arXiv:0910.1451v1 [hep-th] 8 Oct 2009

Generalized Octonion Electrodynamics

B. C. Chanyal, P. S. Bisht and O. P. S. Negi

October 9, 2009

Department of Physics Kumaun University

S. S. J. Campus Almora -263601 (U.K.) India

Email:- bcchanyal@gmail.com ps_bisht123@rediffmail.com ops_negi@yahoo.co.in

Abstract

We have made an attempt to reformulate the generalized field equation of dyons in terms of octonion variables. Octonion forms of generalized potential and current equations are discussed in consistent manner. It has been shown that due to the non associativity of octonion variables it is necessary to impose certain constraints to describe generalized octonion electrodynamics in manifestly covariant and consistent manner.

1 Introduction

There has been a revival in the formulation of natural laws so that there exists [1] four-division algebras consisting the algebra of real numbers (R), complex numbers (C ), quaternions (H ) and Octonions (O). All four algebra’s are alternative with totally anti symmetric associators. Quaternions

[2, 3] were very first example of hyper complex numbers have been widely used [4, 5, 6, 7, 8, 9, 10] to the various applications of mathematics and physics. Since octonions [11] share with complex numbers and quaternions, many attractive mathematical properties, one might except that they would be equally as useful as others. Octonion [11] analysis has been widely discussed by Baez [12]. It has also played an important role in the context of various physical problems [13, 14, 15, 16] of higher dimensional supersymmetry, super gravity and super strings etc. In recent years, it has also drawn interests of many [17, 18, 19, 20] towards the developments of wave equation and octonion form of Maxwell’s equations. We [21, 22] have also studied octonion electrodynamics, dyonic field equation and octonion gauge analyticity of dyons consistently and obtained the corresponding field equations (Maxwell’s equations) and equation of motion in compact and simpler formulation. Extending our previous results [22], in this paper, we have made an attempt to reformulate the generalized field equation of dyons in terms of octonion variables. Octonion forms of generalized potential and current equations are discussed in consistent manner. It has been shown that due to the non associativity of octonion variables it is necessary to impose certain constraints to describe generalized octonion electrodynamics in manifestly covariant and consistent manner. We have obtained the generalized Dirac- Maxwell’s (GDM) equations of dyons from octonion wave equation in simple, compact and consistent manner. It has been shown that the octonion variable of dyons reproduces the dynamics of electric (magnetic) charge in the absence of magnetic (electric) charge.

2 Octonion Definition

An octonion x is expressed [21, 22] as a set of eight real numbers

x = (x_0, x_1, ...., x_7) = x_0e_0 + x_1e_1 + x_2e_2 + x_3e_3 + x_4e_4 + x_5e_5 + x_6e_6 + x_7e_7

= x_0e_0 + 7∑ A=1 x_Ae_A (A = 1, 2, ....., 7) (1) where e_A(A = 1, 2, ....., 7) are imaginary octonion units and e_0 is the multiplicative unit element. The octet (e_0, e_1, e_2, e_3, e_4, e_5, e_6, e_7) is known as the octonion basis and its elements satisfy the following multiplication rules

e_0 = 1, e_0e_A = e_Ae_0 = e_A e_Ae_B = −δ_{AB} e_0 + f_{ABC} e_C . (A, B, C = 1, 2, ......7)(2)

The structure constants f_{ABC} are completely antisymmetric and take the value 1 i.e. f_{ABC} = +1 = (123), (471), (257), (165), (624), (543), (736). Here the octonion algebra O is described over the algebra of rational numbers having the vector space of dimension 8. Octonion algebra is non associative and multiplication rules for its basis elements given by equations (2,3) are then generalized in the following table:

· e_1 e_2 e_3 e_4 e_5 e_6 e_7 e_1 −1 e_3 −e_2 e_7 −e_6 e_5 −e_4 e_2 −e_3 −1 e_1 e_6 e_7 −e_4 −e_5 e_3 e_2 −e_1 −1 −e_5 e_4 e_7 −e_6 e_4 −e_7 −e_6 e_5 −1 −e_3 e_2 e_1 e_5 e_6 −e_7 −e_4 e_3 −1 −e_1 e_2 e_6 −e_5 e_4 −e_7 −e_2 e_1 −1 e_3 e_7 e_4 e_5 e_6 −e_1 −e_2 −e_3 −1

Table1- Octonion Multiplication table

Hence, we get the following relations among octonion basis elements i.e.

[e_A, e_B ] = 2f_{ABC} e_C ; {e_A, e_B } = −δ_{AB} e_0; e_A(e_B e_C ) ≠ (e_Ae_B )e_C ;(3)

where brackets [ ] and { } are used respectively for commutation and the anti commutation relations while δ_{AB} is the usual Kronecker delta-Dirac symbol.Octonion conjugate is thus defined as,

x̄ = x_0e_0 − x_1e_1 − x_2e_2 − x_3e_3 − x_4e_4 − x_5e_5 − x_6e_6 − x_7e_7

= x_0e_0 − 7∑ A=1 x_Ae_A (A = 1, 2, ....., 7). (4) An Octonion can be decomposed in terms of its scalar (Sc(x)) and vector (V ec(x)) parts as

Sc(x) = 1 2 (x + x̄) = x_0; V ec(x) = 1 2 (x − x̄) = 7∑ A=1 x_Ae_A (5)

Conjugates of product of two octonions and its own are described as

(xy) = y x ; (x̄) = x (6) while the scalar product of two octonions is defined as

⟨x , y ⟩ = ∑_7

α=0 x_αy_α = 1 2 (x ȳ + y x̄) = 1 2 (x̄ y + ȳ x) (7)

which can be written in terms of octonion units as

⟨e_A , e_B ⟩ = 1 2 (e_Ae_B + e_B e_A) = 1 2 (e_Ae_B + e_B e_A) = δ_{AB} . (8)

The norm of the octonion N(x) is defined as

N(x) = xx = x x̄ = 7∑ α=0 x^2_αe_0 (9)

which is zero if x = 0, and is always positive otherwise. It also satisfies the following property of normed algebra

N(xy) = N(x)N(y) = N(y)N(x). (10) As such, for a nonzero octonion x , we define its inverse as

x^{−1} = x̄ N(x) (11)

which shows that

x^{−1}x = xx^{−1} = 1.e_0; (xy)^{−1} = y^{−1}x^{−1}. (12)

3 Octonion Wave Equation

A lot of literature [17, 18, 19, 20] has already been available on octonion wave equation. Accordingly, let us define the octonion differential operator D as

D = 7∑ μ=0 e_μD_μ, (13) where D_μ are described as the components of a differential operator in an eight dimensional representation. We describe a function of an octonion variable as F(X) = ∑_7 μ=0 e_μf_μ(X) = f_0 + e_1f_1 + e_2f_2 + ..... + e_7f_7, (14)

where f_μ are scalar functions. Since octonions are neither commutative nor associative, one has to be very careful to multiply the octonion either from left or from right in terms of regularity conditions [17]. As such, a function

F(X) of an octonion variable X = 7∑ μ=0 e_μX_μ is left regular at X if and only

if F(X) satisfies the condition

DF(X) = 0. (15)

Similarly, a function G(X) is a right regular if and only if

G(X)D = 0, (16)

where G(X) = g_0 + g_1e_1 + g_2e_2 + ..... + g_7e_7. Then we get

DF = I = I_0 + I_1e_1 + I_2e_2 + I_3e_3 + I_4e_4 + I_5e_5 + I_6e_6 + I_7e_7, (17)

where

I_0 = ∂_0f_0 − ∂_1f_1 − ∂_2f_2 − ∂_3f_3 − ∂_4f_4 − ∂_5f_5 − ∂_6f_6 − ∂_7f_7; I_1 = ∂_0f_1 + ∂_1f_0 + ∂_2f_3 − ∂_3f_2 + ∂_6f_5 − ∂_5f_6 − ∂_7f_4 + ∂_4f_7; I_2 = ∂_0f_2 + ∂_2f_0 + ∂_3f_1 − ∂_1f_3 + ∂_4f_6 − ∂_6f_4 − ∂_7f_5 + ∂_5f_7; I_3 = ∂_0f_3 + ∂_3f_0 + ∂_1f_2 − ∂_2f_1 + ∂_6f_7 − ∂_7f_6 + ∂_5f_4 − ∂_4f_5; I_4 = ∂_0f_4 + ∂_4f_0 + ∂_3f_5 − ∂_5f_3 − ∂_2f_6 + ∂_6f_2 − ∂_1f_7 + ∂_7f_1; I_5 = ∂_0f_5 + ∂_5f_0 + ∂_1f_6 − ∂_6f_1 + ∂_7f_2 − ∂_2f_7 − ∂_3f_4 + ∂_4f_3; I_6 = ∂_0f_6 + ∂_6f_0 − ∂_1f_5 + ∂_5f_1 + ∂_2f_4 − ∂_4f_2 − ∂_3f_7 + ∂_7f_3; I_7 = ∂_0f_7 + ∂_7f_0 + ∂_1f_4 − ∂_4f_1 + ∂_2f_5 − ∂_5f_2 − ∂_6f_3 + ∂_3f_6. (18)

The regularity condition (15) may now be considered as a homogeneous octonion wave equation for octonion variables without sources. On the other hand, equation (17) is considered as the inhomogeneous wave equation DF = I.

4 Octonion Formulation for Generalized Fields of Dyons

In order to write the various quantum equations of dyons in octonion formulation, let us start with potential octonion

V = e_0V_0 + e_1V_1 + e_2V_2 + e_3V_3 + e_4V_4 + e_5V_5 + e_6V_6 + e_7V_7 (19)

and we identify its components as

(V_0, V_1, V_2, V_3, V_4, V_5, V_6, V_7) =⇒ (φ, A_x, A_y, A_z, iB_x, iB_y, iB_z , iϕ) (i = √ −1) (20) where (ϕ, A_x, A_y, A_z) = (ϕ, −→ A ) = {A_μ} and (φ, B_x, B_y, B_z) = (φ, −→ B ) = {B_μ} are respectively described as the components of electric {A_μ} and magnetic {B_μ} four potentials of dyons (particles carrying simultaneously the electric and magnetic charges). Equation (19) may then be written as

V =e_1(A_x+ie_7B_x)+e_2(A_y+ie_7B_y)+e_3(A_z+ie_7B_z)+(φ+ie_7ϕ) = e_1V_x+e_2V_y+e_3V_z+ie_7∅ (21) where (∅, V_x,V_y, V_z) = (∅, −→ V ) = {V_μ} are then be described as the components of generalized four potential {V_μ} associated with generalized charge (q = e + i g) (where e and g are respectively known as electric and magnetic charges) of dyons [6]. In order to obtain the generalized field equations of dyons in four dimensional space time, we identify differential operator (13) to be four dimensional and hence we may write equation (13) as

D −→ ⊡ = e_1 ∂ ∂x + e_2 ∂ ∂y + e_3 ∂ ∂z − ie_7 ∂ ∂t (22)

where we have taken other components like ∂_0, ∂_4, ∂_5, ∂_6of equation (13) vanishing. Octonion conjugate of equation (22) may then be written as

⊡ = −e_1 ∂ ∂x − e_2 ∂ ∂y − e_3 ∂ ∂z + ie_7 ∂ ∂t . (23)

Now operating ⊡ given by equation (23) to octonion potential Vof equation (21), we get

⊡ V = − e_0( −→ ∇ · −→ A + ∂ϕ ∂t ) +e_1(− ∂φ ∂x + ∂A_z ∂y − ∂A_y ∂z − ∂B_x ∂t ) +e_2(− ∂φ ∂y + ∂A_x ∂z − ∂A_z ∂zx − ∂B_y ∂t ) +e_3(− ∂φ ∂z + ∂A_y ∂x − ∂A_x ∂y − ∂B_z ∂t ) −ie_4(− ∂ϕ ∂x − ∂B_z ∂y + ∂B_y ∂z − ∂A_x ∂t ) −ie_5(− ∂ϕ ∂y − ∂B_x ∂z + ∂B_z ∂x − ∂A_y ∂t ) −ie_6(− ∂ϕ ∂z − ∂B_y ∂x + ∂B_x ∂y − ∂A_z ∂t ) +ie_7( −→ ∇ · −→ B + ∂φ ∂t ). (24)

We are using S.I. system of natural units (c = ℏ = 1). On applying the Lorentz gauge conditions, respectively for the dynamics of electric and magnetic charges of dyons as −→ ∇ · −→ A + ∂ϕ ∂t = 0; −→ ∇ · −→ B + ∂φ ∂t = 0, (25)

we find the following octonion form of equation (24) i.e.

⊡ V = F (26)

where F is again an octonion reproduces the generalized electromagnetic fields of dyons. It is thus described by

F = e_0F_0 + e_1F_1 + e_2F_2 + e_3F_3 + e_4F_4 + e_5F_5 + e_6F_6 + e_7F_7 (27)

where

F_0 = −( −→ ∇ · −→ A + ∂ϕ ∂t ) = 0;

F_1 = (− ∂φ ∂x + ∂A_z ∂y − ∂A_y ∂z − ∂B_x ∂t ) = H_x

F_2 = (− ∂φ ∂y + ∂A_x ∂z − ∂A_z ∂x − ∂B_y ∂t ) = H_y

F_3 = (− ∂φ ∂z + ∂A_y ∂x − ∂A_x ∂y − ∂B_z ∂t ) = H_z

F_4 = −i (− ∂ϕ ∂x − ∂B_z ∂y + ∂B_y ∂z − ∂A_x ∂t ) = −i E_x F_5 = −i (− ∂ϕ ∂y − ∂B_x ∂z + ∂B_z ∂x − ∂A_y ∂t ) = −i E_y F_6 = −i (− ∂ϕ ∂z − ∂B_y ∂x + ∂B_x ∂y − ∂A_z ∂t ) = −i E_z F_7 = i ( −→ ∇ · −→ B + ∂φ ∂t ) = 0. (28)

Let us define [6, 21] the generalized electric ( −→ E ) and magnetic ( −→ H ) fields of dyons in terms of components of electric and magnetic four potentials as

−→ E = − ∂ −→ A ∂t − −→ ∇ϕ − −→ ∇ × −→ B ; −→ H = − ∂ −→ B ∂t − −→ ∇φ + −→ ∇ × −→ A . (29)

Thus equation (27) reduces to

F =e_1(H_x + ie_7E_x) + e_2(H_y + ie_7E_y) + e_3(H_z + ie_7E_z) =e_1Ψ_x + e_2Ψ_y + e_3Ψ_z (30)

where −→ Ψ = −→ H + i e_7 −→ E is the generalized vector field [6, 21] of dyons. Now applying the differential operator (22) to equation (30), we get

⊡ F = − e_0( ∂H_x ∂x + ∂H_y ∂y + ∂H_z ∂z ) +e_1( ∂H_z ∂y − ∂H_y ∂z − ∂E_x ∂t ) +e_2( ∂H_x ∂z − ∂H_z ∂x − ∂E_y ∂t ) +e_3( ∂H_y ∂x − ∂H_x ∂y − ∂E_z ∂t ) +ie_4( ∂E_y ∂z − ∂E_z ∂y − ∂H_x ∂t ) +ie_5( ∂E_z ∂x − ∂E_x ∂z − ∂H_y ∂t ) +ie_6( ∂E_x ∂y − ∂E_y ∂x − ∂H_z ∂t ) +ie_7( ∂E_x ∂x + ∂E_y ∂y + ∂E_z ∂z ). (31) or

⊡F = − e_0( −→ ∇. −→ H ) +e_1[( −→ ∇ × −→ H )_x − ∂E_x ∂t ] +e_2[( −→ ∇ × −→ H )_y − ∂E_y ∂t ] +e_3[( −→ ∇ × −→ H )_z − ∂E_z ∂t ] +ie_4[( −→ ∇ × −→ E )_x − ∂H_x ∂t ] +ie_5[( −→ ∇ × −→ E )_y − ∂H_y ∂t ] +ie_6[( −→ ∇ × −→ E )_z − ∂H_z ∂t ] +ie_7( −→ ∇. −→ E ) (32)

These equations (31,32) may then be written in following compact notation in terms of an octonion i.e.

⊡ F = J (33) where J is again an octonion and is re-described as the Octonion form of

generalized current given by

J = − e_0ϱ+e_1j_x + e_2j_y + e_3j_z − ie_4k_x − ie_5k_y − ie_6k_z + ie_7ρ

=(e_1j_x + e_2j_y + e_3j_z − −e_0ϱ) + i(e_1k_x + e_2k_y + e_3k_z − ρ)e_7

=e_1(j_x + ie_7k_x) + e_2(j_y + ie_7k_z) + e_3(j_z + k_z) − (ρ + ie_7ϱ)

=e_1J_x + e_2J_y + e_3J_z + e_0J_0 (34)

where (ρ, −→ j ) = {j_μ}, (ϱ, −→ j ) = {k_μ} and (J_0, −→ J ) = {J_μ} are respectively the

four currents associated with electric charge, magnetic monopole and gener-

alized fields of dyons. Equations (31-34) thus lead to following differential

equations ( −→ ∇ · −→ H ) = ϱ ( −→ ∇ × −→ H )_x = ∂E_x ∂t + j_x ( −→ ∇ × −→ H )_y = ∂E_y ∂t + j_y ( −→ ∇ × −→ H )_z = ∂E_z ∂t + j_z ( −→ ∇ × −→ E )_x = − ∂H_x ∂t − k_x ( −→ ∇ × −→ E )_y = − ∂H_y ∂t − k_y ( −→ ∇ × −→ E )_z = − ∂H_z ∂t − k_z ( −→ ∇ · −→ E ) = ρ. (35)

Equation (35) may then be written as ( −→ ∇ · −→ E ) = ρ ( −→ ∇ × −→ E ) = − ∂ −→ H ∂t − −→ k ( −→ ∇ × −→ H ) = ∂ −→ E ∂t + −→ j ( −→ ∇ · −→ H ) = ϱ (36)

which are the generalized Dirac-Maxwell’s equations of generalized fields of

dyons [21, 22].

⊡ ¯⊡V = F =e_0(

∂^2φ ∂x^2 + ∂^2φ ∂y^2 + ∂^2φ ∂z^2 + ∂^2B_x ∂x∂t + ∂^2B_y ∂y∂t + ∂^2B_z ∂z∂t ) −e_1(

∂^2A_x ∂y^2 + ∂^2A_x ∂z^2 − ∂^2A_x ∂t^2 − ∂^2A_z ∂x∂z − ∂^2A_y ∂y∂x − ∂^2ϕ ∂x∂t ) −e_2(

∂^2A_y ∂x^2 + ∂^2A_y ∂z^2 − ∂^2A_y ∂t^2 − ∂^2A_x ∂y∂x − ∂^2A_z ∂y∂z − ∂^2ϕ ∂y∂t ) −e_3(

∂^2A_z ∂z^2 + ∂^2A_z ∂y^2 − ∂^2A_z ∂t^2 − ∂^2A_y ∂z∂y − ∂^2A_x ∂z∂x − ∂^2ϕ ∂z∂t ) +ie_4(−

∂^2B_x ∂y^2 − ∂^2B_x ∂z^2 + ∂^2B_x ∂t^2 + ∂^2B_y ∂x∂y + ∂^2B_z ∂z∂x + ∂^2φ ∂x∂t ) +ie_5(−

∂^2B_y ∂x^2 − ∂^2B_y ∂z^2 + ∂^2B_y ∂t^2 + ∂^2B_z ∂z∂y + ∂^2B_x ∂y∂x + ∂^2φ ∂y∂t ) +ie_6(−

∂^2B_z ∂x^2 − ∂^2B_z ∂y^2 + ∂^2B_z ∂t^2 + ∂^2B_x ∂x∂z + ∂^2B_y ∂z∂y + ∂^2φ ∂z∂t ) −ie_7( ∂^2ϕ ∂x^2 + ∂^2ϕ ∂y^2 + ∂^2ϕ ∂z^2 + ∂^2A_x ∂x∂t + ∂^2A_y ∂t∂y + ∂^2A_z ∂z∂t ). (37)

Equation (37) then reduces to

¯⊡ ⊡ V = ¯⊡ ⊡ V= J (38)

where J is described as the octonion form of generalized current associated with dyon and is already given by equation (33). Equation (37) may also be written as

¯⊡ ⊡ V = ¯⊡ ⊡ V =e_0[∇^2φ + ∂ ∂t ( −→ ∇ · −→ B )] −e_1[□A_x − ∂ ∂x ( −→ ∇ · −→ A + ∂ϕ ∂t )] −e_2[□A_y − ∂ ∂y ( −→ ∇ · −→ A + ∂ϕ ∂t )] −e_3[□A_z − ∂ ∂z ( −→ ∇ · −→ A + ∂ϕ ∂t )] −ie_4[□B_x − ∂ ∂x ( −→ ∇ · −→ B + ∂φ ∂t )] −ie_5[□B_y − ∂ ∂y ( −→ ∇ · −→ B + ∂φ ∂t )] −ie_6[□B_z − ∂ ∂z ( −→ ∇ · −→ B + ∂φ ∂t )] −ie_7[∇^2ϕ + ∂ ∂t ( −→ ∇ · −→ A )], (39)

where ∇^2 =^{∂2}_{∂x2} +^{∂2}_{∂y2} +^{∂2}_{∂z2} and □ =^{∂2}_{∂x2} +^{∂2}_{∂y2} +^{∂2}_{∂z2} -^{∂2}_{∂t2} = ∇^2 −^{∂2}_{∂t2} . Using the Lorentz gauge conditions (25) and the definition of octonion valued generalized current of dyon given by equation (34), we get

□ϕ = ρ; □φ = ϱ; □A_μ = j_μ; □B_μ = k_μ. (40)

As such, we have obtained consistently the generalized Dirac Maxwell’s (GDM) equations from octonion wave equations on considering the non associativity of octonion variables. The advantages of present formalism are discussed in terms of compact and simpler notations of octonion valued potential, field and currents of dyons despite of non associativity of octonions. The present octonion reformulation of generalized fields of dyons represents well the invariance of field equations under Lorentz and duality transformations. It also reproduces the dynamics of electric (magnetic) charge yielding to the usual form of Maxwell’s equations in the absence of magnetic (electric charge) in compact, simpler and consistent way. Octonion element e_7 has been considered to be invariant and the theory resembles with the biquaternion theory of generalized fields of dyons [9]. In the forthcoming paper theory of split octonion will be discussed.

References

[1] L. E. Dickson, Ann. Math., 20, 155(1919.

[2] W. R. Hamilton, "Elements of quaternions", Chelsea Publications Co., NY, (1969).

[3] P. G. Tait, "An elementary Treatise on Quaternions", Oxford Univ.

Press (1875).

[4] D. Finklestein, J. M. Jauch, S. Schiminovich and D. Speiser, J. Math.

Phys., 4, 788 (1963).

[5] S. L. Adler, "Quaternion Quantum Mechanics and Quantum Fields", Oxford Univ. Press, NY, (1995).

[6] P. S. Bisht, O. P. S. Negi and B. S. Rajput; Prog. Theor. Phys., 85 , 157 (1991; B. S. Rajput, S. R. Kumar and O. P. S. Negi, Lett. Nuovo Cimento, 34, 180 (1982) ; 36 , 75 (1983).

[7] V. Majernik, Adv. Cliff. Alg., 9 ,119 (1999); PHYSICA, 39 , 9 (2000).

[8] V. V. Kravchenkov, "Applied Quaternion Analysis", Helderman Verlag, Germany (2003).

[9] Shalini Bisht, P. S. Bisht and O. P. S. Negi, Nuovo Cimento, B113, 1449 (1998).

[10] K. Morita, Prog. Theor. Phys., 67 , 1860 (1982); 68 , 2159 (1982); 65, 787 (1981);

[11] A. Cayley, Philos. Mag. 26 , 208 (1845); R. P. Graves, “Life of Sir William Rowan Hamilton”, 3 volumes, Arno Press, New York, 1975.

[12] J. C. Baez, “THE OCTONIONS” , Bull. Amer. Math. Soc., 39, 145 (2001), math. RA/0105155.

[13] S. Catto, “Exceptional Projective Geometries and Internal Symmetries”, hep-th/0302079; “Symmetries in Science”, VI (1993) 129. Ed. B. Gruber, Plenum Press.; S. Catto and F. Gürsey, Nuovo Cimento, A86 , 201(1985) ; A99 , 685 (1988); M.Günaydin and F. Gürsey, Lett. Nuovo Cimento, 6 , 407 (1973); J. Math. Phys., 14, 1651 (1973); Phys. Rev. D9 , 3387 (1974); F. Gürsey, “Non-associative Algebras in Quantum Mechanics and Particle Physics.” U. Virginia, 1977; G. Domokos and S. Domokos Kovesi, Phys. Rev., D19, 2984 (1979). .

[14] R. Foot and G. C. Joshi, Int. J. Theor. Phys., 28 , 1449 (1989) ; Phys.

Lett., B199, 203 (1987)

[15] T. Kugo and P. Townsend: Nucl. Phys., B221, 357 (1983); C. A.

Manogue and A. Sudbery, Phys. Rev., D40 , 4073 (1989); B. A. Bernevig, J. P. Hu, N. Toumbus and S. C. Zhang, Phys. Rev. Lett., 91 , 23 (2003); J. M. Evans, Nucl. Phys., B298, 92 (1988); J. Lukierski and F. Toppan, Phys. Lett., B584 , 315 (2004); B539 , 266 (2002).

[16] J. Schray, “Octonions and Supersymmetry”, Ph.D. thesis, Department of Physics, Oregon State University, 1994; K. S. Abdel-Khalek Mostafa, “Ring Division Algebras, Self Duality and Supersymmetry”, arXiv:hep-th/0002155.

[17] K. Imaeda, H. Tachibana and M. Imaeda, Nuovo Cimento, B100 , 53 (1987); B104, 91 (1989); B105, 1203 (1990).

[18] R. Penny, Amer. J. Phys., 36, 871 (1968); Nuovo Cimento., B3, 95 (1971).

[19] A. Gamba, Nuovo Cimento, A111 , 293 (1998); Z. K. Silagadze, Ann.

Found. L. de Broglie, 27, 241 (2002).

[20] M. Gogberashvili, J. Phys. A: Math.Gen., 39 , 7099 ( 2006); T. Tolan, K. Özdas and M. Tansili, Nuovo Cimento, B121 ,43 (2006). .

[21] P. S. Bisht and O. P. S. Negi, Ind. J. P. Appl. Phys., 31 , 292 (1993); 32 , 183 (1994); Int. J. Theor. Phys., 47 , 1497 (2008); P. S. Bisht, Shalini Dangwal and O. P. S. Negi, Int. J. Theor. Phys., 47 , 2297 (2008).

[22] P. S. Bisht, B. Pandey and O. P. S. Negi, “Octonion wave Equation and Generalized fields of Dyons”, Proc. National Symp. Mathematical Sciences, Nagpur Ed. By T. M. Karade and G. S. Khadekar, 12 , 137 (2001); FIZIKA (Zagreb), B17 , 405 (2008); P. S. Bisht and O.P.S.Negi, Pramana (India), 73 , 105 (2009).