arXiv:0910.2820v1 [gr-qc] 15 Oct 2009

Toroidal AdS Charged Branes and Toda Equations

Sangheon Yun

Korea Institute for Advanced Study, Hoegiro 87, Dongdaemun-gu, Seoul 151-747, KOREA

Abstract In this note, we consider the equations of motion for charged branes in AdS space and show that they can be cast into one-dimensional coupled Toda type. Then we solve the equations of motion to construct static charged AdS brane solutions which are invariant under translation along p directions and have toroidal symmetry. The solutions are described by mass, charges and a dilaton coupling constant.

Keywords : black brane; Toda equation.

E-mail address : sanhan@kias.re.kr

1 Introduction

The holographic principle is a speculative conjecture about quantum gravity claiming that all the information contained in a volume of space can be represented by information living in the boundary of that region [1, 2]. The principle was formulated as an attempt to understand the physics of quantum black holes and to reconcile gravitational collapse and unitarity of quantum mechanics at the Planck scale. Thus, it is very tempting to consider the principle as one of organizing principles for quantum gravity. String theory provides the most concrete realization of the holographic principle for spacetimes with negative cosmological constant, namely the AdS/CFT correspondence, which is a nonperturbative background-independent definition of quantum gravity in asymptotically AdS space [3, 4, 5]. The AdS/CFT correspondence is a conjecture about the duality of classical supergravity and string theory on the AdS_{d+1} times a compact manifold and certain conformal field theories in d dimensions in the large N limit. Thus AdS/CFT correspondence makes AdS black holes still attractive.

Meanwhile there is only a very limited family of asymptotically flat, stationary black hole solutions to Einstein equations in four dimensions, in higher dimensions there exist different kinds of black objects such as black strings, black branes, Kaluza-Klein black holes, Kaluza-Klein bubbles and black tubes as well as conventional black holes with hyperspherical horizons, S^n. Black branes in more than four dimensions are of particular interest, since they exhibit new behaviors that black holes do not show. The black branes are solutions which are extended in extra p spatial dimensions and do not diverge at spatial infinity [6, 7, 8, 9, 10, 11, 12, 13]. Many brane solutions have been constructed for simple truncations of supergravity theories. Similarly to the black hole solution in four dimensions, a black brane may carry electric and/or magnetic charges and couple to a dilaton field.

Usually the black branes have complicated metrics, and it is difficult to solve the second-order differential equations of motion. However, in this paper, we will apply the effective action method and express two equations of motion in terms of one-dimensional coupled Toda equations. Integration of the system leads to a generic solution containing several integration constants. In the literature it was claimed that extra parameters other than charges and the event horizon radius may be associated with additional physical structures. However, the detailed investigation of the geometric structure of the solution in many cases revealed that the additional parameters lead to naked singularities [14, 15, 16]. Then our solutions can be shown to be characterized by mass density, magnetic charges and a coupling constant after suitable coordinate transformation.

The structure of the paper is as follows. In section 2 we will obtain the a AdS magnetically charged brane solution with toroidal symmetry T^n by solving equations of motion. The procedure to derive an electrically charged brane solution in AdS space would be very similar. However, in this paper, we will consider only magnetically charged solution. Then, in section 3, the result is extended to a dilatonic deformation. The section 4 is reserved for the discussions.

2 Charged Brane in AdS Space

In this section we will obtain static, toroidal, magnetically charged brane solutions in AdS space. We start with the (n + p + 2)-dimensional AdS- Einstein-Maxwell action, S = ∫ d^{n+p+2}x √ −g 16πG_{n+p+2} [ R − 1 2 F^{Mν1···νn} F^M_{ν1···νn} + (n + p)(n + p + 1) l^2 ] , (1)

where M runs over M = 1, · · · , N_m and N_m is the number of magnetic fields. Now we take the following metric ansatz for a static solution which has translation symmetry along p directions and toroidal symmetry,

ds^2 = −e^{2A(r)} dt^2 + e^{2B(r)} dr^2 + e^{2C(r)} n∑ i=1 dθ^2_i + e^{2F (r)} p∑ i=1 dz^2_i , (2)

where all the metric fields are functions of r only. We need to solve the Maxwell equations first, and then plug the result for the gauge fields into the action. The field strength ansatz consistent with the symmetries is F^M_{θ1···θn} = P^M , (3) by which the Maxwell equations are automatically satisfied. Then, arranging the terms in squared forms we get the following effective Lagrangian density, Leff = e^{A(r)−B(r)+pF (r)+nC(r)} [ {A^′(r) + pF^′(r) + nC^′(r)}^2 +

(n + p)(n + p + 1) l^2 e^{2B(r)} − 1 p + 1

{A^′(r) + pF^′(r)}^2 − q^2 2 e^{2{B(r)−nC(r)}} − p p + 1 {A^′(r) − F^′(r)}^2 − n{C^′(r)}^2 ] − 2 [ e^{A(r)−B(r)+pF (r)+nC(r)} { A^′(r) + pF^′(r) + nC^′(r) }]_′ . (4) where q = √∑_{Nm} M=1(P^M )^2.

Since there is no B^′(r) term in the effective Lagrangian (4), B(r) is not a dynamical variable, but merely gives us a constraint condition,

{A^′(r) + pF^′(r) + nC^′(r)}^2 −

(n + p)(n + p + 1) l^2 e^{2B(r)} − p p + 1 {A^′(r) − F^′(r)}^2 − 1 p + 1

{A^′(r) + pF^′(r)}^2 + q^2 2 e^{2{B(r)−nC(r)}} − n{C^′(r)}^2 = 0. (5) Then taking the gauge B(r) = A(r)+pF (r)+nC(r) after varying the effective Lagrangian (4) with respect to the other fields, the equations of motion can be arranged as follows, {A^{′′}(r) + pF^{′′}(r)} + (n − 1){A^{′′}(r) + pF^{′′}(r) + nC^{′′}(r)} = n(n + p)(n + p + 1)

l^2 e^{2{A(r)+pF (r)+nC(r)}} , (6) (n + p + 1){A^{′′}(r) + pF^{′′}(r)} − (p + 1){A^{′′}(r) + pF^{′′}(r) + nC^{′′}(r)} = n(p + 1)q^2 2 e^{2{A(r)+pF (r)}} , (7) A^{′′}(r) − F^{′′}(r) = 0. (8)

The first two equations (6), (7) are one-dimensional coupled Toda equations, which give us four integration constants. The last equation (8) can be readily solved, which gives two integration constants. Then totally we have six integration constants, and four among them can be set by utilizing the definition of r coordinate, overall constant rescaling of the metric and the symmetries of time and z_i coordinate rescalings. Because the constraint (5) gives us a relation, a combination of parameters of the general solution of the equations of motion should satisfy it. Thus, we are left with a (2 + N_m)-parameter family of solutions [17]. More generally, unless we assume the uniformity, a solution with n+p nonuniform tensions has n+p+N_m parameters. However, the regularity conditions narrow meaningful solutions by demanding definite tension parameters [18, 19].

Now we want to find an exact solution of the equations of motion (6), (7), (8). The last equation (8) can be easily solved,

A^′(r) − F^′(r) + α = 0 ⇒ A(r) − F (r) = −αr + β, (9) where α and β are integration constants. The first and the second equations (6), (7) can be arranged as follows,

J^{′′}(r) = e^{2(n+p+1)n+p J(r)− 2n+p K(r)}, (10) K^{′′}(r) = e^{2(p+1)n+p K(r)+ 2(n−1)n+p J(r)}, (11)

where J(r) = 1 n {A(r) + pF (r)} + n − 1 n {A(r) + pF (r) + nC(r)} + · · · , (12) K(r) = n + p + 1 n {A(r) + pF (r)} − p + 1 n {A(r) + pF (r) + nC(r)} + · · · , (13)

and · · · represents some suitable constants to make eq.(10) and eq.(11). There is a special solution with J(r) = K(r),

e^{−J(r)} = e^{−K(r)} = 1 γ sinh(γr + δ) (14)

where γ and δ are integration constants. By setting α = γ , β = δ = 0 and transforming the r coordinate to ρ, r =^1_{2α} ln^{ρ2}_{ρ2−r2+} , it is found that this solution stands for the product of a (p + 2)-dimensional black brane and an n-dimensional torus. In general, there would exist a full (n + p + 2)- dimensional black brane solution which interpolates between this special one near the horizon and AdS space at spatial infinity.

3 Dilatonic Charged Brane in AdS Space

We can extend the result in section 2 to the case of a brane solution which couples to a neutral dilatonic scalar field. Let us take into account the following (n + p + 2)-dimensional AdS-Einstein-Maxwell-dilaton action, S = ∫ d^{n+p+2}x √ −g 16πG_{n+p+2} [ R− 1 2 ∂^μϕ∂_μϕ− 1 2 e^{aϕ}F^{Mν1···νn} F^M_{ν1···νn} + (n + p)(n + p + 1) l^2 ] , (15) where a characterizes the strength of the dilaton. Now we take the same metric ansatz (2), and the same field strength ansatz (3) consistent with the symmetries, which satisfies the Maxwell equations automatically. Plugging these ansatzes into the above action, we find the effective action, Leff = e^{A(r)−B(r)+pF (r)+nC(r)} [ {A^′(r) + pF^′(r) + nC^′(r)}^2 +

(n + p)(n + p + 1) l^2 e^{2B(r)} − 2 2(p + 1) + a^2

{A^′(r) + pF^′(r) + a 2 ϕ^′(r)}^2 − q^2 2 e^{aϕ(r)+2{B(r)−nC(r)}} − p p + 1

{A^′(r) − F^′(r)}^2 − a^2 (p + 1){2(p + 1) + a^2} {A^′(r) + pF^′(r) − p + 1 a ϕ^′(r)}^2 − n{C^′(r)}^2 ] − 2 [ e^{A(r)−B(r)+pF (r)+nC(r)} { A^′(r) + pF^′(r) + nC^′(r) }]_′ . (16)

If we considered electric fields instead of magnetic ones, the sign of the coupling constant a or the scalar field ϕ would be opposite in the above expression. So, the procedure to derive a static, dilatonic, electrically charged brane solution in AdS space would be very similar to the following. Since the above effective Lagrangian (16) does not have any B^′(r) term, the variation with respect to B(r) only gives us a constraint condition,

{A^′(r) + pF^′(r) + nC^′(r)}^2 −

(n + p)(n + p + 1)

l^2 e^{2B(r)} − p p + 1 {A^′(r) − F^′(r)}^2 − 2 2(p + 1) + a^2

{A^′(r) + pF^′(r) + a 2 ϕ^′(r)}^2 + q^2 2 e^{aϕ(r)+2{B(r)−nC(r)}} − n{C^′(r)}^2 − a^2 (p + 1){2(p + 1) + a^2} {A^′(r) + pF^′(r) − p + 1 a ϕ^′(r)}^2 = 0. (17)

First varying the effective Lagrangian (16) with respect to each field and then choosing the gauge B(r) = A(r) + pF (r) + nC(r), we have the following equations of motion, {A^{′′}(r) + pF^{′′}(r) + a 2 ϕ^{′′}(r)} + 2(n − 1)(p + 1) + (n + p)a^2

2(p + 1) {A^{′′}(r) + pF^{′′}(r) + nC^{′′}(r)} = (n + p)(n + p + 1){2n(p + 1) + (n + p + 1)a^2} 2(p + 1)l^2 e^{2{A(r)+pF (r)+nC(r)}} , (18) (n + p + 1){A^{′′}(r) + pF^{′′}(r) + a 2 ϕ^{′′}(r)} − (p + 1){A^{′′}(r) + pF^{′′}(r) + nC^{′′}(r)} = q^2{2n(p + 1) + (n + p + 1)a^2} 4 e^{2{A(r)+pF (r)+ a2 ϕ(r)}} , (19)

2n(p + 1) + a^2(n + p + 1)

(p + 1)^2 {A^{′′}(r) + pF^{′′}(r) − p + 1 a ϕ^{′′}(r)} = 2(p + 1) + a^2

p + 1 {A^{′′}(r) + pF^{′′}(r) + nC^{′′}(r)} − 2{A^{′′}(r) + pF^{′′}(r) + a 2 ϕ^{′′}(r)} , (20) A^{′′}(r) − F^{′′}(r) = 0. (21) Again the first two (18), (19) are Toda equations, and the last two (20), (21) are given by A(r) + pF (r) − p + 1 a ϕ(r) = (p + 1){2(p + 1) + a^2} 2n(p + 1) + (n + p + 1)a^2 {A(r) + pF (r) + nC(r)} − 2(p + 1)^2 2n(p + 1) + (n + p + 1)a^2 {A(r) + pF (r) + a 2 ϕ(r)} − κr + μ, (22) A^′(r) − F^′(r) + ν = 0 ⇒ A(r) − F (r) = −νr + σ, (23) where κ, μ, ν and σ are integration constants. Out of eight integration constants, four can be set to some specific values. Then, thanks to the constraint (17) we are left with a (4+N_m)-parameter family of solutions [17]. More generally, a solution with n + p nonuniform tensions has 2 + n + p + N_m parameters without the assumption of the uniformity.

If we use J(r) and K(r), in which A(r) + pF (r) + a 2 ϕ(r) = b_1J(r) + b_2K(r) + · · · , (24) A(r) + pF (r) + nC(r) = b_3J(r) + b_4K(r) + · · · , (25)

b_1 =

(p + 1){2n(p + 1) + (n + p)a^2} (n + p){2n(p + 1) + (n + p + 1)a^2}

, b_2 = n{2(n − 1)(p + 1) + (n + p)a^2} (n + p){2n(p + 1) + (n + p + 1)a^2} , b_3 =

(n + p + 1){2n(p + 1) + (n + p)a^2} (n + p){2n(p + 1) + (n + p + 1)a^2}

, b_4 = −

2n(p + 1) (n + p){2n(p + 1) + (n + p + 1)a^2} , and · · · stands for certain appropriate constants, the first two equations (18), (19) can be arranged as follows, J^{′′}(r) = e^{2b1J(r)+2b2 K(r)}, (26) K^{′′}(r) = e^{2b3J(r)+2b4 K(r)}. (27) These equations also allow a special solution with J(r) = K(r) as in the previous section, e^{−J(r)} = e^{−K(r)} = 1 γ sinh(γr + δ). (28)

4 Discussions

Now let us briefly summarize the main results and possible future directions. In this paper, we have shown that the general equations of motion for static single-scalar multiply-charged branes in AdS space can be written in the form of Toda equations and obtained special brane solutions explicitly. The parameters are mass density, magnetic charges and a coupling constant. In this note, we did not treat a multi-scalar brane case [21, 22], but it would be very interesting to be investigated. An electrically charged brane solution in AdS space and its Born-Infeld generalization would be also interesting since the importance of Born-Infeld terms in the context of extremal black holes and their connection with elementary string states was emphasized [23]. We leave them for future study.

Acknowledgments

The author is grateful to I. Shin, H. S. Yang and H. Yavartanoo for discussions.

References

[1] G. ’t Hooft, “Dimensional reduction in quantum gravity,” arXiv:gr-qc/9310026.

[2] L. Susskind, “The World As A Hologram,” J. Math. Phys. 36, 6377 (1995) [arXiv:hep-th/9409089].

[3] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)] [arXiv:hep-th/9711200].

[4] M. J. Duff, “Lectures on branes, black holes and anti-de Sitter space,” [arXiv:hep-th/9912164].

[5] H. Nastase, “Introduction to AdS-CFT,” arXiv:0712.0689 [hep-th].

[6] M. J. Duff, H. Lu and C. N. Pope, “The black branes of M-theory,” Phys.

Lett. B 382, 73 (1996) [arXiv:hep-th/9604052].

[7] G. T. Horowitz and A. Strominger, “Black strings and P-branes,” Nucl.

Phys. B 360, 197 (1991).

[8] M. J. Duff and J. X. Lu, “Black and super p-branes in diverse dimensions,” Nucl. Phys. B 416, 301 (1994) [arXiv:hep-th/9306052].

[9] H. Lu, C. N. Pope, E. Sezgin and K. S. Stelle, “Stainless super p-branes,” Nucl. Phys. B 456, 669 (1995) [arXiv:hep-th/9508042].

[10] H. Lu and C. N. Pope, “p-brane Solitons in Maximal Supergravities,” Nucl. Phys. B 465, 127 (1996) [arXiv:hep-th/9512012].

[11] H. Lu and C. N. Pope, “Multi-scalar p-brane solitons,” Int. J. Mod.

Phys. A 12, 437 (1997) [arXiv:hep-th/9512153].

[12] R. Gregory and R. Laflamme, “Black strings and p-branes are unstable,” Phys. Rev. Lett. 70 (1993) 2837 [arXiv:hep-th/9301052].

[13] H. Kodama, “Perturbations and Stability of Higher-Dimensional Black Holes,” arXiv:0712.2703 [hep-th].

[14] D. V. Gal’tsov, J. P. S. Lemos and G. Clement, “Supergravity p-branes revisited: Extra parameters, uniqueness, and topological censorship,” Phys. Rev. D 70, 024011 (2004) [arXiv:hep-th/0403112].

[15] D. Gal’tsov, S. Klevtsov, D. Orlov and G. Clement, “More on general p-brane solutions,” Int. J. Mod. Phys. A 21, 3575 (2006) [arXiv:hep-th/0508070].

[16] D. V. Gal,tsov and D. G. Orlov, “Liouville and Toda dyonic branes: Regularity and BPS limit,” Grav. Cosmol. 11, 235 (2005) [arXiv:hep-th/0512345].

[17] I. Shin and S. Yun, “Einstein-Maxwell-Dilaton Black Branes with Arbitrary Tension and Dilaton Charge,” Mod. Phys. Lett. A 24, 713 (2009).

[18] J. Lee, G. Kang and H. C. Kim, “Higher dimensional vacuum p−brane solutions with trans-spherical symmetry,” arXiv:0801.0482 [gr-qc].

[19] S. Yun, “Brane Solutions with Tension,” arXiv:0905.4338 [gr-qc].

[20] H. Lu, C. N. Pope and K. W. Xu, “Liouville and Toda Solutions of M-theory,” Mod. Phys. Lett. A 11, 1785 (1996) [arXiv:hep-th/9604058].

[21] H. Lu and C. N. Pope, “SL(N+1,R) Toda solitons in supergravities,” Int. J. Mod. Phys. A 12, 2061 (1997) [arXiv:hep-th/9607027].

[22] V. de Alfaro and A. T. Filippov, “Multi-exponential models of (1+1)- dimensional dilaton gravity and Toda-Liouville integrable models,” arXiv:0902.4445 [hep-th].

[23] G. W. Gibbons and D. A. Rasheed, “Electric-Magnetic Duality Rotations in Non-Linear Electrodynamics,” Nucl.Phys. B454 (1995) 185-206 [hep-th/9506035].