arXiv:0910.2690v3 [hep-th] 21 Jun 2010

Unified BRST description of AdS gauge fields

Konstantin Alkalaev and Maxim Grigoriev

I.E. Tamm Department of Theoretical Physics, P.N. Lebedev Physical Institute, Leninsky ave. 53, 119991 Moscow, Russia

Abstract

A concise formulation for mixed-symmetry gauge fields on AdS space is proposed. It is explicitly local, gauge invariant, and has manifest AdS symmetry. Various other known formulations (including the original formulation of Metsaev and the unfolded formulation) can be derived through the appropriate reductions and gauge fixing. As a byproduct, we also identify some new useful formulations of the theory that can be interesting for further developments. The formulation is presented in the BRST terms and extensively uses Howe duality. In particular, the BRST operator is a sum of the term associated to the spacetime isometry algebra and the term associated to the Howe dual symplectic algebra.

Contents

1 Introduction 2

2 Preliminaries 4 2.1 Howe dual realizations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.2 Fields on the hyperboloid in terms of the ambient space . . . . . . . . . . . . . . 6 2.3 Gauge invariance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

3 Generating BRST formulation 9 3.1 BRST operator and field equations . . . . . . . . . . . . . . . . . . . . . . . . . 10 3.2 Algebraic constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 3.3 Equivalence to Metsaev formulation . . . . . . . . . . . . . . . . . . . . . . . . 13 3.4 Beyond the unitary case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

4 Parent form and other formulations 17 4.1 Parent form . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 4.2 Ambient space parent theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

5 Q_p - cohomology and BMV conjecture 19 5.1 Elimination of (d + 1)-th direction . . . . . . . . . . . . . . . . . . . . . . . . . 20 5.2 AdS Weyl module . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 5.3 AdS Weyl module in terms of Poincaré ones: BMV conjecture . . . . . . . . . . 23 5.4 AdS Gauge module . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

6 Conclusions 25

A Proofs of Lemmas of Section 5 25

1 Introduction

There have been numerous approaches to mixed-symmetry higher spin gauge fields on the AdS space. In contrast to the totally symmetric case where a simple Lagrangian formulation is available [1], describing mixed-symmetry AdS fields is not so straightforward. In particular, general AdS gauge fields have been described much later [2] and only at the level of equations of motion. Moreover, these equations are not truly gauge-invariant as the gauge parameters satisfy differential constraints. The true gauge fields were then identified in [3, 4] within the unfolded approach [5, 6]. The unfolded formulation of AdS gauge fields was recently proposed in [7, 8]. However, beyond the totally symmetric field case [6] this formulation happens to be rather involved technically because the constraints imposed on the fields bring the respective projectors to the equations of motion. As far as particular cases of mixed-symmetry AdS fields are concerned there are other successful approaches available in the literature [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21]. Light-cone formulation for mixed-symmetry fields of any spins was elaborated in [22, 23, 24].

Although all these formulations are believed (and partially proved) to describe the same physical degrees of freedom their explicit interrelations remain unclear. Moreover, further developments and especially a search for mixed-symmetry fields consistent interactions call for a simple and algebraically transparent formulation that is free of the above difficulties. This paper is devoted to constructing a candidate formulation that meets these criteria. This turns out to be a natural generalization of the recent [25] (see also [26] for the case of Fronsdal fields) formulation for Minkowski space mixed-symmetry fields. At the same time, it naturally generalizes the formulation [27] of totally symmetric AdS fields to the mixed-symmetry case. In particular, the equations of motion and gauge symmetries has one and the same structure for massless fields of arbitrary symmetry type in both Minkowski and AdS spaces.

An important technical ingredient used throughout the paper is the twisted version of the Howe dual [28] realisation of symplectic and orthogonal algebras (in the case of Fronsdal fields, i.e. for sp(4) algebra, this realization was first used in [27]). Though equivalent to the usual one in the space of polynomials it turns out inequivalent in the space of formal power series because the equivalence transformation is not well-defined in this space. In the same way as usual Howe duality is useful in describing finitedimensional irreducible modules (e.g. irreducibility conditions for one algebra are highest weight conditions for its Howe dual) the twisted realization also describes infinitedimensional indecomposable representations. This is crucial because both type of modules are necessary to describe gauge fields. Namely, the generalized curvatures take values in the indecomposable module (known as Weyl module) while the generalized gauge potentials in the irreducible modules (known as gauge modules) of the AdS isometry algebra [29]. The twisted Howe duality allows to embed both type of modules in one and the same o(d − 1, 2) − sp(2n) bimodule.

An attractive feature of the proposed construction is that the irreducibility constraints commute with the equations of motion. Strictly speaking, they are BRST invariant with respect to the BRST operator defining the equations of motion and gauge symmetries. This allows to simultaneously describe a collection of irreducible fields such that an individual field can be then singled out by the appropriate constraints. This feature is important from the string theory perspective, where the string spectrum contains a huge collection of mixed-symmetry fields. Although string theory leads to massive mixed-symmetry fields and is not well-defined on AdS space, in the appropriate limit it is expected to incorporate massless fields and to admit AdS background (see e.g. [30, 31]). Motivated by this relationship we also propose other equivalent reformulations of the AdS mixedsymmetry fields including that defined in terms of the ambient space and based on the BRST operator,^1 analogous to the standard one associated to the bosonic string .

1It is also similar to the formulation of [15] for totally symmetric fields.

2 Preliminaries

2.1 Howe dual realizations

In this section we introduce main technical tools of our construction that make the whole consideration manifestly o(d − 1, 2) covariant.

The anti-de Sitter spacetime AdS can be described as a hyperboloid X embedded in the ambient flat pseudo-Euclidean space R^{d+1} . Labelling the coordinates in R^{d+1} as X^A, A = 0, ..., d, the embedding equation is

η_{AB} X^AX^B + 1 = 0 , η_{AB} = (− + · · · + −) . (2.1)

Infinitesimal isometries of the hyperboloid form a pseudo-orthogonal algebra o(d − 1, 2).

Let A^A_I , where A = 0, ..., d and I = 0, ...., n−1 be commuting variables transforming as vectors of o(d − 1, 2). The realization of o(d − 1, 2) on the space of functions in A^A_I reads J^{AB} = A^A_I ∂ ∂A_{B I} − A B I ∂ ∂A_{AI} . (2.2)

The realization of sp(2n) reads

T_{IJ} = A^A_I A_{JA} , T_I^J = 1 2 {A^A_I , ∂ ∂A^A_J } , T IJ = ∂ ∂A^A_I ∂ ∂A_{JA} . (2.3)

These two algebras form a Howe dual pair o(d − 1, 2) − sp(2n) [28]. The diagonal elements T_I^I form a basis in the Cartan subalgebra while T^{IJ} and T_I^J , I < J are the basis elements of the appropriately chosen upper-triangular subalgebra. Let us note that gl(n) algebra is realized by the generators T_I^J as a subalgebra of sp(2n) while its sl(n) subalgebra is generated by T_I^J with I ≠ J.

In what follows we also need to pick up a distinguished direction in the space of oscillators A^A_I . Without loss of generality we take it along A^A_0 so that from now on we consider variables A^A_0 and A^A_i , i = 1, ..., n − 1 separately. In particular, we identify sp(2n − 2) ⊂ sp(2n) subalgebra preserving the direction. We use the following notation for some of sp(2n − 2) generators

N_i^j ≡ T_i^j = A^A_i ∂ ∂A^A_j i ≠ j , N^i = N^i i ≡ T_i^i − d + 1 2 = A^A_i ∂ ∂A^A_i , (2.4)

which form gl(n − 1) subalgebra, and

T_{ij} = A^A_i A_{j A} , T^{ij} = ∂ ∂A^A_i ∂ ∂A_{j A} , (2.5)

that complete above set of elements to sp(2n − 2) algebra.

In what follows we use two different realizations of sp(2n) generators involving A^A_0 and/or ∂/∂A^A_0 :

• realization on the space of polynomials in A^A_i with coefficients in functions on R^{d+1} with the origin excluded. In this case

A^A_0 = X^A, ∂ ∂A^A_0 = ∂ ∂X^A , (2.6)

where X^A are Cartesian coordinates in R^{d+1} . We keep the previous notation (2.4), (2.5) for generators that do not involve X^A and/or ∂/∂X^A while those that do are denoted by S^†_i = A^A_i ∂ ∂X^A , S̄^i = X^A ∂ ∂A^A_i , S^i = ∂ ∂A^A_i ∂ ∂X_A , □^X = ∂ ∂X^A ∂ ∂X_A . (2.7)

It is convenient to split the o(d − 1, 2) generators J^{AB} in two pieces as J^{AB} = L^{AB} + M^{AB} , where an orbital part L^{AB} is given by L^{AB} = X^A ∂ ∂X_B − X B ∂ ∂X_A . (2.8)

• realization on the space of polynomials in A^A_i with coefficients in formal power series in variables Y^A such that

A^A_0 = Y^{′A} = Y^A + V^A , ∂ ∂A^A_0 = ∂ ∂Y^A , (2.9)

where V^A is some o(d−1, 2) vector normalized as V^AV_A = −1. Respective sp(2n) generators are realized by inhomogeneous differential operators on the space of functions in A^A_i and Y^A. We use for them the following notation

S^†_i = A^A_i ∂ ∂Y^A , S̄^i = (Y^A + V^A) ∂ ∂A^A_i , S^i = ∂ ∂A^A_i ∂ ∂Y_A , □^Y = ∂ ∂Y^A ∂ ∂Y_A . (2.10)

Note that this realization is the same as in [25] but with Y^A replaced by Y^A + V^A. Shifting by V^A is crucial because this realization is inequivalent with the usual one (i.e., the one with V^A = 0). This happens because the change of variables Y^A → Y^A +V^A is ill-defined in the space of formal power series. In contrast to the usual realization where highest (lowest) weight conditions of sp(2n − 2) determine finite-dimensional irreducible o(d − 1, 2)-modules, the inhomogeneous counterpart of these conditions can determine both finite-dimensional irreducible or infinitedimensional indecomposable o(d − 1, 2)-modules. In particular, it allows one to describe finite-dimensional gauge modules and infinite-dimensional Weyl modules associated with gauge fields in AdS at the equal footing. Note that the case n = 1, 2 has been originally described in [27]. Analogous representation has been also used in [32] to describe conformal fields.

The orbital part L^{AB} of the generators J^{AB} takes the form

L^{AB} = (Y^A + V^A) ∂ ∂Y_B − (Y B + V^B ) ∂ ∂Y_A . (2.11)

This realization of the dual orthogonal and symplectic algebras will be refereed to as twisted Howe dual realization.

2.2 Fields on the hyperboloid in terms of the ambient space

We start with the description of the unitary irreducible o(d − 1, 2)-modules originally developed by Fronsdal [1] for totally symmetric fields and then extended to mixed-symmetry fields by Metsaev [2]. However, we need the description in terms of a slightly different basis for the irreducibility conditions and in terms of fields defined on R^{d+1} rather than on the hyperboloid. We show that irreducibility conditions imposed on fields on R^{d+1} within the Metsaev formulation can be seen as the highest weight conditions for an upper-triangular subalgebra of sp(2n). This is natural as o(d − 1, 2) and sp(2n) are dual in this representation in the sense of Howe duality. To make this algebraic interpretation manifest we reformulate the Metsaev description using the basis elements (2.4), (2.7) and restoring the radial dependence of the fields on the hyperboloid.

For the moment, we restrict our consideration to unitary massless fields^2 in AdS space in the explicitly o(d − 1, 2)-invariant way. It is useful to define them as tensor fields on the ambient space R^{d+1} with the origin excluded and the radial dependence eliminated through the appropriate o(d − 1, 2)-invariant constraint. More technically, tensor fields are represented by functions on R^{d+1} /{0} taking values in the space of polynomials in variables A^A_i , i = 1, ..., n − 1, A = 0, ..., d introduced in Sec. 2. Such a filed can be viewed as a function ϕ = ϕ(X, A). The radial coordinate dependence is effectively eliminated through the homogeneity condition ( N_X − k ) ϕ = 0 , N_X = X^A ∂ ∂X^A , (2.12)

where k is a number whose explicit value will be fixed later. This allows to uniquely represent any field defined on hyperboloid in terms of the ambient space field satisfying (2.12). More explicitly, taking a new coordinate system (r, x^m) in R^{d+1} , such that r = √ −X^2 is a radius and x^m are dilation-invariant coordinates N_X x^m = 0, one finds ϕ = ϕ_0(x, A) r^k.

In order to describe irreducible representation let us impose the following irreducibility conditions (in the sector of A^A_i -variables):

T^{ij} ϕ = 0 , N_i^j ϕ = 0 i < j , (N_i − s_i)ϕ = 0 . (2.13)

In addition, we also impose the transversality, divergencelessness, and the ”mass-shell” conditions (in the sector of X^A-variables):

S̄^iϕ = 0 , S^iϕ = 0 , □_X ϕ = 0 . (2.14)

In contrast to purely algebraic conditions (2.13) the latter ones explicitly involve spacetime coordinates.

2The case of non-unitary massless fields as well as partially-massless fields in AdS space is discussed in Sec. 3.4.

All together, constraints (2.12), (2.13), and (2.14) form the upper-triangular subalgebra of sp(2n) algebra supplemented with Cartan elements. Because sp(2n) and o(d−1, 2) commute these constraints single out an o(d−1, 2)-module.^3 By solving the homogeneity condition (2.12) and transversality constraints S̄^iϕ = 0 one finds the description in terms of o(d − 1, 1)-tensor fields defined on the hyperboloid as was originally observed in the case of totally symmetric fields [1].

For fields subjected to the irreducibility conditions (2.12) and (2.14), one derives the following wave equation [2]

(□_{AdS} + m^2)ϕ = 0 , □_{AdS} ≡ 1 2 L_{AB} L^{AB} , (2.15)

where L_{AB} is an orbital part of o(d − 1, 2) generators (2.8). Evaluating 1 2 L_{AB} L^{AB} = □_X − N_X (d − 1 + N_X ) on the hyperboloid (2.1) and substituting the mass-shell condition (2.14) one finds an explicit value of the mass-like term

m^2 = N_X (d − 1 + N_X ) . (2.16)

Comparing with the original formula m^2 = E_0(E_0 + 1 − d) derived in [2] we see that an eigenvalue of the o(d − 1, 2) energy operator E_0 and an eigenvalue of sp(2n) Cartan element N_X defined by (2.12) are linearly dependent.

2.3 Gauge invariance

The theory determined by conditions (2.13) and (2.14) does not in general describe irreducible fields. More precisely, depending on the value of N_X and N_i the space of solutions may contain singular vectors. In this case we obtain a gauge theory.

It is useful to describe the gauge symmetry using the BRST formalism. To this end, we introduce Grassmann odd ghost variables b_α , α = 1, ..., p ⩽ n−1. The BRST description comes together with the ghost number grading gh(b_α) = −1 and gh(X^A) = gh(A^A_i ) = 0. The gauge invariance is encoded in the BRST operator

Ω_p = S^†_α ∂ ∂b_α , (2.17)

acting in the space of functions Ψ = Ψ(X, A| b) in X^A taking values in polynomials in A^A_i and ghost variables b_α.

Field ϕ = ϕ(X, A) considered in the previous section should be identified as the physical field which is the ghost-number-zero component of Ψ(X, A| b) while the ghost number −1 component is identified with gauge parameters. The gauge transformation is defined as δϕ = Ω_pχ , gh(χ) = −1 , gh(ϕ) = 0 , (2.18)

3Note that this module is not necessarily irreducible. In the space of polynomials in X^A these conditions are known to determine a finite-dimensional irreducible o(d − 1, 2)-module. This is not the case for functions on R^{d+1} /{0} though.

where χ = χ^α(X, A)b_α is a gauge parameter.

In order to consistently impose conditions (2.12), (2.13), and (2.14) some of them are to be extended by ghost contributions to make Ω_p act in the subspace. More precisely, in the ghost extended space one imposes unchanged constraints

S̄^iΨ = 0 , S^iΨ = 0 , □_X Ψ = 0 , T^{ij}Ψ = 0 , (2.19)

and modified constraints

^N_i^jΨ = 0 i < j , ( ^N_i − s_i)Ψ = 0 , ^J_α^βΨ = 0 , (2.20)

where

^N_i^j = N_i^j +B_i^j , ^N_i = N_i +B_i^i , ^J_α^β = ^N_α^β −δ^β_α (N_X −B +p+1) . (2.21)

Here and in what follows we use the following useful notations:

B_i^j = δ^α_i δ^j_β b_α ∂ ∂b_β , B^α = b^α ∂ ∂b_α , B = ∑ α B_α . (2.22)

Note that for ghost independent elements constraints (2.20) impose additional restrictions compared to their counterparts in (2.12) and (2.13). Additional constraints ^J_α^β appear as the consistency condition following from the commutators of the BRST operator Ω_p with constraints S̄^α.

Requiring gauge invariance restricts possible values of weights s_i. Their admissible values are specified by consistency of the second and the third conditions in (2.20) which, in turn, originate from the consistency with the gauge transformation. Indeed, from the third condition it follows that N_α^βΨ = 0 for α ≠ β. This implies (N_α − N_β)Ψ = 0 and hence s_α = s_β for all α, β. In other words, Ψ has vanishing sl(p) weights so that fields are sl(p) singlets. At the same time, they cannot be sl(p + k) singlets for k > 0, therefore s_p > s_{p+k}. For the later convenience, we introduce a notation s_1 ≡ s and order the weights as follows

s ≡ s_1 = s_2 = ... = s_p > s_{p+1} ⩾ s_{p+2} ⩾ · · · ⩾ s_{n−1} . (2.23)

Consistency with the gauge transformation also fixes the value of constant term in the constraint (N_X − k)ϕ = 0 (2.12) because it is now encoded in the constraint J_α^α. More precisely, for a physical field ϕ one gets

N_X ϕ = (s − p − 1)ϕ . (2.24)

By virtue of formula (2.16) one explicitly calculates a value of the mass-like term

m^2 = (s − p − 1)(s − p + d − 2) , (2.25)

thereby recovering the result of [2] for unitary massless AdS fields having the uppermost block of length s and height p.

¿From a more algebraic point of view, consistency with the gauge transformation (2.18) extends conditions (2.12), (2.13), and (2.14) that form upper-triangular subalgebra of sp(2n) (including Cartan elements) to an extended set of conditions (2.19) and (2.20) whose ghost independent parts form the parabolic subalgebra of sp(2n). The consistency can be immediately seen from the fact that together with S^†_α these conditions also form a parabolic subalgebra.

To complete the description of unitary gauge fields in terms of the ambient space let us spell out in components the gauge transformation of the physical fields (2.18). It takes the following form δϕ = S^†_1 χ^1 + ... + S^†_pχ^p , (2.26) where gauge parameters χ^α = χ^α(X, A) are components of ghost-number −1 element χ = χ^αb_α satisfying constraints (2.19) and (2.20). The peculiar feature of the gauge transformation is that gauge parameters χ^α do not satisfy Young symmetry conditions and are linearly dependent. By virtue of constraints (2.20) one can show that gauge parameters χ^α at α < p are expressed through parameter χ^p satisfying Young symmetry conditions N_i^j χ^p = 0, i < j and weight conditions N_αχ^p = (s − δ_{αp})χ^p. With the help of gauge parameter χ^p gauge variation (2.26) can be equivalently rewritten in the form

δϕ = ΠS^†_p χ^p ≡ (S^†_p − S^†_{p−1}N_p^{p−1} − S^†_{p−2}N_p^{p−2} − . . . − S^†_1 N_p^1)χ^p , (2.27)

where Π involves appropriate Young symmetrizations needed to adjust symmetry properties of both sides [2].

3 Generating BRST formulation

The formulation of the unitary gauge fields developed in the previous section is not completely satisfactory. First of all, it is not a genuine local gauge field theory because gauge parameters are subjected to the differential constraints (i.e., constraints involving derivatives with respect to X^A-coordinates). Furthermore, the way it is formulated is not explicitly local because fields are defined in terms of the ambient space. A natural question is to find a realization of the theory in terms of internal coordinates on the hyperboloid and gauge parameters not subjected to differential constraints. This can be done following the procedure used in [27] in the case of totally symmetric fields.

The idea suggested from [27]^4 is to put the ambient space to the fiber of the vector bundle over AdS space and then eliminate additional degrees of freedom through auxiliary constraints. More technically, one replaces coordinates X^A with formal variables Y^A and then consider fields on the AdS space with values in the fiber that is in the space of “functions” in Y^A and A^A_i variables. In this procedure all the algebraic constraints stay the same while those involving X^A and^∂_{∂XA} (in particular, those entering the BRST operator) are replaced with the respective constraints for Y^A variables and hence also become

4In its turn it originates in (the generalization [33, 34, 26] to constrained systems of) the Fedosov quantization procedure [35] and Vasiliev unfolded formalism [36, 37, 39]. In the related context it was also used in [40, 32]

algebraic. The extra degrees of freedom are then eliminated by introducing additional constraints.

3.1 BRST operator and field equations

The well-known approach to describe AdS geometry structure on manifold X is to consider vector bundle V_0 over X with the fiber being (d − 1, 2)- dimensional pseudo- Euclidean space. The AdS geometry structure is then encoded in the compatible flat o(d − 1, 2)-connection ω^{AB}(x) and a given section V^A(x) of V_0 satisfying η_{AB} V^AV^B = −1, where η_{AB} are coefficients of the fiber-wise pseudo-Eucledean bilinear form. If in addition ∇V^A seen as a map from the tangent bundle to V_0 is of maximal rank then indeed e^A = ∇V^A can be identified with the vielbein and η(e, e) with the AdS metric. Here ∇ denotes the covariant derivative determined by connection ω.

The space of polynomials in A^A_i with coefficients in formal power series in Y^A is equipped with the action of sp(2n) and o(d − 1, 2) defined by (2.4), (2.5), (2.10) and (2.11), respectively. Taking this space as a fiber gives a vector bundle V associated to V_0. In what follows, the fibre is also assumed to contain ghost variables b_α on which o(d − 1, 2) and sp(2n) act trivially. The o(d − 1, 2)-connection ω^{AB} determines the following covariant derivative (also denoted by ∇) in the associated bundle V

∇ = d + 1 2 θ^mω^{AB}_m J_{AB} ≡ θ^m ∂ ∂x^m − θ mω^A_{mB} ( (Y^B + V^B) ∂ ∂Y^A + A B i ∂ ∂A^A_i ) , (3.1)

where ω^{AB}_m and V^A are components of ω^{AB}(x) and V^A(x) introduced using a suitable local frame and x^m are local coordinates on X. Here the frame is chosen such that V^A = const; the expression for ∇ gets additional terms if a local frame where V^A ≠ const is used. We have replaced basis differential forms dx^m with extra Grassmann odd ghost variables θ^m, m = 0, ..., d − 1 because ∇ will be interpreted later as a part of BRST operator.

Let us consider the following BRST operator

^Ω = ∇ + Q_p , Q_p = S^†_α ∂

∂b_α , (3.2)

defined on the space of sections of the bundle above. We assign the following gradings to the ghost variables gh(θ^m) = −gh(b_α) = 1 so that BRST operator ^Ω has a standard ghost-number gh(^Ω) = 1. The BRST operator is nilpotent because of the following obvious relations^5 ∇^2 = Q^2_p = 0 , [Q_p, ∇] = 0 . (3.3)

The former relation holds in virtue of the zero-curvature condition for connection ω^{AB}. The latter one is true because ∇ and Q_p are build of generators of two commuting (Howe dual) algebras o(d − 1, 2) and sp(2n).

5Here and in what follows the commutator denotes the graded commutator, [f, g] = fg − (−)^{|f ||g|}gf, where |f| is the Grassmann parity of f.

That BRST operator is build out of the flat o(d − 1, 2) connection and sp(2n) generators implies the explicit o(d − 1, 2)-invariance of the theory described by ^Ω. To see how o(d − 1, 2)-algebra acts on fields let us note that o(d − 1, 2) naturally acts on the fibre at any point x_0 ∈ X. This determines an action on fields by taking as parameter a covariantly constant section of the associated bundle with the fibre being o(d − 1, 2) considered as the adjoint module.^6 In terms of components, let ξ^0_{AB} = −ξ^0_{BA} represent an o(d − 1, 2)- element. It can be extended to a covariantly constant ξ_{AB} (x) satisfying ∇ξ_{AB}(x) = 0 and ξ_{AB} (x_0) = ξ^0_{AB}, where x_0 ∈ X is a given point of X. If ϕ = ϕ(x, Y, A, ghosts) represents a field then the o(d − 1, 2)-action can be defined as

R(ξ^0)ϕ = 1 2 ξ_{AB}J^{AB} ϕ , ∇ξ_{AB}(x) = 0 , ξ_{AB}(x_0) = ξ^0_{AB} . (3.4)

Note that the above expression is not unique since it is defined modulo a gauge transformation and terms proportional to the equations of motion. For instance, one can also represent the action such that coordinates x^m are affected (see [25] for a more extensive discussion).

Let us recall how the BRST operator and its representation space encode a gauge field theory. Physical fields are identified as elements Ψ^{(0)} at ghost number 0, gauge parameters as elements χ^{(−1)} at ghost number −1. The equations of motion and the gauge transformations read as

^ΩΨ^{(0)} = 0 , δΨ^{(0)} = ^Ωχ^{(−1)} , (3.5)

where the gauge parameters have ghost number gh(χ^{(−1)}) = −1. Elements at other ghost numbers correspond to higher structures of the gauge algebra. For instance, order k, k = 1, ..., p − 1 reducibility parameters are described by ghost-number −k elements. The respective reducibility identities read as δχ^{(−k)} = ^Ωχ^{(−k−1)}.

Specializing to the case at hand: an element of vanishing ghost degree reads as

Ψ^{(0)} = ψ_0 + ψ_1 + . . . + ψ_p , ψ_k = ψ^{α1... αk}_{m1... mk} (x, Y, A)b_{α1} . . . b_{αk} θ^{m1} . . . θ^{mk} . (3.6)

The expansion coefficients ψ^{α1... αk}_{m1... mk} are identified as differential k-forms (k ⩽ p) on X. The equations of motion take the form

∇ψ_0 + S^†_α ∂ ∂b_α ψ^1 = 0 ,

∇ψ_1 + S^†_α ∂ ∂b_α ψ^2 = 0 , . . . ∇ψ_p = 0 .

(3.7)

First order gauge parameters can be represented as ξ^{(−1)} = ξ_1 + ξ_2 + . . . + ξ_p , ξ_k = ξ^{α1... αk}_{i1... ik−1} (x, A, Y )b_{α1} . . . b_{αk} θ^{i1} . . . θ^{ik−1} . (3.8) 6See [25] for a discussion of a general symmetry algebra and the example of Poincaré algebra

For instance, gauge parameter ξ_1 = ξ^αb_α is a 0-form. The gauge transformations have the form δ_ξψ_0 = S^†_α ∂ ∂b_α ξ^1 ,

δ_ξψ_1 = ∇ξ_1 + S^†_α ∂ ∂b_α ξ^2 , . . . δ_ξψ_p = ∇ξ_p . (3.9)

In the same way one can spell out the reducibility relations.

Let us stress that in this formulation the structure of the equations of motion and gauge symmetries is exactly the same as of the formulation [25] for the Minkowski space fields. The difference is in o(d − 1, 2)-module structure of the fiber replaced with the iso(d − 1, 1) (i.e. Poincaré) one. Respectively, o(d − 1, 2) covariant derivative of the present formulation is replaced with Poincaré one. However, the explicit structure of the fibre is quite different for AdS and Poincaré gauge fields. In particular, the algebraic constraints imposed to describe irreducible fields belong to different algebras.

3.2 Algebraic constraints

The system just constructed does not describe an irreducible representation. Moreover, it is an off-shell system in a sense that it does not impose true differential equations on fields. All equations are equivalent to constraints and can be solved in terms of some unconstrained fields (see [41, 42, 40] for more details on the off-shell form of HS dynamics). To make it dynamical one should impose the fiber version of the constraints (2.19) and (2.20). These read as

T^{IJ} Ψ = 0 , S̄^iΨ = 0 , ^N_i^jΨ ≡ (N_i^j + B_i^j )Ψ = 0 i < j ,

^J_α^βΨ ≡ ( ^N_α^β − δ^β_α(N_{Y ′} − B + p + 1))Ψ = 0 ,

(3.10)

where we introduced Euler operator N_Y ′ = (Y^A + V^A) ∂ ∂Y^A (cf. (4.5)). In addition,

conditions ^N_iΨ ≡ (N_i + B_i)Ψ = s_iΨ . (3.11)

single out a particular spin field. As before, all the constraints together with S^†_α imposed through the BRST operator form a parabolic subalgebra of sp(2n) represented on the fiber. This ensures the consistency of the system. Note that among the constraints (3.10), (3.11) those involving^∂_{∂Y A} (except for ^J_α^β ) lead to differential equations of motion while the remaining ones give rise to algebraic constraints.

Applying the same reasoning as in Sec. 2.3 one concludes that spins are arranged according to (2.23). In particular, it follows that constraints ^J_α^β split in two parts

^N_α^βΨ = 0 , hΨ ≡ (N_{Y ′} − B + p + 1)Ψ = sΨ , (3.12)

for α ≠ β and α = β, respectively.

3.3 Equivalence to Metsaev formulation

Our next aim is to show that the theory determined by BRST operator (3.2) and the constraints (3.10) and (3.11) indeed describes unitary gauge fields. To this end let us note that by eliminating auxiliary fields and fixing the gauge, equations of motion (3.7) can be written as

∇ψ_0 = 0 , ∇ψ_1 + . . . = 0 , ∇ψ_2 + . . . = 0 , . . . , (3.13)

where by slight abuse of notation we denote by ψ_k the field of the reduced theory. More precisely, ψ_k is a k-form obtained by eliminating auxiliary components and fixing algebraic gauge symmetries from the respective fields in (3.6) while dots in the equations for ψ_k denote the extra terms depending on ψ_l with l < k. This form of the equations of motion is known as unfolded form [5, 6]. It can be obtained [26, 27] from BRST formulation (3.7) by reducing to Q_p-cohomology. Here we do need an explicit form of the unfolded equations. We only note that analysing the gauge invariance of (3.13) one concludes that ψ_0 is invariant while higher components are determined in terms of ψ_0 modulo gauge transformations. It follows that physical degrees of freedom are carried by ψ_0 only.^7 It is then enough to concentrate on equations for ψ_0 that decouple from others. Field ψ_0 can be shown to take values in Q_p-cohomology at vanishing ghost degree. Because the cocycle condition is trivial for ghost-number-zero elements the cohomology class can be identified with the equivalence class of ψ_0 from (3.7) modulo the equivalence relation ψ_0 ∼ ψ_0 +S^†_αχ^α. Because ∇ is flat there exists local frame where connection coefficients ω vanish. In such frame equations for ψ_0 takes the form

∇ψ_0 ≡ θ^m( ∂ ∂x^m − ∂V^A(x) ∂x^m ∂ ∂Y^A )ψ^0 = 0 , (3.14)

where we have reintroduced the term proportional to dV^A that was missing in (3.1) (because V^A was assumed constant there). Moreover, in this frame the compensator components V^A satisfying V^2 = −1 can be identified with the Cartesian coordinates on the ambient space R^{d+1} expressed through the intrinsic coordinates on X ⊂ R^{d+1} . Note also that in this frame the interpretation of ∇ as o(d − 1, 2)-connection is not straightforward.

On the other hand, let ϕ = ϕ(X, A) be a field on the ambient space R^{d+1} satisfying (2.12), (2.13), (2.14) and subjected to gauge equivalence (2.26) with the gauge parameters χ^α satisfying (2.19) and (2.20). Let us introduce formal variables Y^A and represent ϕ and χ^α by ψ(X, Y, A) and λ^α(X, Y, A) satisfying ( ∂ ∂X^A − ∂ ∂Y^A )ψ = 0 , ψ|^{Y =0} = ϕ , ( ∂ ∂X^A − ∂ ∂Y^A )λ α = 0 , λ^α|_{Y =0} = χ^α . (3.15)

This representation is obviously one-to-one.^8 In view of (3.15) one observes that T ψ is equivalent to Tϕ, where T and T are two realization of an element of sp(2n). More

7This is a general feature of the unfolded form of equations of motion [29].

8This is true both in the space of smooth functions and formal power series in Y^A-variables. As before we assume formal series.

precisely, T and T are related by the change X^A ↔ X^A + V^A and^∂_{∂X} ↔^∂_{∂Y A} (see Section 2.1). For instance, □_X ϕ is equivalent to □_Y ψ if (3.15) is imposed.

The condition (^∂_{∂XA} −^∂_{∂Y A} )ψ = 0 can be interpreted as a covariant constancy condition ∇_0ψ = 0 with respect to an appropriate^9 connection ∇_0 so that it is similar to (3.14). Indeed, ψ and ψ_0 take values in the same space of polynomials in A_i with coefficients in formal series in Y^A-variables. Although ψ and ψ_0 are defined on different spaces (R^{d+1} and X, respectively) it turns out that ∇_0ψ = 0 and ∇ψ_0 = 0 have isomorphic spaces of (equivalence classes modulo gauge invariance) solutions. To see this let us first introduce a trivial vector bundle V(R^{d+1} ) with the fiber being the space of polynomials in A_i with coefficients in formal series in Y^A-variables. It is associated to the tangent bundle over the ambient space R^{d+1} .

In terms of general coordinates X^A on R^{d+1} the covariant derivative ∇_0 takes the form [27] :

∇_0 = Θ^A ( ∂ ∂X^A − ∂X^A ∂X^A ∂ ∂Y^A ) , (3.16)

where new ghost variables Θ^A stand for the basis differentials dX^A. Note that using a general orthogonal local frame of the tangent bundle over R^{d+1} would also bring the usual term Θ^AW_A^{AB} (Y_A^∂_{∂Y B} + A_{iA}^∂_{∂ABi} ) with the connection coefficients W_A^{AB}. Furthermore, vector bundle V(X) introduced in Section 3.1 can be identified as a pullback of the bundle V(R^{d+1} ) to X ⊂ R^{d+1} . Moreover, flat connection ∇ in V(X) can be seen as a pullback of ∇_0 in V(R^{d+1} ) to V(X). More explicitly, reducing to the hyperboloid amounts to choosing a new coordinate system (r, x^m) in R^{d+1} , where r = √ −X^2 is a radial coordinate and x^m are dilation invariant coordinates. Then ∇ can be seen as restriction of ∇_0 to the surface of fixed radius r = 1 and radial ghost component θ_{(r)} = 0, and is given by (3.1) if one identifies dilation-invariant coordinates and the intrinsic coordinates on X.

Restriction to X clearly sends covariantly constant sections of V(R^{d+1} ) to those of V(X). Moreover, this map is an isomorphism. To see this, let us note that this would be a trivial statement if the fiber were finite-dimensional. Indeed, a covariantly constant (with respect to ∇) section defined at r = 1 can be extended to a unique covariantly constant (with respect to ∇_0) section defined in the vicinity of r = 1. In the case at hand, however, the fiber is infinite-dimensional and solving for r-dependence could result in a nonconvergent series. This does note happen because the r-dependence of ϕ is fixed by constraint X^{A ∂}_{∂XA} ϕ = kϕ (2.12) which in turn originates from fiber constraint (Y^A + V^A)^∂_{∂Y A} ψ = kψ. This shows that restriction to X is an isomorphism. In its turn, it determines an isomorphism between fields ϕ(X, A) satisfying (2.12), (2.13), and (2.14) and the covariantly constant sections ψ_0(x, A) of V(X) satisfying (3.14).

This isomorphism is compatible with the sp(2n) actions defined in Section 2.1. In particular, this guarantees that this map is compatible with the gauge transformation so that spaces of respective equivalence classes are also isomorphic. In addition, it is also compatible with the o(d − 1, 2) action. This implies that the value of the energy evaluated in Section 2.2 remains the same. Moreover, the computation of energy in Section 2.2 is

9This can be seen as a standard iso(d − 1, 2)-connection.

only based on the relations of o(d − 1, 2) and sp(2n) realized on the space of functions in X^A, A^A_i . Because the relations are the same for realizations of the same algebras on the fiber one immediately finds the same value for a fiber at a given point of X. As the equations of motion have the form of a covariant constancy conditions one finds that this value is the same everywhere for a given field configuration.

3.4 Beyond the unitary case

We have by now constructed a compact gauge-invariant description of unitary gauge fields on AdS. It turns out that it can be generalized to a more general class of fields. To demonstrate the idea of such a generalization let us first show how the unitary fields can be seen as a subsector of a wider theory.

Let us consider BRST operator that can be obtained from (3.2) by taking p = n − 1

Ω = ∇ + Q , Q = S^†_i ∂ ∂b_i , i = 1, . . . , n − 1 , (3.17) acting on the subspace of a space of functions Ψ = Ψ(x, Y, A| θ, b) singled out by constraints

T^{IJ} Ψ = 0 , (N_i^j + B_i^j)Ψ = 0 i < j , (N_i + B_i)Ψ = s_iΨ . (3.18)

Note that these form a subset of constraints (3.10) and (3.11). As we are going to see this theory describes a reducible system so that one or another irreducible field (not necessarily unitary) can be singled out by imposing further constraints.

For instance, suppose that in addition to (3.18) one impose the following constraints ∂ ∂b_i Ψ = 0 , i = p + 1, . . . , n − 1 . (3.19)

One then observes that in this subspace Ω coincides with (3.2) while constraints (3.18) coincide with their counterparts from (3.10) and (3.11). Imposing the remaining constraints from (3.10) and (3.11) one indeed recovers the description of unitary gauge fields presented in Sections 3.1 and 3.2. This shows that unitary fields can indeed be singled out from a big theory (3.17) and (3.18) through farther algebraic conditions.

To give an example of non-unitary fields let us take n = 2 (totally symmetric fields) so that Q = S^† ∂ ∂b and impose the following constraints

(S̄^†)^tΨ = 0 , (N_Y ′ − B + t + 1)Ψ = sΨ , (3.20)

in addition to (3.18). One can check that Q indeed acts in the subspace.

To see which theory this defines let us evaluate Q-cohomology. In the minimal ghost number the coboundary condition is trivial so that the cohomology is defined by the cocycle condition S^†Ψ_1 = 0. This, in particular, implies that Ψ_1 is a polynomial in Y^A and it is legitimate to re-express it in terms of change Y^{′A} = Y^A + V^A. The full list of conditions determining the cohomology at ghost degree −1 reads as

NΨ_1 = (s − 1)Ψ_1 , N_Y ′ Ψ_1 = (s − t)Ψ_1 ,

(S̄)^tΨ_1 = 0 , S^†Ψ_1 = 0 .

(3.21)

Being written in terms of variables A^A and Y^{′A} these give the description of cohomology classes in terms of two-row o(d − 1, 2) Young diagrams with the first row of length s − 1 and the second row of length s − t. These cohomology classes determine gauge fields that are 1-form connections with values in the respective o(d − 1, 2) module originally considered in two-row Young diagrams [6, 43]. These are known to describe partiallymassless dynamics of spin s and depth t field [44, 45, 46, 43].

The cohomology classes at vanishing ghost degree can be represented by elements satisfying S̄Ψ_0 = 0 , S̄ = Y^A ∂

∂A^A . (3.22)

Comparing with constraints (3.20) gives the following generalized V^A-transversality condition V^{A1} · · · V^{Am} ∂ ∂A^{A1} · · · ∂ ∂A^{At} Ψ^0 = 0 , (3.23) and (Y^A + V^A) ∂ ∂Y^A Ψ^0 = (s − t − 1)Ψ^0 . (3.24)

Along with S̄Ψ_0 = 0 this gives the description of the respective Weyl module. Using the representation [27] of the Weyl module for massless spin-s fields as a subspace of totally traceless elements satisfying Y^A ∂ ∂A^A ϕ = 0 , V A ∂ ∂A^A ϕ = 0 , (Y A + V^A) ∂ ∂Y^A ϕ = (s − 2)ϕ , (3.25)

one finds that the partially-massless Weyl module (3.23) decomposes into a collection of Weyl modules of massless Fronsdal fields of spins s − t + 1, . . . , s − 1, s.

In this way we have extended the construction of previous sections to partially-massless fields originally described in [44, 45, 46, 43]. In the similar manner, one can describe other irreducible AdS fields. Indeed, by Howe duality basis elements of o(d − 1, 2) commutes with Q and therefore AdS algebra acts in the Q-cohomology. The Q-cohomology in non-zero negative ghost numbers 0 < p ⩽ n − 1 has been explicitly calculated in [25] and is represented by finite-dimensional irreps of o(d − 1, 2) algebra. These give rise to p-form fields with values in the respective o(d − 1, 2) irreps and coincide with those identified in [4]. According to [4] these fields correspond to all possible massless (unitary and non-unitary) fields and partially-massless fields of any symmetry types.

Let us finally comment on the relation of the theory determined by (3.17) and (3.18) to massless fields on R^{d+1} . It turns out that this theory can be identified as a pull-back to X of a theory defined on R^{d+1} . This can be constructed by considering fields on R^{d+1} and replacing ∇ with ∇_0 given by (3.16). The resulting theory describes massless mixedsymmetry fields^{10} propagating in R^{d+1} spacetime [25, 26]. Indeed, the BRST operator and the constraints simply coincide with those from [25]. Under the reduction to X the massless fields on R^{d+1} decomposes into a collection of gauge fields propagating on X. As we have seen on examples one or another irreducible subsystem can be then singled out by auxiliary constraints compatible with (3.17) and (3.18). Let us note that this ideology is to some extent analogous to that of [7, 8] where the unfolded form of the equations of motion for mixed-symmetry massless fields on AdS has been constructed starting from massless fields on the ambient space.

4 Parent form and other formulations

4.1 Parent form

Although the formulation constructed in Section 3.1 is rather compact and transparent other formulations can also be useful. An efficient way to handle various forms of the theory is to start with a sufficiently wide formulation such that other ones can be seen as one or another particular reductions. Such a formulation is refereed to as a parent form of the theory and is known for the case of totally symmetric [26] and mixed-symmetry [25] fields on Minkowski space as well as for totally symmetric AdS fields [27].

A parent formulation for mixed-symmetry AdS fields can be constructed as follows: introduce Grassmann odd ghost variables c_i and c_0 associated to the constraints □_Y and S^i. The total BRST operator reads then as

Ω^{parent} = ∇ + Ω̄ , (4.1)

where ∇ is given by (3.1) and Ω̄ is given by

Ω̄ = Q_p + “more” = S^†_α ∂ ∂b_α + c^iS i + c_0□_Y − c_α ∂ ∂b_α ∂ ∂c_0 . (4.2)

The representation space is that of formulation of Section 3.1 extended by polynomials in new ghost variables c_i, c_0 and satisfying the following constraints

S̄iΨ = 0 , T ij Ψ = 0 , N_ijΨ = 0 i < j , J_αβΨ = 0 , N_iΨ = s_iΨ , (4.3)

where S̄^i = S̄^i + 2C_0^i , T^{ij} = T^{ij} + G^{ij} , N_i^j = ^N_i^j + C_i^j , (4.4) and J_α^β = ^J_α^β + δ^β_α(2C_0 − C) . (4.5) Here in addition to B and B^j_i introduced above we have also used the following useful notation for operators involving new ghost variables

C_I^J = c_I ∂ ∂c_J , G ij = δ^i_α ∂ ∂c_j ∂ ∂b_α + δ j α ∂ ∂c_i ∂ ∂b_α , (4.6)

10Strictly speaking one also needs to take R^{d,1} rather then R^{d−1,2} in order to have a usual interpretation in terms of representations of Poincarè group

along with the respective Euler operators

C_I = c_I ∂ ∂c_I (no summation) , C = ∑ i C_i . (4.7)

To see that this formulation is equivalent to the one of Section 3.1 one introduces additional degree such that deg c_o = deg c_i = −1 and reduces the theory to the cohomology of the term Ω^{parent}_{−1} = c_0□_Y + c_iS^i from (4.2) which carries lowest degree. In its turn, Ω^{parent} −1 -cohomology is concentrated in vanishing degree, and hence the reduced theory coincides with the one of Section 3.1.^{11}

The constraints (4.3) still contain those involving Y^A and^∂_{∂Y A} . These are ghost modified S̄^i and h (recall that J_α^β can be split into N_α^β and h, cf. (3.12)). It can be useful to implement these constraints through the BRST operator with their own ghost variables so that only purely algebraic constraints

T^{ij} Ψ = 0, N_i^jΨ = 0 i < j, N_α^βΨ = 0 α ≠ β, (N_i − s_i)Ψ = 0 (4.8)

are directly imposed in the representation space. To show that such formulation is equivalent to (4.1) one introduces a degree such that the term involving S̄^i and h is of degree −1 and then reduces to its cohomology. This gives back the theory (4.1).^{12}

4.2 Ambient space parent theory

The parent theory constructed in the previous section can be seen as a reduction to the hyperboloid X ⊂ R^{d+1} of the related theory defined on the ambient space R^{d+1} /{0}. Indeed, the arguments analogous to those of Section 3.3 show that the theory determined by Ω^{parent amb.} = ∇_0 + Ω̄ (4.9) defined on R^{d+1} can be reduced to that determined by (4.1). Here, ∇_0 is the covariant derivative defined in (3.16). In addition, as this theory is defined on the entire R^{d+1} /{0} one also needs to replace components of V^A with Cartesian coordinates X^A on R^{d+1} /{0} in the expression of constraints.

Because all the constraints involving Y^A and^∂_{∂Y A} can be assumed to be imposed through the BRST operator one can consistently eliminate variables Y^A and Θ^A. Indeed, using Cartesian coordinates on R^{d+1} and an appropriate degree one identifies Θ^{A ∂}_{∂Y A} as a lowest degree term in the total BRST operator. Because Y^A and Θ^A are unconstrained variables the cohomology can be identified with Y^A, Θ^A-independent elements (see [26], where the analogous reduction was discussed in more details). Under this reduction all the remaining operators are changed according to Y^A + X^A → X^A and^∂_{∂Y A} →^∂_{∂XA} so that the reduced BRST operator reads as

Ω^{ambient} = c_0□_X + c_iS^i + S^†_α ∂ ∂b_α − c^α ∂ ∂b_α ∂ ∂c_0 , (4.10)

11See [26, 27] for more details on the equivalent reductions in cohomological terms 12This reduction is a straightforward generalization of that from [27] to which we refer for more details.

Here we assumed that BRST invariant extensions of constraints S̄^i and h_X are imposed directly. All the algebraic constraints (4.8) stay the same.

Let us analyze the resulting ambient space theory in some more details. Fields Ψ = Ψ(X, A| b, c) are convenient to represent in the form of the decomposition Ψ = Ψ_1 + c_0Ψ_2. For the ghost-number-zero component Ψ^{(0)} fields Ψ^{(0)}_1 ≡ Φ and Ψ^{(0)}_2 ≡ C are the following decompositions with respect to the ghost variables Φ = p∑ k=0 c_{i1} · · · c_{ik} b_{α1} · · · b_{αk} Φ^{i1...ik|α1...αk} ,

C = p−1∑ k=0 c_{i1} · · · c_{ik} b_{α1} · · · b_{αk+1} C^{i1...ik|α1...αk+1} . (4.11)

The expansion coefficients in (4.11) are antisymmetric in each group of indices and the slash | implies that no symmetry properties between two groups are assumed. In other words, the expansion components take values in tensor products of gl(n − 1) and gl(p) antisymmetric irreps. Note that these component fields can be seen as an AdS version of the generalized triplets discussed in [47, 48, 49, 25].

Decomposing the BRST operator with respect to the homogeneity degree in c_0 as Ω^{ambient} = Ω_1 + Ω_0 + Ω_{−1} one can reduce the original theory to the cohomology of Ω_{−1} = c_α ∂ ∂b_α ∂ ∂c_0 (see [26, 25] for details). One then concludes that fields C are auxiliary

while some components of Φ are Stueckelberg. After the reduction one is left with the fields annihilated by operator Z_+ = c_α ∂ ∂b_α which is naturally interpreted as a generator

of sl(2) realized on ghosts (see [25] for an explicit discussion of this issue in the similar context). This reduction provides a relationship between the AdS version of generalized triplet formulation and the ambient space metric-like formulation. In particular, one can show that subjecting the dynamical fields of the reduced theory to the BRST extended trace conditions yields the generalized double-tracelessness conditions introduced in [3].

5 Q_p - cohomology and BMV conjecture

For the sake of completeness, we show here that the constructed generating formulation reproduces infinite-dimensional Weyl module and finite-dimensional module of gauge fields of the unfolded formulation for AdS mixed-symmetry massless fields [3, 7, 8]. More precisely, the Q_p - cohomology in the zeroth ghost degree is identified as Weyl module, while Q_p - cohomology in the minimal ghost number −p is identified as the gauge module. In all other ghost degrees the cohomology is empty. Representation of the Weyl module as Q_p-cohomology allows to describe it in terms of Lorentz irreducible fields that become Minkowski space gauge fields in the flat limit. In particular, this gives a proof of the Brink-Metsaev-Vasiliev (BMV) conjecture, put forward in [9], and partially proved in [7, 8].

5.1 Elimination of (d + 1)-th direction

So far we used manifestly o(d − 1, 2) covariant language. In this section it is convenient to analyse the problem in terms of Lorentz (i.e. o(d − 1, 1)) tensor fields. To this end, we choose the local frame where V^A = δ^A_d . Set Y^a = y^a and Y^d = z. Analogously, A^a_i = a^a_i and A^d_i = w_i. In what follows, we always assume that all elements Ψ = Ψ(Y, A| b) are totally traceless, T^{IJ} Ψ = 0. The following statement shows how constraints S̄^i and h from (3.10), (3.12) eliminate the dependence on (d + 1)-th variables z and w_i.

Proposition 5.1. The space of all totally traceless elements Ψ = Ψ(Y, A| b) satisfying

S̄^iΨ = 0 , (h + m)Ψ = 0 , (5.1)

is isomorphic to the space of all z, w_i-independent totally traceless elements. Here m denotes any integer. The isomorphism sends Ψ to the traceless component of Ψ|_{z=wi=0}.

The dependence of elements on ghost variables b_α is inessential here and is introduced for future convenience.

Proof. The proof is a straightforward generalization of that from [27]. The idea is to introduce auxiliary differential δ = γ_iS̄^i + α(h + m) − αγ_i ∂ ∂γ_i , δ 2 = 0 ,

where γ_i, α are auxiliary Grassmann odd ghost variables, gh(γ_i) = gh(α) = 1. For a ghost-number-zero element Ψ, equation δΨ = 0 is equivalent to equations (5.1). More formally, such elements can be identified with δ-cohomology at vanishing ghost number.

The statement amounts to showing that any traceless z, w_i-independent Ψ(y, a| b) can be uniquely completed to a totally traceless element annihilated by δ. If one takes homogeneity in z, w_i as a degree such a completion can be constructed order by order using the homological perturbation theory. More precisely, decomposing δ according to the degree

δ = δ_{−1} + δ_0 , δ_{−1} = α ∂ ∂z + γ^i ∂ ∂w^i , (5.2)

one observes that such a completion exists and is unique provided δ_{−1}-cohomology is trivial (any z, w_i-independent elements). This is obviously the case in the space of all (not necessarily traceless) elements. That this is also the case in the traceless subspace is a straightforward generalization of the respective statement proved in [27].

Both the space of z, w_i-independent traceless elements and its isomorphic space are sl(n − 1)-modules (in fact, also gl(n − 1)-modules), with sl(n − 1) algebra generated by operators N_i^j = A^A_i ∂ ∂A^A_j , i ≠ j and n^i j = a^a_i ∂ ∂a^a_j , i ≠ j, respectively. The isomor-

phism above is also an isomorphism of sl(n − 1)-modules. Indeed,

P((N_i^jΨ)|_{z=w=0}) = n_i^j (P(Ψ|_{z=w=0})) , (5.3) where P denotes the standard projector to a totally traceless component. That the spaces above are isomorphic as sl(n − 1)-modules implies, in particular, that if m = s then the subspace of (5.1) satisfying in addition irreducibility conditions (3.10) is isomorphic to a subspace of traceless z, w_i-independent elements satisfying the respective constraints in terms of n_i^j . One may formulate the above statement as follows: when reducing to Lorentz all constraints remain intact while S̄^i and h are relaxed. In particular, all the weights s_i remain the same.

Furthermore, the action of the BRST operator can be represented in terms of z, w_iindependent elements using the isomorphism of Proposition 5.1. It is easy to check that

P((Q_pΨ)|_{z=w=0}) = q_pP(Ψ|_{z=w=0}) , where q_p = s^†_α ∂ ∂b_α ≡ a a α ∂ ∂y^a ∂ ∂b_α . (5.4)

This implies that the field theory determined by Ω = ∇_0 + Q_p can be completely reformulated in terms of z, w_i-independent fields. In these terms the respective BRST operator reads as ~Ω = ~∇ + q_p , (5.5)

where ~∇ represents the action of ∇ in terms of z, w_i-independent fields. It acts in the space of totally traceless functions ϕ = ϕ(x, y, a| b, θ) subjected to the following conditions

(n_i + B_i)ϕ = s_i ϕ , (n_i^j + B_i^j)ϕ = 0 i < j , (n_α^β + B_α^β)ϕ = 0 (5.6)

where spins are arranged as in (2.23). Although this form of the theory is not very useful because the explicit expression of ~∇ and hence the form of the equations of motion is rather involved in terms of o(d − 1, 1)-tensor fields we are going to use it for the analysis of the spectra of unfolded fields. These can be found as Q_p-cohomology classes.

In the flat limit ~∇ becomes ~∇ | | Λ=0 = θ^a( ∂ ∂x^a − ∂ ∂y^a ), where we made use of standard

flat coordinates x^a and the associated local frame. Remarkably, in this limit the theory describes a dynamics of a particular collection of Minkowski mixed-symmetry fields. Indeed, (5.5) coincides with the BRST operator from [25] describing mixed-symmetry Minkowski fields provided one replaces ~∇ with a usual flat Poincaré covariant derivative. Moreover, for rectangular fields (p = n − 1) conditions (5.6) explicitly coincides with their counterpart from [25] so that in this case the flat limit is simply identical with the respective Minkowski field. More generally, if p < n − 1 the flat limit of the theory (5.5) has less gauge invariance (only s^†_i with i ⩽ p determine gauge symmetry) then its Minkowski space counterpart and hence carries more degrees of freedom. The fact that in the flat limit an irreducible AdS gauge field decomposes into a collection of Minkowski fields is known as BMV conjecture [9]. In Section 5.3 we give a general proof of the conjecture for fields of any symmetry type. Note that for fields with at most four rows a correctness of the BMV conjecture has been recently established in [8, 7].

5.2 AdS Weyl module

If one reduces the theory to Q_p-cohomology, elements of vanishing ghost number give rise to gauge invariant fields that are zero forms. In the literature the module where these fields take values is known as Weyl module. In the present context we have the following:

Definition 5.2. An AdS Weyl module ~M_0 of spins s_1, . . . , s_{n−1} is a ghost number zero Q_p-cohomology evaluated in the subspace of elements ϕ(Y, A|b) satisfying (3.10) and (3.11).

At ghost number zero the cocycle condition is trivial, while the coboundary condition says that any element of the form S^†_αχ^α is trivial. As was explained above the Q_p-cohomology can be computed as cohomology of q_p = s^†_α^∂_{∂bα} in the subspace of z, w_iindependent traceless elements satisfying (5.6).

Before the actual analysis of the q_p-cohomology let us first introduce some useful notation and definitions. As only generators of sl(n) algebra are involved in the constraints and the BRST operator, it is enough to compute cohomology in the subspace K^{(k)} of traceless homogeneity-k polynomials in a^a_i , y^a tensored with ghost variables, i.e. the respective eigenspace of the Euler operator n = n_y + ∑ i n_i, n_y = y^{a ∂}_{∂ya} . Indeed, all sl(n)

generators do not change the homogeneity degree.

In its turn, K^{(k)} decomposes into a collection of finite-dimensional irreducible sl(n)- modules. Obviously, the following sets

n_− = { n_i^j i < j } and n_+ = { n_i^j i > j } , (5.7)

generate sl(n − 1) ⊂ gl(n) subalgebra and can be identified as the upper-triangular and the lower-triangular subalgebras of sl(n − 1).

In order to realize the AdS Weyl module in terms of representatives of the equivalence classes it is useful to restrict the analysis to a finite-dimensional irreducible sl(n)- module V ⊂ K^{(k)}. In particular, module V is completely specified by the eigenvalues m_y(ψ_0), m_i(ψ_0) of its highest weight (HW) vector ψ_0 with respect to the Euler operators n_y, n_i. Conditions n_i^j ϕ = 0 for i < j imposed on ϕ are in fact the HW conditions with respect to sl(n − 1) subalgebra. The space of n_−-invariant elements can be then seen as a subspace V_0 ⊂ V of sl(n − 1) HW vectors. Decomposing V into the irreducible sl(n − 1)-submodules as V = ⨁ i V_i , (5.8)

and using the natural projection to the sl(n − 1) HW subspace of any irreducible sl(n)- module, one defines the projector Π : V → V such that Π^2 = Π and Im Π is the n_−- invariant subspace.

We have the following two Lemmas. Integers m_i(ϕ) below are eigenvalues of the Euler operators n_i acting on ϕ.

Lemma 5.3. Let ϕ be an sl(n − 1) HW vector from V_i ⊂ V then ϕ can be represented as

ϕ = Πs^†_{i1} . . . s^†_{il} Λ^{i1...il} ψ_0 , (5.9)

where ψ_0 is a HW vector of irreducible sl(n)-module V and Λ^{i1...il} are some coefficients.

Lemma 5.4. Let ϕ be an sl(n − 1) HW vector from V_i ⊂ V then the conditions m_α(ϕ) = m_α(ψ_0) and ϕ ≠ s^†_αχ^αare equivalent.

Both Lemmas follow from basic properties of finite-dimensional irreducible sl(k)- modules (see Appendix A). Lemma 5.4 gives a description of Q_p-cohomology at zeroth ghost numbers in terms of HW vectors of irreducible sl(n)-modules.

5.3 AdS Weyl module in terms of Poincaré ones: BMV conjecture

Let us recall that a Poincaré Weyl module of spin l_1 ⩾ l_2, . . . ⩾ l_{n−1} [50] can be defined as a subspace of sl(n) HW vectors in K satisfying the respective weight conditions (see [25] for more details). It turns out that the AdS Weyl ~M_0 can be decomposed into the direct sum of some Poincaré Weyl modules.

More precisely, given AdS Weyl module of spin (2.23) a Poincaré Weyl module is called admissible associated module if l_i = s_i − ν_i, where nonnegative integers ν_i = 0, i ⩽ p and ν_i ≠ 0, i > p, are chosen in a way compatible with the Young symmetry. We have:

Proposition 5.5. AdS Weyl module ~M_0 of a given spin is isomorphic to a direct sum of the admissible associated Poincaré Weyl modules.

Proof. We prove the statement by constructing the isomorphism explicitly. Let us first restrict to K^{(k)}. As usual, we decompose K^{(k)} into the direct sum of irreducible sl(n)- modules. Let V be a given irreducible component. Its highest weight vector ψ_0 by definition belongs to some Poincaré Weyl module. Two things can happen: either ψ_0 is admissible or not. If not then in V there are no elements from ~M_0. If ψ_0 is admissible then there are nonnegative integers ν_i such that s_i = l_i + ν_i and ν_i = 0 for i ⩽ p. It then follows from Lemma 5.4 that

ϕ = I_V (ψ_0) = Π [ (s^†_{p+1})^{νp+1} . . . (s^†_{n−1})^{νn−1} ψ_0 ] (5.10)

belongs to M_0. Note that ϕ is the only element in V that belongs to ~M_0. Defining the map I_V for each irreducible V (if V is not admissible I_V is trivial) one determines I for any element of the Poincaré module. By construction, I_V is an isomorphism.

5.4 AdS Gauge module

To complete the description of the spectrum of unfolded fields let us identify the cohomology at negative ghost degrees. The respective fields take values in the so-called gauge module. At ghost degree −p the fields are identified as differential p-forms taking values in the respective o(d − 1, 2) modules [3]. Namely, the coboundary condition is trivial while the cocycle implies that S^†_αϕ = 0, where ϕ = ϕ_{m1... mp} θ^{m1} · · · θ^{mp} takes values in a subspace singled out by constraints (3.10), (3.11). In particular, the field ϕ fulfills the following conditions: S̄^iϕ = 0 for all i and (N_α − s + 1)ϕ = 0 and (N_i − s_i)ϕ = 0 for i > p. In view of these conditions representatives can be chosen polynomials in Y^A. In terms of Y^{A′} = Y^A + V^A all the conditions give an explicit characterization of gauge modules in terms of o(d − 1, 2) Young tableaux having the uppermost block of length s − 1 and height p + 1 [3]. It turns out that Q_p-cohomology at ghost numbers other than 0, −p vanish. To see this we again use the representation in terms of z, w_i-independent elements.

First of all we note that constraints ^N_α^βψ = 0 (3.12) for α ≠ β imply that element ψ = ψ^{α1...αk} b_{α1} . . . b_{αk} with fixed weights contains just one independent component ϕ_{(k)} ≡ ψ^{p−k+1 ... p−1 p} satisfying sl(n − 1) HW conditions N_i^jϕ_{(k)} = 0, i < j. The Young tableau associated to ϕ_{(k)} includes the uppermost block of size [s, p − k], the neighboring block of size [s − 1, k], while the rest of the diagram has rows of lengths s_i.

Operator q_p obviously acts in the space of sl(n − 1) HW elements of definite weights. More precisely, q_p : ϕ_{(k+1)} → ϕ_{(k)} = Πs^†_{p−k}ϕ_{(k+1)}, where Π is a projector on sl(n − 1) HW elements (see Sec. 5.2).

For the q_p-cohomology at ghost number −k we have the following cocycle and the coboundary conditions:

Πs^†_{p−k+1}ϕ_{(k)} = 0 , ϕ_{(k)} ∼ ϕ_{(k)} + Πs^†_{p−k}χ_{(k+1)} , (5.11)

where χ_{(k+1)} are some sl(n − 1) HW elements of definite weights. Note that for k = 0 the cocycle condition is trivial as was already discussed in Section 5.2. For k = p the coboundary condition is missing so we are left with the cocycle condition only. For intermediate values of the ghost number 0 < k < p we have the following Lemmas describing solutions to (5.11).

Lemma 5.6. Let ϕ_{(k)} be an sl(n−1) HW vector from V_i ⊂ V then conditions m_α(ϕ_{(k)}) = m_α(ψ_0) at 1 ⩽ α ⩽ p − k, and ϕ_{(k)} ≠ Πs^†_{p−k}χ_{(k+1)} are equivalent.

Lemma 5.7. Let ϕ_{(k)} be an sl(n − 1) HW vector from V_i ⊂ V then Πs^†_{p−k+1}ϕ_{(k)} = 0 iff m_α(ϕ_{(k)}) > m_α(ψ_0) for some α such that 1 ⩽ α ⩽ p − k.

Here ψ_0 denote respective sl(n) HW vectors from Lemma 5.3. Both Lemmas result from comparing admissible weights of sl(n − 1) HW elements ϕ_{(k)} and their associated sl(n) HW elements ψ_0 (see Appendix A). Since there are no sl(n − 1) HW elements that simultaneously satisfy both the cocycle and the coboundary conditions, one concludes that the cohomology is empty for k ≠ 0, p.

6 Conclusions

In this paper, we have proposed the unified formulation for unitary dynamics of free bosonic HS fields of any symmetry type in the AdS space. We have also observed and discussed how to generalize the theory to include non-unitary fields. In particular, we have explicitly described such a generalization for totally symmetric partially-massless fields. The theory is formulated on the level of equations of motion using the usual BRST first quantized language. This makes the formulation somewhat analogous to the usual string-inspired BRST approach to higher spin fields. In particular, this can make the proposed formulation useful in describing relation to (a tensionless limit of) the bosonic string theory on the AdS background.

Another motivation and possible application of these results have to do with studying consistent interactions for mixed-symmetry AdS fields. While in the case of totally symmetric fields consistent interactions are known to cubic order in the Lagrangian formulation [51, 6, 52, 53, 54, 55, 56, 57] and to all orders at the level of equations of motion [38, 39], interactions of mixed-symmetry AdS gauge fields are not known so far. We hope that the transparent algebraic structure and a due control of the gauge invariance through the BRST technique make the present formulation useful in searching for nonlinear theory. Moreover, a possible nonlinear deformation is necessarily related to the appropriate algebraic structure – higher spin algebra. In the case of totally symmetric fields the respective algebra [39, 58] can be identified with higher symmetries [59] of the scalar singleton, the corresponding algebra in the mixed-symmetry case is expected to be related to singletons of nonvanishing spins. The respective candidate higher spin algebras have been recently identified in [32] using a framework closely related to the present one (see also a discussion of singleton composites in [8]).

Acknowledgments. We are grateful to I. Tipunin for many fruitful discussions. We also acknowledge discussions with G. Barnich, N. Boulanger, E. Feigin, C. Iazeolla, R. Metsaev, O. Shaynkman, E. Skvortsov, P. Sundell and M. Vasiliev. This work is supported by the LSS grant Nr 1615.2008.2. The work of KA is supported in part by grants RFBR grant Nr 08-02-00963 and the Alexander von Humboldt Foundation grant PHYS0167. The work of MG is supported by the RFBR grant 08-01-00737 and RFBR-CNRS grant 09-01-9310.

A Proofs of Lemmas of Section 5

Proof of Lemma 5.3. Any element from V ⊂ K^{(k)} can be represented as a linear combination of elements obtained by acting on ψ_0 with n_+ and s^†_i . Representing ϕ in this way, moving n_+ to the left by using the algebra commutation relations, and applying Π one finds that ϕ = Πϕ = Πs^†_{i1} . . . s^†_{il} Λ^{i1...il} ψ_0 because all the terms involving n_+ can not contribute. Indeed, Πn_+χ = 0 for any χ because n_+ can not map to HW subspace.

Proof of Lemma 5.4. Let us first show that m_α(ϕ) ≠ m_α(ψ_0) iff ϕ is trivial in the sense that ϕ = s^†_αχ^α for some χ^α. To this end introduce the following notation: n_{−1} denotes an element from the subalgebra n_+ of the form N^α_{p+i}, where p + i denote indices running p + 1, ..., n − 1, n_0 either N^β_α or N^{p+j}_{p+i} from the subalgebra n_+; s_0 denotes s^†_{p+i} and s_1 denotes s^†_α. Note that commutation relations have the structure

[n_{−1}, n_{−1}] = 0 , [n_{−1}, n_0] = n_{−1} , [n_0, n_0] = n_0 , [n_0, s_0] = s_0 , [n_0, s_1] = s_1 , [n_{−1}, s_1] = s_0 , [n_{−1}, s_0] = 0

(A.1)

According to Lemma 5.3 a given HW vector can be represented as ϕ = Π (s_1)^l(s_0)^mψ_0 for some nonnegative integers l, m. The terms originating from the projector have the following structure (n_0)^i(n_{−1})^j(s_1)^{l+j} (s_0)^{m−j} ψ_0 (A.2)

where the weights m_y and m_i of ϕ have been taken into account. Then using the commutation relations above one moves all s_1 to the left. This results in the expression of the form s_1(...) iff l > 0. Indeed, the terms without s_1 can arise in this process only if l = 0 (indeed only commuting n_{−1} with s_1 one can get rid of s_1; but the power of s_1 is higher than that of n_{−1} unless l = 0). If l = 0 then analogous arguments show that ϕ is nontrivial ϕ ≠ s_1(...) and other way around.

Proof of Lemma 5.6. It is analogous to that of Lemma 5.4.

In summary, both Lemma 5.4 and its generalization Lemma 5.6 mean that nontrivial sl(n − 1) HW elements representing the equivalence relation cannot be generated from the respective sl(n) HW elements by the first p − k generators s^†_α (for k = 0 we recover Lemma 5.4).

Proof of Lemma 5.7. The proof reduces to the following two observations. Firstly, one observes that acting by s^†_i increases a value of weight s_i by one and recalls that sl(n − 1) HW elements with weights s_j < s_{j+1} vanish identically. Secondly, given sl(n − 1) HW element ϕ it is easily seen that the relation Πs^†_i s^†_{i+1}ϕ = 0 holds provided that at least two subsequent weights are equal, i.e., m_i(ϕ) = m_{i+1}(ϕ).

References

[1] C. Fronsdal, “Singletons and massless, integral spin fields on de Sitter space (elementary particles in a curved space VII),” Phys. Rev. D20 (1979) 848–856.

[2] R. R. Metsaev, “Massless mixed symmetry bosonic free fields in d- dimensional anti-de Sitter space-time,” Phys. Lett. B354 (1995) 78–84.

[3] K. B. Alkalaev, O. V. Shaynkman, and M. A. Vasiliev, “On the frame-like formulation of mixed-symmetry massless fields in (A)dS(d),” Nucl. Phys. B692 (2004) 363–393, hep-th/0311164.

[4] E. D. Skvortsov, “Gauge fields in (anti)-de Sitter space and Connections of its symmetry algebra,” 0904.2919.

[5] O. V. Shaynkman and M. A. Vasiliev, “Scalar field in any dimension from the higher spin gauge theory perspective,” Theor. Math. Phys. 123 (2000) 683–700,

hep-th/0003123.

[6] M. A. Vasiliev, “Cubic interactions of bosonic higher spin gauge fields in AdS(5),” Nucl. Phys. B616 (2001) 106–162, hep-th/0106200.

[7] N. Boulanger, C. Iazeolla, and P. Sundell, “Unfolding Mixed-Symmetry Fields in AdS and the BMV Conjecture: I. General Formalism,” JHEP 07 (2009) 013,

0812.3615.

[8] N. Boulanger, C. Iazeolla, and P. Sundell, “Unfolding Mixed-Symmetry Fields in AdS and the BMV Conjecture: II. Oscillator Realization,” JHEP 07 (2009) 014,

0812.4438.

[9] L. Brink, R. R. Metsaev, and M. A. Vasiliev, “How massless are massless fields in AdS(d),” Nucl. Phys. B586 (2000) 183–205, hep-th/0005136.

[10] I. L. Buchbinder, A. Pashnev, and M. Tsulaia, “Lagrangian formulation of the massless higher integer spin fields in the AdS background,” Phys. Lett. B523 (2001) 338–346, hep-th/0109067.

[11] I. L. Buchbinder, V. A. Krykhtin and P. M. Lavrov, “Gauge invariant Lagrangian formulation of higher spin massive bosonic field theory in AdS space,” Nucl. Phys. B 762 (2007) 344, hep-th/0608005.

[12] I. L. Buchbinder, V. A. Krykhtin and A. A. Reshetnyak, “BRST approach to Lagrangian construction for fermionic higher spin fields in AdS space,” Nucl. Phys. B 787 (2007) 211, hep-th/0703049.

[13] A. Fotopoulos and M. Tsulaia, “Gauge Invariant Lagrangians for Free and Interacting Higher Spin Fields. A Review of the BRST formulation,” Int. J. Mod. Phys. A 24 (2009) 1, 0805.1346.

[14] I. L. Buchbinder, V. A. Krykhtin, and L. L. Ryskina, “BRST approach to Lagrangian formulation of bosonic totally antisymmeric tensor fields in curved space,” Mod. Phys. Lett. A24 (2009) 401–414, 0810.3467.

[15] A. Fotopoulos, K. L. Panigrahi, and M. Tsulaia, “Lagrangian formulation of higher spin theories on AdS space,” Phys. Rev. D74 (2006) 085029, hep-th/0607248.

[16] Y. M. Zinoviev, “Toward frame-like gauge invariant formulation for massive mixed symmetry bosonic fields,” Nucl. Phys. B812 (2009) 46–63, 0809.3287.

[17] Y. M. Zinoviev, “Towards frame-like gauge invariant formulation for massive mixed symmetry bosonic fields. II. General Young tableau with two rows,”

0907.2140.

[18] A. A. Reshetnyak, “Nonlinear Operator Superalgebras and BFV-BRST Operators for Lagrangian Description of Mixed-symmetry HS Fields in AdS Spaces,”

0812.2329.

[19] K. Hallowell and A. Waldron, “Constant curvature algebras and higher spin action generating functions,” Nucl. Phys. B724 (2005) 453–486, hep-th/0505255.

[20] F. Bastianelli, O. Corradini, and A. Waldron, “Detours and Paths: BRST Complexes and Worldline Formalism,” JHEP 05 (2009) 017, 0902.0530.

[21] G. Barnich, N. Bouatta, and M. Grigoriev, “Surface charges and dynamical killing tensors for higher spin gauge fields in constant curvature spaces,” JHEP 10 (2005) 010, hep-th/0507138.

[22] R. R. Metsaev, “Light cone form of field dynamics in anti-de Sitter spacetime and AdS/CFT correspondence,” Nucl. Phys. B563 (1999) 295–348,

hep-th/9906217.

[23] R. R. Metsaev, “Light-cone form of field dynamics in AdS space-time,” Int. J.

Mod. Phys. A16S1C (2001) 994–997, hep-th/0011112.

[24] R. R. Metsaev, “Mixed symmetry massive fields in AdS(5),” Class. Quant. Grav. 22 (2005) 2777–2796, hep-th/0412311.

[25] K. B. Alkalaev, M. Grigoriev, and I. Y. Tipunin, “Massless Poincare modules and gauge invariant equations,” Nucl. Phys. B823 (2009) 509–545, 0811.3999.

[26] G. Barnich, M. Grigoriev, A. Semikhatov, and I. Tipunin, “Parent field theory and unfolding in BRST first-quantized terms,” Commun. Math. Phys. 260 (2005) 147–181, hep-th/0406192.

[27] G. Barnich and M. Grigoriev, “Parent form for higher spin fields on anti-de Sitter space,” JHEP 08 (2006) 013, hep-th/0602166.

[28] R. Howe, “Remarks on classical invariant theory,” Trans. Amer. Math. Soc. 2 (1989) 313.

[29] X. Bekaert, S. Cnockaert, C. Iazeolla, and M. A. Vasiliev, “Nonlinear higher spin theories in various dimensions,” hep-th/0503128.

[30] G. Bonelli, “On the covariant quantization of tensionless bosonic strings in AdS spacetime,” JHEP 11 (2003) 028, hep-th/0309222.

[31] U. Lindstrom and M. Zabzine, “Tensionless strings, WZW models at critical level and massless higher spin fields,” Phys. Lett. B584 (2004) 178–185,

hep-th/0305098.

[32] X. Bekaert and M. Grigoriev, “Manifestly conformal descriptions and higher symmetries of bosonic singletons,” 0907.3195.

[33] M. A. Grigoriev and S. L. Lyakhovich, “Fedosov deformation quantization as a BRST theory,” Commun. Math. Phys. 218 (2001) 437–457, hep-th/0003114.

[34] I. A. Batalin, M. A. Grigoriev, and S. L. Lyakhovich, “Star product for second class constraint systems from a BRST theory,” Theor. Math. Phys. 128 (2001) 1109–1139, hep-th/0101089.

[35] B. Fedosov, “A simple geometrical construction of deformation quantization,” J.

Diff. Geom. 40 (1994) 213–238.

[36] M. A. Vasiliev, “Equations of motion of interacting massless fields of all spins as a free differential algebra,” Phys. Lett. B209 (1988) 491–497.

[37] M. A. Vasiliev, “Consistent equations for interacting massless fields of all spins in the first order in curvatures,” Annals Phys. 190 (1989) 59–106.

[38] M. A. Vasiliev, Phys. Lett. B 285 (1992) 225.

[39] M. A. Vasiliev, “Nonlinear equations for symmetric massless higher spin fields in (A)dS(d),” Phys. Lett. B567 (2003) 139–151, hep-th/0304049.

[40] M. Grigoriev, “Off-shell gauge fields from BRST quantization,”

hep-th/0605089.

[41] A. Sagnotti, E. Sezgin, and P. Sundell, “On higher spins with a strong Sp(2,R) condition,” hep-th/0501156.

[42] M. A. Vasiliev, “Actions, charges and off-shell fields in the unfolded dynamics approach,” Int. J. Geom. Meth. Mod. Phys. 3 (2006) 37–80, hep-th/0504090.

[43] E. D. Skvortsov and M. A. Vasiliev, “Geometric formulation for partially massless fields,” Nucl. Phys. B756 (2006) 117–147, hep-th/0601095.

[44] S. Deser and A. Waldron, “Gauge invariances and phases of massive higher spins in (A)dS,” Phys. Rev. Lett. 87 (2001) 031601, hep-th/0102166.

[45] S. Deser and A. Waldron, “Partial masslessness of higher spins in (A)dS,” Nucl.

Phys. B607 (2001) 577–604, hep-th/0103198.

[46] Y. M. Zinoviev, “On massive high spin particles in (A)dS,” hep-th/0108192. [47] A. K. H. Bengtsson, “A unified action for higher spin gauge bosons from covariant string theory,” Phys. Lett. B182 (1986) 321.

[48] A. Sagnotti and M. Tsulaia, “On higher spins and the tensionless limit of string theory,” Nucl. Phys. B682 (2004) 83–116, hep-th/0311257.

[49] G. Bonelli, “On the tensionless limit of bosonic strings, infinite symmetries and higher spins,” Nucl. Phys. B669 (2003) 159–172, hep-th/0305155.

[50] E. D. Skvortsov, “Mixed-Symmetry Massless Fields in Minkowski space Unfolded,” JHEP 07 (2008) 004, 0801.2268.

[51] E. S. Fradkin and M. A. Vasiliev, Phys. Lett. B 189 (1987) 89; Nucl. Phys. B 291 (1987) 141.

[52] K. B. Alkalaev and M. A. Vasiliev, Nucl. Phys. B 655 (2003) 57,

hep-th/0206068.

[53] R. R. Metsaev, Phys. Lett. B 643 (2006) 205, hep-th/0609029; Phys. Rev. D 77 (2008) 025032, hep-th/0612279.

[54] I. L. Buchbinder, A. Fotopoulos, A. C. Petkou and M. Tsulaia, Phys. Rev. D 74 (2006) 105018, hep-th/0609082.

[55] Yu. M. Zinoviev, Class. Quant. Grav. 26 (2009) 035022, 0805.2226. [56] N. Boulanger, S. Leclercq and P. Sundell, JHEP 0808 (2008) 056, 0805.2764. [57] R. Manvelyan and K. Mkrtchyan, “Conformal invariant interaction of a scalar field with the higher spin field in AdS_D,” 0903.0058.

[58] M. A. Vasiliev, “Higher spin superalgebras in any dimension and their representations,” JHEP 12 (2004) 046, hep-th/0404124.

[59] M. G. Eastwood, “Higher symmetries of the Laplacian,” Annals Math. 161 (2005) 1645–1665, hep-th/0206233.