arXiv:0910.3145v1 [hep-th] 16 Oct 2009

ZMP-HH/09-21 Hamburger Beiträge zur Mathematik Nr. 349

October 2009

TWENTY-FIVE YEARS OF TWO-DIMENSIONAL RATIONAL CONFORMAL FIELD THEORY

Jürgen Fuchs^a, Ingo Runkel^b and Christoph Schweigert^b

a Teoretisk fysik, Karlstads Universitet Universitetsgatan 21, S – 651 88 Karlstad

b Organisationseinheit Mathematik, Universität Hamburg Bereich Algebra und Zahlentheorie Bundesstraße 55, D – 20 146 Hamburg

A review for the 50th anniversary of the Journal of Mathematical Physics.

1 Introduction

In this article we try to give a condensed panoramic view of the development of two-dimen-sional rational conformal field theory in the last twenty-five years. Given its limited length, our contribution can be, at best, a collection of pointers to the literature. Needless to say, the exposition is highly biased, by the taste and the limited knowledge of the authors. We present in advance our apologies to everyone whose work has been inappropriately represented or even omitted.

The study of conformal field theories in two dimensions has its origin in several distinct areas of physics:

• In the attempt to describe the strong interactions in elementary particle physics in the framework of dual models.

• Under the label string theory, these models were reinterpreted as a perturbation series containing a gravitational sector. Conformal field theories appear as theories defined on the world sheet that is swept out by the string [56].

• In statistical mechanics, conformal field theory plays a fundamental role in the theory of twodimensional critical systems [189, 92] by describing fixed points of the renormalization group.

• Conformal field theories on surfaces with boundary arise in quasi one-dimensional condensed matter physics in the description of impurities, e.g. in the Kondo effect [1].

• Chiral conformal field theories describe universality classes of quantum Hall fluids [97].

In the last 25 years, two-dimensional rational conformal field theory has been moreover a major area of cross-fertilization between mathematics and physics. Many fields of mathematics have both benefitted and contributed to conformal field theory. Examples include representation theory, infinite-dimensional algebra, the theory of modular forms, algebraic and differential geometry, and algebraic topology.

We find it helpful to divide the era we are discussing into three periods. The first is what we will refer to as the classical period, comprising roughly the second half of the 1980s, in which much fundamental insight into conformal field theories was obtained. This was followed by a period of subsequent consolidation, which essentially comprises the first half of the nineties. The third period started basically with advent of D-branes in string theory, which had a significant impact on the field: it gave a strong boost to the study of boundary conditions, which resulted in a much deeper understanding of the structure of rational conformal field theory. This period of research has brought (higher) category theoretic structures to the forefront, both in algebraic and in geometric approaches to rational conformal field theory. We end with a discussion of some topics of current interest and with a list of omissions.

There is a close relation between conformal field theory in two dimensions and topological field theory in three dimensions. In fact, both for chiral conformal field theory and for full local conformal field theory, many structural aspects become much more transparent by using insights obtained from three-dimensional topology. For this reason, some of the developments in three-di-mensional topological field theory are covered in this review as well.

2 Groundbreaking insights

Historically, the classical period has its roots in the theory of dual resonance models in the early seventies and in the study of operator product expansions in quantum field theory. Important pieces of insight gained already back then are the following:

• Chiral quantities – in particular conserved chiral currents – live on a double cover ^X of the surface X on which the conformal field theory is considered [6]. The surface ^X is naturally oriented and inherits a conformal structure from X. In two dimensions, these data are equivalent to a holomorphic structure on ^X. This relationship is at the basis of powerful complex-analytic techniques available for the study of two-dimensional conformal field theories.

• The requirement of conformal invariance yields strong constraints on the structure of quantum field theory. For instance, when combined with the principle of locality, it leads to the Lüscher-Mack theorem [163, 111] which gives the most general commutation relations among the components of the stress-energy tensor. The modes of the stress-energy tensor are generators of an infinite-dimensional Lie algebra, the Virasoro algebra. This forms the basis for the use of techniques from infinite-dimensional algebra in conformal field theory.

• Operator product expansions can be studied with the help of representation theoretic methods see e.g. [58, 196]. Indeed, conformal field theory in general has been one of the driving forces for the representation theory of infinite-dimensional Lie algebras and related structures.

• Current symmetries induce conformal symmetries, via a variant of the Sugawara construction [18, 48, 212].

• Low-dimensional field theories allow for ‘exotic’ statistical behavior of quantum fields more general than the one of bosons or fermions [218, 158], now referred to as anyon statistics. Also, bosonic theories can have sectors which behave like fermions, and vice versa [44, 94, 87]; this is known as the boson-fermion correspondence.

The 1980s have witnessed impressive progress in two-dimensional conformal field theories. To give an idea of these developments, we refer to classics in the literature and, where appropriate, indicate on which previous developments the respective article is based. A list of highlights is, in chronological order:

• In 1984, Belavin, Polyakov and Zamolodchikov [24] used infinite-dimensional symmetries to reduce the description of operator algebra expansions to a finite-dimensional problem and computed the OPE coefficients for bulk fields in Virasoro minimal models. Chiral symmetry structures that are strong enough to allow for such a reduction from infinite- to finite-dimensional problems are one of the hallmarks of rational conformal field theories.

The work of [24] strongly relies on results from the study of dual models, in particular about the structure of the conformal group and of the Virasoro algebra. One crucial input is information about highest weight representations of the Virasoro algebra from the work of Feigin and Fuks [70] and Kac [144].

• Also in 1984, Witten [233] introduced a Lagrangian formulation of conformal field theories with current algebra symmetries, now known as Wess-Zumino-Witten models. This takes the form of a sigma model with target space a group manifold, as in the previously studied principal chiral model (see e.g. [51, 181]), but includes a Wess-Zumino term, i.e. [232, 180] a multi-valued topological action.

• In the same year, Knizhnik and Zamolodchikov [153] derived differential equations on the correlators of the same class of models by studying combined null vectors of the affine Lie algebra and the Virasoro algebra.

• In 1986, Goddard, Kent and Olive used the coset construction [129] to realize the chiral unitary Virasoro minimal models. The coset construction is, even to date, a major source for rational chiral conformal field theories. In addition, it supplies examples of quantum field theories with gauge symmetries that are at the same time exactly tractable using methods from representation theory.

• Also in 1986, Borcherds [30] introduced the notion of a vertex algebra to mathematics as a formalization of the physical concept of a chiral algebra, i.e. the algebraic structure encoding the chiral symmetries of a conformal field theory. His motivation was to gain a better understanding of “monstrous moonshine”, a conjecture connecting the largest sporadic group, the monster group, to modular forms. A vertex algebra can be thought of as a generalization of a Z_+- graded commutative associative unital algebra equipped with a derivation of degree 1 with a multiplication depending on a formal coordinate. Various concepts from conformal field theory and string theory are instrumental for Borcherds’ work. In particular, the no-ghost theorem of Goddard and Thorn [130] ensures that the Lie algebras associated to the vertex algebras of interest are indeed generalized Kac-Moody algebras. The physical principle of locality appears in the definition of vertex algebras as a requirement on the commutator of chiral fields.

• And again in 1986, Cardy [37] showed that imposing modular invariance of the torus partition function constitutes a powerful constraint on the field content of a conformal field theory. One year later, Cappelli, Itzykson and Zuber [36] presented a classification of modular invariant partition functions for the su(2) WZW model and for Virasoro minimal models. The modular properties of characters of affine Lie algebras computed by Kac and Peterson [146] are crucial input. These classifications display an A-D-E pattern similar to the classification of simply laced complex simple Lie algebras, of discrete subgroups of SU(2), or of elementary catastrophes.

• In 1987 Fröhlich [95, 96] emphasized the relevance of the braid group for the statistical properties of quantum fields in two and three dimensions, and their relations with monodromy properties of correlation functions and with the Yang-Baxter equation. Closely related observations about statistical properties and the exchange relations for chiral fields were made by Rehren and Schroer [192], Tsuchiya and Kanie [222], and Longo [161]. Braid group statistics includes anyon statistics as a special case, namely the one in which the braid group representation is one-dimensional.

• In 1988-1989 Moore and Seiberg [172, 173, 174] unraveled much of the categorical structure underlying chiral rational conformal field theories. Their work was based on the results about braid group statistics just mentioned and on the idea of Friedan-Shenker [93] to formulate two-dimensional conformal field theory as analytic geometry on a universal moduli space of Riemann surfaces. It extended results about the fusion rules that had been obtained by E. Verlinde [226] using heuristic arguments about the factorization of conformal blocks on elliptic curves. Felder, Fröhlich and Keller [76] introduced a family of coproducts on chiral algebras to gain a representation theoretic understanding of these findings.

• Also in 1989, Fredenhagen, Rehren and Schroer [80] discussed the superselection structure of sectors with braid group statistics in low-dimensional quantum field theory. The aspects particular two two-dimensional conformal field theory were analyzed in [81, 112]. These studies are performed in the algebraic framework for quantum field theory, which was developed by Doplicher, Haag and Roberts [60, 61] and others and is, in turn, based on earlier work of Haag and Kastler [132]. A crucial role in the algebraic framework is played by the locality principle, which provides a conceptually clear understanding of the appearance of braid group statistics in low dimensional quantum field theory.

• At the same time, Witten [234] developed non-abelian Chern-Simons theory, a three-dimen-sional topological field theory which yields invariants for links that can be specialized to the Jones polynomial. The Jones polynomial can equally be recovered from differential equations on expectation values of Wilson lines that can be derived in a functional integral approach, see [100]. Witten’s results generalize in particular earlier work by A.S. Schwarz [207] on abelian gauge theories having a Chern-Simons term only. Witten also shows how structure of chiral rational conformal field theory, e.g. the Verlinde formula for the fusion rules, becomes transparent when viewed from three-dimensional geometry.

The Chern-Simons three-form is closely connected to characteristic classes. When Chern-Simons theory is evaluated on special three-manifolds, it provides invariants of knots and links. Thereby Chern-Simons theory provides several links between conformal field theory and algebraic topology.

At about the same time, Atiyah presented an axiomatization of topological quantum field theory [12] that is based on a Segal’s proposal [210] for an axiomatics of conformal field theory.

• Again in 1989, Cardy [38] exhibited a close relation between the Verlinde formula and boundary conditions of a rational conformal field theory with modular invariant partition function given by charge conjugation.

Numerous reviews and books provide details about the work in the classical period. An (again biased) selection is [111, 8, 175, 52, 201, 113].

3 Extension and consolidation

The papers listed in section 2 continue to stimulate much of the ongoing research in the field, both in mathematics and in physics. Here we present a very brief summary of some important subsequent developments.

Subsection 3.1 gives an an overview of chiral symmetry structures. An important aspect of the representation theory of these structures is that they allow the construction of vector bundles with connection on the moduli space of complex curves, called conformal blocks; aspects of this theory are discussed in subsection 3.2. The system of vector bundles formed by the conformal blocks is essentially the mathematical formalization of chiral conformal field theory. This is a highly non-trivial system of bundles; it allows one to endow the representation category of the chiral symmetry algebra with additional structure. In the strongest possible situation, one obtains the structure of a modular tensor category, which is the subject of subsection 3.3.

Full local conformal field theories – which arise e.g. as the quantization of certain Lagrangian field theories, or in the continuum limit of certain lattice models – can be constructed from chiral conformal field theories. A specific ingredient of this construction is to find a modular invariant torus partition function. This is the subject of subsection 3.4. Lagrangian approaches both to conformal field theory and to topological field theory are very briefly discussed in subsections 3.5 and 3.6, respectively.

3.1 Chiral symmetry structures

As a first important example of a vertex algebra, Frenkel, Lepowsky and Meurman [89] constructed the monster vertex algebra, whose group of vertex algebra automorphisms is the monster sporadic group. This vertex algebra plays a crucial role in Borcherds’ proof of the moonshine conjecture (for reviews, see e.g. [118, 128]). The monster vertex algebra is actually a conformal vertex algebra, i.e. it comes with a Virasoro element, which gives rise to a field whose modes furnish a representation of the Virasoro algebra on any module over the vertex algebra.

Much activity was aimed at constructing further classes of vertex algebras or chiral symmetry algebras in different formalizations. Some major lines of development were the following.

• A strong driving force was the quest for larger symmetry structures which, while having Virasoro central charge larger than one, still yield rational theories. One of the resulting notions is the structure of a W-algebra; for a review of such algebras we refer to [31].

• By general arguments, every modular invariant partition function can be constructed in two steps [174]: in the first step the chiral algebras for left- and right-moving degrees of freedom are extended, yielding chiral theories with isomorphic fusion rules. The pairing of left- and right-movers in the local theory then requires one to select an isomorphism, and this choice constitutes the second step. Extensions of chiral symmetry algebras are therefore of much interest. Two classes of extensions are particularly well understood: conformal embeddings

[15, 202] of chiral algebras, which are generated by non-abelian currents, and extensions by representations of quantum dimension one, so-called simple currents [204, 16, 59].

• The original construction of the monster vertex algebra involved the extension of an orbifold of some lattice vertex algebra involving the Leech lattice. The orbifold construction [57] continues to be a rich source of algebraic [53] and geometric [134] constructions. It turns out that the relevant category of world sheets for an orbifold theory with orbifold group G are G-coverings, which can have branch points at the insertions of twist fields. The product of N copies of a vertex algebra carries an obvious action of any subgroup G ⊆ S_N . The corresponding orbifold theory is called a permutation orbifold. Permutation orbifolds enter crucially in a proof of the congruence subgroup conjecture [17].

• The coset construction [129] provides a particularly important generalization of vertex algebras based on affine Lie algebras. It also admits a Lagrangian description [123] and continues to be an important testing ground for new concepts in conformal field theory. For most coset conformal field theories the problem of selection rules and field identification, and of resolving fixed points under this identification, arises. In spite of progress on the representation theory of the coset chiral algebra, both in terms of the underlying affine Lie algebras [107] and concerning category theoretic aspects [98], this problem is not completely solved. Irrational conformal field theories [133] provide a hint to a large generalization of the coset construction; for the time being, these theories offer, however, more challenges than results.

On the other hand, the classification of vertex algebras, or just of rational conformal vertex algebras, is not a realistic goal. For instance, every even lattice, in particular every even self-dual one, provides such a vertex algebra. Even self-dual lattices only exist in dimensions d which are a multiple of 8. It follows from the Siegel-Minkowski mass formula that already in dimension 32 there are at least 10^7 such lattices. The corresponding conformal vertex algebras have a single irreducible representation and Virasoro central charge equal to d. More generally, conformal vertex algebras with a single irreducible representation must have a Virasoro central charge c which is a multiple of 8. For c = 24 so-called meromorphic conformal field theories, which are supposed to correspond to such vertex algebras, were classified in [200].

The vertex algebras relevant for rational conformal field theory have a semisimple representation category. In this case various aspects of the representation category are well understood, including in particular the Huang-Lepowsky theory of tensor products for categories of modules over a conformal vertex algebra (for a review see [140]). Much of the work of the Huang-Lepowsky school is built on this theory. A related approach to tensor products is given by the Gaberdiel- Kausch-Nahm algorithm [114, 177]. An extension of tensor product theory to the non-semisimple case was developed in [141].

For several reasons, tensor categories associated with affine Lie algebras are of particular interest: they are related to problems in algebraic geometry, and they have strong connections with representation categories of quantum groups. Properties of these categories were implicitly obtained already in 1986 through the study of null vector equations [153] for the corresponding conformal blocks. In the early nineties, the tensor structure for theories with negative level was constructed by Kazhdan and Lusztig [151]; this result was transferred to positive level by Finkelberg [79]. It can also be recovered in the more general Huang-Lepowsky theory of tensor products.

Vertex algebras have meanwhile also become an important tool in several areas of pure mathematics, including the algebraic geometry of Hilbert schemes [157] and the geometric Langlands program (see [86] for a review). Sheaves of vertex algebras also enter in the chiral de Rham complex [165], an attempt for a geometric realization of elliptic cohomology. The locality principle that is integrated in the definition of vertex algebras has also provided a fruitful rationale to single out structures in a wider context of infinite-dimensional algebra [145].

3.2 Conformal blocks

An important aspect of vertex algebras is that they give rise to conformal blocks, i.e. vector bundles over moduli spaces of curves with marked points. If the vertex algebra is a conformal vertex algebra, then these bundles carry a projectively flat connection, called Knizhnik-Zamolodchikov connection. For vertex algebras based on affine Lie algebras, these vector bundles were first explored by Tsuchiya, Ueno and Yamada [223, 225]. In this case they provide interesting non-abelian generalizations of theta functions and are thus of independent interest in algebraic geometry, see e.g. the Bourbaki talk [214] and [20].

The ranks of these bundles are given by the Verlinde formula; their computation is highly nontrivial. Various different arguments, including complete proofs, have been given for the Verlinde formula for Wess-Zumino-Witten models:

• Heuristic arguments, based on a path integral approach to Chern-Simons theories [49, 28].

• Techniques from algebraic geometry [69, 20]. (For earlier work restricted to sl(2), see also [27, 221].)

• Fixed points of loop group actions [4].

• Techniques from homological algebra, in particular Lie algebra cohomology, combined with a vanishing argument [219].

• Holomorphic quantization of Chern-Simons theories [13, 143] and related methods from symplectic geometry [168].

For the construction of conformal blocks from vertex algebras we refer to the Bourbaki talk [85] and to the textbook [88]. This construction is also crucial for the relation to the Beilinson- Drinfeld theory of chiral algebras [23]. Conversely, from the values of all n-point conformal blocks on a suitable finite-dimensional subspace of states, a vertex algebra can be reconstructed [113].

Since one deals with bundles of conformal blocks, and thus multivalued functions instead of single-valued correlators, this theory is not an ordinary physical quantum field theory. Still, it appears directly in applications in physics, such as in the description of universality classes of quantum Hall fluids (for a review see [101]). It should be appreciated that the direction of the magnetic field distinguishes a chirality in a quantum Hall fluid; accordingly the relevance of chiral (as opposed to full local) conformal field theory is rather natural.

There are two major approaches to make conformal blocks explicitly computable.

• Based on a construction of modules over the Virasoro algebra by Feigin and Fuks [71], Dotsenko and Fateev [63] were able to calculate the fusing matrices and bulk structure constants in Virasoro minimal models. The underlying idea [74] is to construct modules over complicated symmetry structures as the BRST cohomology of free field representations. This leads in particular to explicit expressions for solutions of the Knizhnik-Zamolodchikov equations, see e.g. [78]. The BRST approach also brought up several Kazhdan-Lusztig type correspondences [73, 72].

• Another approach uses differential equations, which can be obtained e.g. from null vectors in representations of the chiral algebra. Examples include the Knizhnik-Zamolodchikov equation [153] (for reviews, see [67, 166]) and the Gepner-Witten equation [126]. Zhu introduced [241] a finiteness conditions on vertex algebras, called C_2-cofiniteness, which does not only guarantee the convergence of the characters of modules over a vertex algebra [241], but also leads to good differential equations for chiral blocks. The same cofiniteness condition implies the existence of Zhu’s algebra [90] which constitutes one important tool for the study of chiral conformal field theory.

The differential equations for conformal blocks can be made most explicit for surfaces of low genus. For results in genus one see e.g. [26], and for the particular case of differential equations for characters see e.g. [167].

3.3 Modular tensor categories

The categorical structure found in the work of Moore and Seiberg leads to the notion of a modular tensor category. A rigorous construction of three-dimensional topological field theory or, equivalently, of a modular functor, by Reshetikhin and Turaev [193, 194] is based on this notion.

Modular tensor categories also arise naturally in the approach to conformal field theory via the Doplicher-Haag-Roberts framework. Indeed, the category of local sectors of a finite-index net of von Neumann algebras on the real line is a (unitary) modular tensor category if the net is strongly additive and has the split property [149].

In the vertex algebra approach to conformal field theory, the relevant result is that the representation category of a self-dual vertex algebra that obeys the C_2-cofiniteness condition and certain conditions on its homogeneous subspaces is a modular tensor category, provided that this category is semisimple [138]. The result of [138] relies on a careful implementation of the structures unraveled by Moore and Seiberg, combined with Huang-Lepowsky’s theory of tensor products of representations of conformal vertex algebras.

The structural importance of the C_2-cofiniteness condition cannot be overrated. Recent studies of vertex algebras with non-semisimple representation category (see e.g. [170]) indicate that C_2- cofiniteness suffices, even in the absence of semisimplicity, to endow the representation category with a structure reasonably close to the one of a modular tensor category. This opens the way to a better understanding of logarithmic [131], and possibly also other non-rational, conformal field theories.

Let us make two more comments on the relation between modular tensor categories and vertex algebras:

• It is worth emphasizing that for endowing the representation category of a suitable conformal vertex algebra with the structure of a modular tensor category, only properties of conformal blocks for surfaces of genus 0 and 1 are used. Now from conformal vertex algebras and modular tensor categories one obtains representations of mapping class groups in two different ways. First, via the Knizhnik-Zamolodchikov connection on the bundles of conformal blocks. In this case the mapping class group arises as the fundamental group of the moduli space. And second, via three-dimensional topological field theory and the embedding of mapping class groups in cobordisms. The latter construction uses directly the modular tensor category, while the former is based on the vertex algebra and its conformal blocks. To establish that, for any genus, the two constructions give equivalent representations will require a serious improvement of the understanding of conformal blocks for rational vertex algebras.

• For lattice vertex algebras, together with the value of the Virasoro central charge, the modular tensor category is equivalent to the genus of the lattice. More generally, an attractive view of the relation between vertex algebras and modular tensor categories is to interpret modular tensor categories as genera of vertex algebras [136]. This raises in particular the question of whether good Mass formulas exist for vertex algebras.

The categorical dimensions of simple objects in a modular tensor category are typically not integers. As a consequence, modular tensor categories do not admit fiber functors to the category of complex vector spaces. However, one can show that fiber functors to categories of bimodules over a suitable ring exist. As that ring, one can take the endomorphism ring of any generator of a module category over the modular tensor category. Reconstruction then yields algebraic objects like weak Hopf algebras [29] or other “quantum symmetries” [164, 184]. Conversely, it has been established [179] that connected ribbon factorizable weak Hopf algebras over C with a Haar integral have representation categories which are modular tensor categories.

The tensor product functor on a modular tensor category C is exact. As a consequence, the Grothendieck group K_0(C) carries a natural structure of a ring, the so-called fusion ring. It has a natural basis given by the classes of simple objects of C. Verlinde’s formula [226] (which for general rational conformal field theories was proven in [138]) relates the structure constants of the fusion ring in this basis to the modular transformations of the characters of vertex algebra modules. This relationship motivated the study of various aspects of fusion rings, which was actively pursued in the early 1990s; for a review see [102].

3.4 Classification of modular invariant partition functions

Intrigued by the A-D-E-structure that was found in the classification of modular invariants for minimal models and su(2) WZW models, in the early nineties several groups pursued the program to classify modular invariant torus partition functions. On the one hand, the theory of simple currents, due to Schellekens and Yankielowicz, gave a powerful machinery to construct modular invariant partition functions. (See [204] for a review, and [156] for the general classification.) At that point, exceptional modular invariants, i.e. modular invariants that are not explainable via simple currents and charge conjugation, remained still rather mysterious. On the other hand, Gannon and others were able to obtain remarkable classifications for some particular classes of models; see e.g. [116, 216, 117, 119, 46]. Intriguingly, the true diagonal modular invariant is not necessarily physical (for a counter example see [215]); a classification of those modular tensor categories for which the diagonal modular invariant is physical is still unknown.

More generally, this classification program is put into a different perspective by the observation (see e.g. [203, 227, 106]) that there exist modular invariant bilinear combinations of characters (with non-negative integral coefficients and with unique vacuum) that cannot arise as the torus partition function of any consistent local conformal field theory: Finding all such bilinear combinations of characters provides very useful restrictions on the possible form of torus partition functions, but is not equivalent to classifying consistent conformal field theories. (The existence of such spurious solutions should not come as a surprise, since many more conditions are to be satisfied: the sewing constraints, which implement compatibility of the correlators under cutting and gluing of surfaces, see e.g. [213, 160, 183].)

3.5 Sigma model approaches to conformal field theory

The motivation to consider sigma model approaches, i.e. models based on spaces of maps Σ → M, include extending WZW models to noncompact groups [121] as well as understanding cosmologically interesting backgrounds in string theory [54]. Sigma models have provided strong links between quantum field theory and various aspects of geometry, in particular complex and symplectic geometry, leading [135] to common generalizations of both.

There is a vast literature on conformal sigma models, which we are unable to review appropriately. We restrict our attention to developments that have direct relation to rational conformal field theory. Early important work by Felder, Gawȩdzki and Kupiainen [77] obtains in a path integral approach the quantization of the level and the bulk spectra of Wess-Zumino-Witten sigma models on compact groups that are not necessarily simply connected. For an extension to coset conformal field theories, we refer to [123, 147].

String vacua based on rational conformal field theories were first constructed by Gepner [124]; his construction was later generalized by Kazama and Suzuki [150]. Remarkably, many of these models can be matched with string compactifications on Calabi-Yau manifolds. The symmetry induced by conjugation of the U(1) charge in a rational N = 2 superconformal field theory is in this way at the basis of mirror symmetry of Calabi-Yau spaces [159].

3.6 Topological field theory from path integrals and state sums

Witten’s work on Chern-Simons theories has been extended in various ways. Because of the close relation between chiral conformal field theory and three-dimensional topological field theory, we mention here some aspects of this development. Topological field theories based on finite groups were considered by Dijkgraaf and Witten [55]; the paper presents structural relations to WZW theories based on non-simply connected compact Lie groups.

Lagrangian descriptions of topological field theories have been influential in several directions. For instance, Chern-Simons perturbation theory gave rise to Vassiliev invariants (for a review see [228]). The theory of Vassiliev invariants has found applications in other fields of mathematics as well, e.g. to universal Lie algebras [229] and to holomorphically symplectic manifolds in the form of Rozanski-Witten [195] invariants.

Another construction of topological field theories is via state sum models. These have been discussed in various dimensions, including lattice topological field theories in two [110] and three [43] dimensions, as well as the Turaev-Viro construction [224]. The latter implements an old idea of Ponzano and Regge [182] to build invariants with the help of 6j-symbols for tensor categories and yields, in the case of modular tensor categories, an invariant of three-manifolds that is the absolute square of the Reshetikhin-Turaev invariant.

4 New frontiers and categorical structures

Dual models started out as theories describing hadrons as bound states of charged particles which were supposed to be located at the end points of an open string. As a consequence, the underlying surfaces on which the theory is considered were allowed to have non-empty boundary. In contrast, the first two periods of the development of rational conformal field theory covered in this review were largely concerned only with closed orientable surfaces. But in order to study defects in systems of condensed matter physics [185], percolation probabilities [39], (open) string perturbation theory in the background of the string solitons known as D-branes [188], and order-disorder dualities, it became again necessary to consider also surfaces that may have boundaries and / or can be non-orientable, as well as surfaces with defect lines.

More specifically, the advent of D-branes in string theory brought boundary conditions in rational conformal field theories to the center of interest. Based on earlier work of Cardy [38] and of the Rome group (in particular [183], for a review see [10]), it became evident that boundary conditions provide crucial new structural insight into conformal field theories. In particular, the fundamental importance of the two-fold oriented cover ^X of X (which had already been noted in the study of dual models, see section 2 above) gained again fundamental importance: full local conformal field theory on a conformal surface X is related to a chiral conformal field theory on ^X.

4.1 Structure constants

Early progress in the study of conformal field theory on surfaces with boundary focussed on the computation of structure constants for operator products. Similarly as in the case of closed surfaces, for which structure constants had been obtained (see e.g. [63, 240, 42, 104, 187]) by analyzing four-point correlators of bulk fields on the sphere, the first complete results for the structure constants on surfaces with boundaries were obtained for Virasoro minimal models [197, 198].

A strong focus was on the computation of one-point correlators of bulk fields on a disk, which may be collected in the coefficients of so-called boundary states [142]. They provide significant information of much interest for applications, like ground state degeneracies [2] or Ramond-Ramond charges of string compactifications [33]. Moreover, they encode the integral coefficients of the annulus partition functions and thus give the spectrum of boundary fields. Ramond-Ramond charges are related to twisted K-theory [169, 236]. This leads to the interpretation of the Verlinde algebra of Wess-Zumino-Witten models as equivariant twisted K-theory of compact, connected and simply-connected Lie groups (see [83] for a review), and to conformal field theory techniques for computing D-brane charges [82, 32].

In string compactifications based on a rational conformal field theories, such as those obtained by Gepner’s [124] construction, the boundary states of the conformal field theory correspond to specific D-branes in the string theory (see e.g. [33]). The construction of boundary states for such theories turns out to be remarkably subtle. In the case of Gepner models, it was first discussed in [191]. For the complete construction, including a correct treatment of field identification fixed points, see [108] and [103].

An important structural observation [21] concerns the annulus coefficients: they furnish matrixvalued representations with non-negative integer entries (so called NIMreps) of the fusion ring. Even more important was the insight [22, 75] that the constraints on structure constants for boundary fields preserving a given boundary condition give rise to generalized pentagon relations. The mixed 6j-symbols appearing in these relations have the conceptual interpretation as multiplication morphisms of an associative algebra in the modular tensor category of chiral data. This algebra has the physical interpretation as the algebra of boundary fields for a fixed boundary condition.

4.2 TFT, Frobenius algebras and CFT correlators

In the rational case the algebra of boundary fields turns out to have the mathematical structure of a special symmetric Frobenius algebra in the modular tensor category of chiral data. This

Frobenius algebra is the crucial ingredient in a construction that describes the correlation functions of rational conformal field theories (RCFTs) in terms of invariants provided by three-dimensional topological field theories (TFTs); for a review see [208]. Special symmetric Frobenius algebras have also appeared in the approach to conformal field theory via nets of von Neumann algebras, where they were introduced under the name Q-systems [68, 162].

In the description via TFT, the RCFT correlators are realized as invariants of ribbon graphs in three-manifolds under the Reshetikhin-Turaev modular functor. Thereby geometric structure in three dimensions is again used to gain insight into two-dimensional theories, in this case into full local conformal field theories. The relevant three-manifold geometry also appears in the study of CFT on world sheet orbifolds with the help of Chern-Simons theory [137].

The description of full local CFT via TFT allows one in particular to recover modular invariant partition functions. The problem (which has spurious unphysical solutions) of classifying bilinear combinations of characters as candidates for modular invariant partition functions is thereby replaced [105] by the problem of classifying Morita classes of special symmetric Frobenius algebras or, equivalently [186], appropriate module categories. Moreover, the formalism treats exceptional modular invariants and simple current invariants on the same footing. For instance, for the tensor categories based on the sl(2, C) Lie algebra, the Cappelli-Itzykson-Zuber A-D-E classification is recovered [152].

The bulk theory is obtained from the Frobenius algebra of the boundary theory as a commutative special symmetric Frobenius algebra in the product of the modular tensor category of the RCFT with its opposed category. This relation between boundary and bulk generalizes the situation found [171] in two-dimensional topological field theories, where both the boundary Frobenius algebra and the bulk Frobenius algebra are algebras in the category of complex vector spaces. This structure can also be interpreted in terms of vertex algebras, leading to so-called full field algebras [139] and open-closed field algebras [154].

The TFT construction provides a detailed dictionary between algebraic notions and physical concepts. A generalization of an algebra with involution, a so-called Jandl structure on A, allows one to construct also correlators for unoriented surfaces. Semisimple Frobenius algebras with an involution had appeared before in the study of two-dimensional lattice topological field theories [148]. Symmetries and order-disorder dualities of RCFT correlators can be conveniently described with the help of defect lines [99], which in turn have a natural representation within the TFT formulation of the CFT correlators.

4.3 Some current lines of research

In the last couple of years, new and important lines of research in conformal field theory have come to the foreground. Here, we give a choice that is, of course, again biased.

4.3.1 Beyond semisimple rational conformal field theories

At present, many efforts are devoted to a better understanding of conformal field theories based on chiral symmetry structures whose representation categories are not semisimple any longer.

The most important example is logarithmic conformal field theory, a generalization of rational conformal field theory dating back to the early nineties [131]. Much insight has been gained for the particular class of (1, p)-models for which a Kazhdan-Lusztig correspondence to a Hopf algebra exists (see [115] for a recent summary). Logarithmic conformal field theories are also important for their close relation to models of statistical mechanics, e.g. to percolation models [190].

Other important subclasses of theories are non-compact theories like Liouville theory and its relatives (for a review, see [220]) and sigma models with supersymmetric target spaces [199] which currently find applications both in the context of the AdS/CFT duality [3] and in statistical mechanics, e.g. in the description of transitions between quantum Hall plateaux [242].

4.3.2 Higher categorical geometry for target spaces

In Lagrangian approaches to conformal field theories, higher categorical structures have become more and more important as well. Already in the mid eighties, Alvarez [7] and Gawȩdzki [120] noticed that the Wess-Zumino term is closely related to Deligne hypercohomology. Brylinski [34], Murray [176] and others then constructed hermitian bundle gerbes with connection as a geometric realization of hypercohomology. This allows in particular for a geometric understanding of the Wess-Zumino term as a surface holonomy for these gerbes. This description was extended to D-branes by the notion of gerbe modules [122] including non-abelian effects, to holonomy for unoriented surfaces with the introduction of Jandl structures for gerbes [206], and to a target space interpretation of defect lines with the notion of bibranes [109].

One current point of interest are extensions to topological field theories that also associate values to 1- and 2-manifolds. They require higher category theory, see e.g. [84] for a recent discussion based on compact Lie groups. An early contribution to this area was published in this journal [14]. Higher categories and higher-dimensional algebra have become an increasingly important topic of research, including the idea [47] to use categorification to extended techniques from three-dimensional topological field theory to higher dimensions.

Another area in which category theory and conformal field theory meet is the study of D-brane categories. To review their role in homological mirror symmetry [155] is beyond the scope of our survey; for an exposition that emphasizes conformal field theory aspects in terms of sigma models, we refer to [11].

The relation between three-dimensional topological and two-dimensional conformal field theory leads to a corresponding relation between higher categorical structures: the hermitian bundle gerbe with connection on a compact connected group G describing the Wess-Zumino term of the twodimensional theory is a 2-categorical structure. If this gerbe admits a multiplicative structure, it can be lifted [41] to a 2-gerbe on the classifying space of G, and thus to a 3-categorical structure. The three-holonomy of a corresponding 2-gerbe with connection describes the Chern-Simons term of the associated three-dimensional topological field theory.

4.3.3 SLE

Another field of mathematics that shed a new light on conformal field theory are stochastic differential equations. Stochastic Loewner Evolution (SLE) was defined by Schramm [205]; for reviews see e.g. [231, 40]. SLE (or, more precisely, chordal SLE) provides a measure on curves on the upper half plane which start at zero and end at infinity, as well as on domains conformally equivalent to the upper half plane. The measure satisfies three conditions: conformal invariance, reflection symmetry, and a restriction property. These properties turn out to fix the measure up to a real parameter κ ≥ 0, which is related to the Virasoro central charge by c = (3κ−8)(6−κ)/(2κ).

In certain examples it has been established that the SLE measure on curves arises as a continuum limit of the weight of spin configurations with a prescribed domain boundary in twodimensional lattice models. One such example is critical percolation, where crossing formulas conjectured by Cardy [39] and by Watts [230] using boundary conformal field theory were proved in [211] and [66], respectively.

The factorization of amplitudes is expected from the heuristic path integral formulation of CFT. The approaches to CFT reported in sections 4.1 and 4.2 provide a mathematical formalization of this property. Approaches based on SLE, on the other hand, directly provide a microscopic description by replacing the path integral by a precisely defined measure. This provides a much more direct relation to lattice models, but it is by no means straightforward to express CFT correlators in the SLE formulation. For example, conjecturally, correlators with insertions of the stress-energy tensor can be obtained from the probability that the SLE curve passes through a number small intervals centered at the insertion points [65] (this is at central charge c = 0; for c between 0 and 1 see [64]), and there is a relation between Virasoro null vectors and SLE martingales [19].

5 Omissions

There are important aspects of two-dimensional rational conformal field theories that we could not cover in this review. Some of them are the following:

• Applications of conformal field theory to entanglement entropy [35].

• Applications of conformal field theory to quantum computing [178].

• D-branes in WZW models, in particular their target space geometry, [5, 75].

• Renormalization group flows between conformal field theories, including Zamolodchikov’s ctheorem [238] and an analogous result for flows between conformal boundary conditions [2, 91].

• Integrable [239, 127] and numerical [237, 62] methods for investigating bulk and boundary perturbations of conformal field theories.

• The generalization of the fermion-boson correspondence to higher genus world sheets (see e.g. [9] for an early discussion), and applications of the fermion-boson correspondence in combinatorics, see e.g. [25].

• Galois symmetries acting on chiral data [50], and their use in the study of modular invariants [45, 106] and in the proof of the congruence subgroup conjecture [17].

• The relation between fusion rings and quantum cohomology, see e.g. [125, 235].

• Applications of conformal and superconformal field theory in elliptic cohomology [209, 217].

That the topics in this list, and more, have not even been treated briefly in this survey illustrates what an enormous amount of knowledge about rational conformal field theory has been compiled during the last quarter century.

Acknowledgments:

We would like to thank J. Fröhlich and M. Gaberdiel for helpful comments. JF is supported partially by VR under project no. 621-2006-3343. CS is supported partially by the Collaborative Research Center 676 “Particles, Strings and the Early Universe - the Structure of Matter and Space-Time”.

References

[1] I. Affleck, A current algebra approach to the Kondo effect, Nucl. Phys. B 336, 517-532 (1990) [2] I. Affleck and A.W.W. Ludwig, Universal noninteger “ground-state degeneracy” in critical quantum systems, Phys. Rev. Lett. 67, 161-164 (1991) [3] O. Aharony, O. Bergman, D.L. Jafferis and J. Maldacena, N = 6 superconformal Chern-Simons-matter theories, M2-branes and their gravity duals, J. High Energy Phys. 0810, 091 0-37 (2008) [0806.1218 (hep-th)] [4] A.Yu. Alekseev, E. Meinrenken, and C. Woodward, The Verlinde formula as fixed point formulas, J. Symplectic Geom. 1, 1-46 (2001) [5] A.Yu. Alekseev and V. Schomerus, D-branes in the WZW model, Phys. Rev. D 60, 061901 1-2 (1999) [hep-th/9812193] [6] V. Alessandrini, A general approach to dual multiloop diagrams, Nuovo Cim. 2A, 321-352 (1971) [7] O. Alvarez, Topological quantization and cohomology, Commun. Math. Phys. 100, 279-309 (1985) [8] L. Alvarez-Gaumé, C. Gómez, and G. Sierra, Topics in conformal field theory, in:

The Physics and Mathematics of Strings, Memorial Volume for V.G. Knizhnik, L. Brink, D. Friedan, and A.M. Polyakov, eds. (World Scientific, Singapore 1990), p. 16-184 [9] L. Alvarez-Gaumé, G. Moore, P. Nelson, C. Vafa, and J.B. Bost, Bosonization in arbitrary genus, Phys. Lett. B 178, 41-47 (1986) [10] C. Angelantonj and A. Sagnotti, Open strings, Phys. Rep. 371, 1-150 (2002) [hep-th/0204089] [11] P.S. Aspinwall, D-branes on Calabi-Yau manifolds, preprint hep-th/0403166 [12] M.F. Atiyah, Topological quantum field theories, Publ. Math. I.H.E.S. 68, 175-186 (1988) [13] S. Axelrod, S. Della Pietra, and E. Witten, Geometric quantization of Chern-Simons theory, J. Diff. Geom. 33, 787-902 (1991) [14] J.C. Baez and J. Dolan, Higher dimensional algebra and topological quantum field theory, J. Math. Phys. 36, 6073-6105 (1995) [q-alg/9503002] [15] F.A. Bais and P. Bouwknegt, A classification of subgroup truncations of the bosonic string, Nucl. Phys. B 279, 561-570 (1987) [16] P. Bantay, The untwisted stabilizer in simple current extensions, Phys. Lett. B 396, 183-185 (1997) [hep-th/9611194] [17] P. Bantay, The kernel of the modular representation and the Galois action in RCFT, Commun. Math. Phys. 233, 423-438 (2003) [math.QA/0102149] [18] K. Bardakçi and M.B. Halpern, New dual quark models, Phys. Rev. D 3, 2493-2506 (1971) [19] M. Bauer and D. Bernard, Conformal transformations and the SLE partition function martingale, Ann. Inst. Poincaré 5, 289-326 (2004) [math-ph/0305061] [20] A. Beauville, Conformal blocks, fusion rules and the Verlinde formula, in:

Hirzebruch 65 Conference on Algebraic Geometry, M. Teicher, ed. (Bar-Ilan University, Ramat Gan 1996), p. 75-98 [alg-geom/9405001] [21] R.E. Behrend, P.A. Pearce, V.B. Petkova, and J.-B. Zuber, On the classification of bulk and boundary conformal field theories, Phys. Lett. B 444, 163-166 (1998) [hep-th/9809097] [22] R.E. Behrend, P.A. Pearce, V.B. Petkova, and J.-B. Zuber, Boundary conditions in rational conformal field theories, Nucl. Phys. B 579, 707-773 (2000) [hep-th/9908036] [23] A.A. Beilinson and V.G. Drinfeld, Chiral Algebras (American Mathematical Society, Providence 2004) [24] A.A. Belavin, A.M. Polyakov, and A.B. Zamolodchikov, Infinite conformal symmetry in two-dimensional quantum field theory, Nucl. Phys. B 241, 333-380 (1984)

[25] A. Berkovich, B.M. McCoy, and A. Schilling, Rogers-Schur-Ramanujan type identities for the M(p, p^′) minimal models of conformal field theory, Commun. Math. Phys. 191, 325-395 (1998)

[q-alg/9607020]

[26] D. Bernard, On the Wess-Zumino-Witten models on the torus, Nucl. Phys. B 303, 77-93 (1988) [27] A. Bertram and A. Szenes, Hilbert polynomials of moduli spaces of rank 2 vector bundles II, Topology 32, 599-609 (1993) [28] M. Blau and G. Thompson, Derivation of the Verlinde formula from Chern-Simons theory and the G/G model, Nucl. Phys. B 408, 345-390 (1993) [29] G. Böhm and K. Szlachányi, A coassociative C^∗-quantum group with non-integral dimensions, Lett. Math. Phys. 38, 437-456 (1996) [q-alg/9509008] [30] R.E. Borcherds, Vertex algebras, Kac-Moody algebras, and the monster,

Proc. Natl. Acad. Sci. USA 83, 3068-3071 (1986) [31] P. Bouwknegt and K. Schoutens, W symmetry in conformal field theory, Phys. Rep. 223, 183-276 (1993) [hep-th/9210010] [32] V. Braun and S. Schäfer-Nameki, D-brane charges in Gepner models, J. Math. Phys. 47, 092304 1-21 (2006) [hep-th/0511100] [33] I. Brunner, M.R. Douglas, A. Lawrence, and C. Römelsberger, D-branes on the quintic, J. High Energy Phys. 0008, 015 0-72 (2000) [hep-th/9906200] [34] J.-L. Brylinski, Loop Spaces, Characteristic Classes and Geometric Quantization (Birkhäuser, Boston 1992) [35] P. Calabrese and J. Cardy, Entanglement entropy and conformal field theory, preprint

0905.4013 (cond-mat)

[36] A. Cappelli, C. Itzykson, and J.-B. Zuber, Modular invariant partition functions in two dimensions, Nucl. Phys. B 280, 445-465 (1987) [37] J.L. Cardy, Operator content of two-dimensional conformally invariant theories, Nucl. Phys. B 270, 186-204 (1986) [38] J.L. Cardy, Boundary conditions, fusion rules and the Verlinde formula, Nucl. Phys. B 324, 581-596 (1989) [39] J.L. Cardy, Critical percolation in finite geometries, J. Phys. A 25, L201-L206 (1992)

[hep-th/9111026]

[40] J.L. Cardy, SLE for theoretical physicists, Ann. Phys. 318, 81-118 (2005) [cond-mat/0503313] [41] A.L. Carey, S. Johnson, M.K. Murray, D. Stevenson, and B.-L. Wang, Bundle gerbes for Chern-Simons and Wess-Zumino-Witten theories, Commun. Math. Phys. 259, 577-613 (2005)

[math.DG/0410013]

[42] P. Christe and R. Flume, The four point correlations of all primary operators of the d = 2 conformally invariant SU(2) σ-model with Wess-Zumino term, Nucl. Phys. B 282, 466-494 (1987) [43] S.-w. Chung, M. Fukuma, and A. Shapere, Structure of topological lattice field theories in three dimensions, Int. J. Mod. Phys. A 9, 1305-1360 (1994) [hep-th/9305080] [44] S. Coleman, Quantum sine-Gordon equation as the massive Thirring model, Phys. Rev. D 11, 2088-2097 (1975) [45] A. Coste and T. Gannon, Remarks on Galois symmetry in rational conformal field theories, Phys. Lett. B 323, 316-321 (1994) [46] A. Coste, T. Gannon, and P. Ruelle, Finite group modular data, Nucl. Phys. B 581, 679-717 (2000) [hep-th/0001158] [47] L. Crane and I. Frenkel, Four dimensional topological field theories, Hopf categories, and the canonical bases, J. Math. Phys. 35, 5136-5154 (1994) [hep-th/9405183]

[48] R. Dashen and Y. Frishman, Four fermion interactions and scale invariance, Phys. Rev. D 11, 2781-2802 (1975) [49] G. Daskalopoulos and R. Wentworth, The integrability criterion in SU(2) Chern-Simons gauge theory, Commun. Math. Phys. 151, 437-445 (1993) [50] J. de Boer and J. Goeree, Markov traces and II_1 factors in conformal field theory, Commun. Math. Phys. 139, 267-304 (1991) [51] H.J. de Vega, H. Eichenherr, and J.M. Maillet, Classical and quantum algebras of non-local charges in sigma models, Commun. Math. Phys. 92, 507-524 (1984) [52] P. di Francesco, P. Mathieu, and D. Senechal, Conformal Field Theory (Springer Verlag, New York 1996) [53] R. Dijkgraaf, C. Vafa, E. Verlinde, and H. Verlinde, The operator algebra of orbifold models, Commun. Math. Phys. 123, 485-526 (1989) [54] R. Dijkgraaf, E. Verlinde, and H. Verlinde, String propagation in a black hole geometry, Nucl. Phys. B 371, 269-314 (1992) [55] R. Dijkgraaf and E. Witten, Topological gauge theories and group cohomology, Commun. Math. Phys. 129, 393-429 (1990) [56] P. Di Vecchia and A. Schwimmer, The beginning of string theory: a historical sketch, Springer Lecture Notes in Physics 737, 119-136 (2008) [0708.3940 (hist-ph)] [57] L.J. Dixon, J.A. Harvey, C. Vafa, and E. Witten, Strings on orbifolds, Nucl. Phys. B 261, 678-686 (1985) [58] V.K. Dobrev, G. Mack, V.B. Petkova, S.G. Petrova, and I.T. Todorov, Harmonic Analysis on the n-Dimensional Lorentz Group and Its Applications to Conformal Quantum Field Theory (Springer Lecture Notes in Physics 63) (Springer Verlag, Berlin 1977) [59] C. Dong, H. Li, and G. Mason, Simple currents and extensions of vertex operator algebras, Commun. Math. Phys. 180, 671-707 (1996) [q-alg/9504008] [60] S. Doplicher, R. Haag, and J.E. Roberts, Fields, observables and gauge transformations I, Commun. Math. Phys. 13, 1-23 (1969) [61] S. Doplicher, R. Haag, and J.E. Roberts, Local observables and particle statistics I, Commun. Math. Phys. 23, 199-230 (1971) [62] P.E. Dorey, A. Pocklington, R. Tateo, and G. Watts, TBA and TCSA with boundaries and excited states, Nucl. Phys. B 525, 641-663 (1998) [hep-th/9712197] [63] Vl.S. Dotsenko and V.A. Fateev, Conformal algebra and multipoint correlation functions in 2D statistical models, Nucl. Phys. B 240, 312-348 (1984) [64] B. Doyon, Conformal loop ensembles and the stress-energy tensor. II. Construction of the stress-energy tensor, preprint 0908.1511 (math-ph) [65] B. Doyon, V. Riva, and J. Cardy, Identification of the stress-energy tensor through conformal restriction in SLE and related processes, Commun. Math. Phys. 268, 687-716 (2006)

[math-ph/0511054]

[66] J. Dubédat, Excursion decompositions for SLE and Watts’ crossing formula, Probab. Theory Related Fields 134, 453-488 (2006) [math.PR/0405074] [67] P.I. Etingof, I.B. Frenkel, and A.A. Kirillov,

Lectures on Representation Theory and Knizhnik-Zamolodchikov Equations (American Mathematical Society, Providence 1998) [68] D.E. Evans and P.R. Pinto, Subfactor realisation of modular invariants, Commun. Math. Phys.

237, 309-363 (2003) [math.OA/0309174] [69] G. Faltings, A proof for the Verlinde formula, J. Algebraic Geom. 3, 347-374 (1994) [70] B.L. Feigin and D.B. Fuks, Invariant skew-symmetric differential operators on the line and Verma modules over the Virasoro algebra, Funct. Anal. Appl. 16, 114-126 (1982)

[71] B.L. Feigin and D.B. Fuks, Representations of the Virasoro algebra, in: Representations of Lie Groups and Related Topics, A.M. Vershik and D.P. Zhelobenko eds. (Gordon and Breach, New York 1990), p. 465-537 [72] B.L. Feigin, A.M. Gainutdinov, A.M. Semikhatov, and I.Yu. Tipunin, Kazhdan-Lusztig-dual quantum group for logarithmic extensions of Virasoro minimal models, J. Math. Phys. 48, 032303 1-46 (2007) [math.QA/0606506] [73] B.L. Feigin, A.M. Semikhatov, and I.Yu. Tipunin, Equivalence between chain categories of representations of affine sl(2) and N = 2 superconformal algebras, J. Math. Phys. 39, 3865-3905 (1998) [hep-th/9701043] [74] G. Felder, BRST approach to minimal models, Nucl. Phys. B 317, 215-236 (1989) [75] G. Felder, J. Fröhlich, J. Fuchs, and C. Schweigert, The geometry of WZW branes, J. Geom. and Phys. 34, 162-190 (2000) [hep-th/9909030] [76] G. Felder, J. Fröhlich, and G. Keller, Braid matrices and structure constants for minimal conformal models, Commun. Math. Phys. 124, 647-664 (1989) [77] G. Felder, K. Gawȩdzki, and A. Kupiainen, Spectra of Wess-Zumino-Witten models with arbitrary simple groups, Commun. Math. Phys. 117, 127-158 (1988) [78] G. Felder and A. Varchenko, Integral representations of solutions of the elliptic Knizhnik-Zamolodchikov-Bernard equations, Int. Math. Res. Notices No. 5, 221-233 (1995)

[hep-th/9502165]

[79] M. Finkelberg, An equivalence of fusion categories, Geom. and Funct. Anal. 6, 249-267 (1996) [80] K. Fredenhagen, K.-H. Rehren, and B. Schroer, Superselection sectors with braid group statistics and exchange algebras, I: General theory, Commun. Math. Phys. 125, 201-226 (1989) [81] K. Fredenhagen, K.-H. Rehren, and B. Schroer, Superselection sectors with braid group statistics and exchange algebras, II: Geometric aspects and conformal covariance, Rev. Math. Phys. [special issue], 111-157 (1992) [82] S. Fredenhagen and V. Schomerus, Branes on group manifolds, gluon condensates, and twisted K-theory, J. High Energy Phys. 0104, 007 0-29 (2001) [hep-th/0012164] [83] D.S. Freed, The Verlinde algebra is twisted equivariant K-theory, Turkish J. Math. 25, 159-167 (2001) [math.RT/0101038] [84] D.S. Freed, M.J. Hopkins, J. Lurie, and C. Teleman, Topological quantum field theories from compact Lie groups, preprint 0905.0731 (math.AT) [85] E. Frenkel, Vertex algebras and algebraic curves, Séminaire Bourbaki No. 875, 299-339 (1999-2000) [math.QA/0007054] [86] E. Frenkel, Lectures on the Langlands program and conformal field theory, preprint

hep-th/0512172

[87] I.B. Frenkel, Two constructions of affine Lie algebra representations and boson-fermion correspondence in quantum field theory, J. Funct. Anal. 44, 259-327 (1981) [88] E. Frenkel and D. Ben-Zvi, Vertex Algebras and Algebraic Curves (American Mathematical Society, Providence 2001) [89] I.B. Frenkel, J. Lepowsky, and A. Meurman, Vertex Operator Algebras and the Monster (Academic Press, New York 1988) [90] I.B. Frenkel and Y. Zhu, Vertex operator algebras associated to representations of affine and Virasoro algebras, Duke Math. J. 66, 123-168 (1992) [91] D.H. Friedan and A. Konechny, Boundary entropy of one-dimensional quantum systems at low temperature, Phys. Rev. Lett. 93, 030402 1-4 (2004) [92] D.H. Friedan, Z. Qiu, and S.H. Shenker, Conformal invariance, unitarity, and critical exponents in two dimensions, Phys. Rev. Lett. 52, 1575-1578 (1984)

[93] D.H. Friedan and S.H. Shenker, The analytic geometry of two-dimensional conformal field theory, Nucl. Phys. B 281, 509-545 (1987) [94] J. Fröhlich, New superselection sectors (‘soliton sectors’) in two-dimensional Bose quantum field models, Commun. Math. Phys. 47, 269-310 (1976) [95] J. Fröhlich, Statistics of fields, the Yang-Baxter equation and the theory of knots and links, in:

Nonperturbative Quantum Field Theory, G. ’t Hooft, A. Jaffe, G. Mack, P.K. Mitter, and R. Stora, eds. (Plenum Press, New York 1988), p. 71-100 [96] J. Fröhlich, Statistics and monodromy in two- and three-dimensional quantum field theory, in:

Differential Geometrical Methods in Theoretical Physics, K. Bleuler and M. Werner, eds. (Kluwer Academic Publishers, Dordrecht 1988), p. 173-186 [97] J. Fröhlich, A.H. Chamseddine, F. Gabbiani, T. Kerler, C. King, P.A. Marchetti, U.M. Studer, and E. Thiran, The fractional quantum Hall effect, Chern-Simons theory, and integral lattices, in: Proceedings of the International Congress of Mathematicians 1994, S.D. Chatterji et al., eds. (Birkhäuser, Basel 1995), p. - [98] J. Fröhlich, J. Fuchs, I. Runkel, and C. Schweigert, Algebras in tensor categories and coset conformal field theories, Fortschr. Phys. 52, 672-677 (2004) [hep-th/0309269] [99] J. Fröhlich, J. Fuchs, I. Runkel, and C. Schweigert, Duality and defects in rational conformal field theory, Nucl. Phys. B 763, 354-430 (2007) [hep-th/0607247] [100] J. Fröhlich and C. King, Two-dimensional conformal field theory and three-dimensional topology, Int. J. Mod. Phys. A 4, 5321-5399 (1989) [101] J. Fröhlich, B. Pedrini, C. Schweigert, and J. Walcher, Universality in quantum Hall systems:

coset construction of incompressible states, J. Stat. Phys. 103, 527-567 (2001)

[cond-mat/0002330]

[102] J. Fuchs, Fusion rules in conformal field theory, Fortschr. Phys. 42, 1-48 (1994)

[hep-th/9306162]

[103] J. Fuchs, P. Kaste, W. Lerche, C. Lütken, C. Schweigert, and J. Walcher, Boundary fixed points, enhanced gauge symmetry and singular bundles on K3, Nucl. Phys. B 598, 57-72 (2001)

[hep-th/0007145]

[104] J. Fuchs and A. Klemm, The computation of the operator algebra in nondiagonal conformal field theories, Ann. Phys. 194, 303-335 (1989) [105] J. Fuchs, I. Runkel, and C. Schweigert, TFT construction of RCFT correlators I: Partition functions, Nucl. Phys. B 646, 353-497 (2002) [hep-th/0204148] [106] J. Fuchs, A.N. Schellekens, and C. Schweigert, Galois modular invariants of WZW models, Nucl. Phys. B 437, 667-694 (1995) [hep-th/9410010] [107] J. Fuchs, A.N. Schellekens, and C. Schweigert, Twining characters, orbit Lie algebras, and fixed point resolution, in: New Trends in Quantum Field Theory, A.Ch. Ganchev, R. Kerner and I. Todorov, eds. (Heron Press, Sofia 1996), p. 120-141 [q-alg/9511026] [108] J. Fuchs, C. Schweigert, and J. Walcher, Projections in string theory and boundary states for Gepner models, Nucl. Phys. B 588, 110-148 (2000) [hep-th/0003298] [109] J. Fuchs, C. Schweigert, and K. Waldorf, Bi-branes: Target space geometry for world sheet topological defects, J. Geom. and Phys. 58, 576-598 (2008) [hep-th/0703145] [110] M. Fukuma, S. Hosono, and H. Kawai, Lattice topological field theory in two dimensions, Commun. Math. Phys. 161, 157-176 (1994) [hep-th/9212154] [111] P. Furlan, G. Sotkov, and I.T. Todorov, Two-dimensional conformal quantum field theory, Riv. Nuovo Cim. 12, 1-202 (1989) [112] F. Gabbiani and J. Fröhlich, Operator algebras and conformal field theory,

Commun. Math. Phys. 155, 569-640 (1993)

[113] M.R. Gaberdiel and P. Goddard, Axiomatic conformal field theory, Commun. Math. Phys. 209, 549-594 (2000) [hep-th/9810019] [114] M.R. Gaberdiel and H.G. Kausch, Indecomposable fusion products, Nucl. Phys. B 477, 293-318 (1996) [hep-th/9604026] [115] A.M. Gainutdinov and I.Yu. Tipunin, Radford, Drinfeld, and Cardy boundary states in (1, p) logarithmic conformal field models, J. Phys. A 42, 315207 1-30 (2009) [0711.3430 (hep-th)] [116] T. Gannon, Towards a classification of SU(2) ⊕ · · · ⊕SU(2) modular invariant partition functions, J. Math. Phys. 36, 675-706 (1995) [hep-th/9402074] [117] T. Gannon, The classification of SU(3) modular invariants revisited, Ann. Inst. Poincaré 65, 15-55 (1996) [hep-th/9404185] [118] T. Gannon,

Moonshine Beyond the Monster: The Bridge Connecting Algebra, Modular Forms and Physics (Cambridge University Press, Cambridge 2006) [119] T. Gannon, P. Ruelle, and M.A. Walton, Spectra of conformal field theories with current algebras, in: Field Theory, Integrable Systems and Symmetries, F. Khanna et al., eds (Les Publications CRM, Montreal 1997), p. 49-58 [hep-th/9511089] [120] K. Gawȩdzki, Topological actions in two-dimensional quantum field theories, in: Nonperturbative Quantum Field Theory, G. ’t Hooft, A. Jaffe, G. Mack, P.K. Mitter, and R. Stora, eds. (Plenum Press, New York 1988), p. 101-141 [121] K. Gawȩdzki, Noncompact WZW conformal field theories, in: New Symmetry Principles in Quantum Field Theory, J. Fröhlich et al., eds. (Plenum Press, New York 1992), p. 247-270

[hep-th/9110076]

[122] K. Gawȩdzki, Abelian and non-Abelian branes in WZW models and gerbes,

Commun. Math. Phys. 258, 23-73 (2005) [hep-th/0406072] [123] K. Gawȩdzki and A. Kupiainen, Coset construction from functional integrals, Nucl. Phys. B 320, 625-668 (1989) [124] D. Gepner, Space-time supersymmetry in compactified string theory and superconformal models, Nucl. Phys. B 296, 757-778 (1988) [125] D. Gepner, Fusion rings and geometry, Commun. Math. Phys. 141, 381-411 (1991) [126] D. Gepner and E. Witten, String theory on group manifolds, Nucl. Phys. B 278, 493-549 (1986) [127] S. Ghoshal and A.B. Zamolodchikov, Boundary S-matrix and boundary state in two-dimensional integrable quantum field theory, Int. J. Mod. Phys. A 9, 3841-3886 (1994) [hep-th/9306002] [128] P. Goddard, The work of R.E. Borcherds, Doc. Math. J. DMV Extra Volume ICM I, 99-107 (1998) [math.QA/9808136] [129] P. Goddard, A. Kent, and D.I. Olive, Unitary representations of the Virasoro and super-Virasoro algebras, Commun. Math. Phys. 103, 105-119 (1986) [130] P. Goddard and C.B. Thorne, Compatibility of the dual pomeron with unitarity and the absence of ghosts in the dual resonance model, Phys. Lett. B 40, 235-238 (1972) [131] V. Gurarie, Logarithmic operators in conformal field theory, Nucl. Phys. B 410, 535-549 (1993)

[hep-th/9303160]

[132] R. Haag and D. Kastler, An algebraic approach to field theory, J. Math. Phys. 5, 848-861 (1964) [133] M.B. Halpern, E.B. Kiritsis, N.A. Obers, and K. Clubok, Irrational conformal field theory, Phys. Rep. 265, 1-138 (1996) [hep-th/9501144] [134] S. Hamidi and C. Vafa, Interactions on orbifolds, Nucl. Phys. B 279, 465-513 (1987) [135] N.J. Hitchin, Generalized Calabi-Yau manifolds, Quart. J. Math. Oxford 54, 281-308 (2003)

[math.DG/0209099]

[136] G. Höhn, Genera of vertex operator algebras and three dimensional topological quantum field theories, Fields Institute Commun. 39, 89-107 (2003) [math.QA/0209333] [137] P. Hořava, Chern-Simons gauge theory on orbifolds: open strings from three dimensions, J. Geom. and Phys. 21, 1-33 (1996) [hep-th/9404101] [138] Y.-Z. Huang, Vertex operator algebras, the Verlinde conjecture and modular tensor categories, Proc. Natl. Acad. Sci. USA 102, 5352-5356 (2005) [math.QA/0412261] [139] Y.-Z. Huang and L. Kong, Full field algebras, Commun. Math. Phys. 272, 345-396 (2007)

[math.QA/0511328]

[140] Y.-Z. Huang and J. Lepowsky, Tensor products of modules for a vertex operator algebra and vertex tensor categories, in: Lie Theory and Geometry, R. Brylinski, J.-L. Brylinski, V. Guillemin, and V.G. Kac, eds. (Birkhäuser, Boston 1994), p. 349-383 [hep-th/9401119] [141] Y.-Z. Huang, J. Lepowsky, and L. Zhang, A logarithmic generalization of tensor product theory for modules for a vertex operator algebra, Int. J. Math. 17, 975-1012 (2006) [math.QA/0311235] [142] N. Ishibashi, The boundary and crosscap states in conformal field theories, Mod. Phys. Lett. A 4, 251-264 (1989) [143] L.C. Jeffrey and J. Weitsman, Bohr-Sommerfeld orbits in the moduli space of flat connections and the Verlinde dimension formula, Commun. Math. Phys. 150, 593-630 (1992) [144] V.G. Kac, Contravariant form for infinite-dimensional Lie algebras and Lie superalgebras, Springer Lecture Notes in Physics 94, 441-445 (1979) [145] V.G. Kac, The idea of locality, in: GROUP21 Physical Applications and Mathematical Aspects of Geometry, Groups, and Algebras, Vol. 1, H.-D. Doebner, W. Scherer, and P. Nattermann, eds. (World Scientific, Singapore 1997), p. 16-32 [q-alg/9709008] [146] V.G. Kac and D.H. Peterson, Infinite-dimensional Lie algebras, theta functions and modular forms, Adv. in Math. 53, 125-264 (1984) [147] D. Karabali and H.J. Schnitzer, BRST quantization of the gauged WZW action and coset conformal field theories, Nucl. Phys. B 329, 649-666 (1990) [148] V. Karimipour and A. Mostafazadeh, Lattice topological field theory on non-orientable surfaces, J. Math. Phys. 38, 49-66 (1997) [hep-th/9508041] [149] Y. Kawahigashi, R. Longo, and M. Müger, Multi-interval subfactors and modularity of representations in conformal field theory, Commun. Math. Phys. 219, 631-669 (2001)

[math.OA/9903104]

[150] Y. Kazama and H. Suzuki, New N = 2 superconformal field theories and superstring compactification, Nucl. Phys. B 321, 232-268 (1989) [151] D. Kazhdan and G. Lusztig, Tensor categories arising from affine Lie algebras. I – IV, J. Amer. Math. Soc. 6, 905-947 (1993), 6, 949-1011 (1993), 7, 335-381 (1994), 7, 383-453 (1994) [152] A.A. Kirillov and V. Ostrik, On a q-analog of McKay correspondence and the ADE classification of ^sl(2) conformal field theories, Adv. in Math. 171, 183-227 (2002) [math.QA/0101219] [153] V.G. Knizhnik and A.B. Zamolodchikov, Current algebra and Wess-Zumino model in two dimensions, Nucl. Phys. B 247, 83-103 (1984) [154] L. Kong, Cardy condition for open-closed field algebras, Commun. Math. Phys. 283, 25-92 (2008)

[math.QA/0612255]

[155] M.L. Kontsevich, Homological algebra of mirror symmetry, in: Proceedings of the International Congress of Mathematicians ’94,Vol. I, S.D. Chatterji, ed. (Birkhäuser, Basel 1995), p. 120-138

[alg-geom/9411018]

[156] M. Kreuzer and A.N. Schellekens, Simple currents versus orbifolds with discrete torsion – a complete classification, Nucl. Phys. B 411, 97-121 (1994) [hep-th/9306145] [157] M. Lehn and C. Sorger, Symmetric groups and the cup product on the cohomology of Hilbert schemes, Duke Math. J. 110, 345-357 (2001) [math.AG/0009131]

[158] J.M. Leinaas and J. Myrheim, On the theory of identical particles, Nuovo Cim. 37, 1-23 (1977) [159] W. Lerche, C. Vafa, and N.P. Warner, Chiral rings in N = 2 superconformal theories, Nucl. Phys. B 324, 427-474 (1989) [160] D.C. Lewellen, Sewing constraints for conformal field theories on surfaces with boundaries, Nucl. Phys. B 372, 654-682 (1992) [161] R. Longo, Index of subfactors and statistics of quantum fields. I, Commun. Math. Phys. 126, 217-247 (1989) [162] R. Longo and K.-H. Rehren, Local fields in boundary conformal QFT, Rev. Math. Phys. 16, 909-960 (2004) [math-ph/0405067] [163] M. Lüscher and G. Mack, The energy momentum tensor of a critical quantum field theory in 1 + 1 dimensions, preprint Hamburg 1976 [164] G. Mack and V. Schomerus, Quasi Hopf quantum symmetry in quantum theory, Nucl. Phys. B 370, 185-230 (1992) [165] F.G. Malikov, V. Schechtman, and A. Vaintrob, Chiral de Rham complex, Commun. Math. Phys.

204, 439-473 (1999) [math.AG/9803041] [166] O. Mathieu, Équations de Knizhnik-Zamolodchikov et théorie des représentations, Astérisque 227, 47-67 (1995) [167] S.D. Mathur, S. Mukhi, and A. Sen, Differential equations for correlators and characters in arbitrary rational conformal field theories, Nucl. Phys. B 312, 15-57 (1989) [168] E. Meinrenken and C. Woodward, Hamiltonian loop group actions and Verlinde factorization, J. Diff. Geom. 50, 417-469 (1998) [dg-ga/9612018] [169] R. Minasian and G. Moore, K-theory and Ramond-Ramond charge, J. High Energy Phys. 9711, 002 0-8 (1997) [hep-th/9710230] [170] M. Miyamoto, Modular invariance of vertex operator algebras satisfying C_2-cofiniteness, Duke Math. J. 122, 51-91 (2004) [math.QA/0209101] [171] G. Moore and G. Segal, D-branes and K-theory in 2D topological field theory, preprint

hep-th/0609042

[172] G. Moore and N. Seiberg, Polynomial equations for rational conformal field theories, Phys. Lett. B 212, 451-460 (1988) [173] G. Moore and N. Seiberg, Classical and quantum conformal field theory, Commun. Math. Phys.

123, 177-254 (1989) [174] G. Moore and N. Seiberg, Taming the conformal zoo, Phys. Lett. B 220, 422-430 (1989) [175] G. Moore and N. Seiberg, Lectures on RCFT, in: Physics, Geometry, and Topology, H.C. Lee, ed. (Plenum Press, New York 1990), p. 263-361 [176] M.K. Murray, Bundle gerbes, J. London Math. Soc. 54, 403-416 (1996) [dg-ga/9407015] [177] W. Nahm, Quasi-rational fusion products, Int. J. Mod. Phys. B 8, 3693-3702 (1994)

[hep-th/9402039]

[178] C. Nayak, S.H. Simon, A. Stern, M. Freedman, S. Das Sarma, Non-abelian anyons and topological quantum computation, Rev. Mod. Phys. 80, 1083-1159 (2008)

[0707.1889 (cond-mat)]

[179] D. Nikshych, V. Turaev, and L. Vainerman, Quantum groupoids and invariants of knots and 3-manifolds, Topology and its Appl. 127, 91-123 (2003) [math.QA/0006078] [180] S.P. Novikov, Multivalued functions and functionals. An analogue of the Morse theory, Sov. Math. Dokl. 24, 222-226 (1981) [181] A.M. Polyakov and P.B. Wiegmann, Theory of nonabelian Goldstone bosons in two dimensions, Phys. Lett. B 131, 121-126 (1983)

[182] G. Ponzano and T. Regge, Semiclassical limit of Racah coefficients, in: Spectroscopic and Group Theoretical Methods in Physics, F. Bloch, S.G. Cohen, A. De-Shalit, S. Sambursky, and I. Talmi, eds. (North Holland Publishing Company, Amsterdam 1968), p. 1-58 [183] G. Pradisi, A. Sagnotti, and Ya.S. Stanev, Completeness conditions for boundary operators in 2D conformal field theory, Phys. Lett. B 381, 97-104 (1996) [hep-th/9603097] [184] A. Ocneanu, Operator algebras, topology and subgroups of quantum symmetry – construction of subgroups of quantum groups, Adv. Studies in Pure Math. 31, 235-263 (2001) [185] M. Oshikawa and I. Affleck, Defect lines in the Ising model and boundary states on orbifolds, Phys. Rev. Lett. 77, 2604-2607 (1996) [hep-th/9606177] [186] V. Ostrik, Module categories, weak Hopf algebras and modular invariants, Transform. Groups 8, 177-206 (2003) [math.QA/0111139] [187] V.B. Petkova and J.-B. Zuber, On structure constants of sl(2) theories, Nucl. Phys. B 438, 347-372 (1995) [hep-th/9410209] [188] J. Polchinski, Dirichlet-branes and Ramond-Ramond charges, Phys. Rev. Lett. 75, 4724-4727 (1995) [hep-th/9510017] [189] A.M. Polyakov, Conformal symmetry of critical fluctuations, Sov. Phys. JETP Lett. 12, 381-383 (1970) [190] N. Read and H. Saleur, Enlarged symmetry algebras of spin chains, loop models, and S-matrices, Nucl. Phys. B 777, 263-315 (2007) [cond-mat/0701259] [191] A. Recknagel and V. Schomerus, D-branes in Gepner models, Nucl. Phys. B 531, 185-225 (1998)

[hep-th/9712186]

[192] K.-H. Rehren and B. Schroer, Exchange algebra on the light-cone and order/disorder 2n-point functions in the Ising field theory, Phys. Lett. B 198, 84-88 (1987) [193] N.Yu. Reshetikhin and V.G. Turaev, Ribbon graphs and their invariants derived from quantum groups, Commun. Math. Phys. 127, 1-26 (1990) [194] N.Yu. Reshetikhin and V.G. Turaev, Invariants of 3-manifolds via link polynomials and quantum groups, Invent. math. 103, 547-597 (1991) [195] L. Rozansky and E. Witten, Hyper-Kähler geometry and invariants of 3-manifolds, Selecta Mathematica 3, 401-458 (1997) [hep-th/9612216] [196] W. Rühl and B. Yunn, Operator product expansions in conformally covariant quantum field theory, Commun. Math. Phys. 48, 215-233 (1976) [197] I. Runkel, Boundary structure constants for the A-series Virasoro minimal models, Nucl. Phys. B 549, 563-578 (1999) [hep-th/9811178] [198] I. Runkel, Structure constants for the D-series Virasoro minimal models, Nucl. Phys. B 579, 561-589 (2000) [hep-th/9908046] [199] H. Saleur and V. Schomerus, On the SU(2|1) WZW model and its statistical mechanics applications, Nucl. Phys. B 775, 312-340 (2007) [hep-th/0611147] [200] A.N. Schellekens, Meromorphic c = 24 conformal field theories, Commun. Math. Phys. 153, 159-185 (1993) [hep-th/9205072] [201] A.N. Schellekens, Introduction to conformal field theory, Fortschr. Phys. 44, 605-705 (1996) [202] A.N. Schellekens and N.P. Warner, Conformal subalgebras of Kac-Moody algebras, Phys. Rev. D 34, 3092-3096 (1986) [203] A.N. Schellekens and S. Yankielowicz, Field identification fixed points in the coset construction, Nucl. Phys. B 334, 67-102 (1990) [204] A.N. Schellekens and S. Yankielowicz, Simple currents, modular invariants, and fixed points, Int. J. Mod. Phys. A 5, 2903-2952 (1990)

[205] O. Schramm, Scaling limits of loop-erased random walks and uniform spanning trees, Israel J. Math. 118, 221-288 (2000) [math.PR/9904022] [206] U. Schreiber, C. Schweigert, and K. Waldorf, Unoriented WZW models and holonomy of bundle gerbes, Commun. Math. Phys. 274, 31-64 (2007) [hep-th/0512283] [207] A.S. Schwarz, The partition function of degenerate quadratic functional and Ray-Singer invariants, Lett. Math. Phys. 2, 247-252 (1978) [208] C. Schweigert, J. Fuchs, and I. Runkel, Categorification and correlation functions in conformal field theory, in: Proceedings of the International Congress of Mathematicians 2006, M. Sanz-Solé, J. Soria, J.L. Varona, and J. Verdera, eds. (European Mathematical Society, Zürich 2006), p. 443-458 [math.CT/0602079] [209] G.B. Segal, Elliptic cohomology (after Landweber-Stong, Ochanine, Witten, and others), Astérisque 161-162, 187-201 (1988) [210] G.B. Segal, The definition of conformal field theory, in:

Proceedings of the XXth International Conference on Differential Geometric Methods in Theoretical Physics, S. Catto and A. Rocha, eds. (World Scientific, Singapore 1991), p. 165-310 [211] S. Smirnov, Critical percolation in the plane: conformal invariance, Cardy’s formula, scaling limits, C. R. Acad. Sci. Paris (Série I – Mathématique) 333, 239-244 (2001) [212] C.M. Sommerfield, Currents as dynamical variables, Phys. Rev. 176, 2019-2025 (1968) [213] H. Sonoda, Sewing conformal field theories 2, Nucl. Phys. B 311, 417-432 (1988) [214] Ch. Sorger, La formule de Verlinde, Astérisque 237, 87-114 (1996) [215] N. Sousa and A.N. Schellekens, Orientation matters for NIMreps, Nucl. Phys. B 653, 339-368 (2003) [hep-th/0210014] [216] Ya.S. Stanev, Classification of the local extensions of the SU(3) chiral current algebras, J. Math. Phys. 36, 2053-2069 (1995) [217] S. Stolz and P. Teichner, What is an elliptic object?, in:

Topology, Geometry and Quantum Field Theory, U. Tillmann, ed. (Cambridge University Press, Cambridge 2004), p. 247-344 [218] R.F. Streater and I. Wilde, Fermion states of a boson field, Nucl. Phys. B 24, 561-575 (1970) [219] C. Teleman, Lie algebra cohomology and the fusion rules, Commun. Math. Phys. 173, 265-311 (1995) [220] J.A. Teschner, Liouville theory revisited, Class. Quant. Grav. 18, R153-R222 (2001)

[hep-th/0104158]

[221] M. Thaddeus, Stable pairs, linear systems and the Verlinde formula, Invent. math. 117, 317-353 (1994) [alg-geom/9210007] [222] A. Tsuchiya and Y. Kanie, Vertex operators in the conformal field theory on P^1 and monodromy representations of the braid group, Lett. Math. Phys. 13, 303-312 (1987) [223] A. Tsuchiya, K. Ueno, and H. Yamada, Conformal field theory on universal family of stable curves with gauge symmetries, Adv. Studies in Pure Math. 19, 459-565 (1989) [224] V.G. Turaev and O. Viro, State sum invariants of 3-manifolds and quantum 6j-symbols, Topology 31, 865-902 (1992) [225] K. Ueno, Introduction to conformal field theory with gauge symmetries, in:

Physics and Geometry, J.E. Andersen, H. Pedersen, and A. Swann, eds. (Marcel Dekker, New York 1997), p. 603-741 [226] E. Verlinde, Fusion rules and modular transformations in 2D conformal field theory, Nucl. Phys. B 300, 360-376 (1988) [227] D. Verstegen, New exceptional modular invariant partition functions for simple Kac-Moody algebras, Nucl. Phys. B 346, 349-386 (1990)

[228] P. Vogel, Invariants de Vassiliev des nœuds, Séminaire Bourbaki 761, 1-20 (1993) [229] P. Vogel, The universal Lie algebra, preprint 1999 [230] G.M.T. Watts, A crossing probability for critical percolation in two dimensions, J. Phys. A 29, L363-L368 (1996) [cond-mat/9603167] [231] W. Werner, Random planar curves and Schramm-Loewner evolutions,

Springer Lecture Notes in Mathematics 1840, 107-195 (2004) [math.PR/0303354] [232] J. Wess and B. Zumino, Consequences of anomalous Ward identities, Phys. Lett. B 37, 95-97 (1971) [233] E. Witten, Non-abelian bosonization in two dimensions, Commun. Math. Phys. 92, 455-472 (1984) [234] E. Witten, Quantum field theory and the Jones polynomial, Commun. Math. Phys. 121, 351-399 (1989) [235] E. Witten, The Verlinde algebra and the cohomology of the Grassmannian, in: Geometry, Topology and Physics for Raoul Bott, S.-T. Yau, ed. (International Press Company, Hong Kong 1995), p. 357-430 [hep-th/9312104] [236] E. Witten, D-branes and K-theory, J. High Energy Phys. 9812, 019 0-40 (1998)

[hep-th/9810188]

[237] V.P. Yurov and A.B. Zamolodchikov, Truncated conformal space approach to scaling Lee-Yang model, Int. J. Mod. Phys. A 5, 3221-3245 (1990) [238] A.B. Zamolodchikov, “Irreversibility” of the flux of the renormalization group in a 2D field theory, Sov. Phys. JETP Lett. 43, 730-732 (1986) [239] Al.B. Zamolodchikov, Thermodynamic Bethe ansatz in relativistic models. Scaling 3-state Potts and Lee-Yang models, Nucl. Phys. B 342, 695-720 (1990) [240] A.B. Zamolodchikov and V.A. Fateev, Operator algebra and correlation functions in the twodimensional SU(2)×SU(2) chiral Wess-Zumino model, Sov. J. Nucl. Phys. 43, 657-664 (1986) [241] Y. Zhu, Modular invariance of characters of vertex operator algebras, J. Amer. Math. Soc. 9, 237-302 (1996) [242] M.R. Zirnbauer, Conformal field theory of the integer quantum Hall plateau transition, preprint

hep-th/9905054