arXiv:0910.2264v1 [hep-ph] 12 Oct 2009

Chiral low-energy constants from tau data

Martín González-Alonso^∗ Departament de Física Teòrica, IFIC, Universitat de València-CSIC, Apt. Correus 22085, E-46071 València, Spain E-mail: Martin.Gonzalez@ific.uv.es

Antonio Pich Departament de Física Teòrica, IFIC, Universitat de València-CSIC, Apt. Correus 22085, E-46071 València, Spain E-mail: Antonio.Pich@ific.uv.es

Joaquim Prades CAFPE and Departamento de Física Teórica y del Cosmos, Universidad de Granada, Campus de Fuente Nueva, E-18002 Granada, Spain E-mail: Prades@ugr.es

We analyze how the recent precise hadronic τ-decay data on the V − A spectral function and general properties of QCD such as analyticity, the operator product expansion and chiral perturbation theory (χPT), can be used to improve the knowledge of some of the low-energy constants of χPT. In particular we find the most precise values of L^r_{9,10} (or equivalently l_{5,6}) at order p^4 and p^6 and the first phenomenological determination of C^r_{87} (c^r_{50}).

6th International Workshop on Chiral Dynamics July 6-10 2009 Bern, Switzerland

∗Speaker.

© Copyright owned by the author(s) under the terms of the Creative Commons Attribution-NonCommercial-ShareAlike Licence. http://pos.sissa.it/

1. Introduction

The fact that the τ is the only lepton massive enough to decay into hadrons makes it an excellent tool to study QCD, both perturbative and non-perturbative, using the precise hadronic τ-decay data provided by ALEPH [1]. The determination of the QCD coupling α_s(M_τ ) [2 – 6], which becomes the most precise determination of α_s(M_Z) after QCD running, is an excellent example. In this particular case the non-perturbative contributions are strongly suppressed, but in other analyses the non-perturbative effects are sizable and then one can extract important phenomenological hadronic matrix elements and other non-perturbative QCD quantities. Thanks to the fact that the spectral function of the τ decay can be separated experimentally in its vector and axial-vector contributions, we can study their difference that is specially interesting because it vanishes in perturbative QCD (in the chiral limit) and therefore it is a purely non-perturbative quantity.

The τ-decay measurement of this V − A spectral function has been used to perform [7 – 9] phenomenological tests of the so-called Weinberg sum rules (WSRs) [10], to compute the electromagnetic mass difference of the pions [8], and to determine several QCD vacuum condensates [11, 12] relevant for the computation of ε^′_K /ε_K [13]. The common idea under these studies is the use of the analyticity properties of the different two-point correlation functions appearing in the dynamical description of the τ hadronic width. As it is well known, analyticity allows us to relate different regions of the q^2-complex plane. Roughly speaking, one can relate in this way regions where we are able to compute analytically, either with Chiral Perturbation Theory (χPT) or with the short-distance Operator Product Expansion (OPE), with regions where we are not able to compute (except perhaps in the lattice) but that are experimentally accessible. This connection can be used either to predict observables that we are not able to calculate “directly” or, in the other way around, to extract the value of QCD parameters that are not fixed theoretically.

Using χPT [14 – 16], the hadronic τ-decay data can also be related to order parameters of the spontaneous chiral symmetry breaking (SχSB) of QCD. χPT is the effective field theory of QCD at very low energies that describes the physics of the SχSB Nambu-Goldstone bosons through an expansion in external momenta and quark masses, with coefficients that are order parameters of SχSB. At lowest order (LO), i.e. O(p^2), all low-energy observables are described in terms of the pion decay constant f_π ≃ 92.4 MeV and the light quark condensate. At O(p^4), the SU(3) χPT Lagrangian contains 12 low-energy constants (LECs), L_{i=1,···,10} and H_{1,2} [16], whereas at O(p^6) we have 94 (23) additional parameters C_{i=1,···,94} (C^W_{i=1,···,23}) in the even (odd) intrinsic parity sector [18]. These LECs are not fixed by symmetry requirements alone and have to be determined phenomenologically or using non-perturbative techniques. Values for the L_i couplings have been obtained in the past with an acceptable accuracy (a recent compilation can be found in ref. [19]), but much less well determined are the O(p^6) couplings C_i.

There has been a lot of recent activity to determine the chiral LECs analytically, using as much as possible QCD information [20 – 29], and from lattice simulations [40 – 43]. This strong effort is motivated by the precision required in present phenomenological applications, which makes necessary to include corrections of O(p^6) where the huge number of unknown couplings is the major source of theoretical uncertainty.

Here we explain how the determination of some of these LECs can be improved significantly using the most recent experimental data on hadronic τ decays [1]. In particular we will obtain the most accurate results for the χPT couplings L_9, L_{10} and C_{87} or equivalently, in the SU(2) χPT language, l_5, l_6 and c_{50} [30]. Previous work on L_{10} using τ-decay data can be found in refs. [8, 9, 11, 31]. Our analysis is the first one which includes the known two-loop χPT contributions and, therefore, provides also the SU(3) (SU(2)) O(p^6) couplings C_{87} (c_{50}).

We will first introduce the sum rule relations that we will use, then we will show our results and finally we will compare them with other recent analytic results and hadronic τ-data determinations.

2. Sum rule approach

Figure 1: Analytic structure of Π(s).

The basic objects of the theoretical analysis are the two-point correlation functions of the nonstrange vector (J^μ_{ud} = V^μ_{ud} = uγ^μ d) and axial-vector (J^μ_{ud} = A^μ_{ud} = uγ^μ γ_5d) quark currents:

Π^{μν}_{ud,J} (q) ≡ i ∫ d^4x e^{iqx} ⟨0|T ( J^μ_{ud} (x)J^ν_{ud} (0)^† ) |0⟩ = (−g^{μν} q^2 + q^μ q^ν ) Π^{(1)}_{ud,J} (q^2) + q^μ q^ν Π^{(0)}_{ud,J} (q^2). (2.1)

In particular, we are interested in the difference Π(s) ≡ Π^{(0+1)}_{ud,V} − Π^{(0+1)}_{ud,A} , and we will work in the isospin limit (m_u = m_d) where Π^{(0)}_{ud,V} (q^2) = 0. The analytic behaviour of this correlator is shown in Fig.1, together with the complex circuit that we will use to apply Cauchy’s theorem. As we are interested in relating the χPT domain (very low energies) with the τ data, we multiply this correlator by a weight function of the form 1/s^n with n > 0. In this way we generate a residue at s = 0. Taking into account the OPE associated with our correlator at large momenta and working with the cases n = 1,2, one gets the following sum rules (see ref. [30] for a careful derivation):

− 8L^{eff}_{10} ≡ ∫_∞ s_{th} ds s 1 π ImΠ(s) =

2 f^2_π m^2_π

+ Π(0) , (2.2)

16C^{eff}_{87} ≡ ∫_∞ s_{th} ds s^2 1 π ImΠ(s) =

2 f^2_π m^4_π + dΠ ds (0) , (2.3)

where the integrations start at the threshold s_{th} = 4m^2_π . These two relations represent the starting point of our work and define the effective parameters L^{eff}_{10} and C^{eff}_{87} . Their interest stems from the fact that the l.h.s. can be extracted from the data (see Section 3), while the r.h.s. can be rigourously calculated within χPT in terms of the LECs that we want to determine (see Section 4).

3. Determination of the effective parameters

Figure 2: L^{eff}_{10} (s_0) and C^{eff}_{87} (s_0) from different sum rules. For clarity, we do not include the error bands associated with the modified weights.

We use the recent ALEPH data on hadronic τ decays [1], that provide the most precise measurement of the V − A spectral function. In the integrals of equations (2.2) and (2.3) we are forced to cut the integration at a finite value s_0, neglecting in this way the rest of the integral from s_0 to infinity. The superconvergence properties of Π(s) at large momenta imply a tiny contribution from the neglected range of integration, provided s_0 is large enough. Nevertheless, this generates a theoretical error called quark-hadron duality violation (DV)^1. From the s_0-sensitivity of the effective parameters one can assess the size of this error.

In Fig. 2, we plot the value of L^{eff}_{10} obtained for different values of s_0 (solid lines), with the one-sigma experimental error band, and we can see a quite stable result at s_0 ≳2 GeV^2. The weight function 1/s decreases the impact of the high-energy region, minimising the DV. The resulting integral is then much better behaved than the corresponding sum rules with s^n (n ≥ 0) weights.

There are some possible strategies to estimate the value of L^{eff}_{10} and his error. One is to give the predictions fixing s_0 at the so-called “duality points”, two points where the first and second WSRs [10] happen to be satisfied. In this way we get L^{eff}_{10} = −(6.50 ± 0.13) · 10^{−3}, where the uncertainty covers the values obtained at the two “duality points”. If we assume that the integral (2.2) oscillates around his asymptotic value with decreasing oscillations and we perform an average between the maxima and minima of the oscillations we get L^{eff}_{10} = −(6.5 ± 0.2) · 10^{−3}. Another way of estimating the DV uses appropriate oscillating functions defined in [33] which mimic the real quark-hadron oscillations above the data. These functions are defined such that they match the data at ∼ 3 GeV^2, go to zero with decreasing oscillations and satisfy the two WSRs. We find in this way L^{eff}_{10} = −(6.50 ± 0.12) · 10^{−3}, where the error spans the range generated by the different functions used. These estimates are in good agreement with each other and give us a first determination, but the most precise way to evaluate the error can be obtained taking advantage of the WSRs to construct modified sum rules with weight factors w(s) proportional to (1 − s/s_0), in order to suppress numerically the role of the suspect region around s ∼ s_0 [3]. Fig. 2 shows the results obtained with w_1(s) ≡ (1−s/s_0) /s (dashed line) and w_2(s) ≡ (1−s/s_0)^2 /s (dot-dashed line). These weights give rise to very stable results over a quite wide range of s_0 values. One gets

1From a different but equivalent perspective, we are assuming that the OPE is a good approximation for Π(s) at any |s|=s_0, what is not expected to happen near the real axis, and that produces the DV.

L^{eff}_{10} = −(6.51 ± 0.06) · 10^{−3} using w_1(s) and L^{eff}_{10} = −(6.45 ± 0.06) · 10^{−3} using w_2(s). Taking into account all the previous discussion, we quote as our final result:

L^{eff}_{10} = −(6.48 ± 0.06) · 10^{−3} . (3.1)

We have made a completely analogous analysis to determine C^{eff}_{87} . The results are shown in Fig. 2. The solid lines, obtained from Eq. (2.3), are much more stable than the corresponding results for L^{eff}_{10} , due to the 1/s^2 factor in the integrand. The dashed and dot-dashed lines have been obtained with the modified weights w_3(s) ≡^1_{s2} ( 1−^{s2}_{s20} ) and w_4(s) ≡^1_{s2} ( 1−^s_{s0}

)_2 ( 1+2^s_{s0} ) . The agreement among the different estimates is quite remarkable, and our final result is

C^{eff}_{87} = (8.18 ± 0.14) · 10^{−3} GeV^{−2} . (3.2)

Our result for L^{eff}_{10} agrees with [8, 11, 31], but our estimation includes a more careful assessment of the theoretical errors. The 3.2σ discrepancy between the estimation of ref. [9] and ours is caused by an underestimation of the systematic error associated with the duality-point approach used in that reference. Only in ref. [31] C^{eff}_{87} is also determined and it is in good agreement with our result.

4. Determination of the χPT couplings

Using the results of ref. [32] to calculate in χPT the r.h.s. of equations (2.2) and (2.3), we get

− 8 L^{eff}_{10} = − 8 L^r_{10}(μ) + G^4_{1L}(μ) + G^6_{0L}(μ) + G^6_{1L}(μ) + G^6_{2L}(μ) , (4.1) 16 C^{eff}_{87} = H^4_{1L} + 16 C^r_{87}(μ) + H^6_{1L}(μ) + H^6_{2L}(μ) , (4.2)

where the functions G^m_{nL}(μ),H^m_{nL}(μ) are corrections of order p^m generated at the n-loop level, which explicit analytic form [30] is omitted for simplicity.

Working at O(p^4), the determination of the chiral coupling L_{10} is straightforward. One gets

L^r_{10}(μ =M_ρ ) = −(5.22 ± 0.06) · 10^{−3} . (4.3)

At order p^6, the numerical relation is more involved because the small corrections G^6_{0L,1L}(μ) contain some LECs that represent the main source of uncertainty for L^r_{10}. It is useful to classify the O(p^6) contributions through their ordering within the 1/N_C expansion. The tree-level term G^6_{0L}(μ) contains the only O(p^6) correction in the large–N_C limit, 4m^2_π (C^r_{61}−C^r_{12}−C^r_{80}); this correction is numerically small because of the m^2_π suppression and can be estimated with a moderate accuracy [25, 26, 32, 34, 35]. At NLO G^6_{0L}(μ) contributes with a term of the form m^2_K (C^r_{62} −C^r_{13} −C^r_{81}). In the absence of information about these LECs we will adopt the conservative range |C^r_{62}−C^r_{13}−C^r_{81}| ≤ |C^r_{61}−C^r_{12}−C^r_{80}|/3, which generates the uncertainty that will dominate our final error on L^r_{10}. Also at this order in 1/N_C there is the one-loop correction G^6_{1L}(μ), that is proportional to L^r_9 which is better known [36]. Calculating the 1/N^2_C suppressed two-loop function G^6_{2L}(μ) and taking all these contributions into account we finally get the wanted O(p^6) result:

L^r_{10}(M_ρ ) = −(4.06 ± 0.04_Leff_{10} ± 0.39_{LECs}) · 10^{−3} = −(4.06 ± 0.39) · 10^{−3} , (4.4)

where the error has been split into its two main components.

A recent reanalysis of the decay π^+ → e^+νγ [35], using new experimental data, has provided quite accurate values for the combination L_9 + L_{10}, both at order p^4 and p^6, that combined with our results for L^r_{10}(M_ρ ) give us

L^r_9(M_ρ ) =

(6.54 ± 0.15) · 10^{−3} [O(p^4)],

(5.50 ± 0.40) · 10^{−3} [O(p^6)].

(4.5)

Repeating the process we have done for L^r_{10} with C^r_{87} (where the only LEC involved is L^r_9) we get

C^r_{87}(M_ρ ) = (4.89 ± 0.19) · 10^{−3} GeV^{−2} . (4.6)

5. SU(2) χPT

Up to now, we have discussed the LECs of the usual SU(3) χPT (χPT_3). It turns useful to consider also the effective low-energy theory with only two flavours of light quarks (χPT_2). In some cases, this allows to perform high-accuracy phenomenological determinations of the corresponding LECs at NLO. Moreover, recent lattice simulations [43, 42] with two dynamical quarks are already able to obtain the SU(2) LECs with sufficient accuracy and this is an important check for them.

In SU(2) χPT, there are ten LECs, l_{i=1,..7} and h_{1,2,3}, at O(p^4) (NLO) [15]. Using the O(p^6) relation between l^r_5(μ) and L^r_{10}(μ), recently obtained in ref. [37], we get

l_5 =

13.30 ± 0.11 [O(p^4)],

12.24 ± 0.21 [O(p^6)].

(5.1)

Analogously to the SU(3) case, the combination l_6 − l_5 has been determined from the analysis of π → lνγ [44]. In combination with our determinations for l_5 this gives us^2

l_6 =

15.80 ± 0.29 [O(p^4)],

15.22 ± 0.39 [O(p^6)].

(5.2)

Making use of the recent results obtained in reference [37] we can also rewrite our result for C^r_{87} in the χPT_2 language, getting in this way the first determination of c^r_{50}

c^r_{50}(M_ρ ) = (4.95 ± 0.19) · 10^{−3} GeV^{−2} . (5.3)

6. Summary and comparison with previous estimates

Tables 1 and 2 summarize our determinations of chiral LECs at O(p^6) and O(p^4), respectively. They have been obtained through a sum rule analysis that only uses general properties of QCD and the measured V −A spectral function [1], and taking into account the results of refs. [35, 44].

Our determination of L^r_{10} (l_5) is the first one extracted from τ-decay data at O(p^6). We can make an indirect and interesting check comparing our O(p^6) result for L^r_9 (l_6) with the value

2Actually, at order p^4, the most precise value of the combination l_6 −l_5 is obtained if we calculate it from the SU(3) combination L_9 + L_{10} of ref. [35]. In this way we have obtained a prediction for l_6 that supersedes that of ref. [30].

χPT_2 χPT_3 l_5 = 12.24 ± 0.21 L^r_{10}(M_ρ ) = −(4.06 ± 0.39) · 10^{−3} l_6 = 15.22 ± 0.39 L^r_9(M_ρ ) = (5.50 ± 0.40) · 10^{−3} c^r_{50} = (4.95 ± 0.19) · 10^{−3} GeV^{−2} C^r_{87}(M_ρ ) = (4.89 ± 0.19) · 10^{−3} GeV^{−2}

Table 1: Results for the χPT LECs obtained at O(p^6).

χPT_2 χPT_3 l_5 = 13.30 ± 0.11 L^r_{10}(M_ρ ) = −(5.22 ± 0.06) · 10^{−3} l_6 = 15.80 ± 0.29 L^r_9(M_ρ ) = (6.54 ± 0.15) · 10^{−3}

Table 2: Results for the χPT LECs obtained at O(p^4).

L^r_9(M_ρ ) = (5.93 ± 0.43) · 10^{−3} (l_6 = 16.0 ± 0.5 ± 0.7) obtained from the charge radius of the pion [36] ([45]). The agreement is very good and the improvement in the numerical value of l_6 is remarkable.

At order p^4 we do have a previous estimate of L^r_{10} from τ data [8] that found L^r_{10}(M_ρ ) = −(5.13 ± 0.19) · 10^{−3}, through a simultaneous fit of this parameter and the OPE corrections of dimensions six and eight to several spectral moments of the hadronic distribution. This determination is in good agreement with our O(p^4) result. Our quoted uncertainty has an smaller experimental contribution and includes a better assessment of the theoretical uncertainties. We can also perform an indirect check through the comparison of our O(p^4) result for L^r_9 with the value L^r_9(M_ρ ) = (6.9 ± 0.7) · 10^{−3} obtained from the charge radius of the pion [19]. We see again a very good agreement and a clear improvement in the precision.

If we shift now from phenomenology to theory, we can compare our results with those obtained from analytical approaches and lattice simulations. Our determinations of L^r_{10}(M_ρ ) and C^r_{87}(M_ρ ) agree within errors with the large–N_C estimates based on lowest-meson dominance [21, 24, 32, 38], L_{10} ≈ −3 f^2_π /(8M^2_V ) ≈ −5.4 · 10^{−3} and C_{87} ≈ 7 f^2_π /(32M^4_V ) ≈ 5.3 · 10^{−3} GeV^{−2}, and with the result of ref. [28] for C_{87}, based on Padé approximants. These predictions however are unable to fix the scale dependence which is of higher-order in 1/N_C. More recently the resonance chiral theory Lagrangian [24, 39] has been used to analyse the correlator Π(s) at NLO order in the 1/N_C expansion. Matching the effective field theory description with the short-distance QCD behaviour, both LECs are determined, keeping full control of the μ-dependence. The predicted values L^r_{10}(M_ρ ) = −(4.4 ± 0.9) · 10^{−3} and C^r_{87}(M_ρ ) = (3.6 ± 1.3) · 10^{−3} GeV^{−2} [29] are in perfect agreement with our results, although less precise.

The most recent lattice calculations find the following results (order p^4):

L^r_{10}(M_ρ ) = { −(5.2 ± 0.5) · 10^{−3} [40] , −(5.7 ± 1.1 ± 0.7) · 10^{−3} [41] ,

l_6 = { 14.9 ± 1.2 ± 0.7 [42] , 11.9 ± 0.7 ± 1.0 [43] .

(6.1)

They are in good agreement with our determinations (although still far from the phenomenological precision), but for the last one that is slightly smaller. As discussed in ref. [43], this is partly due to the deviation of the lattice determination of the pion decay constant from the χPT one.

Therefore we can conclude that the different analytical approaches and the various lattice calculations agree very well with our precise phenomenological values.

Acknowledgements M. G.-A. is indebted to MICINN (Spain) for an FPU Grant. Work partly supported by the EU network FLAVIAnet [MRTN-CT-2006-035482], by MICINN, Spain [FPA2007-60323, FPA2006-05294, CSD2007-00042 –CPAN–], by Junta de Andalucía [P07-FQM 03048] and by Generalitat Valenciana [Prometeo/2008/069].

References

[1] S. Schael et al. [ALEPH Coll.], Phys. Rep. 421 (2005) 191.

[2] E. Braaten, Phys. Rev. Lett. 60 (1988) 1606; Phys. Rev. D 39 (1989) 1458; S. Narison and A. Pich, Phys. Lett. B 211 (1988) 183; E. Braaten, S. Narison and A. Pich, Nucl. Phys. B 373 (1992) 581; F. Le Diberder and A. Pich, Phys. Lett. B 286 (1992) 147; A. Pich, Nucl. Phys. B (Proc. Suppl.) 39 B,C (1995) 326.

[3] F. Le Diberder and A. Pich, Phys. Lett. B 289 (1992) 165.

[4] M. Davier, A. Höcker and H. Zhang, Rev. Mod. Phys. 78 (2006) 1043; M. Davier et al., Eur. Phys. J.

C 56 (2008) 305.

[5] P.A. Baikov, K.G. Chetyrkin and J.H. Kühn, Phys. Rev. Lett. 101 (2008) 012002; M. Beneke and M. Jamin, JHEP 09 (2008) 044; K. Maltman and T. Yavin, Phys. Rev. D 78 (2008) 094020; S. Menke, arXiv:0904.1796 [hep-ph]; I. Caprini and J. Fischer, arXiv:0906.5211 [hep-ph].

[6] A. Pich, Int. J. Mod. Phys. A 21 (2006) 5652; Nucl. Phys. B (Proc. Suppl.) 169 (2007) 393; ibid.

181-182 (2008) 300.

[7] J. F. Donoghue and E. Golowich, Phys. Rev. D 49 (1994) 1513. [8] M. Davier, A. Höcker, L. Girlanda and J. Stern, Phys. Rev. D 58 (1998) 096014. [9] S. Narison, Nucl. Phys. B 593 (2001) 3. [10] S. Weinberg, Phys. Rev. Lett. 18 (1967) 507.

[11] C.A. Domínguez and K. Schilcher, JHEP 01 (2007) 093; J. Bordes, C.A. Domínguez, J. Peñarrocha and K. Schilcher, JHEP 02 (2006) 037.

[12] V. Cirigliano, E. Golowich and K. Maltman, Phys. Rev. D 68 (2003) 054013. [13] J.F. Donoghue and E. Golowich, Phys. Lett. B 478 (2000) 172; V. Cirigliano et al., ibid. B 522 (2001) 245; ibid. B 555 (2003) 71; J. Bijnens, E. Gámiz and J. Prades, JHEP 10 (2001) 009; Nucl. Phys. B (Proc. Suppl.) 121 (2003) 195; S. Narison, Nucl. Phys. B 593 (2001) 3.

[14] S. Weinberg, Physica A 96 (1979) 327.

[15] J. Gasser and H. Leutwyler, Annals Phys. 158 (1984) 142. [16] J. Gasser and H. Leutwyler, Nucl. Phys. B 250 (1985) 465. [17] M. Knecht and E. de Rafael, Phys. Lett. B 424 (1998) 335.

[18] J. Bijnens, G. Colangelo and G. Ecker, Annals Phys. 280 (2000) 100; JHEP 02 (1999) 020;

H.W. Fearing and S. Scherer, Phys. Rev. D 53 (1996) 315. [19] G. Ecker, Acta Phys. Polon. B 38 (2007) 2753. [20] B. Moussallam, Nucl. Phys. B 504 (1997) 381. [21] M. Knecht and A. Nyffeler, Eur. Phys. J C 21 (2001) 659. [22] P. Ruiz-Femenía, A. Pich and J. Portolés, JHEP 07 (2003) 003. [23] J. Bijnens, E. Gámiz, E. Lipartia and J. Prades, JHEP 04 (2003) 055. [24] V. Cirigliano el al., Nucl. Phys. B 753 (2006) 139; Phys. Lett. B 596 (2004) 96. [25] V. Cirigliano et al., JHEP 04 (2005) 006.

[26] K. Kampf and B. Moussallam, Eur. Phys. J. C 47 (2006) 723; S. Dürr and J. Kambor, Phys. Rev. D 61 (2000) 114025.

[27] I. Rosell, J.J. Sanz-Cillero and A. Pich, JHEP 01 (2007) 039. [28] P. Masjuan and S. Peris, Phys. Lett. B 663 (2008) 61; JHEP 05 (2007) 040. [29] A. Pich, I. Rosell and J.J. Sanz-Cillero, JHEP 07 (2008) 014.

[30] M. González-Alonso, A. Pich and J. Prades, Phys. Rev. D 78 (2008) 116012; Nucl. Phys. B (Proc.

Suppl.) 186 (2009) 171; ibid. 189 (2009) 90.

[31] C.A. Domínguez and K. Schilcher, Phys. Lett. B 581 (2004) 193; ibid. B 448 (1999) 93. [32] G. Amorós, J. Bijnens and P. Talavera, Nucl. Phys. B 568 (2000) 319. [33] M. González-Alonso, València Univ. Master Thesis (2007). [34] M. Jamin, J.A. Oller and A. Pich, JHEP 02 (2004) 047. [35] R. Unterdorfer and H. Pichl, Eur. Phys. J. C 55 (2008) 273. [36] J. Bijnens and P. Talavera, JHEP 03 (2002) 046.

[37] J. Gasser, C. Haefeli, M.A. Ivanov and M. Schmid, Phys. Lett. B 652 (2007) 21, ibid. B 675 (2009) 49. See M. Ivanov, these proceedings.

[38] A. Pich, arXiv:hep-ph/0205030.

[39] G. Ecker, J. Gasser, A. Pich and E. de Rafael, Nucl. Phys. B 321 (1989) 311; G. Ecker, J. Gasser, H. Leutwyler, A. Pich and E. de Rafael, Phys. Lett. B 223 (1989) 425.

[40] E. Shintani et al. [JLQCD Coll.], Phys. Rev. Lett. 101 (2008) 242001. See S. Hashimoto, these proceedings.

[41] P.A. Boyle, L. Del Debbio, J. Wennekers and J.M. Zanotti [RBC and UKQCD Coll.], arXiv:0909.4931.

[42] R. Frezzotti, V. Lubicz and S. Simula [ETM Coll.], arXiv:0812.4042. See G. Herdoiza, these proceedings.

[43] S. Aoki et al. [JLQCD and TWQCD Coll.], arXiv:0905.2465. See T. Kaneko, these proceedings. [44] J. Bijnens and P. Talavera, Nucl. Phys. B 489 (1997) 387. [45] J. Bijnens, G. Colangelo and P. Talavera, JHEP 05 (1998) 014.