arXiv:0910.3355v2 [hep-ph] 1 Nov 2009

Preprint typeset in JHEP style - HYPER VERSION BNL-90536-2009-JA

TAUP-2904-09

0910.3355[hep-ph]

November 3, 2009

D-instantons and multiparticle production in N=4 SYM

D.E. Kharzeev^a and E.M. Levin^{a,b}

a) Department of Physics, Brookhaven National Laboratory, Upton, New York 11973-5000, USA b) Department of Particle Physics, School of Physics and Astronomy Raymond and Beverly Sackler Faculty of Exact Science Tel Aviv University, Tel Aviv, 69978, Israel

Abstract: N=4 Super-symmetric Yang-Mills theory (N=4 SYM) in the strong coupling regime has been successfully applied (through the AdS/CFT correspondence) to the description of strongly coupled plasma which is a multiparticle state. Yet, the high-energy scattering in the strong coupling limit of N=4 SYM is purely elastic, so this multiparticle final state can never be produced: this is because in this limit the theory is dual to weak supergravity, and the dominant interaction is the elastic graviton exchange. Here we propose a resolution of this dilemma by considering the contribution of D-instantons in AdS_5 bulk space to the scattering amplitude. We argue that D-instantons coupled to dilatons and axions are responsible for multiparticle production in strongly coupled N=4 SYM, and the corresponding cross section increases with energy. We evaluate the intercept and the slope of the corresponding Pomeron trajectory in terms of the typical size of the D-instanton, and argue that the resulting physical picture may resemble the real world.

Keywords: N=4 SYM, instantons, graviton reggeization, multiperipheral approach.

Contents

1. Introduction 1

2. N=4 SYM in the strong coupling regime: general approach 4 2.1 Supergravity (boson sector) 4 2.2 AdS_5 × S^5 space 5 2.3 D-instanton 5

3. D-instantons and multiparticle production 6 3.1 The general form of the multiperipheral (ladder) diagram 6 3.2 Summing over produced unparticles 8 3.3 Multiperipheral kinematics and the interaction between instantons 10

4. The energy dependence of the multiparticle production cross section 13 4.1 Equation and its solution 13 4.2 The Pomeron intercept 16 4.3 The Pomeron slope 16 4.4 Corrections 17

5. Conclusions 18

1. Introduction

N=4 Super-symmetric Yang-Mills (SYM) theory does not possess the properties of confinement and asymptotic freedom. Therefore, it cannot be considered a theory adequately describing the strong interactions in the real world. However, this theory has two unique attractive features. First, N=4 SYM at weak coupling has some properties similar to perturbative QCD (see Refs. [1, 2]): the Operator Product Expansion (OPE) and the linear evolution equations for Deep-Inelastic Scattering (DIS) are valid, as well as the BFKL equation for the high energy scattering amplitude. The high energy amplitude reaches the unitarity limit, or the ”black disc” regime in which half of the cross section stems from the elastic scattering and half

– 1 – from the inelastic processes of multiparticle production. Second, in the strong coupling regime N=4 SYM can be reduced to weak classical gravity in the AdS_5 bulk space through the AdS/CFT correspondence [3], and can be solved analytically. Therefore, for physical systems for which neither confinement nor running coupling are essential, the N=4 SYM theory can provide guidance in the strong coupling regime. In particular, it may lead to a better understanding of phenomena in strongly coupled QCD matter. Indeed, some of the main successes of N=4 SYM to date have been achieved in the description of the quark-qluon plasma at strong coupling [4, 5, 6, 7]. However, the physical picture of the high-energy

Figure 1: The process of multiparticle production in N=4 SYM collision in the strong coupling regime of N=4 SYM turns out to be completely different[8, 9, 10, 11, 12, 13, 14] from the one at weak coupling: the multiparticle production in this case is apparently unimportant and the main contribution stems from elastic and quasi-elastic (diffractive) processes when the target (proton or a nucleus) either remains intact, or is slightly excited. This picture contradicts both the QCD expectations[15, 16, 17, 18, 19, 20] and the available experimental data.

Since the creation of quark-gluon plasma necessarily proceeds through the multiparticle production, we face a rather controversial situation. Indeed, the multiparticle systems which we hope are adequately described by the strongly coupled N=4 SYM are not produced in this theory. The reason for this is simple: the main contribution to the scattering at high energies stems from the exchange of the graviton which has the spin equal to 2 and generates large but real scattering amplitude. The unitarity constraint for the scattering amplitude has the form

2 ImA (s, b) = |A (s, b) |^2 + O ( 2 √ λ ) (1.1)

where λ = g^2_{Y M} N_c = 4π N_c g_s. We consider the regime where the number of colors is large N_c ≫ 1, the SYM coupling is strong λ ≫ 1, but the string coupling constant is small g_s ≪ 1. This allows for a perturbative dual description in terms of the graviton interactions. Geometrically, the radius of the AdS_5 space R is related to the coupling constant by R^2 = √ λ α^′ (2πα^′ is the inverse of the string tension) so that large values of λ ≫ 1 correspond to the AdS_5 space of large radius and small curvature for which the perturbative gravitational description is valid.

The unitarity constraint of Eq. (1.1) follows from the eikonal formulae (see Refs.[9, 10, 12, 14]) that sum the main contributions of the order of (g_s α^′ s)^n and describe the scattering amplitude in the kinematic region where g_s α^′ s ≈ 1. The graviton production in the central rapidity region leads to the cross section which is proportional to g^6 α^{′2} s^2 (see Fig. 2-a ) and is much smaller than the eikonal diagram of Fig. 2-b describing elastic scattering. The estimates for the smallness of the multiparticle production cross section in Eq. (1.1) follow from the fact that the reggeized graviton has a trajectory with the intercept j_0 = 2 − 2/ √ λ (see Ref. [8]).

– 2 –

Figure 2: The graviton production in N=4 SYM. Gravitons are denoted by wavy lines while dilatons by dashed ones.

Therefore at g_s ≪ 1 the emission of gravitons is suppressed and, at first sight, we are doomed to a small multiparticle production cross section that follows from Eq. (1.1). However, this conclusion is premature since the production of a large number of particles (n ≫ 1) may not be adequately described by the lowest order perturbation theory. Instead in this case we can rely on the classical (semi-classical) approach. Indeed, the phase–number uncertainty principle Δn Δϕ ≥ 1 implies that the variance of the phase ϕ of the field describing the large average number n̄ of radiated quanta should be small: Δϕ^2 ∝ 1/n̄ ≪ 1, so the field is semi-classical.

The deep connection between the classical solutions and the multi-particle production has been realized long time ago [21, 22, 23, 24]. Let us briefly remind the main ideas underlying this connection. Consider first a perturbative expansion of some amplitude F in powers of the coupling constant e: F (e^2) = a_0 + a_2e^2 + a_4e^4 + .... In the famous paper [21] Dyson has argued that this expansion cannot be convergent: if this series were convergent, F (e^2) would be an analytic function of e at e = 0, and so F (−e^2) would also have a convergent expansion at sufficiently small e. However, the negative coupling constant e^2 < 0 corresponds to the world where the like charges attract each other. The vacuum in this world is unstable with respect to the spontaneous creation of very large numbers of particles: the vacuum with electrons in one region of space and positrons in another has a lower energy than an ”empty” vacuum. Dyson argued that the divergence of the power series would manifest itself at high orders ∼ 1/e^2 and would physically describe the virtual processes of multi-particle production.

Lipatov [22] has demonstrated explicitly that the degree of divergence of the perturbative expansion in scalar theories with dimensionless negative coupling is determined by spherically-symmetrical solutions of the corresponding classical equations in Euclidean space. For the same reason, classical solutions also dominate large orders of perturbation series if the expansion is performed around an unstable vacuum [23]. The action of the classical Euclidean solution determines the probability of tunneling from the unstable to the stable vacuum. These methods have been applied to obtain the asymptotic estimates of high orders of perturbation theory in scalar electrodynamics [24] and for a Yang-Mills field coupled to a scalar field [25].

In QCD, we are dealing with the situation in which the perturbative expansion is made around an unstable vacuum – the structure of the true QCD vacuum state is not reproduced by perturbation theory.

– 3 –

Therefore, we expect that the classical Euclidean solutions of QCD will contribute to the scattering amplitudes, and will describe the processes of multi-particle production. The classical Euclidean solutions – instantons [26] – have been found in QCD, as well as in N=4 SYM (see reviews [27, 28, 29] and references therein). It has been demonstrated that the instanton ”ladders” lead to large multiparticle production cross section in QCD [30] at high energy (for instanton-induced effects in high-energy scattering, see also [31, 32, 33, 28, 34, 35] and references therein).

All of the instanton-based field-theoretical treatments are restricted to the domain of weak coupling. However it appears that instantons also play an important role in supergravity that is related through the AdS/CFT correspondence to the strong coupling regime of N=4 SYM. String theory (that reduces to supergravity at weak string coupling g_s) possesses solitonic D-branes that are the classical solutions to the supergravity equations of motion. If the Euclidean world-volume of a brane is wrapped around an appropriate compact manifold, we obtain a so-called D-instanton [36, 37] that induces a non-perturbative gravitational interaction involving the axion and dilaton fields (see review [38] and the next section).

The main idea of this paper is to evaluate the multiparticle production that originates from the Dinstantons in weak gravity. We show that this production is not only large but in the wide region of large g_s N_c generates the total cross section that increases as a function of energy. We argue that the main contribution to these processes stems from so-called multiperipheral diagrams of Fig. 1 that we will evaluate in N=4 SYM.

The paper is organized as follows. We introduce all notations and give a general discussion of the instanton contributions in weakly coupled supergravity in the next section. In section 3 we calculate the diagrams of Fig. 1-type and discuss the energy dependence of the cross section. We show that in spite of the fact that the exchange of scalar particles leads to σ ∝ 1/s^2 the sum of these diagrams gives σ ∝ s^{Δ−2} with Δ > 2 in the wide range of strong coupling λ.

2. N=4 SYM in the strong coupling regime: general approach

2.1 Supergravity (boson sector)

N=4 SYM at strong coupling is related via the AdS/CFT correspondence [3] to the supergravity in ten dimensions with the following action (in Euclidean formulation) [38]^1:

− Sboson E = ∫ d^{10}x √ g {R − (∂_μϕ)(∂^μϕ) + 1 2 e^{2ϕ} (∂_μa)(∂^μa)} (2.1)

The action of Eq. (2.1) describes the interaction of bosonic fields that are given by ten-dimensional metric g_{μν} (gravitons), the dilaton ϕ and the axion a (that are scalar and pseudoscalar, respectively). In Eq. (2.1) R is constructed from the Ricci tensor and describes the graviton interactions, while the interaction of the dilatons and axions is shown explicitly.

1The action of Eq. (2.1) is written for ten dimrensional flat space (R10). For AdS5 the expression is more complicated in its gravity part but the instanton contribution remains to be the same (see Ref. [38]).

– 4 –

The first message from Eq. (2.1) is that graviton cannot be produced due to interaction of two dilatons (see diagram of Fig. 2-c which is equal to zero). The second one is that the large multiparticle production can originate only from the dilaton and axion interactions. As we have discussed in the Introduction, this multiparticle production can be essential only if the classical solution for the dilatons and axions exists.

The equation of motion for the action of Eq. (2.1) has the following form: R_{μν} = 1 2 (∂_μϕ)(∂_ν ϕ) − 1 2 e^{2ϕ} (∂_μa)(∂_ν a); ∇_μ ( e^{2ϕ} ∂^μa ) = 0; ∇^2ϕ + e^{2ϕ} (∂_μa)(∂^μa) = 0 (2.2)

2.2 AdS_5 × S^5 space

We start with some basic facts about AdS_5 which is defined as the hypersurface embedded in six-dimensional flat space-time by the equation (with d=4)

−Y^2_{−1} + Y^2_0 + d∑ I=1 X^2_i = −L^2 (2.3)

with curvature R = −d(d − 1)L^2 = −12L^2. Introducing new coordinates

x_i = L X_i Y_0 + Y_{−1}

; z =

L^2 Y_0 + Y_{−1}

; (2.4)

we reduce the introduced metric to the following form

ds^2 =

L^2 z^2 ( dz^2 + d∑ i=1 dx^2_i ) = L^2 z^2 ( dz^2 + d⃗x^2 ) (2.5)

where ⃗x is four dimensional vector. Using Eq. (2.5) we can construct the invariant volume element of AdS_5, namely ∫ d^4x dz √ g = L^5 ∫ d^4x dz z^5

(2.6)

The metric in the full ten-dimensional AdS_5 × S^5 space is

ds^2 =

L^2 z^2

(dx_μ dx_μ + dy_i dy_i) where μ = 1, . . . , 4 and i = 5, . . . , 10; z^2 = y_iy_i; (2.7)

2.3 D-instanton

The classical (instanton) solution can be obtained from Eq. (2.2) by setting R = 0. The field equations then become 1 2 (∂_μϕ)(∂_ν ϕ) = 1 2 e^{2ϕ} (∂_μa)(∂_ν a); ∇_μ ( e^{2ϕ} ∂^μa ) = 0; ∇^2ϕ + e^{2ϕ} (∂_μa)(∂^μa) = 0 (2.8)

– 5 – where all indices are contracted with the ten-dimensional metric of Eq. (2.7).

It is easy to see that the solution for the axion field equation is a − a_∞ = ± ( e^{−ϕ} − e^{−ϕ∞} ) (2.9)

where both a_∞ and ϕ_∞ are the integration constant for the fields at infinity.

For the dilaton fields we obtain the equation

g^{μν} ∇_μ∂_ν e^ϕ = 1 √ g ∂_μ (√ g g^{μν} ∂_ν e^ϕ ) = 0 (2.10)

Comparing with the equation for the propagator of the scalar massless field in AdS_5 [40] one can see that

e^ϕ = e^{ϕ∞} + G (⃗x_0, z_0; ⃗x, z) = g_s + G (⃗x_0, z_0; ⃗x, z) (2.11)

where G is a propagator from the point of the location of the instanton (⃗x_0, z) to the point of observation (⃗x, z). Eq. (2.9) gives the instanton solution for the axion field. The general form of G (⃗x_0, z_0; ⃗x, z) can be found in Ref [40]. Comparing Eq. (2.11) with the instanton field in the weak coupling regime we see that z_0 plays a role of the instanton size while ⃗x_0 is the position of the instanton. The invariant volume element of AdS_5 (see Eq. (2.6)) gives us the distribution function n(z) of the instanton with respect to its size^2 , n(z) ∝ 1/z^5. The contribution of the D-instanton to the action is equal to

SD-inst = 2π g_s = E_{sph} t ≡ κ (2.12)

and can be obtained by direct integration of the field (see Eq. (2.11) and Ref.[28]). The typical time t in Eq. (2.12) turns out to be t = z (z is the instanton size). Therefore, the estimate for the typical sphaleron energy for the instanton is E_{sph} = 2π g_s z = κ z (2.13)

3. D-instantons and multiparticle production

3.1 The general form of the multiperipheral (ladder) diagram

The multiperipheral diagram of Fig. 1 can be written in more detailed form using Fig. 3. This figure shows the ingredients that we need to calculate the amplitude: the correlation function ⟨ϕ_{inst}(⃗x_i, z_i) ϕ_{inst}(⃗x_{i+1}, z_{i+1})⟩ which is equal to the propagator of the scalar particle in our theory G (⃗x_{i+1}, z_{i+1}; ⃗x_i, z_i) ; the vertex for production of the n-particles Γ (2 → n) from one instanton; and the probability to find one instanton which is equal to ∫ dz_i z^5_i d^4x_i e^{− 2πgs} ≡ ∫ dz_i z^5_i d^4x_i e^{−κ} (3.1)

2Starting from this formula and below we assume that L = 1 to make all expressions simpler. In the final answer we will put back the needed power of L.

– 6 –

The amplitude of the diagram in Fig. 3

Figure 3: The amplitude of multiparticle production in N=4 SYM in coordinate representation. Dashed lines denote the dilatons and axions, the arrows stand for produced unparticles.

has the following form in the coordinate representation

A (⃗x, z_h; ⃗x_{n+1}, z_h) = (3.2) ∫ G (⃗x, z_h; ⃗x_1, z_1) n∏ i=1 dz_i z^5_i d^4 x_i e^{− 2πgs} Γ(2 → n_i) G (⃗x_i, z_i; ⃗x_{i+1}, z_{i+1}) where the vertex Γ (2 → n_i) can be calculated from the Green’s function

G (⃗x_k, z_k|k_1, . . . , k_{ni} ) = (3.3) ⟨ϕ_{inst}(⃗x_k, z_k|⃗x, z) ϕ_{inst}(⃗x_i, z_i|⃗x^′, z^′) ∏ i=1 ϕ_{inst}(⃗x_k, z_k|⃗r_i, z → 0)⟩; (⃗r_i, z → 0) are the coordinates of the produced particles and ⟨. . . ⟩ denotes the averaging over the position of the instanton. The produced particles will be detected at the boundary at large values of ⃗x_i^3 The general rules for finding the vertex from such kind of the Green’s function is the following (see for example Ref. [30]): go to momentum representation for produced particle, multiply by inverse propagator G^{−1}(k_i) , in a such amputated Green’s function put particles on the mass shell ( say k^2_i = 0, as in the case of gluons). However, we can find the sum over all produced particles (quarks and gluons) in a more elegant way by just using the fact that we need to calculate the cross section which is proportional to A (⃗x, z_h; ⃗x_{n+1}, z_h) × A^∗ (⃗x, z_h; ⃗x_{n+1}, z_h) and, therefore, what we actually need to know is the Green’s function ⟨0|ϕ_{inst}(⃗x_k, z_k|⃗r_i, z → 0) ϕ_{inst}(⃗x̄_k, z̄_k|⃗r̄_i, z → 0)|0⟩ where z̄_k, x̄_k and r̄ are coordinates in the complex conjugated amplitude. The explicit form for ϕ_{inst}(⃗x_k, z_k|⃗r_i, z → 0) follows directly from Witten’s formula [42]: ϕ_{inst}(⃗x_k, z_k|⃗r_i, z → 0) = 2π g_s Γ(4) π^2Γ(2) z^4_k ( z^2_k + (⃗r_i − ⃗x_k)^2 )_4^{ri≫xk} −−−−→ 2π g_s Γ(4) π^2Γ(2) z^4_k r^8_i

(3.4)

We are interested only in the fields at large distances since we consider the scattering amplitude and produced particles can be measured only at large distances. Thus the Green’s function ⟨0|ϕ_{inst}(⃗x_k, z_k|⃗r_i, z → 0) ϕ_{inst}(⃗x̄_k, z̄_k|⃗r̄_i, z → 0)|0⟩ can be reduced to ⟨0|ϕ_{inst}(⃗r_i) ϕ_{inst}(⃗r̄_i)|0⟩ which can be evaluated using the idea of unparticles suggested in Ref. [41]. Namely, ⟨0| ϕ_{inst}(⃗r_i) ϕ_{inst}(⃗r̄_i) |0⟩ = ∫ e^{−i⃗k·(⃗r−⃗r̄)} |⟨0|ϕ|k⟩|^2 ρ(k^2) d^4k (2π)^4

(3.5)

where |k⟩ is a state of the unparticle with the four-momentum k_μ produced from the vacuum by ϕ_{inst}. Due to the scale invariance |⟨0| ϕ |k⟩|^2 ρ(k^2) = A^2_{d=4} Θ(k_0) Θ(k^2) (k^2)^{d−2} (3.6)

3We want to recall that ⃗x denotes the four-vector.

– 7 –

Eq. (3.6) sums the emission of quarks and gluons in the most economic way demonstrating one of the best features of N=4 SYM approach. Using the dispersion relation one obtains from Eq. (3.6) that the propagator of the unparticle is equal to D_{unparticle}(k^2) = k^4 ln(−k^2). We can easily find out the coefficient A_4 in Eq. (3.6) using the following equation

A_4 = 1 D_{unparticle}(k^2) ∫ d^4r e^{i⃗k·⃗r} ϕ_{inst}(z; r) = 2π g_s z^4 4 4!

(3.7)

where z is the instanton size.

Armed with Eq. (3.5) - Eq. (3.7) we can explain our pictures in Fig. 1 and Fig. 3. The dashed line in these figures denote the dilaton(axion) fields induced by the instanton. Each of such fields creates on the boundary a cluster of produced particles (gluons and quarks); this cluster can be described as an unparticle. Using Eq. (3.5) we can calculate the total inelastic cross section by just summing over the number of unparticles without deciphering the content of this cluster in terms of quarks and gluons.

3.2 Summing over produced unparticles

From Eq. (3.3) one can see that we necoordinateed to sum over produced unparticles since the vertex Γ(2 → n) ∝ ϕ^n_{inst}. For the production of unparticles with fixed total mass q we need to find

Σ_n(q) ≡ n! ⟨0| ϕ_{inst}(⃗r_i) ϕ_{inst}(⃗r̄_i) |0⟩^n =⇒ (2π)^4 δ^{(4)} ( q − n∑ i=1 k_i ) n! n∏ i=1 A^2_4 Θ(k_{0,i}) Θ(k^2_i ) (k^2_i )^2 d^4k_i (2π)^4 (3.8) The factor n! takes into account the possibility that two arbitrary ϕ_{inst} can enter in ⟨0| ϕ_{inst}(⃗r_i) ϕ_{inst}(⃗r̄_i) |0⟩. Replacing

(2π)^4 δ^{(4)} ( q − n∑ i=1 k_i ) → ∫ d^4x exp ( i (⃗q − ∑ ⃗k_i) · ⃗x ) (3.9)

we reduce Eq. (3.8) to

Σ_n(q) = A^{2n}_4 n! ∫ d^4x e^{i⃗q·⃗x} {∫ d^4k (2π)^4

(k^2)^2 Θ(k_0) Θ(k^2) e^{−i⃗k· ⃗x} }_n (3.10)

Using the identity □_x exp(−i⃗k · ⃗x) = −k^2 exp(−i⃗k · ⃗x) we can rewrite {. . . } in the following way

{. . . } ≡ □^2_x I(x) with I(x) = ∫_∞ 0 dk_0 2π e^{−k0 x0} ∫_{k0} 0 e^{−i |k| |x| cos θ} d cos θ |k|^2d|k| (2π)^2

(3.11)

where |k| and |x| are the length of the three-vectors k and x repectively.

After integration over cos θ and |k| we obtain I(x) = ∫_∞ 0 dk_0 2π^3 e^{−k0 x0} k_0 |x| cos(k_0 |x|) − sin(k_o|x|) |x|^3 (3.12)

– 8 –

Integrating over k_0 and calculating □^2_xI(x) we get

□^2_x I(x) =

24 · 8 π^3 1 (x^2_0 − |x|^2)^4

(3.13)

In all calculations above we assumed that q_μ = (q, 0, 0, 0). Using Eq. (3.13) we have for Σ_n(q) the following expression

Σ_n(q) = A^{2n}_4 n! ( 8 · 24 π^3 )_n ∫ d^4x e^{i q x0} 1 x^{8 n} = −i A^{2n}_4 n! ( 8 · 24 π^3 )_n 4 π ∫_{+∞} −∞ e^{i q x0} dx_0 1 x^{8n−3}_0 π^{3/2} Γ (4 n − 3/2)

Γ (4 n)

= A^{2n}_4 n! ( 8 · 24 π^3 )_n π^{5/2} Γ (4 n − 3/2) Γ (4 n + 1) Γ (8 n − 3) q^{8 n−4} (3.14)

From Eq. (3.14) we can obtain

Σ (q) = ∞∑ n=1 Σ_n(q) = π^{5/2} ∞∑ n=1 ( 8 · 24 π^3

A^2_4 )_n Γ (n + 1) Γ (4 n − 3/2) Γ (4 n) Γ (8 n − 3) q^{8 n−4} (3.15)

The sum of Eq. (3.15) converges well since at large n the general term decreases as n^{−6n−3/2} and leads to a function that increases with the mass of produced particles q. However, this increase cannot continue to large masses due to the unitarity corrections[43] (or due to the quantum effects [44]). One can see that the instanton–induced vertex Γ(2 → n) has correction of the type shown in Fig. 4 and the resulting Σ(q) cannot be given by Eq. (3.15) but instead is equal to

Σ_R(q) = ImΣ(q) (1 − I ⨂ ReΣ(q))^2 + (I ⨂ ImΣ(q))^2 q→∞ −−−→ 0 (3.16)

where the imaginary part of Σ(q) is given by Eq. (3.15) and ⨂ stands for all needed integrations; we have introduced the notation I for the following integral I = ∫ dz z^5 d^4x e^{− 2πgs} ≡ ∫ dz z^5 d^4x e^{−κ} (3.17)

As will become clear in the next subsection, we actually will need to calculate ∫ dq^2ImΣ(q). The integrand here is expected to rapidly fall off above q = E_{sph} (see Eq. (2.13)) that is the height of the sphaleron barrier setting a typical energy scale for the instanton–induced processes. It has been shown explicitly [43, 44] that at E > E_{sph} Σ(q) indeed starts to fall off.

Finally we obtain ∫_E2_{sph} dq^2 Σ(q) = π^{5/2} ∞∑ n=1 ( 8 · 24 π^3

A^2_4 )_n Γ (n + 1) Γ (4 n − 3/2) Γ (4 n) (4n − 1) Γ (8 n − 3) E^{8 n−2} sph (3.18)

– 9 –

Figure 4: The unitarity correction to the instanton induced vertex Γ(2 → n).

Using Eq. (2.13) and the exprerssion for A_4 from Eq. (3.7) we can rewrite Eq. (3.18) in more convenient for for further calculations, namely ∫_E2_{sph} dq^2 Σ(q) = π^{5/2} z_k z̄_k ∞∑ n=1 Γ (n + 1) Γ (4 n − 3/2) Γ (4 n) (4n − 1) Γ (8 n − 3) ( 1 48 π^3 )_n κ^{10 n−2} (3.19)

3.3 Multiperipheral kinematics and the interaction between instantons

In this section we recall the calculation of the simple

Figure 5: The simplest multiperipheral diagram for scalar particle interaction. Crosses indicate that the particle is on mass shell.

multiperipheral ladder diagram of Fig. 5 for scalar particles in the momentum representation. Since we are interested in the total cross section the measure of integration over produced particles with momenta k_i = q_{i−1} − q_i has the form δ(k^2 − m^2) d^4k/(2π)^4. For momenta q_i we use the Sudakov decomposition, namely,

q_{i,μ} = α_i p_{1,μ} + β_i p_{2,μ} + q_{i,⊥;μ} (3.20)

It turns out that the maximal contribution for the diagrams of Fig. 5-type stems from the following region of integration with respect to α_i and β_i:

α_1 ≫ α_2 ≫ . . . ≫ α_i ≫ . . . ≫ α_n; β_1 ≪ β_2 ≪ . . . ≪ β_i ≪ . . . ≪ β_n; (3.21)

One can see that the integration can be performed using momenta q_i with the phase space dα_i dβ_is d^2q_{i,⊥}/(2π)^4 where s = (p_1 + p_2)^2 and

q^2_i = α_iβ_i s + q^2_{i,⊥} = q^2_{i,⊥} + O ( m^2 α_i α_{i+1} ) ; (3.22)

k^2_i = (α_i β_{i+1} + α_{i+1} β_i) s − k^2_{i,⊥} = α_i β_{i+1} s − k^2_{i,⊥} + O ( m^2 α_i α_{i+1} )

– 10 –

Therefore, the diagram of Fig. 5 leads to the following expression

A^2_n (F ig. 5) =

= g^4 n∏ i=1 ∫ dα_i d β_is d^2q_{i,⊥} (2π)^3 δ ( k^2_i − m^2 ) g^2 (q^2_i − m^2)^2 g^2δ ( p_1 − q_1)^2 − m^2 ) g^2δ ( p_2 + q_n)^2 − m^2 )

s≫m^2 −−−−→ g^4 n∏ i=1 ∫ dα_i α_i d^2q_{i,⊥} (2π)^3 g^2 (q^2_{i,⊥} + m^2)^2 g^2δ ( α_1 s − m^2 − q^2_{1,⊥} ) δ ( β_n s − m^2 − q^2_{n,⊥} )

= 1 n! g^4 s (∫_1 α_n=m^2/s dα_i α_i d^2q_{i,⊥} (2π)^3 dα_i α_i g^2 (q^2_{i,⊥} + m^2)^2 )_n

= g^4 s ln^n(s/m^2) n! ( d^2q_{i,⊥} (2π)^3 g^2 (q^2_{i,⊥} + m^2)^2 )_n (3.23)

Summing over n we get the total cross section: σ_{tot} = 1 s ∞∑ n=1 A^2_n = g^4 ( s m^2 )_{Δ−2} , (3.24)

where Δ = ∫ d^2q_{i,⊥} (2π)^3 g^2 (q^2_{i,⊥} + m^2)^2

. (3.25)

The expression for Δ can be re-written in the impact parameter (b) representation: replacing the particle propagator in q -representation (G(q) = 1/(q^2_⊥ + m^2)) by the propagator G(q)^{q→b}−−→ G (b) = ∫ d^2q_⊥ (2π)^2 e^{i⃗q⊥·⃗b} 1 q^2_⊥ + m^2 = 1 2π K_0 (m b) (3.26)

we obtain that Δ = ∫ d^2q_{i,⊥} (2π)^3 g^2 (q^2_{i,⊥} + m^2)^2

= g^2 ∫ d^2b G^2 (b) (3.27)

The diagram of Fig. 3 is more complicated. First, we do not produce one particle but the bunch of particles that we represent by an unparticle. However using the dispersion relation for Σ(q) we can replace 1 m^2 − k^2 −→ 1 2π ∫ Im Σ(M) dM^2 M^2 − k^2 ; δ ( m^2 − k^2 ) −→ ∫ dM^2δ ( M^2 − k^2 ) Im Σ(M) (3.28)

Integrating over β_i we obtain an extra factor ∫ dM^2 Im Σ(M).

A natural question arises about what should we use instead of G(b) in Eq. (3.27). As has been discussed above, the instanton field is equal to [28] ϕ_{inst}(z_k, x_k; z, x) = 2π g_s G (z_k, x_k; z, x) (3.29)

– 11 – where G (z_k, x_k; z, x) is the dilaton propagator in AdS_5 × S^5 theory. Therefore to find the Green’s function for the interaction of two instantons we need to evaluate the following product: ϕ_{inst}(z_k, x_k; z, x) G^{−1} (z_k, x_k; z, x) × G ( z, x; z^′, x^′ ) × G^{−1} ( z^′, x^′; z_{k−1}, x_{k−1} ) ϕ_{inst}(z_{k−1}, x_{k−1}; z^′, x^′) = ( 2π g_s )_2 G (z_k, x_k; z_{k−1}, x_{k−1}) ≡ κ^2 G (z_k, x_k; z_{k−1}, x_{k−1}) (3.30)

It is clear that this procedure is just the same as we did in Eq. (3.5)-Eq. (3.7) for unparticles that have been produced on the boundary.

As we have learned the most convenient way to factor out the energy dependence is to perform all our calculation in the mixed representation: two energy variables (α_i and β_i (or q_{i,+} and q_{i,−}) and coordinates. In AdS_5 such propagator has been found (see Refs.[9, 11, 14]):

G (z_k, x_k; z_{k−1}, x_{k−1}) = G_3 (u) = 1 4π 1 { 1 + u + √ u(u + 2)

}_2 √ u(u + 2)

(3.31)

with

u = (z_k − z_{k−1})^2 + b^2 2 z_k z_{k−1} (3.32)

where b = x_{k−1,⊥} − x_{k,⊥} is the impact parameter which is a variable conjugated to q_i in Fig. 5.

For the vertex Γ(2 → n) in Fig. 3 we need to collect factors from Eq. (3.30) and Eq. (3.17). Doing so we obtain that we need to replace g in Eq. (3.23) by g −→ κ^2 ∫ dz_k z^5_k

(3.33)

Concluding this section we can claim that |A|^2 for the amplitude of Eq. (3.2) can be written in the multiperipheral form of Eq. (3.22) and Eq. (3.23) with the following short glossary ∫ δ(m^2 − k^2) → ∫ dq^2 Σ(q) (see Eq. (3.19)) ;

G(b) (see Eq. (3.26)) → G(u) (see Eq. (3.31)) ; g → κ^2 ∫ dz_k z^5_k

(see Eq. (3.33)) (3.34)

– 12 –

4. The energy dependence of the multiparticle production cross section

4.1 Equation and its solution

For the imaginary part of the scattering amplitude we can write

Figure 6: The equation for the scattering amplitude. The black crosses denote the instanton vertices. Σ(q) is given by Eq. (3.15) while propagators G are written in Eq. (3.31).

down the equation which is illustrated in Fig. 6. It has a simple form, namely d Φ (z, z̄) d ln s = ( 2π g_s )_4 e^{−2 2πgs} ∫ dz^′ z^{′5} dz̄^′ z̄^{′5} K ( z, z̄; z^′, z̄^′ ) Φ ( z^′, z̄^′ ) (4.1) where the kernel K is given by K ( z, z̄; z^′, z̄^′ ) = ∫ d^2b G ( z, z^′; b ) G ( z̄, z̄^′; b ) ∫ dq^2 Σ(q) (4.2)

As we have seen in Eq. (3.19) ∫ dq^2 Σ(q) is proportional to z^′z̄^′. Introducing ∫ dq^2 Σ(q) = z^′z̄^′ Σ̃(κ) we can rewrite Eq. (4.1) in the form d Φ (z, z̄) d ln s = κ^4 e^{−2κ} Σ̃(κ) ∫ dz^′ z^{′4} dz̄^′ z̄^{′4} K̃ (z, z̄; z^′, z̄^′) Φ (z^′, z̄^′) (4.3) with K̃ (z, z̄; z^′, z̄^′) = ∫ d^2b G ( z, z^′; b ) G ( z̄, z̄^′; b ) (4.4)

The general form of this kernel is rather complicated but in the region where z ≫ z^′ and z̄ ≫ z̄^′ the integral over b can be taken explicitly and it leads to K̃ (z, z̄; z^′, z̄^′) = 1 2π t^3t^{′3} t^5 F ( x = z z̄ ) (4.5)

where F ( x = z z̄ ) = −1 + 8x^2 − 8x^6 + x^8 + 12x^4 ln(x^2) 4(x^2 − 1)^5

(4.6)

with t = z z̄ and t^′ = z^′ z̄^′. Therefore, to study the main features of the kernel K̃ of Eq. (4.4) we can use the simplified formula K̃ (z, z̄; z^′, z̄^′) = 1 2π { t^{′3} t^2

F (x) Θ ( t − t^′ ) + t^3 t^{′2} F (x^′) Θ ( t^′ − t ) } (4.7)

where x^′ = z^′/z̄^′.

– 13 –

We start the analysis of the solution to Eq. (4.1) by calculating

Figure 7: The simplest diagram of the instanton contribution (the first interation of Eq. (4.1)). The black crosses denote the instanton vertices. Σ(q) is given by Eq. (3.15) while propagators G are written in Eq. (3.31).

the first iteration of this equation given by Fig. 7. For the region of integration over t^′ < t_h we have the contribution

A^2 (F ig. 7; t_h, x_h) = = ln(s/s_0) 2π s κ^4 e^{−2κ} Σ̃ (κ) ∫_{zh} dz^′ ∫_{z̄h} dz̄^′ 1 t^{′4} F^2(x_h) t^6_h t^{′6} t^{10}_h = ln(s/s_0) 2π s κ^4 e^{−2κ} Σ̃ (κ) 1 3 F^2(x_h) 1 t_h (4.8)

In the case when t^′ > t_h one can see that

A^2 (F ig. 7; t_h, x_h) = = ln(s/s_0) 2π s κ^4 e^{−2κ} Σ̃ (κ) ∫ z_h dz^′ ∫ z̄_h dz̄^′ 1 t^{′4} F^2(x^′) t^6_h t^{′6} t^{′10}_h = ln(s/s_0) 2π s κ^4 e^{−2κ} Σ̃ (κ) 1 7 F^2(x_h) 1 t_h (4.9)

The lesson from these simple estimates is clear: the typical z^′ and z̄^′ are about z_h and z̄_h, respectively. Actually, we need to integrate over z_h and z̄_h separately for target and projectile and for high energy scattering z_h ≃ z̄_h (see Refs.[9, 14]). However for our purposes the simple estimates given above suffice. Comparing the sum of Eq. (4.8) and Eq. (4.9) with the diagram without the instanton which in our notation is A^2(without instanton) = t_h F (x)/s (4.10)

we can conclude that

A^2 (F ig. 7) = A^2(without instanton) ln(s/s_0) ( κ^4 e^{−2κ}Σ̃(κ) 10 21 F (x_h) t^2_h )

= A^2(without instanton) Δ ln(s/s_0) (4.11)

with Δ = 1 2π κ^4 e^{−2κ} Σ̃(κ) 10 21 F (x_h) t^2_h

(4.12)

In this estimate we assumed that the final answer will be A^2 ∝ s^{Δ−1}. In spite of the fact that these simple estimates are very instructive we should not expect them to give a reliable quantitative result since we made a strong assumption that z and z̄ in the target and projectile are the same.

For the solution of Eq. (4.1) we assume that ∫ d r Φ (z, z̄) = z^2 z̄^2Φ̃ (z z̄; s) (4.13)

– 14 –

Figure 8: Δ(κ) versus κ, for z^4_h = 2 α^{′2} and N_c = 3.

where r = z̄/z, and looking for Φ̃ (t = z z̄) = ϕ(t_h = z_hz̄_h) s^Δ (4.14)

For ϕ̃ (t) Eq. (4.1) has the form

t^2 d ϕ̃ (t; s) d ln s = ( 2π g_s )_4 e^{−2 2πgs} ∫ dt^′ K ( t^′ )~ ϕ ( t^′; s ) (4.15)

where K (t) = ∫ dr dz^′ z^{′2} dz̄^′ z̄^{′2} d^2b G ( z, z^′; b ) G ( z̄, z̄^′; b )~ Σ(q) (4.16)

Eq. (4.15) stems from Eq. (4.1) after integration over r of both parts of this equation.

The integrals over z^′ and z̄^′ can be taken by switching to a new variable y = 2zz^′ ( u + 1 + √ u(u + 2) ) . With this variable the integrals can be easily evaluated: I (z; b) ≡ ∫ dz^′ z^{′2} G ( z, z^′; b ) = 4z^2 4π ∫_∞ 2(z^2+b^2) dy y^2 (y − 2 z^2) = 1 4π z^2 + (z^2 + b^2) ln^{b2}_{z2+b2} z^2 (z^2 + b^2)

(4.17) and K (t) = ∫ dr ∫ d^2b I (z; b) I (z̄; b) = 1 16π ∫ dr 1 r(1 − r^2) ln (1/r) = 1 16π π^2 12 = π 16 12

(4.18)

Finally, we obtain for Δ the following equation Δ = π 16 12 1 t^2_h κ^4 e^{−2κ} Σ̃(κ) (4.19)

– 15 –

4.2 The Pomeron intercept

Eq. (4.15) gives us the energy dependence of the cross section, namely, σ_{inelastic} ∝ s^{Δ−2} (4.20) Therefore our mechanism of multiparticle production can be important at high energies only if Δ exceeds 2. At first sight Δ has a dimension since it is proportional to 1/z^4_h. This is the artifact of our simplification since we put L = 1. Restoring L explicitly, we get the following expression for Δ: Δ = π 16 12

L^4 t^2_h κ^4 e^{−2κ} Σ̃ (κ) = π 16 12 λ α^{′2} t^2_h κ^4 e^{−2κ} Σ̃(κ) = π^3 24 N_c α^{′2} t^2_h κ^3 e^{−2κ} Σ̃(κ) (4.21)

To take account of the instanton interactions with axions, we need to multiply Eq. (4.21) by factor of 4 ( see Eq. (2.1)). Indeed, we have four transitions in the t-channel: 2d → 2d, 2d → 2a,2a → 2a and 2a → 2d (d and a denote the dilaton and axion respectively).

In Eq. (4.21) we used that λ = g^2_{Y M} N_c = α_{Y M} 4π N_c = g_s 4πN_c = 8π^2N_c/κ and L^4 = α^{′2} λ, where α^′ is the slope of the Reggeon trajectory, g_s is a string coupling, and g_{Y M} dinstmp.tar is the YM coupling.

In Fig. 8 we plot Δ(κ) assuming that z^2_h = 0.5 α^′ , and N_c = 3. We believe that this case can resemble the real world (see discussion below). One can see that for κ > 4 Δ(κ) > 2 and therefore the instanton–induced multiparticle production has a cross section that increases with energy.

At κ = 2 λ = 120 but the value of g_s ≈ 3 is rather large for the approach that can be reduced to weak gravity. We recall that this approach corresponds g_s < 1 but g_sN_c > 1. From Fig. 8 one can see that at κ = 8 we have g_s ≈ 0.75 while g_sN_c = 2.25 > 1. For this value of g_s λ ≈ 30 and the graviton interaction generates (2/ √ λ) ≈ 15 − 20% of the cross section. Our approach can be trusted if g_s < 1 but g_sN_c > 1;

this translates into the window for κ in Fig. 8 is 6 < κ < 18. One can see that for values 6 < κ < 8 which are in this window Δ − 2 > 0 leading to the cross section for multiparticle production that increases with energy.

These estimates show that we can obtain phenomenologically reasonable values of Δ. However, these values crucially depend on the value for z_h which gives us a new scale for high energy interaction. We cannot calculate the wave functions of the observed hadrons in N=4 SYM (remember that this theory does not possess confinement). However in our estimates we implicitly assumed that the hadron wave functions are peaked at z = z_h. As has been seen from our calculation of the Pomeron intercept and as we will demonstrate in the next section calculating the slope of the new Pomeron trajectory, z_h is our key phenomenological parameter that determines all features of the Pomeron. We choose z^2_h = 0.5 α^′ since it gives reasonable Pomeron intercept and α^′_P ≈ 0.5 α^′ as it should be for the closed string in the string theory that corresponds to N=4 SYM in the limit λ → ∞.

4.3 The Pomeron slope

Eq. (4.1) allows us to find the slope of “Pomeron” trajectory Δ(t) = Δ + α^′_P t where t = −Q^2 is the momentum transferred along the Pomeron. However we need to rewrite the equation for t ≠ 0; this leads

– 16 – to d Φ (z, z̄) d ln s = ( 2π g_s )_4 e^{−2 2πgs} ∫ dz^′ z^{′5} dz̄^′ z̄^{′5} K ( z, z̄; z^′, z̄^′|Q ) Φ ( z^′, z̄^′ ) (4.22)

with K ( z, z̄; z^′, z̄^′|Q ) = ∫ d^2b e^{i ⃗Q·⃗b} G ( z, z^′; b ) G ( z̄, z̄^′; b ) ∫ dq^2 Σ(q) (4.23)

Actually for calculation of the slope we need only to find the second term in the expansion of K (z, z̄; z^′, z̄^′|Q) with respect to Q, namely, K ( z, z̄; z^′, z̄^′|Q ) = (4.24) = ∫ d^2b G ( z, z^′; b ) G ( z̄, z̄^′; b ) ∫ dq^2 Σ(q) + 1 4 Q^2 ∫ b^2 d^2b G ( z, z^′; b ) G ( z̄, z̄^′; b ) ∫ dq^2 Σ(q)

= K_1 ( z, z̄; z^′, z̄^′ ) + Q^2 K_2 ( z, z̄; z^′, z̄^′ ) K_1 is the kernel of Eq. (4.1) for which we have the explicit form given by Eq. (4.5) for z ≫ z^′ and z̄ ≫ z̄^′. In the same kinematic region K_2 has the form

K_2 (t) = 1 2 ∫ dr ∫ b^2 d^2b I (z; b) I (z̄; b) (4.25)

Using Eq. (4.25) we obtain the expression for the slope of the Pomeron trajectory:

α^′_P = (K_2 (t_h) /K_1 (t_h) ) Δ = 0.23 t_h Δ (4.26)

The numerical coefficient is the result of the numerical evaluation of the integral of Eq. (4.25). Using our value for t_h = 0.5α^′ and Δ ≈ 4 which we have for N_c = 3, we obtain α^′_P ≈ 0.5 GeV^{−2}.

4.4 Corrections

Figure 9: The correction to the amplitude due to exchange of two dilatons. All notation as in Fig. 6.

Figure 10: The correction to the amplitude in the simple multiperipheral diagram.

In this subsection we will discuss the possible corrections to the simple multiperipheral diagram of Fig. 6. The main corrections stem from the two–dilaton exchange (see Fig. 9). It easy to see that these corrections change the value of Δ.

– 17 –

Indeed, let us consider the simple multiperipheral diagram of Fig. 10. The extra dilaton in t channel will generate the imaginary amplitude and therefore only the diagram with the exchange of two extra dilatons can contribute to the total cross section. To evaluate it we need to perform the extra integration over d^4q = dα_q dβ_q s d^2q_⊥ where q_μ = α_q p_{1,μ} + β_q p_{2,μ} + q_{⊥,μ} (4.27)

We close the contour of integration over α_q and β_q over poles: (q_1 − q)^2 = 0 and (q − q_3)^2 = 0. In doing so we obtain ∫ s dα_q dβ_q d^2q_⊥ 2πi 1 (q_1 − q)^2 1 (q − q_3)^2

= (2π) i 1 α_1 β_3 s with α_q = − m^2_t β_3 s and β_q = m^2_t α_1 s

(4.28)

where m^2_t = m^2 + (q_{1,⊥} − q_{2,⊥})^2 or m^2_t = m^2 + (q_{3,⊥} − q_{2,⊥})^2. ¿From δ ( (q_1 − q_2)^2 ) and δ ( (q_2 − q_3)^2 ) we know (see section 3.3) that we have ∫ β_1 dβ_2 β_2 ∫ β_2 dβ_3 β_3 with α_1 = m^2_t β_2 s

(4.29)

Multiplying this integral by Eq. (4.28) one can see that we have (2πi) ∫ β_1 dβ_2 β_2 ∫ β_2 dβ_3 β_3 1 α_1 β_3 s ∝ ∫ β_1 dβ_2 ∫ β_2 dβ_3 β^2_3

(4.30)

Including the exchange of the extra dilaton one can see that the integral has the following structure

(2π)^2 ∫ β_1

β_2 dβ_2 ∫ β_2 dβ_3 β^3 −→ ∫ β_1

β_2 β_2

(4.31)

Therefore, instead of two logarithms from the integration over β_2 and β_3 (see Eq. (4.29)) we obtain only one logarithm.

To take these corrections into account we need to change the kernel in Eq. (4.1), K ( z, z̄; z^′, z̄^′ ) −→ K ( z, z̄; z^′, z̄^′ ) + ( 2π g_s )_4 e^{−2 2πgs} ∫ dq^2 Σ(q) ∫ dz^{′′} z^{′′5} dz̄^{′′} z̄^{′′5} G^2 ( z, z^{′′}; b ) G^2 ( z̄, z̄^{′′}; b ) d^2b K ( z^{′′}, z̄^{′′}; z^′, z̄^′ ) (4.32)

The numerical estimates show that the second term can reach about 1 ÷ 5 % of the first one. This smallness stems from the ratio ∫_{dx′′} x^{′′} ∫ G^4d^2b/ ∫ G^2 d^2b ≈ 3 10^{−4} (x^{′′} = z^{′′}/z̄^{′′}). In these estimates we used the simplified version of the kernel given by Eq. (4.7).

5. Conclusions

In this paper we have demonstrated that the D-instanton induced processes can be a dominant source of multiparticle production in the range of the string coupling constant g_s < 1 but g_s N_c > 1. The cross section

– 18 – of the instanton-induced multiparticle production increases with energy and the resulting picture of high energy scattering in strongly coupled N=4 SYM looks as follows. The weakly coupled graviton generates the elastic amplitude and the corresponding part of the total cross section, while the D-instanton induced interactions of dilatons and axions are reponsible for the mutiparticle production processes. This two component picture leads to the structure of the high energy interaction which is close to the experimental observations as well as to the QCD predictions.

We would like to stress that we are forced to look at the dilaton and axion sector for the source of multiparticle production: as we have discussed above, the AdS/CFT correspondence reduces the N=4 SYM in the strong coupling limit to the action of Eq. (2.1) in which the gravitons decouple from dilatons and axions. Since the graviton interactions in weakly coupled gravity can only induce elastic interactions (responsible for the Newton’s law), the only possibility to describe the multi-particle production is to invoke the dilaton and axion sector. We hope that the proposed here D-instanton–induced mechanism of multiparticle production in strongly coupled N=4 SYM provides a resolution of the following dilemma: the multiparticle final state (the strongly coupled plasma) successfully described by this theory seemingly could not be produced in the scattering processes dominated by the elastic graviton exchange. Our estimates of the value of the intercept of the new

Figure 11: The maximal and minimum 2/ √ λ versus N_c for which Δ > 2 and g_s < 1 while g_s N_c > 1.

inelastic Pomeron should be taken with caution: the estimate for z^2_h is not reliable and the equation was solved with the approximate kernel of Eq. (4.7) instead of one of the full one given by Eq. (4.3). Our numerical calculations show that using the full kernel we obtain Δ approximately two times larger than with the simplified kernel. In Fig. 11 we plot the dependence the maximal and minimal values of 2/ √ λ versus N_c that satisfy the conditions:g_s < 1, g_s N_c > 1. For these 2/ √ λ the value of Δ is larger than 2 and the instanton induced multiparticle production increases with energy.

It is interesting to compare the pictures of multiparticle production based on QCD instanton ladders at weak coupling [30] and on D-instanton ladders in strongly coupled N=4 SYM. In the D-instanton picture, we are dealing with the production of unparticles (bunches of quanta with continuous invariant mass distribution). This is analogous to the production of continuous spectrum of gluons from the decay of the QCD sphaleron. Another feature of the D-instanton picture is the appearance of a new non-perturbatives scale: z_h. It plays the role of the typical size of the instanton in QCD vacuum that is taken from lattice simulations. It appears that the typical size of QCD instantons and the size of D-instantons in our present estimates are quite close to each other: we have used z_h = √ 0.5 α^′ ≃ 0.2 fm.

D-instanton can be viewed in the string frame [36] as an Einstein-Rosen wormhole connecting two asymptotically Euclidean regions of space-time, with the Ramond-Ramond (RR) charge flowing down the throat of the wormhole. It describes a violation of the conservation of a global charge in physical processes

– 19 –

[36]. Since in the AdS/CFT dictionary the RR scalar (or the axion, in our notations throughout this paper) of supergravity is dual to the θ angle of N=4 SYM field theory [45], this non-conservation of RR charge describes the change of chirality^4. D-instantons thus play a role that is very similar to the role played by the QCD instantons that violate chirality conservation.

It has been predicted [46] that this violation of chirality in hot QCD matter would induce the charge asymmetry in high energy heavy ion collisions with respect to the reaction plane (i.e. the quark-gluon plasma would develop an electric dipole moment fluctuating on the event-by-event basis). Detailed theory of this ”chiral magnetic effect” (chiral charge generates an electric current along the direction of external magnetic field) has been developed in Refs. [47, 48, 49, 50, 51]. The evidence for the chiral magnetic effect from the lattice QCD has been found in [52]. The behavior of the effect at strong coupling has been explored by holographic methods in [53, 54, 55]. Very recently, STAR Collaboration has presented an observation of charge asymmetries in heavy ion collisions at RHIC [56, 57]. Our D-instanton-based approach suggests an important role for topological effects in high energy collisions.

Acknowledgements

The work of D.K. was supported by the U.S. Department of Energy under Contract No. DE-AC02- 98CH10886. This research of E.L. was supported in part by BSF grant # 20004019.

References

[1] J. Polchinski and M. J. Strassler, JHEP 0305 (2003) 012 [arXiv:hep-th/0209211]; Phys. Rev. Lett. 88 (2002) 031601 [arXiv:hep-th/0109174].

[2] A. V. Kotikov, L. N. Lipatov, A. I. Onishchenko and V. N. Velizhanin, Phys. Lett. B 595 (2004) 521 [Erratum-ibid. B 632 (2006) 754] [arXiv:hep-th/0404092]; A. V. Kotikov and L. N. Lipatov, Nucl. Phys. B 661 (2003) 19 [Erratum-ibid. B 685 (2004) 405] [arXiv:hep-ph/0208220]; A. V. Kotikov and L. N. Lipatov, Nucl. Phys. B 582 (2000) 19 [arXiv:hep-ph/0004008]. A. V. Kotikov, L. N. Lipatov and V. N. Velizhanin, Phys. Lett. B 557 (2003) 114 [arXiv:hep-ph/0301021]; J. R. Andersen and A. Sabio Vera, Nucl. Phys. B 699 (2004) 90 [arXiv:hep-th/0406009]; Z. Bern, M. Czakon, L. J. Dixon, D. A. Kosower and V. A. Smirnov, Phys. Rev. D 75 (2007) 085010 [arXiv:hep-th/0610248]; Z. Bern, L. J. Dixon and V. A. Smirnov, Phys. Rev. D 72 (2005) 085001 [arXiv:hep-th/0505205];

[3] J. M. Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38 (1999) 1113] [arXiv:hep-th/9711200]; S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Phys. Lett. B 428 (1998) 105 [arXiv:hep-th/9802109]; E. Witten, Adv. Theor. Math. Phys. 2 (1998) 505 [arXiv:hep-th/9803131].

[4] P. Kovtun, D. T. Son and A. O. Starinets, Phys. Rev. Lett. 94 (2005) 111601 [arXiv:hep-th/0405231].

[5] C. P. Herzog, A. Karch, P. Kovtun, C. Kozcaz and L. G. Yaffe, JHEP 0607 (2006) 013 [arXiv:hep-th/0605158].

4In our diagrammatic approach the flow of RR charge is signaled by the non-conservation of the number of axions in the D-instanton ladder.

– 20 –

[6] A. H. Mueller, Phys. Lett. B 668 (2008) 11 [arXiv:0805.3140 [hep-ph]]; F. Dominguez, C. Marquet, A. H. Mueller, B. Wu and B. W. Xiao, Nucl. Phys. A 811 (2008) 197 [arXiv:0803.3234 [nucl-th]]; Y. Hatta, E. Iancu and A. H. Mueller, JHEP 0805 (2008) 037 [arXiv:0803.2481 [hep-th]] [7] P. M. Chesler and L. G. Yaffe, Phys. Rev. D 78 (2008) 045013 [arXiv:0712.0050 [hep-th]]; A. Yarom, Phys.

Rev. D 75 (2007) 105023 [arXiv:hep-th/0703095].

[8] R. C. Brower, J. Polchinski, M. J. Strassler and C. I. Tan, JHEP 0712 (2007) 005 [arXiv:hep-th/0603115]. [9] L. Cornalba, M. S. Costa and J. Penedones, JHEP 0709 (2007) 037 [arXiv:0707.0120 [hep-th]]; R. C. Brower, M. J. Strassler and C. I. Tan, JHEP 0903 (2009) 050 [arXiv:0707.2408 [hep-th]].

[10] Y. Hatta, E. Iancu and A. H. Mueller, JHEP 0801 (2008) 026 [arXiv:0710.2148 [hep-th]]. [11] R. C. Brower, M. J. Strassler and C. I. Tan, JHEP 0806 (2008) 048 [arXiv:0801.3002 [hep-th]]. [12] L. Cornalba and M. S. Costa, Phys. Rev. D 78, (2008) 09010, arXiv:0804.1562 [hep-ph]; L. Cornalba, M. S. Costa and J. Penedones, JHEP 0806 (2008) 048 [arXiv:0801.3002 [hep-th]].

[13] B. Pire, C. Roiesnel, L. Szymanowski and S. Wallon, Phys. Lett. B 670, 84 (2008) [arXiv:0805.4346 [hep-ph]]. [14] E. Levin, J. Miller, B. Z. Kopeliovich and I. Schmidt, JHEP 0902, 048 (2009) [arXiv:0811.3586 [hep-ph]]. [15] L. V. Gribov, E. M. Levin and M. G. Ryskin, Phys. Rep. 100, 1 (1983). [16] A. H. Mueller and J. Qiu, Nucl. Phys. B 268 427 (1986) .

[17] L. McLerran and R. Venugopalan, Phys. Rev. D 49,2233, 3352 (1994); D 50,2225 (1994); D 53,458 (1996); D 59,09400 (1999).

[18] E. A. Kuraev, L. N. Lipatov, and F. S. Fadin, Sov. Phys. JETP 45, 199 (1977); Ya. Ya. Balitsky and L. N.

Lipatov, Sov. J. Nucl. Phys. 28, 22 (1978).

[19] I. Balitsky, [arXiv:hep-ph/9509348]; Phys. Rev. D60, 014020 (1999) [arXiv:hep-ph/9812311] Y. V. Kovchegov, Phys. Rev. D60, 034008 (1999), [arXiv:hep-ph/9901281].

[20] J. Jalilian-Marian, A. Kovner, A. Leonidov and H. Weigert, Phys. Rev. D59, 014014 (1999), [arXiv:hep-ph/9706377]; Nucl. Phys. B504, 415 (1997), [arXiv:hep-ph/9701284]; J. Jalilian-Marian, A. Kovner and H. Weigert, Phys. Rev. D59, 014015 (1999), [arXiv:hep-ph/9709432]; A. Kovner, J. G. Milhano and H. Weigert, Phys. Rev. D62, 114005 (2000), [arXiv:hep-ph/0004014] ; E. Iancu, A. Leonidov and L. D. McLerran, Phys. Lett. B510, 133 (2001); [arXiv:hep-ph/0102009]; Nucl. Phys. A692, 583 (2001), [arXiv:hep-ph/0011241]; E. Ferreiro, E. Iancu, A. Leonidov and L. McLerran, Nucl. Phys. A703, 489 (2002), [arXiv:hep-ph/0109115]; H. Weigert, Nucl. Phys. A703, 823 (2002), [arXiv:hep-ph/0004044].

[21] F. J. Dyson, Phys. Rev. 85, 631 (1952).

[22] L. N. Lipatov, Sov. Phys. JETP 45 (1977) 216 [Zh. Eksp. Teor. Fiz. 72 (1977) 411]. [23] E. Brezin, J. C. Le Guillou and J. Zinn-Justin, Phys. Rev. D 15 (1977) 1544,1558; [24] C. Itzykson, G. Parisi and J. B. Zuber, Phys. Rev. Lett. 38 (1977) 306; A. P. Bukhvostov and L. N. Lipatov, Sov. Phys. JETP 46 (1977) 871 [Zh. Eksp. Teor. Fiz. 73 (1977) 1658];

[25] L. N. Lipatov, A. P. Bukhvostov and E. I. Malkov, Phys. Rev. D 19 (1979) 2974. [26] A. A. Belavin, A. M. Polyakov, A. S. Shvarts and Yu. S. Tyupkin, Phys. Lett. B 59, 85 (1975).

– 21 –

[27] T. Schafer and E. V. Shuryak, Rev. Mod. Phys. 70 (1998) 323 [arXiv:hep-ph/9610451]. [28] D. Diakonov, Prog. Part. Nucl. Phys. 51 (2003) 173 [arXiv:hep-ph/0212026].

[29] N. Dorey, T. J. Hollowood, V. V. Khoze and M. P. Mattis, Phys. Rept. 371 (2002) 231 [arXiv:hep-th/0206063]. [30] D. E. Kharzeev, Y. V. Kovchegov and E. Levin, Nucl. Phys. A 690 (2001) 621 [arXiv:hep-ph/0007182]. [31] A. Ringwald and F. Schrempp, Phys. Lett. B 438, 217 (1998) [arXiv:hep-ph/9806528]. [32] I. I. Balitsky and V. M. Braun, Phys. Rev. D 47, 1879 (1993).

[33] E. V. Shuryak and I. Zahed, Phys. Rev. D 62, 085014 (2000) [arXiv:hep-ph/0005152]. [34] A. E. Dorokhov and I. O. Cherednikov, Annals Phys. 314, 321 (2004) [arXiv:hep-ph/0404040]. [35] N. Kochelev, arXiv:0907.3555 [hep-ph].

[36] G. W. Gibbons, M. B. Green and M. J. Perry, Phys. Lett. B 370, 37 (1996) [arXiv:hep-th/9511080]. [37] M. B. Green and M. Gutperle, Nucl. Phys. B 498, 195 (1997) [arXiv:hep-th/9701093]. [38] A. V. Belitsky, S. Vandoren and P. van Nieuwenhuizen, Class. Quant. Grav. 17 (2000) 3521 [arXiv:hep-th/0004186].

[39] C. Fronsdal, Phys. Rev. D 10, 589 (1974); C. P. Burgess, A. Font and F. Quevedo, Nucl. Phys. B 272, 661 (1986); T. Inami and H. Ooguri, Prog. Theor. Phys. 73, 1051 (1985); C. J. C. Burges, D. Z. Freedman, S. Davis and G. W. Gibbons, Annals Phys. 167, 285 (1986).

[40] E. D’Hoker, D. Z. Freedman, S. D. Mathur, A. Matusis and L. Rastelli, Nucl. Phys. B 562 (1999) 330 [arXiv:hep-th/9902042]; E. D’Hoker and D. Z. Freedman, Nucl. Phys. B 550 (1999) 261 [arXiv:hep-th/9811257]; D. Z. Freedman, S. D. Mathur, A. Matusis and L. Rastelli, Nucl. Phys. B 546 (1999) 96 [arXiv:hep-th/9804058]; E. D’Hoker, D. Z. Freedman, S. D. Mathur, A. Matusis and L. Rastelli, Nucl. Phys. B 562 (1999) 353 [arXiv:hep-th/9903196]; H. Liu, Phys. Rev. D 60 (1999) 106005 [arXiv:hep-th/9811152].

[41] H. Georgi, Phys. Rev. Lett. 98 (2007) 221601 [arXiv:hep-ph/0703260]. [42] E. Witten, Adv. Theor. Math. Phys. 2 (1998) 253 [arXiv:hep-th/9802150]. [43] V. I. Zakharov, Nucl. Phys. B 383 (1992) 218. Nucl. Phys. B 371 (1992) 637.

[44] A. H. Mueller, Nucl. Phys. B 348 (1991) 310, 381 (1992) 597; V. A. Rubakov and M. E. Shaposhnikov, Usp.

Fiz. Nauk 166 (1996) 493 [Phys. Usp. 39 (1996) 461] [arXiv:hep-ph/9603208]; I. I. Balitsky and M. G. Ryskin, Phys. Lett. B 296 (1992) 185; I. I. Balitsky and V. M. Braun, Nucl. Phys. B 380 (1992) 51.

[45] T. Banks and M. B. Green, JHEP 9805 (1998) 002 [arXiv:hep-th/9804170]. [46] D. Kharzeev, Phys. Lett. B 633, 260 (2006) [arXiv:hep-ph/0406125]. [47] D. Kharzeev and A. Zhitnitsky, Nucl. Phys. A 797, 67 (2007) [arXiv:0706.1026 [hep-ph]]. [48] D. E. Kharzeev, L. D. McLerran and H. J. Warringa, Nucl. Phys. A 803, 227 (2008) [arXiv:0711.0950 [hep-ph]]. [49] K. Fukushima, D. E. Kharzeev and H. J. Warringa, Phys. Rev. D 78, 074033 (2008) [arXiv:0808.3382 [hep-ph]]. [50] D. E. Kharzeev and H. J. Warringa, Phys. Rev. D 80, 034028 (2009) [arXiv:0907.5007 [hep-ph]]. [51] D. E. Kharzeev, arXiv:0906.2808 [hep-ph].

– 22 –

[52] P. V. Buividovich, M. N. Chernodub, E. V. Luschevskaya and M. I. Polikarpov, arXiv:0907.0494 [hep-lat];

arXiv:0909.1808 [hep-ph]; arXiv:0909.2350 [hep-ph].

[53] G. Lifschytz and M. Lippert, Phys. Rev. D 80, 066007 (2009) [arXiv:0906.3892 [hep-th]]; Phys. Rev. D 80, 066005 (2009) [arXiv:0904.4772 [hep-th]].

[54] H. U. Yee, arXiv:0908.4189 [hep-th].

[55] A. Rebhan, A. Schmitt and S. A. Stricker, arXiv:0909.4782 [hep-th].

[56] B. I. Abelev [The STAR Collaboration], arXiv:0909.1739 [nucl-ex]; Phys. Rev. Lett., to appear. [57] B. I. Abelev [STAR Collaboration], arXiv:0909.1717 [nucl-ex].

– 23 –