arXiv:0909.5462v3 [gr-qc] 30 Apr 2010

On anisotropic Gauss-Bonnet cosmologies in (n+1) dimensions, governed by an n-dimensional Finslerian 4-metric

V. D. Ivashchuk^1,

Center for Gravitation and Fundamental Metrology, VNIIMS, 46 Ozyornaya ul., Moscow 119361, Russia Institute of Gravitation and Cosmology, Peoples’ Friendship University of Russia, 6 Miklukho-Maklaya ul., Moscow 117198, Russia

Abstract

The (n + 1)-dimensional Einstein-Gauss-Bonnet (EGB) model is considered. For diagonal cosmological metrics, the equations of motion are written as a set of Lagrange equations with the effective Lagrangian containing two “minisuperspace” metrics on R^n : a 2-metric of pseudo-Euclidean signature and a Finslerian 4-metric proportional to the n-dimensional Berwald-Moor 4-metric. For the case of the “pure” Gauss-Bonnet model, two exact solutions are presented, those with power-law and exponential dependences of the scale factors (w.r.t. the synchronous time variable). (The power-law solution was considered earlier by N. Deruelle, A. Toporensky, P. Tretyakov, and S. Pavluchenko.) In the case of EGB cosmology, it is shown that for any non-trivial solution with an exponential dependence of scale factors, a_i(τ) = A_i exp(v^iτ), there are no more than three different numbers among v^1, ..., v^n.

1e-mail: ivashchuk@mail.ru

1 Introduction

In this paper, we consider D-dimensional gravitational model with the Gauss-Bonnet term. The action reads S = ∫ M d^Dz √ |g|{α_1R[g] + α_2L_2[g]}, (1.1)

where g = g_{MN} dz^M ⊗ dz^N is a metric defined on the manifold M, dim M = D, |g| = | det(g_{MN} )|, and

L_2 = R_{MNP Q}R^{MNP Q} − 4R_{MN} R^{MN} + R^2 (1.2)

is the standard Gauss-Bonnet term. Here α_1 and α_2 are constants. The appearance of the Gauss-Bonnet term in multidimensional gravity is motivated by string theory [1, 2].

At present, the so-called Einstein-Gauss-Bonnet (EGB) gravity and its modifications are intensively used in cosmology, see [3, 4] (for D = 4), [6]-[12] and references therein, e.g., for explanation of the accelerated expansion of the Universe following from the supernovae (type Ia) observational data [13]. Certain exact solutions in multidimesional EGB cosmology were obtained in [6]-[12] and some other papers.

EGB gravity is also intensively investigated in the context of black-hole physics. The most important results here are related to the well-known Boulware-Deser-Wheeler solution [14] and its generalizations [15], for a review and references see [16]. (For certain applications of brane-world models with the Gauss-Bonnet term see also the review [17] and references therein.)

Here we are interested in cosmological solutions with diagonal metrics, governed by time-dependent scale factors.

For α_2 = 0 we have the Kasner-type solution with the metric g = −dτ ⊗ dτ + n∑ i=1 A^2_i τ^{2pi} dy^i ⊗ dy^i, (1.3)

where A_i > 0 are arbitrary constants, D = n + 1, and parameters p^i obey the relations ∑_n i=1 p^i = ∑_n i=1(p^i)^2 = 1 and hence ∑ 1≤i<j≤n p ip^j = 0. For D = 4 it is the well-known Kasner solution [18].

In [5], the Einstein-Gauss-Bonnet (EGB) cosmological model was considered (see also [19]). For the “pure” Gauss-Bonnet (GB) case α_1 = 0 and α_2 ≠ 0, N. Deruelle has obtained a cosmological solution with the metric (1.3) for n = 4, 5 and parameters obeying the relations_n ∑ i=1 p^i = 3, ∑ 1≤i<j<k<l≤n p^ip^j p^kp^l = 0. (1.4)

It was reported by A. Toporensky and P. Tretyakov in [9] that this solution was verified by them for n = 6, 7. In the recent paper by S. Pavluchenko [20], the power-law solution was verified for all n (and also generalized to the Lowelock case [21]).

In this paper we give a derivation of the “power-law” solution (1.3), (1.4) and a solution with the exponential dependence of scale factors for arbitrary n. We note that the recent numerical analysis of cosmological solutions in EGB gravity for D = 5, 6 [11] shows that the singular solution (1.3), (1.4) (e.g. with a little generalization of the scale factors a_i(τ) = A_i(τ_0 ± τ)^{pi} , where τ_0 is constant) may appear as an asymptotical solution for certain initial values as well as the Kasner-type solution does.

The paper is organized as follows. In Section 2, the equations of motion for (n + 1)- dimensional EGB model are considered. For diagonal cosmological metrics, the equations of motion are written in the form of Lagrange equations corresponding to a certain “effective” Lagrangian (see also [5, 20]). Section 3 deals with the “pure” Gauss-Bonnet model. Here two exact solutions are obtained, with power-law and exponential dependences of the scale factors on the synchronous time variable. In Section 4, the equations of motion are reduced to an autonomous set of first order differential equations in terms of synchronous time variable τ. For α_1 ≠ 0 and α_2 ≠ 0, we show that for any non-trivial solution with the exponential dependence of the scale factors a_i(τ) = A_i exp(v^iτ), i = 1, ..., n, there are no more than three different numbers among v^1, ..., v^n.

2 The cosmological model and its effective Lagrangian

2.1 The set-up

We consider the manifold M = R_∗ × M_1 × . . . × M_n, (2.1)

with the metric g = −e^{2γ(t)}dt ⊗ dt + n∑ i=1 e^{2βi(t)}dy^i ⊗ dy^i, (2.2) where M_i is a 1-dimensional manifold with the metric g^i = dy^i ⊗ dy^i, i = 1, . . . , n. Here and henceforth, R_∗ = (t_−, t_+) is an open subset in R. (The functions γ(t) and β^i(t), i = 1, . . . , n, are smooth on R_∗ .)

The integrand in (1.1), if the metric (2.2) is substituted, reads (see [5] for γ = 0) √ |g|{α_1R[g] + α_2L_2[g]} = L + df dt , (2.3)

where

L = α_1e^{−γ+γ0} G_{ij}β̇^iβ̇^j − 1 3 α_2e^{−3γ+γ0} G_{ijkl}β̇^iβ̇^jβ̇^kβ̇^l, (2.4)

γ_0 = ∑_n i=1 β^i and

G_{ij} = δ_{ij} − 1, (2.5) G_{ijkl} = (δ_{ij} − 1)(δ_{ik} − 1)(δ_{il} − 1)(δ_{jk} − 1)(δ_{jl} − 1)(δ_{kl} − 1) (2.6)

are the components of two “minisuperspace” metrics on R^n . The first one is the wellknown 2-metric of pseudo-Euclidean signature: < v_1, v_2 >= G_{ij}v^i_1v^j_2, while second one is the Finslerian 4-metric: < v_1, v_2, v_3, v_4 >= G_{ijkl}v^i_1v^j_2v^k_3 v^l_4, v_s = (v^i_s) ∈ R^n , where < ., . > and < ., ., ., . > are respectively 2- and 4-linear symmetric forms on R^n . (We denote Ȧ = dA/dt.) The function f = f(γ, β, β̇) in (2.3) is presented in Appendix B.

The derivation of (2.4) is based on the relations from Appendix A and the following identities

G_{ij} v^iv^j = n∑ i=1 (v^i)^2 − ( n∑ i=1 v^i)^2, (2.7)

G_{ijkl}v^iv^jv^kv^l = ( n∑ i=1 v^i)^4 − 6( n∑ i=1 v^i)^2 n∑ j=1 (v^j)^2

+3( n∑ i=1 (v^i)^2)^2 + 8( n∑ i=1 v^i) n∑ j=1 (v^j)^3 − 6 n∑ i=1 (v^i)^4. (2.8)

It immediately follows from the definitions (2.5) and (2.6) that

G_{ij} v^iv^j = −2 ∑ i<j v^iv^j , (2.9) G_{ijkl}v^iv^jv^kv^l = 24 ∑ i<j<k<l v^iv^jv^kv^l. (2.10)

Due to (2.10) G_{ijkl}v^iv^jv^kv^l is zero for n = 1, 2, 3 (D = 2, 3, 4). For n = 4 (D = 5), G_{ijkl}v^iv^jv^kv^l = 24v^1v^2v^3v^4 and our 4-metric is proportional to the well-known Berwald- Moor 4-metric [23, 24] (see also [26, 27, 28] and references therein). We remind the reader that the 4-dimensional Berwald-Moor 4-metric obeys the relation: < v, v, v, v >_{BM} = v^1v^2v^3v^4. The Finslerian 4-metric with the components (2.6) coincides up to a factor with the n-dimensional analogue of the Berwald-Moor 4-metric. (This metric is a special case of 4th order Shimada metric [25].)

2.2 The equations of motion

The equations of motion corresponding to the action (1.1) have the form

E_{MN} = α_1E^{(1)}_{MN} + α_2E^{(2)}_{MN} = 0, (2.11)

where

E^{(1)}_{MN} = R_{MN} − 1 2 Rg_{MN} , (2.12)

E^{(2)}_{MN} = 2(R_{MP QS}R^{P QS}_N − 2R_{MP} R^P_N −2R_{MP NQ}R^{P Q} + RR_{MN} ) − 1 2 L_2g_{MN} . (2.13)

The field equations (2.11) for the metric (2.2) are equivalent to the Lagrange equations corresponding to the Lagrangian L from (2.4) [5].

Thus eqs. (2.11) read

α_1G_{ij}β̇^iβ̇^j − α_2e^{−2γ} G_{ijkl}β̇^iβ̇^jβ̇^kβ̇^l = 0, (2.14) d dt [2α_1G_{ij}e^{−γ+γ0}β̇^j − 4 3 α_2e^{−3γ+γ0} G_{ijkl}β̇^jβ̇^kβ̇^l] − L = 0, (2.15)

i = 1, . . . , n. Due to (2.14), L = 2 3 e^{−γ+γ0} α_1G_{ij}β̇^iβ̇^j. (2.16)

3 Exact solutions in “pure” Gauss-Bonnet model

Now we put α_1 = 0 and α_2 ≠ 0, i.e. we consider the cosmological model governed by the action S_2 = α_2 ∫ M d^Dz √ |g|L_2[g]. (3.1) The equations of motion (2.11) in this case read

E^{(2)}_{MN} = R^{(2)}_{MN} − 1 2 L_2g_{MN} = 0, (3.2) where R^{(2)}_{MN} = 2(R_{MP QS}R^{P QS}_N − 2R_{MP} R^P_N −2R_{MP NQ}R^{P Q} + RR_{MN} ). (3.3) Due to the identity g^{MN} R^{(2)}_{MN} = 2L_2 the set of eqs. (3.2) for D ≠ 4 implies L_2 = 0. (3.4) It is obvious that the set of equations (3.2) is equivalent for D ≠ 4 to the set of equations R^{(2)}_{MN} = 0. (3.5) The equations of motion (2.14), (2.15) in this case read G_{ijkl}β̇^iβ̇^jβ̇^kβ̇^l = 0, (3.6) d dt [ e^{−3γ+γ0} G_{ijkl}β̇^jβ̇^kβ̇^l ] = 0, (3.7) i = 1, . . . , n. Here L = 0 due to (3.6).

Let us put β̈^i = 0 for all i, or equivalently, β^i = c^it + c^i_0, (3.8) where c^i and c^i_0 are constants, i = 1, . . . , n.

We also put 3γ = γ_0 = n∑ i=1 β^i, (3.9) i.e. a modified “harmonic” time variable is used. Recall that in the case α_1 ≠ 0 and α_2 = 0, the choice γ = γ_0 corresponds to the harmonic time variable t [31].

Then, eqs. (3.7) are satisfied identically and eq. (3.6) gives us the following constraint G_{ijkl}c^ic^j c^kc^l = 24 ∑ i<j<k<l c^ic^j c^kc^l = 0. (3.10)

Thus we have obtained an exact cosmological solution for the Gauss-Bonnet model (3.1), given by the metric (2.2) with the functions β^i(t) and γ(t) from (3.8) and (3.9), respectively, and the integration constants c^i obeying (3.10).

3.1 Power-law solutions

Let us consider the solutions with ∑_n i=1 c^i ≠ 0.

Introducing the synchronous time variable τ =^1_c exp(ct + c_0), where c =^1_3 ∑_n i=1 c^i, c_0 =^1_3 ∑_n i=1 c^i_0, and defining the new parameters p^i = c^i/c, A_i = exp[c^i_0 + p^i(ln c − c_0)], we get the power-law solution with the metric g = −dτ ⊗ dτ + n∑ i=1 A^2_i τ^{2pi} dy^i ⊗ dy^i, (3.11)

where A_i > 0 are arbitrary constants, and the parameters p^i obey the relations n∑ i=1 p^i = 3, (3.12) G_{ijkl}p^ip^j p^kp^l = 24 ∑ i<j<k<l p^ip^jp^kp^l = 0. (3.13)

This solution is singular for any set of parameters [22]. For n = 4, 5 it was obtained in [5].

Example 1. Let D = 6 and p_i ≠ 0, i = 1, . . . , 5. Then the relations (3.12) and (3.13) read

p^1 + p^2 + p^3 + p^4 + p^5 = 3, (3.14)

p^1p^2p^3p^4p^5 ( 1 p^1 + 1 p^2 + 1 p^3 + 1 p^4 + 1 p^5 ) = 0. (3.15)

Let us put p^1 = x > 0, p^2 =^1_x , p^3 = z > 0, p^4 = y < 0, p^5 =^1_y . Then we get x + 1 x + z + y + 1 y = 3, x + 1 x + 1 z + y + 1 y = 0. (3.16)

Subtracting the second relation in (3.16) from the first one, we obtain z −^1_z = 3 or z = 1 2 (3+ √ 13) (z > 0). For any x > 0 there are two solutions y = y_±(x) =^1_2 (−A± √ A^2 − 4), where A = x +^1_x +^1_z > 2.

Proposition. For D > 4, the metric (3.11) is a solution to eqs. of motion (3.2) if and only if the set of parameters p = (p^1, ..., p^n) either obeys the relations (3.12) and (3.13), or p = (a, b, 0, ..., 0), (a, 0, b, 0, ..., 0), . . ., where a, b are arbitrary real numbers.

This proposition is proved in Appendix C (for D = 5, 6 see also [5]). For D = 2, 3, 4 the metric (3.11) gives a solution to the equations of motion (3.2) for any set of parameters p^i.

3.2 Exponential solutions

Now we consider solutions with ∑_n i=1 c^i = 0. Introducing the synchronous time variable τ = t exp(c_0) where c_0 =^1_3 ∑_n i=1 c^i_0 and defining the new parameters v^i = c^i exp(−c_0), B_i = exp(c^i_0), we get a non-singular cosmological solution with the metric g = −dτ ⊗ dτ + n∑ i=1 B^2_i e^{2viτ} dy^i ⊗ dy^i, (3.17) where B_i > 0 are arbitrary constants, and parameters v^i obey the relations n∑ i=1 v^i = 0, (3.18) G_{ijkl}v^iv^jv^kv^l = 24 ∑ i<j<k<l v^iv^jv^kv^l = 0. (3.19)

Example 2. Let D = 6 and v_i ≠ 0, i = 1, . . . , 5. The relations (3.18) and (3.19) read in this case

v^1 + v^2 + v^3 + v^4 + v^5 = 0, (3.20)

v^1v^2v^3v^4v^5 ( 1 v^1 + 1 v^2 + 1 v^3 + 1 v^4 + 1 v^5 ) = 0. (3.21)

We put v^1 = x > 0, v^2 =^1_x , v^3 = 1, v^4 = y < 0, v^5 =^1_y . Then we get x + 1 x + 1 + y + 1 y = 0, (3.22)

For any x > 0 there are two solutions of (3.22): y = y_±(x) =^1_2 (−B ± √ B^2 − 4), where B = x +^1_x + 1 ≥ 3.

Remark. For D = 4, or n = 3, the equations of motion (3.6), (3.7) are satisfied identically for arbitrary (smooth) functions β^i(t) and γ(t). This is in an agreement with the fact that in dimension D = 4 the action (3.1) is a topological invariant, and its variation vanishes identically.

4 Reduction to an autonomous set of first-order differential equations

Now we put γ = 0, i.e. the “synchronous” time gauge is considered. We denote t = τ. By introducing the “Hubble-like” variables h^i = β̇^i we rewrite eqs. (2.14) and (2.15) in the following form:

α_1G_{ij}h^ih^j − α_2G_{ijkl}h^ih^jh^kh^l = 0, (4.1) [ 2α_1G_{ij}h^j − 4 3 α_2G_{ijkl}h^jh^kh^l ]_n∑ s=1 h^s + d dτ [ 2α_1G_{ij}h^j − 4 3 α_2G_{ijkl}h^jh^kh^l ] − L = 0, (4.2)

i = 1, . . . , n, where L = α_1G_{ij} h^ih^j − 1 3 α_2G_{ijkl}h^ih^j h^kh^l, (4.3)

see also [5].

Due to (4.1), L =^2_3 α_1G_{ij}h^ih^j . Thus we obtain an autonomous set of first order differential equations with respect to h^1(τ), ..., h^n(τ).

Here we may use the relations (2.7), (2.8) and the following formulae (with v^i = h^i)

G_{ij}v^j = v^i − S_1, (4.4) G_{ijkl}v^jv^kv^l = S^3_1 + 2S_3 − 3S_1S_2 + 3(S_2 − S^2_1 )v^i + 6S_1(v^i)^2 − 6(v^i)^3, (4.5)

i = 1, . . . , n, where S_k = S_k(v) = ∑_n i=1(v^i)^k.

Let us consider a fixed point of the system (4.1), (4.2): h^i(τ) = v^i, where the constant vector v = (v^i) corresponds to the solution

β^i = v^iτ + β^i_0, (4.6)

β^i_0 are constants, and i = 1, . . . , n. In this case we obtain the metric (3.17) with the exponential dependence of the scale factors. (Another solution with h^i(τ) = p^i/τ was obtained earlier in subsection 3.2.)

Now we put α_1 ≠ 0 and α_2 ≠ 0. For fixed the point v = (v^i) we have the set of polynomial equations G_{ij} v^iv^j − αG_{ijkl}v^iv^jv^kv^l = 0, (4.7) [ 2G_{ij}v^j − 4 3 αG_{ijkl}v^j v^kv^l ]_n∑ s=1 v^s − 2 3 G_{ij} v^iv^j = 0, (4.8)

i = 1, . . . , n, where α = α_2/α_1. For n > 3 it is a set of forth-order polynomial equations.

The trivial solution v = (v^i) = (0, ..., 0) corresponds to a flat metric g. For any nontrivial solution v we have ∑_n i=1 v^i ≠ 0 (otherwise one gets from (4.8) G_{ij}v^iv^j = ∑_n i=1(v^i)^2 − ( ∑_n i=1 v^i)^2 = 0 and hence v = (0, . . . , 0)).

Let us consider the isotropic case v^1 = ... = v^n = a. The set of equations (4.7), (4.8) is equivalent to the equation

n(n − 1)a^2 + αn(n − 1)(n − 2)(n − 3)a^4 = 0. (4.9)

For n = 1, a is arbitrary, and a = 0 for n = 2, 3. If n > 3 the nonzero solution to eq. (4.9) exists only if α < 0, and in this case a = ± 1 √ |α|(n − 2)(n − 3) . (4.10)

Here arises the problem of classification of all solutions to eqs. (4.7), (4.8) for given n . Some special solutions of the form (a, ..., a, b, ..., b), e.g., in the context of cosmology with two factor spaces, for certain dimensions were considered in literature, see, e.g., [6, 7, 8, 12].

Let us outline three properties of the solutions to the set of polynomial equations (4.7), (4.8):

i) For any solution v = (v^1, ..., v^n), the vector (−v) = (−v^1, ..., −v^n) is also a solution; ii) For any solution v = (v^1, ..., v^n) and for any permutation σ of the set of indices {1, ..., n}, the vector v = (v^{σ(1)}, ..., v^{σ(n)}) is also a solution;

iii) For any nontrivial solution v = (v^1, ..., v^n) ≠ (0, ..., 0) there are no more than three different numbers among v^1, ..., v^n.

The first proposition is trivial. The second one simply follows from the relations (2.7), (2.8), (4.4), (4.5).

Let us prove the third proposition. Suppose that there exists a nontrivial solution v = (v^1, ..., v^n) with more than three different numbers among v^1, ..., v^n. Due to (4.5), (4.8) and ∑_n i=1 v^i ≠ 0, any number v^i obeys the cubic equation C_0 +C_1v^i +C_2(v^i)^2 +C_3(v^i)^3 = 0, with C_3 ≠ 0, i = 1, . . . , n, and hence at most three numbers among v^i may be different. Thus we obtain a contradiction. The proposition iii) is proved.

This implies that in future investigations of solutions to eqs. (4.7), (4.8) for arbitrary n we will to consider three nontrivial cases such that: 1) v = (a, ..., a) (see (4.10)); 2) v = (a, ..., a, b, ..., b) (a ≠ b); and 3) v = (a, ..., a, b, ..., b, c, ..., c) (a ≠ b, b ≠ c, a ≠ c). One may also put a > 0 due to item i).

5 Conclusions and discussions

We have considered the (n + 1)-dimensional Einstein-Gauss-Bonnet model. For diagonal cosmological metrics, we have written the equations of motion as a set of Lagrange equations (see also [5]) with the effective Lagrangian governed by two “minisuperspace” metrics on R^n : (i) the pseudo-Euclidean 2-metric (corresponding to the scalar curvature term) and (ii) the Finslerian 4-metric (corresponding to the Gauss-Bonnet term). The Finslerian 4-metric is proportional to the n-dimensional Berwald-Moor 4-metric (it is a special case of the Shimada quartic metric [25]). Thus we have found rather a natural and “legitimate” application of the n-dimensional Berwald-Moor metric (n = 4, 5, . . .) in (n + 1)-dimensional gravity with a Gauss-Bonnet term. The effective Lagrangian (2.4) was considered earlier by N. Deruelle in [5] (for γ = 0). (See also [20] and references therein.) Here we put an additional accent on the Finslerian (Berwald-Moor) structure of the second term in (2.4).

For the case of the pure Gauss-Bonnet model, we have derived two exact solutions with power-law and exponential dependences of the scale factors on the synchronous time variable. The first (power-law) solution was obtained earlier by N. Deruelle for n = 4, 5 [5] and verified by A. Toporensky and P. Tretyakov for n = 6, 7 [9]. In [20] this solution was verified for all n.

When the synchronous time gauge was considered, the equations of motion were reduced to an autonomous set of first-order differential equations (see also [5]). For α_1 ≠ 0 and α_2 ≠ 0 it was shown that for any nontrivial solution with the exponential time dependence of the scale factors a_i(τ) = A_i exp(v^iτ), there are no more than three different numbers among v^1, ..., v^n. This means that solutions of this type have a restricted anisotropy. Such solutions may be used for construction of new cosmological solutions, e.g., describing an accelerated expansion of our 3-dimensional factor space and small enough variation of the effective gravitational constant. For this approach see [29, 30] and references therein.

Here an open problem arises: do the solutions (1.3), (1.4) with “jumping” parameters p^i, A_i appear as asymptotic solutions in EGB gravity (for some n) when approaching a singular point? Recall that the Kasner-type solutions with “jumping” parameters p^i, A_i describe an approach to a singular point in certain gravitational models, e.g., with matter sources, see [32, 33, 34, 35, 36, 37, 38] and references therein. This problem may be a subject of separate investigations. [Worth mentioning is the paper by T. Damour and H. Nicolai [39], which includes a study of the effect of the 4th order (in curvature) gravity terms, including the Euler-Lovelock term (octic in velocities), and its compatibility with the Kac-Moody algebra E_{10}.]

Other applications of the Lagrange approach considered in [5] and in the present paper will be connected with inclusion of scalar fields and a generalization to the Lowelock model [21] (see also [5, 20]).

Acknowledgments

This work was supported in part by the Russian Foundation for Basic Research grant No. 09-02-00677-a. The author is also grateful to A.V. Toporensky and D.G. Pavlov for stimulating lectures and discussions.

Appendix

A (1 + n)-splitting

Consider the metric defined on R_∗ × R^n (R_∗ = (t_−, t_+) is an open subset in R) g = −e^{2γ(t)}dt ⊗ dt + n∑ i,j=1 h_{ij}(t)dy^i ⊗ dy^j. (A.1)

Here (h_{ij}(t)) is a symmetric nondegenerate matrix for any t ∈ R_∗ , smoothly depending on u. The function γ(t) is smooth.

Calculations give the following nonvanishing (identically) components of the Riemann tensor

R_{0i0j} = −R_{i00j} = −R_{0ij0} = R_{i0j0} = 1 4 [−2ḧ_{ij} + 2γ̇ḣ_{ij} + ḣ_{ik}h^{kl}ḣ_{lj}], (A.2) R_{ijkl} = 1 4 e^{−2γ} (ḣ_{ik}ḣ_{jl} − ḣ_{il}ḣ_{jk}), (A.3)

i, j, k, l = 1, . . . , n, where h^{−1} = (h^{ij} ) is the matrix inverse to the matrix h = (h_{ij}). We denote Ȧ = dA/dt etc.

For nonzero (identically) components of the Ricci tensor we get

R_{00} = 1 2 [−h^{il}ḧ_{li} + 1 2 h^{ij}ḣ_{jk}h^{kl}ḣ_{li} + h^{ik}ḣ_{ki}γ̇], (A.4) R_{ij} = 1 4 e^{−2γ} [2ḧ_{ij} + ḣ_{ij}(h^{kl}ḣ_{lk} − 2γ̇) − 2ḣ_{ik}h^{kl}ḣ_{lj} ], (A.5) i, j = 1, . . . , n. The scalar curvature reads R = 1 4 e^{−2γ} [4tr(ḧh^{−1}) + tr(ḣh^{−1})(tr(ḣh^{−1}) − 4γ̇) − 3tr(ḣh^{−1}ḣh^{−1})]. (A.6)

B f-function

The function f in (2.3) has the following form (see [5] for γ = 0)

f = α_1f_1 + α_2f_2, (B.1) where

f_1 = 2e^{−γ+γ0} n∑ i=1 β̇^i, (B.2)

f_2 = 4 3 e^{−3γ+γ0} [ 2 n∑ i=1 (β̇^i)^3 − 3( n∑ i=1 β̇^i)^n ∑ j=1 (β̇^i)^2 + ( n∑ i=1 β̇^i)^3 ] . (B.3)

The function f_2 may be rewritten as follows:

f_2 = 4 3 e^{−3γ+γ0} G_{ijk}β̇^iβ̇^jβ̇^k, (B.4)

where G_{ijk} = (δ_{ij} − 1)(δ_{ik} − 1)(δ_{jk} − 1) (B.5) are components of a Finslerian 3-metric.

C Proof of the Proposition in Sec. 3.1

The equations of motion (4.1) and (4.2) corresponding to the metric (3.11) with h^i = p^i/τ (here α_1 = 0 and α_2 ≠ 0) read A ≡ G_{ijkl}p^ip^jp^kp^l = 0, (C.1) D_i ≡ G_{ijkl}p^j p^kp^l = 0, (C.2) i = 1, . . . , n. Let D = n + 1 ≠ 4 and B ≡ 1 (n − 3) n∑ i=1 D_i, C_i ≡ 1 3 (B − D_i), (C.3) i = 1, . . . , n. For D ≠ 4 the set of eqs. (C.1), (C.2) is equivalent to the following set of equations:

A = S^4_1 − 6S^2_1 S_2 + 3S^2_2 + 8S_1S_3 − 6S_4 = 24 ∑ i<j<k<l p^ip^jp^kp^l = 0, (C.4)

B = (S_1 − 3)(S^3_1 − 3S_1S_2 + 2S_3) = 6(S_1 − 3) ∑ i<j<k p^ip^jp^k = 0, (C.5)

C_i = (S_1 − 3)p^i[2(p^i)^2 − 2S_1p^i + S^2_1 − S_2] = 0, (C.6) i = 1, . . . , n. Here S_k = S_k(p) = ∑_n i=1(p^i)^k, and we have used the identities (2.8), (4.5) and the following identity:

S^3_1 − 3S_1S_2 + 2S_3 = G_{ijk}p^ip^jp^k = 6 ∑ i<j<k p^ip^j p^k, (C.7)

where G_{ijk} are defined in (B.5).

For S_1 = 3 we obtain the main solution governed by the relations (3.12) and (3.13).

Now consider another case, S_1 ≠ 3. Let k be the number of all nonzero numbers among p^1, ..., p^n. For k = 0 we get the trivial solution (0, ..., 0). Let k ≥ 1. We suppose without loss of generality that p^1, ..., p^k are nonzero. For k = 1, 2 all relations (C.4)-(C.6) are satisfied identically. In all three cases k = 0, 1, 2 the solutions have the form (a, b, 0.., 0) (plus permutations for the general setup).

Consider k ≥ 3. From (C.6) and S_1 ≠ 3 we obtain

2(p^i)^2 − 2S_1p^i + S^2_1 − S_2 = 0, (C.8)

i = 1, . . . , k. Summing over i gives us (2 − k)(S_2 − S^2_1 ) = 0, or S_2 = S^2_1 . Then we obtain from (C.5) S_3 = S^3_1 and from (C.4): S_4 = S^4_1 . Thus we get S_4 = S^2_2 implying Σ = ∑ 1≤i<j≤k(p i)^2(p^j)^2 = 0. But Σ ≥ (p^1)^2(p^2)^2 > 0. Thus we obtain a contradiction.

That means that for S_1 ≠ 3 we have only solutions with k ≤ 2 of the form (a, b, 0.., 0) (plus permutations for general setup). The Proposition in Subsection 3.1 is proved.

References

[1] D. Gross and E. Witten, Nucl. Phys. B 277, 1 (1986).

D.J. Gross and J. H. Sloan, Nucl. Phys. B 291, 41 (1987); R.R. Metsaev and A.A. Tseytlin, Phys. Lett. B 191, 354 (1987); R.R. Metsaev and A.A. Tseytlin, Nucl. Phys. B 293, 385 (1987).

[2] B. Zwiebach, Phys. Lett. B 156, 315 (1985).

[3] S. Nojiri and S.D. Odintsov, Int. J. Geom. Meth. Mod. Phys. 4, 115-146 (2007);

hep-th/0601213.

[4] G. Cognola, E. Elizalde, S. Nojiri, S.D. Odintsov and S. Zerbini, One-loop effective action for non-local modified Gauss-Bonnet gravity in de Sitter space, arXiv: 0905.0543.

[5] N. Deruelle, Nucl. Phys. B 327, 253-266 (1989).

[6] H. Ishihara, Phys. Lett. B 179, 217 (1986).

[7] E. Elizalde, A.N. Makarenko , V.V. Obukhov , K.E. Osetrin and A.E. Filippov, Phys. Lett.

B 644, 1-6 (2007); hep-th/061121.

[8] K. Bamba, Z.-K. Guo and N. Ohta, Prog. Theor. Phys., 118, 879-892 (2007), arXiv:

0707.4334.

[9] A. Toporensky and P. Tretyakov, Grav. Cosmol. 13, 207-210 (2007); arXiv: 0705.1346.

[10] I.V. Kirnos, A.N. Makarenko, S.A. Pavluchenko and A.V. Toporensky, The nature of singularity in multidimensional anisotropic Gauss-Bonnet cosmology with a perfect fluid, arXiv: 0906.0140.

[11] S.A. Pavluchenko and A.V. Toporensky, Mod. Phys. Lett. A 24, 513-521 (2009).

[12] I.V. Kirnos and A.N. Makarenko, Accelerating cosmologies in Lovelock gravity with dilaton, arXiv: 0903.0083.

[13] M. Kowalski, D. Rubin et al., Improved cosmological constraints from new, old and combined supernova datasets, arXiv: 0804.4142.

[14] D.G. Boulware and S. Deser, Phys. Rev. Lett. 55, 2656 (1985);

J.T. Wheeler, Nucl. Phys. B 268, 737 (1986). [15] J.T. Wheeler, Nucl. Phys. B 273, 732 (1986);

D.L. Wiltshire, Phys. Lett. B 169, 36 (1986); R.G. Cai, Phys. Rev. D 65, 084014 (2002);

M. Cvetic, S. Nojiri and S.D. Odintsov, Nucl. Phys. B 628, 295 (2002). [16] C. Garraffo and G. Giribet, Mod. Phys. Lett. A 23, 1801 (2008), arXiv: 0805.3575;

C. Charmousis, Lect. Notes Phys. 769, 299 (2009), arXiv: 0805.0568.

[17] K.A. Bronnikov, S.A. Kononogov and V.N. Melnikov, Gen. Rel. Grav. 38, 1215-1232 (2006);

arXiv: gr-qc/0601114.

[18] E. Kasner, Amer. J. Math., 3, 217 (1921).

[19] C. Lanczos, Z. Phys. 73, 147 (1932); Ann. Math. 39, 842 (1938).

[20] S.A. Pavluchenko, On the general features of Bianchi-I cosmological models in Lovelock gravity, arXiv: 0906.0141.

[21] D. Lowelock, J. Math. Phys. 12, No. 3, 498-501 (1971).

[22] V.D. Ivashchuk, On cosmological type solutions in multidimensional model with Gauss- Bonnet term, submitted to IJGMMP.

[23] L. Berwald, Ann. Math. 48, 755-781, (1947). [24] A. Moór, Ergänzung, Acta Math. 91, 187-188 (1954). [25] H. Shimada, On Finsler spaces with the metric L =^m √ a_{i1i2...im} (x)y^{i1} y^{i2} ...y^{im} , Tensor N.S.

33, 365-372 (1979).

[26] G.S. Asanov and S.F. Ponomarenko, Finsler bundle on space-time, associated gauge fields and connections, Shtiintsa, Kishinyov, 1988 (in Russian).

[27] G. Bogoslovsky, SIGMA 4, 045, 21 pages, (2008); arXiv: 0712.1718. [28] G.I. Garas’ko and D.G. Pavlov, Construction of the pseudo Riemannian geometry on the base of the Berwald-Moor geometry; math-ph/0609009.

[29] V. Baukh and A. Zhuk, Phys Rev. D 73, 104016 (2006).

[30] V.D. Ivashchuk, S.A. Kononogov and V.N. Melnikov, Grav. Cosmol. 14, No. 3, 235-240 (2008); arXiv: 0901.0025.

[31] V.D. Ivashchuk, V.N. Melnikov and A.I. Zhuk, Nuovo Cimento B 104, No 5, 575-581 (1989).

[32] V.A. Belinskii, E.M. Lifshitz and I.M. Khalatnikov, Usp. Fiz. Nauk 102, 463 (1970) (in Russian); Adv. Phys. 31, 639 (1982).

[33] J. Demaret, M. Henneaux and P. Spindel, Phys. Lett. B 164, 27 (1985). [34] V.D. Ivashchuk, A.A. Kirillov and V.N. Melnikov, Izv. Vuzov (Fizika) 11, 107-111 (1994) (in Russian) [Russian Physics Journal 37, 1102 (1994)]; Pis’ma ZhETF 60, No 4, 225-229 (1994) (in Russian) [JETP Lett. 60, 235 (1994)].

[35] V.D. Ivashchuk and V.N. Melnikov, Class. Quantum Grav. 12, No 3, (1995), 809-826;

gr-qc/9407028; J. Math. Phys. 41, No 9, 6341-6363 (2000); hep-th/9904077. [36] T. Damour and M. Henneaux, Phys. Rev. Lett. 85, 920 (2000); hep-th/0003139. [37] T. Damour, M. Henneaux and H. Nicolai, topical review, Class. Quantum Grav. 20, R145- R200 (2003); hep-th/0212256.

[38] V.D. Ivashchuk and V.N. Melnikov, Grav. Cosmol. 15, No. 1, 49-58 (2009); arXiv:

0811.2786.

[39] T. Damour and H. Nicolai, Class. Quantum Grav. 22, 2849-2879 (2005).