arXiv:0910.1341v1 [math-ph] 7 Oct 2009

Gauge invariance and classical dynamics of noncommtative particle theory

D.M. Gitman^∗, V.G. Kupriyanov^† Instituto de Física, Universidade de São Paulo, Brazil

October 8, 2009

Abstract

We consider a model of classical noncommutative particle in an external electromagnetic field. For this model, we prove the existence of generalized gauge transformations. Classical dynamics in Hamiltonian and Lagrangian form is discussed, in particular, the motion in the constant magnetic field is studied in detail.

1 Introduction

In the last decade, there has been a certain interest in considering quantummechanical and field-theoretical models with noncommutative space-time coordinates, see e.g. [1] and [2] for reviews on noncommutativity in QFT and QM, respectively. The noncommutative space can be realized by the coordinates x̂^i, satisfying commutation relations [x̂^i, x̂^j] = iθ^{ij} , where θ^{ij} is an antisymmetric constant matrix. Classical actions of field theories on a noncommutative spacetime can be written as some modified classical actions already on the commutative space-time, using the Weyl-Moyal correspondence [3]. Similar possibility exists in the case of a finite-dimensional theory (mechanics). The noncommutativity of position coordinates can be obtained as a consequence of a canonical quantization of dynamical models [4]- [10]. For example, the canonical quantization of the classical theory with first-order action

S_{NC} = S_H + S_θ, (1)

S_H = ∫ dt [ p_jẋ^j − H (p, x) ] , S_θ = ∫ dtp_iθ^{ij}ṗ_j /2, ∗e-mail: gitman@dfn.if.usp.br †e-mail: vladislav.kupriyanov@gmail.com

leads to a quantum theory (which is called noncommutative quantum mechanics (NCQM)) with the commutation relations [ x̂^i, x̂^j ] = iθ^{ij} , [ x̂^i, p̂_j ] = iδ^i_j , [p̂_i, p̂_j] = 0 , (2)

and with the quantum Hamiltonian H (x̂, p̂). The model of noncommutative particle (1) was proposed in [5], see also [6]. In fact, S_H is the ordinary Hamiltonian action and S_θ is responsible for noncommutativity.

As it was already mentioned, NCQM has been studied extensively [2], and many calculations on the base of the theory were performed to find the upper bound on the noncommutativity parameter θ. However, there remain some open questions in classical mechanics of noncommutative particle, for example, the problem of gauge invarience with respect to the external electromagnetic field. It is known that NCQM with external electromagnetic field is invariant under the noncommutative U (1) gauge group, which is U_⋆ (1) , see [11]. This fact may serve as an indication that there exist a classical version of such transformations. In fact, the problem is closely related to the problem of introducing the interaction with the Abelian gauge field in the classical models of noncommutative particle (1), see e.g. [12].

As it is now known, there exist two ways of introducing potentials A_μ(x) = (A_i(x), A_0(x) = φ (x) , i = 1, ..., n) of the external electromagnetic field in the theory, which correspond to two different actions S^1_{NC} = S^1_H + S_θ of the Duval- Horvathy model [5], and S^2_{NC} = S^2_H + S_θ of the Deriglazov model [6], where

S^1_H = ∫ dt [ (p_j + eA_j (x)) ẋ^j − 1 2 p^2 − eφ(x) ] , (3)

S^2_H = ∫ dt [ p_jẋ^j − 1 2 [p_i − eA_i(x)]^2 − eφ(x) ] (4) The action S^1_{NC} , by the construction, is invariant under the U (1) gauge transformations: δA_i = ∂_if (x) and the particle momenta have not to be changed. Classical equations of motion describing dynamics of noncommutative particle in Duval-Horvathy model were investigated in details in [13]. Hamiltonization of the theory with the action S^1_{NC} leads to the following Dirac brackets between the phase space variables x^i, p_j: { x^i, x^j } D = ε^{ij}θd, { x^i, p_j } D(Φ) = δ i j d, {p_i, p_j}_D = ε_{ij}eBd, d = 1 − eθB (x) , (5) where B (x) = ∂_1A_2 − ∂_2A_1 is the magnetic field. After quantization they determine the commutation relations between coordinates and momenta: [ x̂^i, x̂^j ] = iθε^{ij} d, [ x̂^i, p̂_j ] = iδ^i_j d, [p̂_i, p̂_j] = ieBε_{ij} d. (6)

As it was first mentioned in [8] the space noncommutativity depends on magnetic field B (x) and this is not a case of usually considered noncommutativity with constant θ. The canonical quantization of the Deriglazov model leads to the space noncommutativity with a constant θ. That is why we concentrate our attention on the Deriglazov model in what follows.

In spite of the fact that the action (4) is invariant under the standard gauge transformations:

δA_i = ∂_if (x) , δp_i = e∂_if (x) , (7)

the complete action S^2_{NC} is not, due to the term S_θ. In the work [12], on the example of planar particle, n = 2, only infinitesimal local transformations δx^i = −eθε^{ij} ∂_j Λ (x) , δp_i = e∂_iΛ (x) , δA_i = A^′_i (x + δx) − A_i (x) = ∂_iΛ (x) , (8)

were constructed, which preserve simplectic structure of S^2_{NC} , and change corresponding Lagrangian on the total time derivative.

In the present article we demonstrate the existance of generalized gauge transformations for the Deriglazov model. These transformations are deformation in θ of the gauge transformations (7). In the first order in θ they coincide with (8). After quantization the generalized gauge transformations lead to the gauge group of NCQM, see [11]. Then, we consider classical dynamics of the model in the configuration space, and a possibility to construct a Lagrangian second-order action which is equivalent to the Hamiltonian first-order action (1). The general consideration is illustrated by an example of the noncommutative charged particle in a constant magnetic field.

2 Generalized gauge transformations

The action S^2_{NC} can be written as follows:

S^2_{NC} = ∫ dtL^θ_H , L^θ_H = L_1 − H, L_1 = p_jẋ^j + 1 2 p_iθ^{ij}ṗ_j , H = 1 2 (p_i − eA_i(x))^2 + eφ (x) . (9)

The simplectic structure (Poisson brackets) corresponding to this first-order action is: { x^i, x^j } = θ^{ij} , { x^i, p_j } = δ^i_j, {p_i, p_j} = 0. (10)

Below, we are going to construct an explicit form of the generalized gauge transformations. To this end, first, we introduce the following transformations:

δx^i = K^i (x) , δp_i = J_i (x) , J_i (x) = e∂_if (x) + O (θ) , (11) which should leave the simplectic structure (10) invariant. That is, new coordinates and momenta

x^{′i} = x^i + K^i (x) , p^′_i = p_i + J_i (x) (12)

must have the same Poisson brackets. From this condition one obtains equations on the functions K^i (x) and J^i (x): θ^{il}∂_lK^j − θ^{jl}∂_lK^i + { K^i, K^j } = 0, θ^{il}∂_lJ_j − ∂_j K^i + { K^i, J_j } = 0, ∂_iJ_j − ∂_j J_i + {J_i, J_j} = 0, (13)

where the Poisson brackets between two functions of coordinates are determined as {F, G} = (∂_kF ) θ^{kl} (∂_lG) . If K^i = −θ^{il}J_l then two first equations (13) are just the consequences of the third one.

Thus, to find (11) we have to solve the following differential equation:

∂_j J_i − ∂_iJ_j = {J_i, J_j} , (14)

with the condition that J_i (x) = e∂_if (x) + O (θ). The solution of this equation can be found as a perturbative series in θ, and has the form

J_i (x) = ∞∑ m=0 e^{m+1} (m + 1)! {...{ m ∂_if, f}, ..., f} m = ∞∑ m=0 J^m_i (x) , (15)

where^1

J^m_i (x) = e m + 1 { J^{m−1}_i , f } , m ≥ 1, (16)

J^0_i (x) = e∂_if (x) .

Let us prove it by the induction. One can easily verify that

J^1_i (x) = e^2 2 {∂_if, f} = e 2 { J^0_i , f }

is the solution of the equation (14) in the first order in θ. We should prove that if J^m_i (x) is the solution of this equation in the m-th order, i.e.,

∂_j J^m_i − ∂_iJ^m_j = m−1∑ l=0 { J^{m−1−l} i , J^l_j } , (17)

1By the construction, the function J^m_i (x) is of the m-th order in θ.

holds, then the solution in the order m + 1 is:

J^{m+1}_i (x) = e m + 2 {J^m_i , f} . (18) Let us consider the following quantity

I_{ij} = (m + 2) ( ∂_j J^{m+1}_i − ∂_iJ^{m+1}_j ) = e ( ∂_j {J^m_i , f} − ∂_i { J^m_j , f }) . With the help of (17), it can be rewritten as I_{ij} = m−1∑ l=0 e {{ J^{m−1−l} i , J^l_j } , f } + {J^m_i , e∂_j f} + { e∂_if, J^m_j } . Using the Jacobi identity and (16), we reduce I_{ij} to the following form m−1∑ l=0 [ (m − l + 1) { J^{m−l}_i , J^l_j } + (l + 2) { J^{m−1−l} i , J^{l+1}_j }] + { J^m_i , J^0_j } + { J^0_i , J^m_j }

= m−1∑ l=0 [ (m − l + 1) { J^{m−l}_i , J^l_j } + (l + 1) { J^{m−l}_i , J^l_j }] + (m + 2) { J^0_i , J^m_j }

= (m + 2) m∑ l=0 { J^{m−l}_i , J^l_j } , and prove therefore that

∂_j J^{m+1}_i − ∂_iJ^{m+1}_j = m∑ m=0 { J^{m−1−m} i , J^m_j } . In turn, this means that (18) is a solution of equation (14) in (m + 1)-th order

with respect to θ.

Finally we obtain:

δx^i = K^i (x) = − ∞∑ m=1 e^m m! {...{ m x^i, f}, ..., f} m ,

δp_i = J_i (x) = ∞∑ m=0 e^{m+1} (m + 1)! {...{ m ∂_if, f}, ..., f} m . (19)

The invariance of the Hamiltonian H from (9) under the transformations (19)

implies the generalized gauge transformation of the potential A_μ(x):

A_i → A^′_i(x^i + δx^i) = A_i(x) + 1 e δp_i , φ → φ^′ ( x + δx^i ) = φ (x) . (20)

An explicit form of the transformed potential A^′_i(x) can be obtained by iterating the relation

A^′_i (x) = A_i(x) + 1 e δp_i − ∞∑ m=1 e^m m! ∂_{i1} ...∂_{im} A^′_i (x) δx^{i1} ...δx^{im} . Up to the first order, one can obtain A^′_i (x) = A_i(x) + ∂_if + e {A_i + 3/2∂_if, f} , φ^′ (x) = φ (x) + {φ, f} . That is, δA_i = A^′_i (x) − A_i(x) = ∂_if + e {A_i + 3/2∂_if, f} + o (θ) , δφ = φ^′ (x) − φ (x) = {φ, f} + o(θ). Since both Poisson brackets (10) and the Hamiltonian (9) are invariant under the transformations (19), (20), the corresponding classical dynamics

ẋ^i = { x^i, H } , ṗ_i = {p_i, H} , (21) is invariant under these transformations.

Following [12], we introduce non-Abelian field strength F^θ_{ij} = {p_i − eA_i(x), p_j − eA_j (x)} = ∂_iA_j − ∂_j A_i + e {A_i, A_j} . (22) By the definition, it is invariant under the generalized gauge transformations (19) and (20). After the quantization the corresponding field strength is determined by F^⋆_{ij} = ∂_iA_j − ∂_j A_i + e [A_i, A_j]_⋆ , (23) where F^⋆_{ij} is the strength tensor of a gauge field related to non-Abelian U_⋆ (1) group, the latter is the gauge group of NCQM, see [11].

As an example, we consider the case n = 2, φ = 0, and A_i = (−By/2, Bx/2) , which corresponds to a planar particle in a constant magnetic field. Let f = Bxy/2, then (15) reads,

J_1 = ay, J_2 = bx, a = eB 2 − 2 − √ e^2B^2θ^2 + 4 2θ , b = eB 2 + 2 − √ e^2B^2θ^2 + 4 2θ . Using formulas (19) and (20), we find the following gauge transformations x → x^′ = (1 − θb) x, y → y^′ = (1 + θa) y, p_1 → p^′_1 = p_1 + ay, p_2 → p^′_2 = p_2 + bx,

A_1 → A^′_1 = 2a − eB 2e (1 + θa) y^′, A_2 → A^′_2 = 2b + eB 2e (1 − θb) x^′. (24)

One can easily verify that the corresponding variation of the Lagrangian (9) is reduced to a total derivative, δL^θ_H = d dt [ 1 2 (a − b) xy + θap_2y − θbp_1x ] . In the limit θ → 0, transformations (24) are reduced to the gradient gauge transformations A_i → A^′_i = (0, Bx).

3 Dynamics in configuration space and Lagrangian action

Considering the Deriglazov model, we introduce new variables: (x^i, p_i) → (x^i, π_i), where π_i = p_i − eA_i. Poisson brackets involving new variables are { x^i, π_j } = δ^i_j − eθ^{ik}∂_kA_j, {π_i, π_j} = eF^θ_{ij} , (25) such that the equations of motion take the form

ẋ^i = { x^i, H } = ( δ^i_j − eθ^{ik}∂_kA_j ) π_j + eθ^{ij} ∂_j φ, π̇_i = {π_i, H} = eF^θ_{ij} π_j − e ( δ^i_j − eθ^{ik}∂_kA_j ) ∂_j φ , H = π^2/2 + φ (x) . (26)

Excluding momenta π_i from equations (26), we obtain second-order equations of motion for the coordinates x^i. For simplicity, let us set φ (x) = 0, and A_i (x) to be an arbitrary function of the coordinates. Then we obtain θ-modified Lorentz equations in the case under consideration,

ẍ^i = F^i_θ + F̃^i , F^i_θ = eF^θ_{ij}ẋ^j , F̃^i = eθ^{ki}∂_k∂_lA_j ( δ^j_m − eθ^{jn}∂_nA_m )_{−1} ẋ^lẋ^m . (27)

If θ = 0, the equations are reduced to the ordinary Lorentz equations. If θ ≠ 0, the Lorentz force F^i_θ is changed, according to (22), and a new force F̃^i proportional to square of velocities appears .

In the case of linear potential A_i, the term F̃^i vanishes and F^θ_{ij} is just a constant. If n = 2 and A_i = (−By/2, Bx/2) (the above considered magnetic field), equations (27) take the form: ẍ = eB̃ẏ , ÿ = −eB̃ẋ , B̃ = B (1 + eθB/4) . (28) Its solutions were analyzed in [14].

Now we set A_i = 0 and φ (x) to be an arbitrary function. In this case equations (26) yield ẍ^i − eθ^{ij} ∂_j ∂_kφẋ^k + e∂_iφ = 0 . (29)

Considering n = 2 and φ = ω^2 (x^2 + y^2) /2, we obtain:

ẍ − eθω^2ẏ + eω^2x = 0 , ÿ + eθω^2x + eω^2y = 0 .

The latter equations coincide with equations of motion of a charge in a constant magnetic field B_θ = θω^2 and linear electric field E = (ω^2x, ω^2y), i.e., in this case noncommutativity is equivalent to the presence of a magnetic field.

If φ = y^2/2, equations (29) read ẍ − eθẏ = 0 , ÿ + ey = 0 . This is a second-order non-Lagrangian set of equations, which does not admit an integrating multiplier, see [15, 16].

If n = 2, A_i = (−By/2, Bx/2) and φ = ω^2 (x^2 + y^2) /2, we have ẍ^i − e ( B̃ + θω^2 ) ε^{ij}ẋ^j + eω^2 ( 1 + e^2θ^2B^2 2 ) x^i = 0 .

These equations coincide with equations of motion of a charge in a constant magnetic field B_θ = B̃ + θω^2 and a linear electric field E = ω^2 (1 + e^2θ^2B^2/2) (x, y). For θ = −4B/ (4ω^2 + eB^2), the effective magnetic field B_θ disappears.

In fact, the noncommutative particle action (1) is a first-order action, and can be treated as a Hamiltonian action. To construct a second-order Lagrangian formulation, we pass to Darboux coordinates. Namely, we change the variables as follows: (x^i, p_i) → (q^i, p_i), where

q^i = x^i + 1 2 θ^{ij} p_j . (30)

In the new variables, the action (1) takes the form S^θ [q, p] = ∫ dt [ p_iq̇^i − H ( q^i − θ^{ij} p_j/2, p_i )] , (31)

where H (x, p) is defined in (9). From the equations δS^θ [q, p] δp_i = 0 ⇒ q̇^i = ∂H ∂p_i (32)

one can express the momenta p_i via coordinates q^i and velocities q̇^i:

p_i = q̇^i + eA_i (q) − e∂_j A_i (q) θ^{jk} [ q̇^k + eA_k (q) ] (33) + eθ^{ij} ∂_j φ (q) + eθ^{ij} ∂_j A_k (q) q̇^k + o (θ) .

Substituting (33) into (31), we obtain a second-order Lagrangian action S^θ_L that does not contain any momenta,

S^θ_L = ∫ dtL^θ, L^θ = 1 2 q̇^2 + eA_iq̇^i − eφ (q) − eq̇^i∂_j A_iθ^{jk} ( q̇^k + eA_k ) − e^2∂_iφθ^{ij}A_j + o (θ) .

Such a form of noncommutative particle actions can be useful both for constructing Lagrangian path integrals in noncommutative quantum mechanics, and for searching integrals of motion. E.g., having the Lagrangian L^θ, we easily obtain the conserved energy

E_θ = 1 2 q̇^2 + eφ (q) + e^2∂_iφθ^{ij} A_j − eq̇^i ∂A_i ∂q^j θ^{jk}q̇^k + o (θ) . Let us consider the above construction for a specific case where n = 2, A_i = (−By/2, Bx/2), and φ = ω^2 (x^2 + y^2) /2. In this case equations (32) can be solved exactly. Thus, we obtain

L^θ = κ [( q̇^2_x + q̇^2_y ) + e ( B̃ + ω^2θ/4 ) (q_xq̇_y − q_yq̇_x) − eω^2 ( q^2_x + q^2_y )] , where κ = ( 2 + e^2B^2θ^2/8 + eBθ + eω^2θ^2/2 )_{−1} . The corresponding θ-modification of the usual conserved energy E_0 = ( q̇^2_x + q̇^2_y ) /2+ eω^2 ( q^2_x + q^2_y ) /2 is reduced to a multiplication by a factor, E_θ = 2κE_0.

Acknowledgements

We are grateful to Dmitri Vassilevich for fruitful discussions and to Peter Horvathy for correspondence. The authors thanks FAPESP and CNPq for support.

References

[1] N. Seiberg and E. Witten, JHEP 9909 (1999) 032; M. Douglas, N. Nekrasov, Rev.Mod.Phys.73 (2001) 977-1029; R. Szabo, Phys.Rept.378 (2003) 207- 299.

[2] C. Duval, P.A. Horvathy, Phys.Lett.B479 (2000) 284; M. Chaichian, M.M. Sheikh-Jabbari and A. Tureanu, Phys.Rev.Lett. 86 (2001) 2716; J. Gamboa, M. Loewe and J.C. Rojas, Phys.Rev.D 64 (2001) 067901; V.P. Nair, A.P. Polychronakos, Phys.Lett.B505 (2001) 267-274; A.F. Ferrari, M. Gomes, C.A. Stechhahn, Phys.Rev.D76 (2007) 085008; M. Chaichian, A. Demichev, P. Presnajder, M.M. Sheikh-Jabbari, A. Tureanu, Phys. Lett. B527 (2002) 149; Nucl.Phys.B611 (2001)383; T.C. Adorno, M.C. Baldiotti, M. Chaichian, D.M. Gitman, A. Tureanu, Dirac Equation in Noncommutative Space for Hydrogen Atom, arXiv:0904.2836 [hep-th].

[3] L. Alvarez-Gaume, S. Wadia, Phys. Lett. B501 (2001) 319; I.F. Riad and M.M. Sheikh-Jabbari, J. High Energy Phys. 0008 (2000), 045.

[4] J. Lukierski, P.C. Stichel., W.J. Zakrzewski, Annals Phys.260 (1997) 224- 249.

[5] C. Duval, P. Horvathy, J. Phys. A 34 (2001) 10097. [6] A.A. Deriglazov, Phys.Lett.B555(2003)83-88.

[7] D.M. Gitman and V.G. Kupriyanov, Eur.Phys.J.C 54 (2008) 325-332. [8] M. Gomes, V.G. Kupriyanov, Phys.Rev.D79 (2009) 125011. [9] M. Chaichian, S. Ghosh, M. Langvik, A. Tureanu, Phys.Rev.D79 (2009) 125029.

[10] M. Gomes, V.G. Kupriyanov, A.J. da Silva, Dynamical noncommutativity, arXiv:0908.2963 [hep-th] [11] M.Chaichian, M.Langvik, S.Sasaki, A.Tureanu, Phys.Lett.B 666 (2008) 199- 204.

[12] J. Lukierski, P.C. Stichel, W.J. Zakrzewski, Annals Phys.306 (2003) 78-95. [13] P.A. Horvathy, M.S. Plyushchay, Nucl.Phys.B 714 (2005) 269-291. [14] J.P. Gazeau, M.C. Baldiotti, D.M. Gitman, Phys.Lett.A 373 (2009) 3937- 3943.

[15] D.M. Gitman and V.G. Kupriyanov, J. Phys. A: Math. Theor. 40 (2007) 10071-10081.

[16] D.M. Gitman and V.G. Kupriyanov, Eur.Phys.J.C 50 (2007) 691-700.