arXiv:0909.5613v4 [hep-th] 6 Jan 2011

KIAS-P09044

Morita Equivalence of Noncommutative Supertori

Ee Chang-Young^1 Department of Physics, Sejong University, Seoul 143-747, Korea

Hoil Kim^2 Department of Mathematics, Kyungpook National University, Taegu 702-701, Korea and Hiroaki Nakajima^3 Department of Physics and Institute of Basic Science Sungkyunkwan University, Suwon 440-746, Korea

ABSTRACT

In this paper we study the extension of Morita equivalence of noncommutative tori to the supersymmetric case. The structure of the symmetry group yielding Morita equivalence appears to be intact but its parameter field becomes supersymmetrized having both body and soul parts. Our result is mainly in the two dimensional case in which noncommutative supertori have been constructed recently: The group SO(2, 2, V^0_Z), where V^0_Z denotes Grassmann even number whose body part belongs to Z, yields Morita equivalent noncommutative supertori in two dimensions.

PACS: 02.40.Gh 11.30.Pb

1cylee@sejong.ac.kr 2hikim@knu.ac.kr 3nakajima@skku.edu

1 Introduction

In the work of Connes, Douglas, and Schwarz [1] Morita equivalence of two dimensional noncommutative tori resulting from toroidal compactifications of M(atrix) theory was mentioned in relation with T-duality in string theory [2, 3]. Then it was proved by Rieffel and Schwarz [4] that the actions of the group SO(n, n, Z) on an antisymmetric n × n matrix Θ which represents noncommutativity parameters for an n-dimensional noncommutative torus yield Morita equivalent tori. Then Schwarz [5] showed that compactifications on Morita equivalent tori are physically equivalent, corresponding to T-duality in string theory.

Recently, Berkovits and Maldacena [6] showed that tree level superstring theories on certain supersymmetric back grounds are related by the shift symmetry of a certain fermionic coordinate, which they called “fermionic” T-duality. This is very similar to bosonic T-duality in the sense that it is a symmetry under a shift of a coordinate. Bosonic T-duality is related with torus compactification. This naturally leads us to an expectation that the fermionic T-duality might be related to supertorus compactification. On the other hand, the fermionic T-duality relates different RR field backgrounds [6]. Furthermore, the background RR field leads to a non(anti)commutative superspace [7]. This makes us think that the fermionic T-duality might be related with the compactification on noncommutative supertorus rather than on commutative supertorus. In order to further investigate this idea, we have to understand Morita equivalence of noncommutative supertori first, since in the bosonic case it has been shown that T-duality corresponds to Morita equivalence of noncommutative tori [5]. As a step in that direction, we will study the Morita equivalence of noncommutative supertori in this paper.

Commutative supertorus was constructed by Rabin and Freund [8] based on the work of Crane and Rabin [9] on super Riemann surfaces. The supertorus was obtained as a quotient of superplane by a subgroup of superconformal group Osp(1|2) which acts properly discontinuously on the plane together with the metrizable condition. These two conditions boil down to proper latticing of the superplane, and can be expressed as appropriate translation properties along the cycles of the torus. Noncommutative tori can be constructed by embedding a lattice [10, 11, 12, 13] into Heisenberg group [14, 15, 16]. The lattice embedding determines how the generators of noncommutative torus, which correspond to the translation operators along the cycles of commutative torus, would act on the module of noncommutative torus.

Based on the construction of super Heisenberg group [17] as a central extension of ordinary superspace, the embedding maps for noncommutative supertori in two dimensions were obtained in [18]. Based on this construction of noncommutative supertori, here we study Morita equivalence of noncommutative supertori by investigating symmetry actions that give dual embedding maps, i.e., finding the endomorphisms of the module that yield Morita equivalent tori.

The paper is organized as follows. In section 2, we review Morita equivalence in relation with the group SO(n, n, Z) in the bosonic noncommutative n-tori case. In section 3, we briefly recall the construction of noncommutative supertori, then consider the Morita equivalence of noncommutative supertori in a general setting and identify symmetry operators yielding Morita equivalent tori. When restricted to the two dimensional case, this yields the symmetry group SO(2, 2, V^0_Z) where V^0_Z denotes Grassmann even number whose body part belongs to Z. We conclude in section 4.

2 Morita equivalence in the bosonic case

In this section we review Morita equivalence of noncommutative tori in the bosonic case in line with the work of Rieffel and Schwarz [4]. In general, Morita equivalence relates two algebras A and Â in such a way that for every A-module R there exists Â-module R̂ where the correspondence R → R̂ is an equivalence of categories of A-modules and Â-modules. More specifically, (strong) Morita equivalence of C^∗-algebra can be defined as follows. If we consider a finite projective right module E over a C^∗-algebra A, then the algebra End_AE of endomorphisms of E has a canonical structure as a C^∗-algebra. We say that a C^∗-algebra A^′ is (strongly) Morita equivalent to A if it is isomorphic to End_AE for some finite projective module E.

An n-dimensional noncommutative torus(A^n_θ ) is an associative algebra with involution having unitary generators U_1, . . . , U_n obeying the relations U_iU_j = e^{2πiθij} U_jU_i, i, j = 1, . . . , n, (1) where (θ_{ij} ) form a real n × n anti-symmetric matrix Θ.

Let D be a lattice in G = M × M̂, where M = R^p × Z^q with 2p + q = n and M̂ is its dual. The embedding map Φ under which D is the image of Z^n determines a projective module E on which the algebra of noncommutative torus acts. In the Heisenberg representation the operators U’s are defined by U_{(m,ŝ)}f(r) = e^{2πi<r,ŝ>}f(r + m), m, r ∈ M, ŝ ∈ M̂, f ∈ E, (2) where < r, ŝ > is a usual inner product between M and M̂. In this representation, we can easily get the antisymmetric matrix Θ characterizing noncommutative torus as follows. U_{(m,ŝ)}U_{(n,t̂)}f(r) = e^{2πi(<r,ŝ+t̂>+<m,t̂>)}f(r + m + n), = e^{2πi<m,t̂>}U_{(m+n,ŝ+t̂))}f(r), (3) where m, n, r ∈ M, ŝ, t̂ ∈ M̂, f ∈ E, and thus U_{(m,ŝ)}U_{(n,t̂)} = e^{2πi(<m,t̂>−<n,ŝ>)}U_{(n,t̂)}U_{(m,ŝ)}. (4) The Heisenberg cocycle β is defined by β((m, ŝ), (n, t̂)) = exp(2πi < m, t̂ >), (5) and the corresponding skew cocycle φ is defined by φ((m, ŝ), (n, t̂)) = exp(2πi(< m, t̂ > − < n, ŝ >)). (6) Denoting ⃗e_i := (m, ŝ), ⃗e_j := (n, t̂), θ_{ij} can be expressed as follows. θ_{ij} = ⃗e_i · J_0⃗e_j , where J_0 = ( 0 I −I 0 ) . (7) With the embedding map Φ = (⃗e_1, ⃗e_2, · · · , ⃗e_n), Θ is given by Θ = Φ^tJ_0Φ, where J_0 = ( 0 I −I 0 ) . (8)

In order to consider the endomorphisms of A^n_θ , we first consider the group O(n, n, R) on the space of T_n of real antisymmetric n × n matrices. The group O(n, n, R) can be considered as a group of linear transformations of the space R^{2n} preserving the quadratic form x_1x_{n+1} + x_2x_{n+2} + · · · + x_nx_{2n}. It is convenient to consider coordinates in R^{2n} as two ndimensional vectors (a^1, . . . , a^n, b_1, . . . , b_n) so that the quadratic form on R^{2n} can be written as a^ib_i. Thus we write the elements of O(n, n, R) in 2 × 2 block form g = ( A B C D ) . (9)

The blocks A, B, C, D are n × n matrices satisfying A^tC + C^tA = B^tD + D^tB = 0, A^tD + C^tB = 1, where^t denotes transpose. The action of O(n, n, R) on the space T_n is defined by the formula Θ^′ = gΘ := (AΘ + B)(CΘ + D)^{−1}. (10) Now, let T^0_n = {Θ ∈ T_n : gΘ is defined for all g ∈ SO(n, n, Z)}. (11) Then the following theorem holds [4].

Theorem. For Θ ∈ T^0_n and g ∈ SO(n, n, Z) the noncommutative torus corresponding to gΘ is Morita equivalent to the noncommutative torus corresponding to Θ.

For the proof of the above theorem, we first consider a suitable set of generators for SO(n, n, Z). In [4], it was shown as a lemma that the three elements, ρ(R), ν(N), and σ_2, which we describe below generate the group SO(n, n, Z).

1) For every matrix R ∈ GL(n, Z), ρ(R) ∈ SO(n, n, Z) defines the following transformations a^{′i} = R^i_ja^j , b^′_i = (R^{−1})^j_i b_j . (12) The action of ρ(R) on x = (a, b) with a, b ∈ R^n can be simply expressed as ρ(R)x = ( R^t 0 0 R^{−1} ) ( a b ) . (13)

2) For an antisymmetric n × n matrix N whose entries are n_{ij} ∈ Z the transformation ν(N) ∈ SO(n, n, Z) is defined as follows.

a^{′i} = a^i + n^{ij} b_j , b^′_i = b_i. (14)

3) For every integer k an element σ_k ∈ O(n, n, Z) defines the following transformations a^{′i} = b_i for 1 ≤ i ≤ k, a^{′i} = a^i for k < i ≤ n, b^′_i = a^i for 1 ≤ i ≤ k, b^′_i = b_i for k < i ≤ n. (15)

We refer the proof of the above lemma to Ref. [4], and proceed to the proof of the theorem. The proof of the theorem was done by showing that each action of the above generators of SO(n, n, Z) yields Morita equivalent torus.

For g = ρ(R), the noncommutative torus determined by Θ^′ = RΘR^t is Morita equivalent to the torus corresponding to Θ. This is because the two tori are isomorphic as we see below. For a general embedding, one can express an embedding vector ⃗x in terms of basis vectors {⃗e_i} as ⃗x = ∑_n 1 x_i⃗e_i where x_i ∈ Z, and ⃗e_i’s satisfy the relation (7). Then θ_{xy} for two embedding vectors ⃗x, ⃗y is given by θ_{xy} = n∑ i,j=1 (x_i⃗e_i) · J_0 (y_j⃗e_j) = n∑ i,j=1 x_iθ_{ij} y_j. (16)

Namely, we get U_xU_y = exp(2πi x^tΘy)U_yU_x, (17) where x = (x_1, . . . , x_n) and y = (y_1, . . . , y_n) belong to Z^n. Under the action of ρ(R), the transformed x is given by x^′ = ρ(R)x = R^tx, and thus

U_x′ U_y′ = exp(2πi (R^tx)^tΘ(R^ty))U_y′ U_x′ = exp(2πi x^tRΘR^ty)U_y′ U_x′ . (18)

Therefore, the two tori with Θ and Θ^′ = RΘR^t are isomorphic.

For ν(N) ∈ SO(n, n, Z), Θ^′ = ν(N)Θ is given by replacing θ_{ij} with θ^′_{ij} = θ_{ij} + n_{ij} for n_{ij} ∈ Z. This does not change the commutation relations among U_x, therefore A^n_θ′ and A^n_θ correspond to the same noncommutative torus.

To prove that A^n_θ′ with Θ^′ = σ_2 Θ is Morita equivalent to A^n_θ , we first prove it for any σ_{2p} with a positive integer p obeying 2p ≤ n. For this we consider Θ ∈ T_n in 2 × 2 block form whose top left part is a 2p × 2p matrix denoted by θ_{11},

Θ := ( θ_{11} θ_{12} θ_{21} θ_{22} ) . (19)

Then Θ^′ = σ_{2p} Θ = ( θ^{−1}_{11} −θ^{−1}_{11} θ_{12} θ_{21}θ^{−1}_{11} θ_{22} − θ_{21}θ^{−1}_{11} θ_{12} ) , (20)

and the noncommutative tori corresponding to Θ^′ and Θ are Morita equivalent. To prove this we first choose an invertible matrix T_{11} such that T^t_{11}J_0T_{11} = −θ_{11} where

J_0 = ( 0 I_p −I_p 0 ) . Then set T_{31} = θ^t_{12}, and T_{32} be any q × q matrix such that θ_{22} = T^t_{32} − T_{32} where q := n − 2p. Now, set a (n + q) × n matrix T as

T :=

T_{11} 0 0 I_q T_{31} T_{32} , (21)

and a (n + q) × (n + q) square matrix J as

J :=

J_0 0 0 0 0 I_q 0 −I_q 0 , (22)

then it can be shown that T^tJT = −Θ.

In [10], the endomorphism algebra is given by S(D^⊥, β) where

D^⊥ = {w ∈ G : φ(w, z) = 1 for all z ∈ D}, (23)

and β is restricted to D^⊥. For a natural isomorphism from Z^n to this D^⊥, we define an invertible (n + q) × (n + q) matrix

T̄ :=

T_{11} 0 0 0 I_q 0 T_{31} T_{32} I_q . (24)

It can be checked that T^tJx ∈ Z^n exactly if T̄^tJx ∈ Z^{n+q}. Since T̄ , J are invertible, the following holds viewed in G.

D^⊥ = (T̄^tJ)^{−1}(Z^{n+q}). (25)

Since the inverse of (T̄^tJ) is given by

(T̄^tJ)^{−1} =

−J_0(T^t_{11})^{−1} 0 J_0(T^t_{11})^{−1}T^t_{31} 0 0 −I_q 0 I_q −T^t_{32} , (26) we get the following desired embedding map

S = J_0(T^t_{11})^{−1} −J_0(T^t_{11})^{−1}T^t_{31} 0 I_q 0 T^t_{32} , (27)

which gives an isomorphism from Z^n onto D^⊥. One can now easily show that

S^tJS = σ_{2p} Θ. (28)

Note that here we have a freedom to choose the size of the component θ_{11} in (19), which is given by a 2p × 2p matrix, for any p within the range of 2 ≤ 2p ≤ n. Thus, the noncommutative tori corresponding to σ_{2p} Θ and σ_2 Θ are Morita equivalent, and this proves the last part of the theorem.

3 Noncommutative supertori and Morita equivalence

In this section, we first briefly review the construction of noncommutative supertori in two dimensions [18], then consider the Morita equivalence based on this constuction. In Ref. [18], the two cases were considered, N = (1, 1) and N = (2, 2). In the former case, the deformations consistent with supersymmetry turned out to be only bosonic ones. In the latter case, only the so-called Q-deformations are consistent with the super Heisenberg group structure of noncommutative supertori. Thus here we only consider N = (2, 2) with Q-deformation. The Q-deformation is defined by the Moyal product ∗ with the supercharge Q_±:

∗ = exp [ i 2 Θϵ^{μν} ←−−− ∂ ∂X^μ −−→ ∂ ∂X^ν − C 2 (←− Q_+ −→ Q_− + ←− Q_− −→ Q_+ )] . (29)

Here the supercharges Q_±, Q̄_± are defined by

Q_+ = ∂ ∂θ^+ − θ̄+ 2 ( ∂ ∂X^1 − i ∂ ∂X^2 ) Q_− = ∂ ∂θ^− − θ̄− 2 ( ∂ ∂X^1 + i ∂ ∂X^2 )

Q̄_+ = ∂ ∂θ̄^+ − θ^+ 2 ( ∂ ∂X^1 − i ∂ ∂X^2 ) Q̄_− = ∂ ∂θ̄^− − θ^− 2 ( ∂ ∂X^1 + i ∂ ∂X^2 ) . (30)

In the operator formalism, the nontrivial commutation relations among supercoordinates are given by

[X^1, X^2] = iΘ − i 2 Cθ̄^+θ̄^−, [X^1, θ^+] = 1 2 Cθ̄^−, [X^1, θ^−] = 1 2 Cθ̄^+, [X^2, θ^+] = i 2 Cθ̄^−, [X^2, θ^−] = − i 2 Cθ̄^+, [θ^+, θ^−] = C. (31) We note that the fermionic coordinates θ̄^+, θ̄^− appear as the central elements.

For supertori, there are two types of spin structures, even and odd. However, for the even spin structure there is no effect from supersymmetrization [18]. Thus we consider the N = (2, 2) case with odd spin structure. Setting the noncommutative parameters Θ =^1_{2π} and C = 1 [19], the generators U = U_1 and V = U_2 satisfy

UX^μU^{−1} = X^μ + e^μ_U , Uθ^±U^{−1} = θ^±, Uθ̄^±U^{−1} = θ̄^±, V X^μV^{−1} = X^μ + e^μ_V , V θ^±V^{−1} = θ^± + δ^±, V θ̄^±V^{−1} = θ̄^± + δ̄^±, (32) where the supercoordinates obey the algebra (31) and the lattice vectors e^μ_U and e^μ_V are given by e^μ_U =^t(1, 0), e^μ_V =^t ( Re(τ + θ̄^+δ^+ + θ^+δ̄^+), Im(τ + θ̄^+δ^+ + θ^+δ̄^+) ) . (33) Then the explicit form of U, V can be obtained as U = exp(2πis), V = exp [ 2πi(Re τ)s + (Im τ) ∂ ∂s + δ^+η + δ^− ∂ ∂η ] . (34) The commutation relation between U and V is given by UV = exp(−2πi Im τ)V U. (35) The embedding map can be written from (34) as

~Φ_Q =

U V ∂ ∂s 0 Im τ s 1 Re τ ∂ ∂η 0 δ^− η 0 δ^+

. (36)

We can compare this with the bosonic case where the noncommutativity parameter θ_{ij} is given by (7). If we write U := U_{⃗E1} and V := U_{⃗E2} with supersymmetric basis vectors ⃗E_1 and ⃗E_2, then the relation (4) becomes

U_{⃗E1} U_{⃗E2} = e^{2πi~θ12} U_{⃗E2} U_{⃗E1} , (37)

and the relation (7) becomes

~θ_{12} = ⃗E_1 · ~J_0 ⃗E_2 where ~J_0 = ( 0 I −I 0 ) 0 0 ( 0 I I 0 ) . (38)

We relegate the higher dimensional extension of this construction to the appendix.

We now consider Morita equivalence of noncommutative supertori in the R^p type embedding case. We consider the Grassmann algebra V over C , and decompose V into even and odd parts, V = V^0 ⨁ V^1. The noncommutativity parameters ~Θ for noncommutative supertori belongs to V^0. Rather than follow the approach used in the previous section, here we search for symmetry which yields Morita equivalence. We know from the previous section that the endomorphism algebra of the module of noncommutative torus is Morita equivalent to the given noncommutative torus and the condition is given by (23). This can be translated into

Φ^tJ_0Φ^′ = K, (39)

where Φ is the embedding map of the given torus and Φ^′ is the embedding map of the dual torus, and K is an n × n matrix whose elements belong to Z. The above relation can be put into the following form in the supersymmetric case:

~Φ^t ~J_0 ~Φ^′ = B^tJ_0B^′ + F^tĴ_0F^′ = ~K where J_0 = ( 0 I_p −I_p 0 ) , Ĵ_0 = ( 0 I_r I_r 0 ) , (40)

where ~Φ := ( B F ) and ~Φ^′ := ( B^′ F^′ ) are the embedding maps (here B, F represent bosonic and fermionic parts) of the given supertorus and the dual supertorus, respectively, and the elements of the matrix ~K belong to Z. Note that the entries of B, B^′ and F, F^′ belong to V^0 and V^1, respectively. Below we denote the antisymmetric noncommutativity parameter matrix ~Θ and show that it contains both bosonic and fermionic contributions even though ~Θ itself belongs to V 0:

~Θ = ~Φ^t ~J_0 ~Φ = B^tJ_0B + F^tĴ_0F. (41) Note that under the change of basis, the matrix ~K in the duality condition (40) can be any element in GL(n, Z).

From the condition (40) we can express the bosonic part of the dual embedding map as B^′ = −J_0B^{−t}( ~K − F^tĴ_0F^′). (42) Thus using the relation (41) we can express the noncommutativity matrix ~Θ^′ of the dual supertorus as ~Θ^′ = −( ~K − F^tĴ_0F^′)^tB^{−1}J_0J_0J_0B^{−t}( ~K − F^tĴ_0F^′) + F^{′t}Ĵ_0F^′, = −( ~K − F^tĴ_0F^′)^t(B^tJ_0B)^{−1}( ~K − F^tĴ_0F^′) + F^{′t}Ĵ_0F^′, (43) where we used J^{−1}_0 = −J_0. We can also express ~Θ^′ directly using the dual embedding map ~Φ′. From the relation (40) we have ~Φ^′ = (~Φ^t ~J_0)^{−1} ~K, (44)

thus ~Θ^′ = ~Φ^{′t} ~J_0 ~Φ^′

= ~K^t(~Φ^t ~J_0)^{−t} ~J_0(~Φ^t ~J_0)^{−1} ~K = ~K^t(~Φ^t ~J^t_0 ~Φ)^{−1} ~K. (45) Since ~J^t_0 = ( J_0 0 0 Ĵ_0 )_t = ( −J_0 0 0 Ĵ_0 ) , we can write ~Φ^t ~J^t_0 ~Φ = −Θ_B + Θ_F where we denote Θ_B := B^tJ_0B and Θ_F := F^tĴ_0F . Therefore (45) can be written as ~Θ^′ = ~K^t(−Θ_B + Θ_F )^{−1} ~K = − ~K^t ^Θ^{−1}_b ∞∑ m=0 (^Θ_s ^Θ^{−1}_b )^m ~K, (46) where ^Θ_b is the body part of Θ_B and ^Θ_s is the soul part of Θ_F − Θ_B . Note that the body parts of Θ_B and ~Θ are the same.

Now, let us consider σ_n = ( 0 I_n I_n 0 ) where n is the dimension of the torus. Its action is given by Eq. (10),

σ_n ~Θ = ~Θ^{−1} = (Θ_B + Θ_F )^{−1} = ~Θ^{−1}_b ∞∑ m=0 (−~Θ_s ~Θ^{−1}_b )^m, (47)

where ~Θ_b, ~Θ_s are the body and soul parts of ~Θ, respectively. Since ^Θ^{−1}_b in (46) and ~Θ^{−1}_b are the same, ~Θ^{−1} is just differ from ~Θ^′ in the soul part up to the action of ~K ∈ GL(n, Z) which generates Morita equivalent torus as we see below. The overall minus sign can be absorbed by the sign flip of a half of the basis vectors as in the bosonic case.

The relation (43) tells us that the soul part F^′ of the dual map is not restricted by the duality condition (40). Namely, if the two ~Θ’s have the same body parts and differed by the soul parts belonging to V^0, then the two corresponding tori are Morita equivalent. Thus we can say that σ_n generates Morita equivalent torus.

The above statement that the same body parts up to elements in V^0 yield equivalent tori dictates us another symmetry action of the following element of SO(n, n, V^0_Z) [20], ν( ~N) = ( I_n ~N 0 I_n )

where ~N is an antisymmetric n×n matrix whose entries are in V^0_Z and V^0_Z denotes Grassmann even number whose body part belongs to Z. The action of ν( ~N) is given as before by (10) ν( ~N)~Θ = ~Θ + ~N. (48) The “rotation” by ρ(R̃) ∈ SO(n, n, V^0_Z) can be similarly considered as in the bosonic case. We consider ρ(R̃) ∈ SO(n, n, V^0_Z) given by

ρ(R̃) = ( R̃t 0 0 R̃^{−1} ) ,

where R̃ ∈ GL(n, V^0_Z). When a basis { ⃗E_i} (i = 1, 2, · · · , n) is given, we can consider a general embedding vector ⃗X in terms of given basis such as ⃗X = ∑_n 1 X_i ⃗E_i where X_i ∈ V^0_Z, and ⃗E_i’s satisfy the relation (52). Then ~θ_{XY} for two general embedding vectors ⃗X and ⃗Y is given by ~θ_{XY} =^n ∑ i,j=1 (X_i ⃗E_i) · ~J_0 (Y_j ⃗E_j ) = n∑ i,j=1 X_i ~θ_{ij} Y_j. (49)

Namely, U_X U_Y = exp(2πi X^t ~ΘY )U_Y U_X , (50) where X = (X_1, . . . , X_n) and Y = (Y_1, . . . , Y_n). Under the action of ρ(R̃), the transformed X is given by X^′ = ρ(R̃)X = R̃^tX, and thus

U_X′ U_Y ′ = exp(2πi (R̃^tX)^t ~Θ(R̃^tY ))U_Y ′ U_X′ = exp(2πi X^tR̃ ~ΘR̃^tY )U_Y ′ U_X′ . (51)

Therefore, the two tori with ~Θ and ~Θ^′ = R̃~ΘR̃^t are isomorphic. In (43) we can see that the action of ρ(R̃) is already incorporated in the transformation to the dual torus. There we see that R̃ appears as ( ~K − F^tĴ_0F^′)^t acting on the body part of σ_n ~Θ. Since ~Θ’s with the same body part are Morita equivalent, ρ(R̃)Θ_B^{−1} in (43) is equivalent to ρ(R̃)~Θ^{−1}.

So far, we have shown that the three elements ρ(R̃), ν( ~N) with R̃, ~N ∈ V^0_Z, and σ_n yield Morita equivalent noncommutative n-supertori. When n = 2, the group SO(2, 2, V^0_Z) is generated by these elements, ρ(R̃), ν( ~N) and σ_2. Therefore, we have the following result in the two dimensional case.

Theorem: If g ∈ SO(2, 2, V^0_Z), then the noncommutative supertorus corresponding to g ~Θ is Morita equivalent to the noncommutative supertorus corresponding to ~Θ in two dimensions.

4 Conclusion

In this paper, we show that the group SO(2, 2, V^0_Z) yields Morita equivalent noncommutative supertori in the two dimensional case. For the higher dimensional case (n > 2), we obtain the three elements belonging to the group SO(n, n, V^0_Z), which are ρ(R̃), ν( ~N) and σ_n that yield Morita equivalent tori. However, due to the absence of R^p × Z^q type embedding construction with nonzero q in the supersymmetric case we do not have σ_k with k < n. Thus for the moment, we are short of having SO(n, n, V^0_Z) symmetry group in the higer dimensional case.

Acknowledgments

The authors thank KIAS for hospitality during the time that this work was done. This work was supported by the National Research Foundation(NRF) of Korea grants funded by the Korea government(MEST), 2009-0075129(E.C.-Y.) and 2009-0070957(H.K.), and is a result of research activities (Astrophysical Research Center for the Structure and Evolution of the Cosmos (ARCSEC)) by grant No. R01-2006-000-10965-0 from the Basic Research Program supported by KOSEF(H.N.).

Appendix:

Noncommutative supertori in higher dimensions

Here we consider the construction of noncommutative supertori in higher dimensions with Q-deformation. Since the extended supersymmetries can be obtained from the higher dimensional ones by dimensional reductions, here we only consider the higher dimensional ones. First of all, we like to recall that the supersymmetrization of noncommutative torus with the embedding map of R^p × Z^q type, where the dimension of torus is n = 2p + q with nonzero q, is as yet unknown. This is because the supersymmetrization of noncommutative torus with nonzero q embedding case necessarily deals with a deformation of discrete(lattice) supersymmetry, and this is not well understood so far [21]. Thus here we only consider the vanishing q case, namely the supersymmetrization of noncommutative tori with R^p type embedding map.

In order to respect the property of Heisenberg group, we consider noncommutative supertori in higher dimensions with only odd spin structures and with Q-deformations. In this case, we can express the basis vectors in an embedding map as ⃗E_i = (x, α) ∈ R^{n|m} where i = 1, . . . , n and x, α are bosonic(Grassmann even) and fermionic(Grassmann odd) variables respectively. Notice also that in order to satisfy the structure of Heisenberg group we only consider the cases in which both n and m are even integers, say n = 2p and m = 2r. Now the noncommutativity parameter can be expressed as

~θ_{ij} = ⃗E_i · ~J_0 ⃗E_j where ~J_0 = ( 0 I_p −I_p 0 ) 0 0 ( 0 I_r I_r 0 ) . (52)

Therefore the antisymmetric noncommutativity parameter matrix ~Θ is given by

~Θ = ~Φ^t ~J_0 ~Φ, (53)

as in the bosonic case (8). Note that the embedding map ~Φ can be expressed in terms of basis vectors and can be decomposed of bosonic and fermionic parts as

~Φ = ( ⃗E_1 ⃗E_2 · · · ⃗E_n ) := ( B F ) , (54)

where B is the bosonic part of the embedding map given by a 2p × 2p matrix (here n = 2p) and F is the fermionic part of the embedding map given by a 2r × 2p matrix. Then (53) can be decomposed as

~Θ = B^tJ_0B + F^tĴ_0F where J_0 = ( 0 I_p −I_p 0 ) , Ĵ_0 = ( 0 I_r I_r 0 ) . (55)

In principle, in the R^p type embedding case there seems to be no obstruction to construct noncommutative supertori in higher dimensions. Namely, using the operators s,^∂_{∂s} , etc. and (a part of) supercharges which satisfy super Heisenberg algebra, we can construct noncommutative supertori. In general, we should consider some additional coordinates on superspace such as harmonic superspace [25] or projective superspace [26], if we want to contain supersymmetric field theory in higher dimensions. We leave this extended construction as an open issue.

References

[1] A. Connes, M.R. Douglas, and A. Schwarz, Noncommutative geometry and matrix theory: Compactification on tori, JHEP 9802 (1998) 003 [hep-th/9711162].

[2] J. Polchinski, String theory, vol.1,2 (Cambridge Univ. Press, Cambridge, 1998). [3] M.B. Green, J.H. Scwarz, and E. Witten, Superstring theory, vol.1,2 (Cambridge Univ.

Press, Cambridge, 1987).

[4] M.A. Rieffel and A. Schwarz, Morita equivalence of multidimensional noncommutative tori, Int. J. Math. 10 (1999) 289 [math.QA/9803057].

[5] A. Schwarz, Morita equivalence and duality, Nucl. Phys. B. 534 (1998) 720 [hep-th/9805034].

[6] N. Berkovits and J. Maldacena, Fermionic T-duality, dual superconformal symmetry, and the amplitude/Wilson loop connection, JHEP 0809 (2008) 062 [arXiv:0807.3196].

[7] N. Seiberg, Noncommutative superspace, N = 1/2 supersymmetry, field theory and string theory, JHEP 0306 (2003) 010 [hep-th/0305248]; N. Berkovits and N. Seiberg, Superstrings in graviphoton background and N = 1/2 + 3/2 supersymmetry, JHEP 0307 (2003) 010 [hep-th/0306226].

[8] J. M. Rabin and P. G. O. Freund, Supertori are algebraic curves, Commun. Math. Phys.

114 (1988) 131.

[9] L. Crane and J. M. Rabin, Super Riemann surfaces: Uniformization and Teichmüller theory, Commun. Math. Phys. 113 (1988) 601 .

[10] M. Rieffel, Projective modules over higher-dimensional non-commutative tori, Can. J.

Math. 40 (1988) 257.

[11] Y. Manin, Theta functions, quantum tori and Heisenberg groups, math.AG/0011197. [12] Y. Manin, Functional equations for quantum theta functions, math.QA/0307393. [13] Ee C.-Y. and H. Kim, Quantum thetas on noncommutative T^d with general embeddings, J. Phys. A41 (2008) 105201 [arXiv:0709.2483].

[14] D. Mumford, Tata lectures on theta III (Birkhauser, Basel-Boston, 1991).

[15] S. Thangavelu, Harmonic analysis on the Heisenberg group (Birkhauser, Boston, 1998).

[16] J. Rosenberg, A selective history of the Stone-von Neumann theorem, in Operator algebras, quantization, and noncommutative geometry, Contemp. Math. 365, 123 American Mathematical Society, Providence U.S.A. (2004).

[17] Ee C.-Y., H. Kim, and H. Nakajima, Noncommutative superspace and super Heisenberg group, JHEP 0804 (2008) 004 [arXiv:0711.4663].

[18] Ee C.-Y., H. Kim, and H. Nakajima, Noncommutative supertori in two dimensions, JHEP 0808 (2008) 058 [arXiv:0807.0710].

[19] This normalization is different from our previous work [18] by a factor of 2π.

[20] For the soul part of Ñ, this can be directly shown by using (43) twice and arbitrariness of F^′.

[21] There have been some works on lattice supersymmetry in two different directions: One is to realize lattice supersymmetry by orbifolding of supersymmetric Yang-Mills theory [22] and the other is to construct consistent supersymmetry generators directly on lattice [23]. Although the first approach deals with the lattice formulation of supersymmetric Yang-Mills theory, here we need a noncommutive super-lattice formulation in the sense of Seiberg [7], not a superbundle on (bosonic) lattice, in order to construct the R^p × Z^q type embedding in the sense of Rieffel [10] for noncommutative supertori. Namely, in the embedding of noncommutative n-tori with M = R^p × Z^q × F where 2p + q = n, the Z^q-part really deals with the lattice nature of embedding manifold M while the “finite” F -part deals with the additional group structure of the bundle living on a torus. The first approach applies the orbifolding method to this F -part. This type of orbifolding the gauge bundles on noncommutative tori was also investigated earlier in [24]. In the second approach, so far no progress has been reported on noncommutative deformation. We thank M. Unsal for informing us the works done along the first approach.

[22] M. Unsal, Regularization of non-commutative SYM by orbifolds with discrete torsion and SL(2,Z) duality, JHEP 0512 (2005) 033, and the references there in.

[23] A. D’Adda, I. Kanamori, N. Kawamoto, and K. Nagata, Exact extended supersymmetry on a lattice: Twisted N = 4 super-Yang-Mills in three dimensions, Nucl. Phys. B 798 (2008) 168, and the references there in.

[24] E. Kim, H. Kim, N. Kim, B.-H. Lee, C.-Y. Lee, H. S. Yang, Twisted bundles on noncommutative T^4 and D-brane bound states, Phys. Rev. D 62 (2000) 046001.

[25] A. S. Galperin, E. A. Ivanov, V. I. Ogievetsky, and E. S. Sokatchev, Harmonic superspace (Cambridge Univ. Press, Cambridge, 2001) 306 p.

[26] A. Karlhede, U. Lindstrom, and M. Rocek, Selfinteracting Tensor Multiplets In N=2 Superspace, Phys. Lett. B 147 (1984) 297.