 32 (1980) 855]. [29] M. A. Vasiliev, Fortsch. Phys. 35 (1987) 741.

[30] V. E. Lopatin and M. A. Vasiliev, Mod. Phys. Lett. A3 (1988) 257. [31] E. S. Fradkin and V. Ya. Linetsky, Phys. Lett. B231 (1989) 97. [32] K. B. Alkalaev, O. V. Shaynkman and M. A. Vasiliev, Nucl. Phys. B692 (2004) 363 [hep-th/0311164].

[33] K. B. Alkalaev, O. V. Shaynkman and M. A. Vasiliev, JHEP 0508:069 (2005) [hep-th/0501108].

[34] E. D. Skvortsov, Nucl. Phys. B808 (2009) 569 [arXiv:0807.0903 [hep-th]]. [35] D. Sorokin and M. A. Vasiliev, Nucl. Phys. B809 (2009) 110 [arXiv:0807.0206 [hep-th]]. [36] E. D. Skvortsov and M. A. Vasiliev, Nucl. Phys. B756 (2006) 117 [arXiv:hepth/0601095].

[37] Yu. M. Zinoviev, Nucl. Phys. B808 (2009) 185 [arXiv:0808.1778 [hep-th]].

[38] M. A. Vasiliev, Class. Quant. Grav. 11 (1994) 649. [39] M. A. Vasiliev, Phys. Lett. B209 (1988) 491. [40] M. A. Vasiliev, Ann. Phys. (N.Y.) 190 (1989) 59.

[41] O. V. Shaynkman, I. Yu. Tipunin and M. A. Vasiliev, Rev. Math. Phys. 18 (2006) 823 [hep-th/0401086].

[42] M. Kaku, P. K. Townsend and P. van Niewenhuizen, Phys. Rev. D17 (1978) 3179. [43] R. Marnelius, Phys. Rev. D20 (1979) 2091.

[44] I. Bars, Phys. Rev. D54 (1996) 5203 [hep-th/9604139]; Phys. Rev. D55 (1997) 2373 [hep-th/9607112]; Phys. Lett. B403 (1997) 257 [hep-th/9704154].

[45] O. V. Shaynkman and M. A. Vasiliev, Theor. Math. Phys. 123 (2000) 683 [Teor. Mat.

Fiz. 123 (2000) 323] [hep-th/0003123].

[46] X. Bekaert, S. Cnockaert, C. Iazeolla and M. A. Vasiliev, “Nonlinear higher spin theories in various dimensions, arXiv:hep-th/0503128.

[47] M. A. Vasiliev, Int. J. Geom. Meth. Mod. Phys. 3 (2006) 37 [hep-th/0504090]. [48] N. Boulanger, C. Iazeolla and P. Sundell, JHEP 0907 (2009) 013 [arXiv:0812.3615 [hep-th]].

[49] E. D. Skvortsov, J.Phys. A42 (2009) 385401 [arXiv:0904.2919 [hep-th]]. [50] E. D. Skvortsov, “Gauge fields in (A)dS within the unfolded approach: algebraic aspects”, arXiv:0910.3334 [hep-th] [51] D. de Wit and D. Z. Freedman, Phys. Rev. D21 (1980) 358.

[52] C. Fronsdal, “Massless Particles, Ortosymplectic Symmetry and Another Type of Kaluza-Klein Theory”, Preprint UCLA/85/TEP/10, in Essays on Supersymmetry, Reidel, 1986 (Mathematical Physics Studies, v.8).

[53] I. Bandos, J. Lukierski and D. Sorokin, Phys. Rev. D61 (2000) 045002 [hep-th/9904109]. [54] M. A. Vasiliev, Phys. Rev. D66 (2002): 066006 [hep-th/0106149]. [55] M. A. Vasiliev, Relativity, Causality, Locality, Quantization and Duality in the Sp(2M) Invariant Generalized Space-Time, hep-th/0111119, Contribution to the Marinov’s Memorial Volume, M. Olshanetsky and A. Vainshtein Eds, World Scientific, 2002.

[56] P. A. M. Dirac, Ann. Math. 37 (1936) 429.

[57] C. R. Preitschopf and M. A. Vasiliev, Nucl. Phys. B549 (1999) 450 [hep-th/9812113]. [58] M. Eastwood, Suppl. Rendi. Circ. Mat. Palermo 43 (1996) 57. [59] A. R. Gover, Adv. Math. 163 (1992) 213.

[60] A. R. Gover, A. Shaukat, and A. Waldron, Nucl.Phys. B812 (2009) 424 [ arXiv:0810.2867 [hep-th]]; “Weyl Invariance and the Origins of Mass”, arXiv:0812.3364 [hep-th].

[61] E. D. Skvortsov, JHEP 0807 (2008) 004 [arXiv:0801.2268 [hep-th]].

[62] R. Howe, Trans. Amer. Math. Soc. 2 (1989) 313.

[63] M. Hamermesh, Group theory and its applications to physical problems Dover Publications, New York, NY, USA, 1969.

[64] M. Henneaux and C. Teitelboim, “Quantization of gauge systems”, Prinston University Press, Princeton, New Jersey, 1992.

[65] A. O. Barut and R. Raczka, ”Theory of group representations and applications”, World Scientific, Singapore, 1986.

[66] T. Damour and S. Deser, Annales Poincare Phys. Theor. 47 (1987) 277. [67] R. Marnelius, “Lagrangian conformal higher spin theory,” arXiv:0805.4686 [hep-th]. [68] S. Deser and R. I. Nepomechie, Phys. Lett. B132 (1983) 321; Annals Phys. 154 (1984) 396.

[69] A. Higuchi, Nucl. Phys. B282 (1987) 397; B325 (1989) 745. [70] I. Bengtsson, J. Math. Phys. 36 (1995) 5805 [arXiv:gr-qc/9411057]. [71] I. L. Buchbinder, D. M. Gitman and V. D. Pershin, Phys. Lett. B492 (2000) 161 [arXiv:hep-th/0006144].

[72] S. Deser and A. Waldron, Phys. Rev. Lett. 87 (2001) 031601 [arXiv:hep-th/0102166]. [73] Yu. M. Zinoviev, “On massive high spin particles in (A)dS”, arXiv:hep-th/0108192. [74] T. Curtright, Phys. Lett. B165 (1985) 304.

[75] Yu. M. Zinoviev, “First order formalism for massive mixed symmetry tensor fields in Minkowski and (A)dS spaces,” arXiv:hep-th/0306292.

[76] Yu. M. Zinoviev, Nucl. Phys. B812 (2009) 46 [arXiv:0809.3287 [hep-th]]. [77] L. Brink, R.R. Metsaev and M.A. Vasiliev, Nucl. Phys. B586 (2000) 183 [hep-th/0005136].

[78] R. R. Metsaev, “Gauge invariant two-point vertices of shadow fields, AdS/CFT, and conformal fields,” arXiv:0907.4678 [hep-th].

[79] B. Kostant, Lect. Notes. Math. 466 (1975) 101.

[80] M. G. Eastwood and J. W. Rice, Comm. Math. Phys. 109 (1987) 207–228; Erratum, Comm. Math. Phys. 144 (1992) 213.

[81] R. J. Baston and M. G. Eastwood,“The Penrose Transform Its interaction with Representation Theory”, Clarendon press, Oxford, 1989.

[82] O. A. Gelfond and M. A. Vasiliev, Theor. Math. Phys. 145 (2005) 1400 [Teor. Mat. Fiz.

145 (2005) 35] [arXiv:hep-th/0304020].

[83] X. Bekaert and M. Grigoriev, “Manifestly conformal descriptions and higher symmetries of bosonic singletons”, arXiv:0907.3193 [hep-th].