arXiv:0910.3862v1 [hep-th] 20 Oct 2009

BI-TP 2009/22

R−charge thermodynamical spectral sum rule in N = 4 Yang-Mills theory

Rudolf Baier^1 1Fakultät für Physik, Universität Bielefeld, D-33501 Bielefeld, Germany (Dated: October 21, 2009) A sum rule related to the R−current correlator at vanishing three-momentum is derived in the N = 4 supersymmetric Yang-Mills field theory at infinite ’t Hooft coupling. For reference it is compared to the one in the free field theory, i.e. at the one loop perturbative approximation.

I. INTRODUCTION

Relativistic heavy ion physics is confronted with phenomena which are interpreted in terms of either a weakly interacting plasma (pQGP) or more recently due to experimental results produced at RHIC by the strongly-coupled quark-gluon plasma (sQGP) [1]. Transport properties are part of the main interest, especially the hydrodynamic coefficients [2], in order to find the proper interpretation.

In this note the current-current correlator at finite temperature [3, 4, 5] is considered. In analogy to the “hydrodynamic” sum rule derived in [6] a certain sum rule for the spectral density in a hot prototype gauge theory of sQGP is derived, i.e. in the N = 4 supersymmetric Yang-Mills field theory.

II. DISPERSION RELATION

In the framework of linear response theory one considers the retarded correlator [7]

χ(t) = iΘ(t) < [O(t), O(0)] > , (1) and its Fourier transform χ(ω) = ∫_{+∞} −∞ dt e^{iωt} χ(t) . (2) The spectral density is defined by ρ(ω) = 1 2π ∫_{+∞} −∞ dt e^{iωt} < [O(t), O(0)] > , (3) respectively by < [O(t), O(0)] >= ∫ dω e^{−iωt} ρ(ω) . (4) Inserting (4) into (2) one obtains

χ(ω + iϵ) = χ^R(ω) = ∫_{+∞} −∞ dω^′ ρ(ω^′) ω^′ − ω − iϵ = 1 π ∫_{+∞} −∞ dω^′ Imχ(ω^′) ω^′ − ω − iϵ . (5)

This basic dispersion relation is assumed to hold at finite temperature T as well as at T = 0. Following the derivation given in [6] consider first χ^R(ω, T ) − χ^R(ω, T = 0) = ∫_{+∞} −∞ dω^′ ρ(ω^′, T ) − ρ(ω^′, T = 0) ω^′ − ω − iϵ , (6) and subtract finally the piece at ω → i∞ - the integral (6) is expected to vanish in this limit - to obtain [6, 10] χ^R(ω, T ) − χ^R(ω, T = 0) − [ χ^R(ω → i∞, T ) − χ^R(ω → i∞, T = 0) ] = ∫_{+∞} −∞ dω^′ δρ(ω^′) ω^′ − ω − iϵ , (7) with δρ(ω) = ρ(ω, T ) − ρ(ω, T = 0) . (8) Expressed in terms of the retarded Green’s function G_R(ω) = −χ^R(ω) (7) can be written as δG_R(ω) − δG^∞_R = − ∫_{+∞} −∞ dω^′ δρ(ω^′) ω^′ − ω − iϵ , (9) δG_R(ω) = G_R(ω, T ) − G_R(ω, T = 0) and δG^∞_R = G_R(ω = i∞, T ) − G_R(ω = i∞, T = 0). Finally, using δρ(−ω) = −δρ(ω) the result derived in [6] δG_R(ω) − δG^∞_R = −2 ∫_{+∞} 0 dω^′ δρ(ω^′) ω^′ − ω − iϵ , (10) is obtained.

In the following the static limit ω = 0 is considered δG_R(ω = 0) − δG^∞_R = −2 ∫_{+∞} 0 dω^′ δρ(ω^′) ω^′ , (11) i.e. a so-called thermodynamic sum rule [8].

III. EUCLIDEAN CORRELATOR Let us start from the Euclidean correlator [3] G(τ) = ∫_∞ 0 dω ρ(ω) cosh[ω(τ − β/2)] sinh(ωβ/2)

, (12) and take the integral (β = 1/T ) ∫_β 0 dτ G(τ) = ∫_{+∞} 0 dω ρ(ω) ω . (13) Together with the definition of the reconstructed correlator [9] G^{rec}(τ) = ∫_∞ 0 dω ρ(ω, T = 0) cosh[ω(τ − β/2)] sinh(ωβ/2)

, (14) i.e. taking the spectral density at zero temperature, one finds equivalently to (11) but in terms of the Euclidean correlators [10], 2 ∫_∞ 0 dω δρ(ω) ω = ∫_β 0 dτ [G(τ) − G^{rec}(τ)] . (15)

IV. R-CURRENT CORRELATOR

A. Strong coupling

In [4] the R-current correlator (at vanishing three-momentum) in the N = 4 SY M theory is derived in the limit of infinite ’t Hooft coupling, λ → ∞. The corresponding thermal spectral function reads ρ^{strong}(ω, T ) = N^2_c ω^2 32π^2 sinh(ωβ/2) cosh(ωβ/2) − cos(ωβ/2)

, (16) and ρ^{strong}(ω, T = 0) = N^2_c ω^2 32π^2

. (17)

From these expressions the integral (11) is obtained to vanish numerically, i.e. the sum rule in the strong coupling limit becomes, 2 ∫_{+∞} 0 dω δρ^{strong}(ω) ω = 0 . (18)

This may be seen as follows: δρ^{strong}(ω) is oscillating around δρ^{strong}(ω) = 0 - as can be seen in Fig. 3b of [4]. For large ω it reads δρ^{strong}(ω) ≃ N^2_c ω^2 16π^2 e^{−ωβ/2} cos(ωβ/2) , (19) such that ∫_∞ 0 dx x e^{−x} cos x = Γ(2) 2 cos(2 arctan 1) = 0 . (20)

To make sure that for the sum rule (18) δG_R(ω = 0) − δG^∞_R = 0, required by (11), let us use

G_R(ω) = Π(ω) = Π^L(ω) = Π^T (ω) , (21)

for vanishing three-momentum and given in [4] by

Π(ω) =

N^2T^2 8 {i ω 2πT + ω^2 (2πT )^2

[ ψ( (1 − i)ω 4πT ) + ψ(−

(1 + i)ω 4πT ) ]} , (22)

with ψ the logarithmic derivative of the gamma function. This retarded correlator has a quasinormal spectrum [11] with poles located at [4] ω = 2πT (±n − in) , n = 1, 2, .... (23)

From (21, 22) follows δG_R(ω = 0) = 0 . (24) Using ψ(z) → ln z − 1 2z − 1 12z^2

+ O( 1 z^4

) , z → ∞ , (25)

it follows Π(ω = iα) → − N^2 16π^2 α^2 ln α , (26)

in the limit α → ∞, such that δG^∞_R = 0 . (27) This shows the validity of (18).

B. Weak coupling: free theory

As in [3] the spectral density of the free theory, for λ = 0, denoted by ρ^L_{JJ} (ω) is used as a reference for comparison. In Appendix A of [3] the one loop contribution for the N = 4 theory is derived. Using this result the integral, 2 ∫_{+∞} 0 dω δρ^{weak}(ω) ω ≡ 2 ∫_{+∞} 0 dω δρ^L_{JJ} (ω) ω = 2 ∫_{+∞} 0 dω{ N^2T^2 12 δ(ω) + N^2 48π^2 ω [ n_B (ω/2T ) − 2n_F (ω/2T ) ]} = N^2T^2 6 , (28)

is non-vanishing due to the contributions of the fermion and scalar quasiparticles.

V. CONCLUSION

Indeed comparing (18) with (28) there is a significant difference between the strong and weak coupling result for the sum rule of the current-current correlator, maybe even more significant than the difference between the Euclidean correlators G_{JJ} (τ) for the interacting and free theory as shown in Fig. 3(b) in [3], which is at most ∼ 20%. It is worth to keep in mind that these differences are coming from the qualitative different analytic structures of the retarded Green’s function G_R(ω) as a function of ω in the strong and weak coupling limit, respectively [12]. For strong coupling G_R(ω) (22) contains only poles, i.e. the infinite sequence of quasinormal modes (23) obtained from perturbations about the AdS_5 black brane space-time [11, 13]. In the perturbative approximation of G_R(ω) quasiparticles and branch cuts are present [7, 14].

Are QCD lattice calculations [15, 16] able to show a similar significant difference between strong and weak coupling behaviour by considering the integrals (15) ?

Acknowledgements

I would like to thank Paul Romatschke for useful comments.

[1] See, e.g.: W. A. Zajc, “Puzzles, Progress, Prospects: pre-Summary for the Quark Matter 2009 Conference,” arXiv:0909.5575 [nucl-ex];

B. Jacak, “Of gluons, atoms and strings,” Physics World 22 No 9, 35 (2009). [2] For a review: P. Romatschke, “New Developments in Relativistic Viscous Hydrodynamics,” arXiv:0902.3663 [hep-ph].

[3] D. Teaney, “Finite temperature spectral densities of momentum and R-charge correlators in N = 4 Yang Mills theory,” Phys. Rev. D 74, 045025 (2006) [arXiv:hep-ph/0602044].

[4] R. C. Myers, A. O. Starinets and R. M. Thomson, “Holographic spectral functions and diffusion constants for fundamental matter,” JHEP 0711, 091 (2007) [arXiv:0706.0162 [hep-th]].

[5] See also: S. Caron-Huot, P. Kovtun, G. D. Moore, A. Starinets and L. G. Yaffe, “Photon and dilepton production in supersymmetric Yang-Mills plasma,” JHEP 0612, 015 (2006) [arXiv:hep-th/0607237].

[6] P. Romatschke and D. T. Son, “Spectral sum rules for the quark-gluon plasma,” arXiv:0903.3946 [hep-ph].

[7] P. Petreczky and D. Teaney, “Heavy quark diffusion from the lattice,” Phys. Rev. D 73, 014508 (2006) [arXiv:hep-ph/0507318].

[8] M. Le Bellac, F. Mortessagne and G. G. Batrouni, Equilibrium and non-equilibrium statistical thermodynamics, Cambridge Univ. Press (2004).

[9] S. Datta, F. Karsch, P. Petreczky and I. Wetzorke, “Behavior of charmonium systems after deconfinement,” Phys. Rev. D 69, 094507 (2004) [arXiv:hep-lat/0312037].

[10] S. Caron-Huot, “Asymptotics of thermal spectral functions,” Phys. Rev. D 79, 125009 (2009) [arXiv:0903.3958 [hep-ph]].

[11] For a review, see: E. Berti, V. Cardoso and A. O. Starinets, “Quasinormal modes of black holes and black branes,” Class. Quant. Grav. 26, 163001 (2009) [arXiv:0905.2975 [gr-qc]].

[12] S. A. Hartnoll and S. Prem Kumar, “AdS black holes and thermal Yang-Mills correlators,” JHEP 0512, 036 (2005) [arXiv:hep-th/0508092].

[13] D. T. Son and A. O. Starinets, “Viscosity, Black Holes, and Quantum Field Theory,” Ann.

Rev. Nucl. Part. Sci. 57, 95 (2007) [arXiv:0704.0240 [hep-th]];

D. T. Son and A. O. Starinets, “Minkowski-space correlators in AdS/CFT correspondence: Recipe and applications,” JHEP 0209, 042 (2002) [arXiv:hep-th/0205051].

[14] M. Le Bellac, Thermal Field Theory, Cambridge University Press (1996). [15] G. Aarts, C. Allton, J. Foley, S. Hands and S. Kim, “Spectral functions at small energies and the electrical conductivity in hot, quenched lattice QCD,” Phys. Rev. Lett. 99, 022002 (2007) [arXiv:hep-lat/0703008].

[16] G. Aarts, “Spectral Functions And Transport In High Temperature QCD,” Prog. Theor. Phys.

Suppl. 174, 198 (2008).