arXiv:0910.4389v2 [hep-ph] 9 Dec 2009

IFIC 09-50

An A_4 model for lepton masses and mixings

S. Morisi^1 and E. Peinado^2

AHEP Group, Institut de Física Corpuscular – C.S.I.C./Universitat de València Edificio Institutos de Paterna, Apt 22085, E–46071 Valencia, Spain

Abstract

We study an extension of the standard model based on the flavor symmetry A_4 only. Neutrino Majorana mass terms arise from dimension five operator and charged lepton masses from renormalizable Yukawa couplings. We introduce three Higgs doublets that belong to one triplet irreducible representation of A_4. We study the most general A_4-invariant scalar potential and the phenomenological consequences of the model. We find that the reactor angle could be as large as, sin^2 θ_{13}max ∼ 0.03, while the atmospheric mixing angle θ_{23} is close to maximal, sin^2 θ_{23} = 1/2.

1 Introduction

Experiments on neutrino oscillations [1] confirmed that neutrinos are massive and mix among themselves like the quarks do. In contrast to the quark sector, neutrino oscillations have two large mixing angles. In the literature continuous as well as discrete (Abelian and non- Abelian) flavor symmetries have been extensively studied. However so far we do not have a unique top-down hint for the choice of the flavor symmetry. In a bottom-up approach simplicity and predictivity are possible criteria that we can use. In the quark sector the heaviness of the top quark suggests that first and second families could belong to a doublet irreducible representation and the third family belongs to a singlet representation of the flavor symmetry group. Discrete groups with such a property are for instance D_4 [2] and

1morisi@ific.uv.es 2epeinado@ific.uv.es

S_3 [3]. Differently the large solar and atmospheric neutrino mixing angles suggest that the three neutrino families belong to one triplet irreducible representation of a flavor group. The group of even permutation of four objects, A_4, is the smallest non-Abelian discrete group with triplet irreducible representation. Most of the models based on A_4 [4] need to introduce extra auxiliar Abelian symmetries and supersymmetry (or extra dimensions) in order to reproduce tri-bimaximal mixing [5].

In this paper we use the A_4 symmetry group as the flavor group but we renounce to predict the tri-bimaximal mixing. The Dirac mass matrices arise from renormalizable operator coupled with the Higgs, that is the Yukawa interactions. Neutrino Majorana mass terms are generated from a dimension five Weinberg operator [6]. It is a known fact that A_4 can be broken spontaneously into its Z_3 or Z_2 subgroups assuming the vacuum expectation values (vevs) to be real^3. Recently in [7], a model for quarks mixing has been suggested where the most generic A_4-invariant potential has complex solutions. In this case A_4 is completely broken. This solution open new possibilities for the description of the leptonic sector that deserve further investigation.

In the next section we present the model, in section 3 and 4 we discuss the charged lepton and neutrino mass matrices respectively. In section 5 we discuss the implication of the model and finally, in section 6 we summarize the results of the model.

2 The Model

In our model the Higgs sector is extended from one SU(2)_L-doublet to three SU(2)_L-doublets belonging to a triplet irreducible representation of A_4. The left-handed as well as the righthanded charged leptons, belong to the triplet irreducible representation of A_4. The irreducible representation assignment for the particles is given in Table 1.

fields L_i l^c_i H_i SU(2)_L 2 1 2 A_4 3 3 3

Table 1: Lepton multiplet structure of the model

3When A_4 is broken into Z_3 in the charged lepton sector and into Z_2 in the neutrino sector the lepton mixing is tri-bimaximal.

A_4 is the group of even permutations of 4 objects and is isomorphic to the symmetries of the tetrahedron. A_4 can be generated by two generators S and T with the properties

S^2 = T^2 = (ST )^3 = 1. (1)

A_4 contain one 3-dimensional representation, 3, and three one-dimensional, 1, 1^′ and 1^{′′}. The product of two 3 gives 3 ⊗ 3 = 1 ⊕ 1^′ ⊕ 1^{′′} ⊕ 3 ⊕ 3 and 1^′ ⊗ 1^′ = 1^{′′}, 1^′ ⊗ 1^{′′} = 1, 1^{′′} ⊗ 1^{′′} = 1^′ etc. For two triplets 3_a ∼ (a_1, a_2, a_3), 3_b ∼ (b_1, b_2, b_3) the irreducible representations obtained from their product are:

1 = a_1b_1 + a_2b_2 + a_3b_3, (2)

1^′ = a_1b_1 + ω^2a_2b_2 + ωa_3b_3, (3)

1” = a_1b_1 + ωa_2b_2 + ω^2a_3b_3, (4)

3 ∼ (a_2b_3, a_3b_1, a_1b_2), (5)

3 ∼ (a_3b_2, a_1b_3, a_2b_1), (6)

this in the basis of S diagonal and where ω = e^{i2π/3}, see for instance [8].

The most general renormalizable Yukawa Lagrangian for the charged leptons in the model is L_{Yukawa} = y_1 (¯ L_1ϕ_3l^c_2 + L̄_2ϕ_1l^c_3 + L̄_3ϕ_2l^c_1 ) + +y_2 (¯ L_1ϕ_2l^c_3 + L̄_2ϕ_3l^c_1 + L̄_3ϕ_1l^c_2 ) . (7) Once the electroweak symmetry (EW) is broken, the charged lepton mass matrix are obtained from this Yukawa Lagrangian:

M_l =

0 y_1⟨ϕ_3⟩ y_2⟨ϕ_2⟩ y_2⟨ϕ_3⟩ 0 y_1⟨ϕ_1⟩ y_1⟨ϕ_2⟩ y_2⟨ϕ_1⟩ 0 . (8)

The most general neutrino dimension five operator invariant under A_4 (see for instance [9]), is given by

L_{5d} = β (LL)_3 (HH)_3 + k (LL)_1 (HH)_1 + α^′ (LL)_1′ (HH)_1′′ + α^{′′} (LL)_1′′ (HH)_1′ +

+ [a (LH)_3a (LH)_3a + b (LH)_3a (LH)_3b + c (LH)_3b (LH)_3a + d (LH)_3b (LH)_3b ] +

+ l (LH)_1 (LH)_1 + l^′ [(LH)_1′ (LH)_1′′ + (LH)_1′′ (LH)_1′ ] , (9) where β, k, α, α^′, α^{′′}, a, b, c, d are arbitrary complex couplings. Once the EW symmetry is broken, the Majorana neutrino mass matrix is given by

M_ν = x⟨ϕ_1⟩^2 + y⟨ϕ_2⟩^2 + z⟨ϕ_3⟩^2 κ⟨ϕ_1⟩⟨ϕ_2⟩ κ⟨ϕ_1⟩⟨ϕ_3⟩ κ⟨ϕ_1⟩⟨ϕ_2⟩ z⟨ϕ_1⟩^2 + x⟨ϕ_2⟩^2 + y⟨ϕ_3⟩^2 κ⟨ϕ_2⟩⟨ϕ_3⟩ κ⟨ϕ_1⟩⟨ϕ_3⟩ κ⟨ϕ_2⟩⟨ϕ_3⟩ y⟨ϕ_1⟩^2 + z⟨ϕ_2⟩^2 + x⟨ϕ_3⟩^2 , (10) with

x = k + α^′ + α^{′′} + l + l^′, (11) y = k + a + α^′ω^2 + α^{′′}ω, (12) z = k + d + α^′ω + α^{′′}ω^2, (13) κ = β + (b + c) + 2l − l^′, (14)

where x, y, z and κ are complex parameters.

The most general renormalizable scalar potential invariant under the symmetry A_4 [7] is V = μ ( ϕ^†_1ϕ_1 + ϕ^†_2ϕ_2 + ϕ^†_3ϕ_3 ) + λ_1 ( ϕ^†_1ϕ_1 + ϕ^†_2ϕ_2 + ϕ^†_3ϕ_3

)_2

+λ_2 [( ϕ^†_1ϕ_1 ) ( ϕ^†_2ϕ_2 ) + ( ϕ^†_2ϕ_2 ) ( ϕ^†_3ϕ_3 ) + ( ϕ^†_3ϕ_3 ) ( ϕ^†_1ϕ_1 )]

+ (λ_3 − λ_2) [( ϕ^†_1ϕ_2 ) ( ϕ^†_2ϕ_1 ) + ( ϕ^†_2ϕ_3 ) ( ϕ^†_3ϕ_2 ) + ( ϕ^†_3ϕ_1 ) ( ϕ^†_1ϕ_3 )]

+ λ_4 2 { e^{iϵ} [( ϕ^†_1ϕ_2

)_2 + ( ϕ^†_2ϕ_3

)_2 + ( ϕ^†_3ϕ_1

)_2] + H.c. } , (15)

where μ and λ_1–_4 are real, and the phase ϵ is arbitrary. The scalar doublets are

ϕ_j = ( ϕ^+_j ϕ^0_j ) , ϕ̃_j = ( ϕ^0_j^∗ −ϕ^−_j ) (16)

The three non-trivial and intersting minimums found in [7] are

v_1 = v_2, v_2 = v_3, v_1 = v_3.

We choose the solution v_2 = v_3, and therefore ⟨ϕ_1⟩ = v_1, ⟨ϕ_2⟩ = ve^{iα/2}, ⟨ϕ_3⟩ = ve^{−iα/2}. (17) Notice that this solution is different from that used in [7] because we are interested in the breakdown of the μ − τ symmetry.

3 Charged leptons

With the vevs in eq. (17), the charged lepton mass matrix in eq. (8) takes the form

M_l = 0 ae^{iα} be^{−iα} be^{iα} 0 ar ae^{−iα} br 0 , (18)

with the parameters in the matrix (18) defined by a = y_1v, b = y_2v and r = v_1/v. Notice that in a matrix with this form, all the phases in the entries can be absorbed in the fields, hence we can write the charged lepton matrix as

M_l = 0 a b b 0 ar a br 0 , (19)

with a, b and r real parameters. We write the symmetric matrix, M_lM^T_l

M_lM^T_l = a^2 + b^2 abr abr abr b^2 + a^2r^2 ab abr ab a^2 + b^2r^2 , (20)

which is diagonalized by an orthogonal matrix O_l. It is straightforward to obtain the analytical expressions for a, b and r as function of the charged lepton masses, it can be written as r ≈^{mτ}√_{memμ} √ 1 −^{m2e m2μ}_{m4τ} , a ≈^{mμ}_{mτ} √m_em_μ [ 1 +^1_2^{m2μ}_{m2τ} ] , b ≈ √m_em_μ [ 1 −^1_2^{m2μ}_{m2τ} ] . (21)

With m_e = 0.511006 MeV m_μ = 105.656 MeV m_τ = 1776.96 MeV.

we have a = 0.43474, b = 7.3471 and r = 241.8582. Note that a < b ≪ r thus the orthogonal matrix O_l diagonalizing M_lM^T_l is approximatively

O_{l12} ≈ b a r^{−1}, O_{l13} ≈ a b r^{−1}, O_{l23} ≈ a b r^{−2}. (22)

The element, O_{l12} , give a contribution to the reactor mixing angle, θ_{13}, see section 5.1. The analytical expression for this element is given as

O_{l12} ≈ √ m_e m_μ [ 1 − ( m_μ m_τ )_2]

. (23)

The numerical expression for the matrix O_l is

O_l =

0.997 0.069 2.44 × 10^{−4} −0.069 0.997 1.075 × 10^{−6} −2.439 × 10^{−4} −1.800 × 10^{−5} 0.999 . (24)

4 Neutrinos

The mass matrix for the neutrinos in eq. (10) with the vevs in eq. (17) takes the form

M_ν = xr^2 + ye^{−2iα} + ze^{2iα} κre^{−iα} κre^{iα} κre^{−iα} zr^2 + xe^{−2iα} + ye^{2iα} κ κre^{iα} κ yr^2 + ze^{−2iα} + xe^{2iα} . (25)

From the charged lepton sector we know that r is fixed as shown in eq. (21), and r ≫ 1, then we can neglect in the diagonal the terms not proportional to r^2. With this the mass matrix in eq. (25) can be written as

M_ν = xr^2 κre^{−iα} κre^{iα} κre^{−iα} zr^2 κ κre^{iα} κ yr^2 . (26)

Note that there are 4 complex free parameters, x, y, z, κ and one extra phase α coming from the Higgs sector. We can absorb two phases in the fields, then it remains 7 free parameters in the neutrino mass matrix. Neutrino oscillation experiments determine two mass square difference Δm^2_{12} ≡ m^2 − m^2_1 and Δm^2_{13} ≡ |m^2_3 − m^2_1| with the corresponding three mixing angle [10]. If θ_{13} is different from zero, the Dirac phases could be probed in future experiments [11]. The absolute neutrino mass scale can be probed in future tritium beta decay [12] and neutrinoless double beta decay [13] experiments. While it will be hard to measure the two Majorana phase. There are seven measurable physical observable plus two Majorana physical phases.

Since the charged lepton mass matrix is close to be diagonal, see eq. (24), we already know that in order to be consistent with current experimental data, the neutrino mass matrix should be approximately μ ↔ τ invariant [14, 15, 16] in order to give a nearly maximal atmospheric angle and small reactor angle θ_{13}. Thus we expect α small and y ≈ z (a moderate fine tuning is required between y and z) and we set z ≡ y(1 + δ).

In the limit α, δ → 0 the matrix in eq. (26) is reduced to

M_ν = xr^2 κr κr κr yr^2 κ κr κ yr^2 , (27)

which is μ − τ invariant. Consider the orthogonal matrix

V = − cos θ sin θ 0 sin θ/ √ 2 cos θ/ √ 2 −1/ √ 2 sin θ/ √ 2 cos θ/ √ 2 1/ √ 2 , (28)

multiplying the matrix in eq. (27) we obtain

V^T M_ν V = κs_θ ( −2 √ 2c_θr + s_θ ) + r^2(c^2_θx + s^2_θy) √ 2κr (−c^2_θ + s^2_θ) + s_θc_θ (r^2(y − x) + κ) 0 √ 2κr (−c^2_θ + s^2_θ) + s_θc_θ (r^2(y − x) + κ) κc_θ ( c_θ + 2 √ 2s_θr ) + r^2(s^2_θx + c^2_θy) 0 0 0 yr^2 − κ (29) where s_θ = sin θ and c_θ = cos θ. If we require that the elements 12 and 21 in eq. (29) are zero, we obtain

tan 2θ = − 2 √ 2κr (r^2(x − y) − κ)

. (30)

Defining the function K as κ = −K(x − y), (31) from eq. (30) we have

K = r^2 sin 2θ 2 √ 2r cos 2θ − sin 2θ

. (32)

The masses of the neutrinos can be written as

m_1 =^1_2 (x + y)r^2 + (x − y) [√ 2r^2K^2 + 1/4(r^2 + K)^2 − 1/2K ] ,

m_2 =^1_2 (x + y)r^2 − (x − y) [√ 2r^2K^2 + 1/4(r^2 + K)^2 + 1/2K ] , m_3 =^1_2 (x + y)r^2 + (x − y) [ K −^1_2 r^2 ] ,

(33) and the squared masses, |m_i|^2 = m_im^⋆_i are

|m_{ν1}|^2 =^1_4 |x + y|^2 + |x − y|^2 ( F +^1_4 K^2 − F K ) + (x^2 − y^2)r^2(F −^1_2 K),

|m_{ν2}|^2 =^1_4 |x + y|^2 + |x − y|^2 ( F +^1_4 K^2 + F K ) − (x^2 − y^2)r^2(F +^1_2 K),

|m_{ν3}|^2 =^1_4 |x + y|^2 + |x − y|^2

(_1 4 r^4 − r^2K + K^2 ) − (x^2 − y^2)r^2(^1_2 r^2 − K),

(34)

where F = √ 2r^2K^2 + 1/4(r^2 + K)^2. (35)

5 Phenomenology of the model

In our Model we have six free parameters, x, y, θ, ϕ_{xy}, δ and α in the neutrino sector for nine physical parameters, Δm^2_{12}, Δm^2_{13}, m_{ee}, three mixing angles and two Majorana phases and the Jarlskog invariant J, for Dirac CP violation in the neutrino sector. From eqs. (34) we can construct the expressions for Δm^2_{12} and Δm^2_{13} and find x and y as functions of the observables, Δm^2_{12}, Δm^2_{13}, the mixing parameter θ and its relative phase ϕ_{xy}. It is possible to show from eqs. (34) that the model is only compatible with inverted hierarchy neutrino mass spectrum.

In the next subsections we present the predictions for the allowed region for mixing angles, the Jarlskog invariant as well as the neutrinoless double beta decay.

5.1 Neutrino mixing angles

Recently has been given an indication that the reactor neutrino angle θ_{13} could be different from zero [17] sin^2 θ_{13} = 0.016 ± 0.010 (1σ). (36)

The θ^ν_{13} angle coming from the diagonalization of the neutrino mass matrix, is exactly zero in the limit δ, α = 0. However the reactor angle resulting from the product of the unitary matrix that diagonalize the charged lepton matrix, eqs. (23) and (24) and the neutrino mass matrix, eq. (28) , is different from zero and we have

sin^2 θ_{13} ≈ m_e 2m_μ ≈ 0.0024. (37)

We observe from eq. (28) that the solar mixing angle is given by the θ parameter up to corrections coming from the charged lepton sector of the order O( √ m_e/m_μ). The parameters α and δ are related with the deviations of θ_{13} and θ_{23} from the zero and maximal values respectively.

In the left side of figure 1, we show the allowed region for the atmospheric mixing angle. The deviation from its maximal value is small. The reactor mixing angle, θ_{13}, can be large. In the right figure 1 side of we show the magnitude of the Jarlskog invariant [18], J, of CP violation in neutrino oscillation defined as

J = Im(V_{11}V_{22}V^∗_{12}V^∗_{21}). (38)

J is correlated to the sin^2 θ_{13} that can be measured in next experiments like Double Chooz [11].

Figure 1: The figure in the left side shows the allowed region for θ_{23} vs. θ_{13}. The figure in the right side shows allowed region for J vs. θ_{13}.

In general all the three mixing angles receive corrections of the same order of magnitude [19]^4. Since the experimentally allowed departures of the solar mixing angle from the best fit value are at most O(λ^2_C ), the correction for the reactor angle is of order O(λ^2_C ). In our model we can have reactor angle deviation of order λ_C as shown in figure 1.

4A different model with corrections of different magnitude for the mixing angles, has been studied for instance in [20].

5.2 Neutrinoless double beta decay

Neutrinos are guaranteed to have a non-zero Majorana mass if the neutrinoless double beta decay 0νββ is observed [21]. The 0νββ decay rate m_{ee} is proportional to the ν_e − ν_e entry of the Majorana neutrino mass matrix M_ν . For an introduction to the phenomenology of 0νββ see for instance [22].

We observed that the parameter ϕ_{xy} is related with the Majorana phase β and the m_{ee} is predicted in our model. The allowed region for the neutrino double beta decay is shown in figure 2. We show the dependence of the m_{ee} as function of the Majorana physical phase β. As can be seeing from the figure, the values for β = 0 and β = π of m_{ee} are forbidden by the upper limits obtained by the HM collaboration. Other models in literature excluding β = 0 but not β = π has been studied [23]. We note that mlight > 0.008.

Figure 2: The figure in the left side shows the allowed range for the 0νββ as function of the physical Majorana phase β. The figure in the right side shows |m_{ee}| as function of the lightest neutrino mass m_{ν3}. We also present here the future experimental sensitivity [13] .

6 Conclusion

We have studied a model for lepton mixing based on a A_4 flavor symmetry. This constraints the model, reducing the number of free parameters with respect to the case of the Standard Model. In the scalar sector we introduce three Higgs doublets that belong to a triplet representation of A_4. If the vevs of the Higgs fields are assumed to be real, there are only two possible solutions: i) the three vevs are all equal, or, ii) two vevs are equal to zero. In this paper we consider the most general case with complex vevs. This solution is different from that of real vevs, it is found that one of the vevs is real and the other two are the complex conjugate one of each other, that is, ⟨H⟩ = (v_1, v, v^∗), where v_1 is different from v as noted also in [7]. This fact opens an interesting scenarios in the model building due to the extra CP phase in the Higgs sector [24]. We studied the phenomenological implications of the neutrino masses and mixings. The charged lepton mass matrix arises only from renormalizable Yukawa interactions, while the Majorana neutrino mass matrix arises from a dimension five operator. We do not enter into details how this dimension five operator is generated. In order to fit the data we assumed a moderate fine tuning between the free parameters in the neutrino mass matrix. We found that the model is compatible with inverse hierarchy only. The atmospheric angle is very close to the maximal value, sin^2 θ_{23} ∼ 0.5 and the maximum allowed value for the reactor angle is close to the current 2σ upper bound, that is sin^2 θ_{13} ∼ 0.03. The solar mixing angle can be fitted in the allowed experimental range at 3σ. The maximal value for the CP Jarlskog invariant is |J| ≈ 0.015. We also found that the current 0νββ upper bound restricts the physical Majorana phase β, to be slightly different from zero and π.

7 Acknowledgments

This work was supported by the Spanish grant FPA2008-00319/FPA and PROMETEO/2009/091.

A Corrections to θ_{13}

When α, δ ≠ 0 then θ_{13} ≠ 0. The case with α = 0 and δ ≠ 0 has been already considered in [25, 26]^5. It is found an upper bound sin^2 θ_{13} < 0.01 for the inverse hierarchy case. Here we study analitically the case δ = 0 and α small.

The squared neutrino mass matrix can be written as

M_ν M^†_ν = [ M_ν M^†_ν ]_0 + [ M_ν M^†_ν ]_1 . (39)

where [ M_ν M^†_ν ]_0 is the mass matrix when α = 0 and [ M_ν M^†_ν ]_1

is correction to the squared

5A similar case with α ≠ 0 and δ = 0 was studied by E. Ma in [14].

mas matrix when α ≠ 0. Taking sin α = α and cos α = 1 the correction matrix is given by [ M_ν M^†_ν ]_1 = Krα (x^2 + y^2 − 2xy cos ϕ_{xy})

0 i (K − r^2) −i (K − r^2) −i (K − r^2) 0 −2iKr i (K − r^2) 2iKr 0 +

+2αKr^3xy sin ϕ_{xy} 0 −1 1 −1 0 0 1 0 0

(40)

We can compute the correction to the sin θ_{13} mixing angle due to the α parameter as a perturbation. We have the Eigenvectors for α = 0 |1⟩ = ( − cos θ,^{sin θ√}_2 ,^{sin θ√}_2 )_T

|2⟩ = ( sin θ,^{cos θ√}_2 ,^{cos θ√}_2 )_T

|3⟩ = ( 0, −^{sin θ√}_2 ,^{sin θ√}_2 )_T (41)

There are two corrections to the matrix elements V_{ij}, one coming from the charged leptons and the other from the phase α.

The correction to the third Eigenvector is given by

|3⟩^1 = ∑ i≠3 ( ⟨i| [ M_ν M^†_ν ]_1 |3⟩ m^2_i − m^2_3 ) |i⟩. (42) From this and eqs. (40) and (41) we obtain the third vector V_{i3},

|3⟩^1 = αKr i|x−y|^2[− √ 2(K−r^2)+R(r sin 2θ− √ 2 cos^2 θ(1−r^2))]+2 √ 2r^2(1+R cos^2 θ) sin ϕ_{xy} xy

(1+R)Δm^2_{13} −^{i|x−y|2}[ √ 2Kr+KR( √ 2r sin^2 θ−^1_2 r^2 sin 2θ(1−r^2))]+^1_2 Rr^2 sin 2θ sin ϕ_{xy}xy

(1+R)Δm^2_{13} −^{i|x−y|2}[ √ 2Kr+KR( √ 2r sin^2 θ−^1_2 r^2 sin 2θ(1−r^2))]+^1_2 Rr^2 sin 2θ sin ϕ_{xy}xy

(1+R)Δm^2_{13}

(43)

where R =^{Δm212}_{Δm213} . The third neutrino eigenvector is given by

|V_{i3}⟩ ≈ 0 −^{1√}_2 1√ 2 +αKr i|x−y|^2[− √ 2(K−r^2)+R(r sin 2θ− √ 2 cos^2 θ(1−r^2))]+2 √ 2r^2(1+R cos^2 θ) sin ϕ_{xy}xy

(1+R)Δm^2_{13} −^{i|x−y|2}[ √ 2Kr+KR( √ 2r sin^2 θ−^1_2 r^2 sin 2θ(1−r^2))]+^1_2 Rr^2 sin 2θ sin ϕ_{xy}xy

(1+R)Δm^2_{13} −^{i|x−y|2}[ √ 2Kr+KR( √ 2r sin^2 θ−^1_2 r^2 sin 2θ(1−r^2))]+^1_2 Rr^2 sin 2θ sin ϕ_{xy}xy

(1+R)Δm^2_{13}

(44) where ϕ_{xy} is the relative phase between x and y. The correction to θ_{13} is given by

sin θ_{13} ≈ ⟨O_{1i}|V_{i3}⟩ (45)

where |O_{1i}⟩ the first row in eq. (24), |O_{1i}⟩ ≈ ( 1 −^1_2^{me}_{mμ} , − √_{me} m_μ , 0 )_T , (46)

with this the analytical expression for sin θ_{13} is given by

sin θ_{13} ≈ 1 √ 2 √ m_e m_μ + αKr(r^2 sin ϕ_{xy}xyA_1 + i|x − y|^2A_2) (47)

where

A_1 = (1 −^1_2^{me}_{mμ} )^2 √ 2(1+R cos^2 θ)

(1+R)Δm^2_{13} + 1 2 √_{me} m_μ R sin 2θ (1+R)Δm^2_{13}

A_2 =

[−^√2(K−r^2)+R(r sin 2θ−^√2 cos^2 θ(1−r^2))](1−^1_2^{me}_{mμ} )

(1+R)Δm^2_{13} +

[^√2r+R(^√2r sin^2 θ−^1_2 r^2 sin 2θ(1−r^2))]K^{√ me}_{mμ}

(1+R)Δm^2_{13} .

(48)

References

[1] M. Altmann et al. [GNO COLLABORATION Collaboration], Phys. Lett. B 616, 174 (2005) [arXiv:hep-ex/0504037]; M. B. Smy et al. [Super-Kamiokande Collaboration], Phys. Rev. D 69, 011104 (2004) [arXiv:hep-ex/0309011]; Q. R. Ahmad et al. [SNO Collaboration], Phys. Rev. Lett. 89, 011301 (2002) [arXiv:nucl-ex/0204008]; B. Aharmim et al. [SNO Collaboration], Phys. Rev. C 72, 055502 (2005) [arXiv:nucl-ex/0502021]; S. Fukuda et al. [Super-Kamiokande Collaboration], Phys. Lett. B 539, 179 (2002) [arXiv:hep-ex/0205075]; Y. Ashie et al. [Super-Kamiokande Collaboration], Phys. Rev. Lett. 93, 101801 (2004) C. Bemporad, G. Gratta and P. Vogel, Rev. Mod. Phys. 74, 297 (2002) [arXiv:hep-ph/0107277]; C. K. Jung, C. McGrew, T. Kajita and T. Mann, Ann. Rev. Nucl. Part. Sci. 51, 451 (2001).

[2] W. Grimus and L. Lavoura, Phys. Lett. B572, 189 (2003), hep-ph/0305046; W. Grimus, A. S. Joshipura, S. Kaneko, L. Lavoura, and M. Tanimoto, JHEP 07, 078 (2004), hep-ph/0407112; G. Seidl, (2003), hep-ph/0301044; T. Kobayashi, S. Raby, and R.- J. Zhang, Nucl. Phys. B704, 3 (2005), hep-ph/0409098; P. H. Frampton and T. W. Kephart, Phys. Rev. D64, 086007 (2001), hep-th/0011186; C. D. Carone and R. F.

Lebed, Phys. Rev. D60, 096002 (1999), hep-ph/9905275; E. Ma, Fizika B14, 35 (2005), hep-ph/0409288; S.-L. Chen and E. Ma, Phys. Lett. B620, 151 (2005), hep-ph/0505064; C. Hagedorn, M. Lindner, and F. Plentinger, Phys. Rev. D74, 025007 (2006), hep-ph/0604265; P. Ko, T. Kobayashi, J.-h. Park, and S. Raby, Phys. Rev. D76, 035005 (2007), 0704.2807; J. Kubo, Phys. Lett. B622, 303 (2005), hep-ph/0506043; Y. Kajiyama, J. Kubo, and H. Okada, Phys. Rev. D75, 033001 (2007), hep-ph/0610072; A. Blum, C. Hagedorn, and M. Lindner, Phys. Rev. D77, 076004 (2008), 0709.3450; A. Adulpravitchai, M. Lindner and A. Merle, arXiv:0907.2147 [hep-ph].

[3] S. Pakvasa and H. Sugawara, Phys. Lett. B73, 61 (1978); L. J. Hall and H. Murayama, Phys. Rev. Lett. 75, 3985 (1995), hep-ph/9508296; C. D. Carone, L. J. Hall, and H. Murayama, Phys. Rev. D53, 6282 (1996), hep-ph/9512399; A. Mondragon and E. Rodriguez-Jauregui, Phys. Rev. D 59, 093009 (1999), arXiv:hep-ph/9807214; A. Mondragon and E. Rodriguez-Jauregui, Phys. Rev. D 61, 113002 (2000), arXiv:hep-ph/9906429; M. Tanimoto, Phys. Rev. D59, 017304 (1999), hep-ph/9807283; M. Tanimoto, Acta Phys. Polon. B30, 3105 (1999), hep-ph/9910261; M. Tanimoto, Phys. Lett. B483, 417 (2000), hep-ph/0001306; Y. Koide, Phys. Rev. D60, 077301 (1999), hep-ph/9905416; E. Ma, Phys. Rev. D61, 033012 (2000), hep-ph/9909249; R. N. Mohapatra, A. Perez-Lorenzana, and C. A. de Sousa Pires, Phys. Lett. B474, 355 (2000), hep-ph/9911395; J. I. Silva-Marcos, JHEP 07, 012 (2003), hep-ph/0204051; T. Kobayashi, J. Kubo, and H. Terao, Phys. Lett. B568, 83 (2003), hep-ph/0303084; K. Hamaguchi, M. Kakizaki, and M. Yamaguchi, Phys. Rev. D68, 056007 (2003), hep-ph/0212172; J. Kubo, A. Mondragon, M. Mondragon, and E. Rodriguez-Jauregui, Prog. Theor. Phys. 109, 795 (2003), hep-ph/0302196; J. Kubo, Phys. Lett. B578, 156 (2004), hep-ph/0309167; J. Kubo, H. Okada, and F. Sakamaki, Phys. Rev. D70, 036007 (2004), hep-ph/0402089; S.-L. Chen, M. Frigerio, and E. Ma, Phys. Rev. D70, 073008 (2004), hep-ph/0404084; W.-l. Guo, Phys. Rev. D70, 053009 (2004), hep-ph/0406268; T. Araki, J. Kubo, and E. A. Paschos, Eur. Phys. J. C45, 465 (2006), hep-ph/0502164; W. Grimus and L. Lavoura, JHEP 08, 013 (2005), hep-ph/0504153; W. Grimus and L. Lavoura, JHEP 01, 018 (2006), hep-ph/0509239; W. Grimus and L. Lavoura, J. Phys. G34, 1757 (2007), hep-ph/0611149; T. Teshima, Phys. Rev. D73, 045019 (2006), hep-ph/0509094; Y. Koide, Phys. Rev. D73, 057901 (2006), hep-ph/0509214; Y. Koide, Eur. Phys. J. C50, 809 (2007), hep-ph/0612058; N. Haba and K. Yoshioka, Nucl. Phys. B739, 254 (2006), hep-ph/0511108; M. Picariello, Int. J. Mod. Phys. A23, 4435 (2008), hep-ph/0611189. F. Caravaglios and S. Morisi, arXiv:hep-ph/0503234; F. Caravaglios and S. Morisi, arXiv:hep-ph/0510321; S. Morisi and M. Picariello, Int. J.

Theor. Phys. 45, 1267 (2006), [arXiv:hep-ph/0505113]; F. Caravaglios and S. Morisi, arXiv:hep-ph/0503234; F. Caravaglios and S. Morisi, Int. J. Mod. Phys. A 22, 2469 (2007), [arXiv:hep-ph/0611078]; S. Morisi, Int. J. Mod. Phys. A 22, 2921 (2007); R. N. Mohapatra, S. Nasri, and H.-B. Yu, Phys. Lett. B639, 318 (2006), hep-ph/0605020; R. N. Mohapatra and H.-B. Yu, Phys. Lett. B644, 346 (2007), hep-ph/0610023; O. Felix, A. Mondragon, M. Mondragon and E. Peinado, AIP Conf. Proc. 917, 383 (2007), [Rev. Mex. Fis. S52N4, 67 (2006)], [arXiv:hep-ph/0610061]; A. Mondragon, M. Mondragon, and E. Peinado, Phys. Rev. D76, 076003 (2007), [arXiv:0706.0354 [hep-ph]]; A. Mondragon, M. Mondragon, and E. Peinado, J. Phys. A41, 304035 (2008), [arXiv:0712.1799 [hep-ph]]; A. Mondragon, M. Mondragon, and E. Peinado, AIP Conf. Proc. 1026, 164 (2008), [arXiv:0712.2488 [hep-ph]]; K. S. Babu, S. M. Barr, and I. Gogoladze, Phys. Lett. B661, 124 (2008), 0709.3491; C.-Y. Chen and L. Wolfenstein, Phys. Rev. D77, 093009 (2008), 0709.3767; M. Mitra and S. Choubey, Phys. Rev. D78, 115014 (2008), 0806.3254; R. Yahalom, Phys. Rev. D29, 536 (1984); G. Ecker, Z. Phys. C24, 353 (1984); C. S. Lam and M. A. Walton, Can. J. Phys. 63, 1042 (1985); K. S. Babu and R. N. Mohapatra, Phys. Rev. Lett. 64, 2747 (1990); P. F. Harrison and W. G. Scott, Phys. Lett. B333, 471 (1994), hep-ph/9406351; P. F. Harrison and W. G. Scott, Phys. Lett. B557, 76 (2003), hep-ph/0302025; I. Aizawa, M. Ishiguro, T. Kitabayashi, and M. Yasue, Phys. Rev. D70, 015011 (2004), hep-ph/0405201; P. F. Harrison, D. R. J. Roythorne, and W. G. Scott, (2008), 0805.3440; N. Haba, A. Watanabe and K. Yoshioka, Phys. Rev. Lett. 97, 041601 (2006) [arXiv:hep-ph/0603116].

[4] E. Ma and G. Rajasekaran, Phys. Rev. D 64 (2001) 113012 [arXiv:hep-ph/0106291];

E. Ma, Mod. Phys. Lett. A 17 (2002) 627 [arXiv:hep-ph/0203238]; K. S. Babu, E. Ma and J. W. F. Valle, Phys. Lett. B 552 (2003) 207 [arXiv:hep-ph/0206292]; M. Hirsch, J. C. Romao, S. Skadhauge, J. W. F. Valle and A. Villanova del Moral, arXiv:hep-ph/0312244; Phys. Rev. D 69 (2004) 093006 [arXiv:hep-ph/0312265]; E. Ma, Phys. Rev. D 70 (2004) 031901; Phys. Rev. D 70 (2004) 031901 [arXiv:hep-ph/0404199]; New J. Phys. 6 (2004) 104 [arXiv:hep-ph/0405152]; arXiv:hep-ph/0409075; S. L. Chen, M. Frigerio and E. Ma, Nucl. Phys. B 724 (2005) 423 [arXiv:hep-ph/0504181]; E. Ma, Phys. Rev. D 72 (2005) 037301 [arXiv:hep-ph/0505209]; M. Hirsch, A. Villanova del Moral, J. W. F. Valle and E. Ma, Phys. Rev. D 72 (2005) 091301 [Erratum-ibid. D 72 (2005) 119904] [arXiv:hep-ph/0507148]; K. S. Babu and X. G. He, arXiv:hep-ph/0507217; E. Ma, Mod. Phys. Lett. A 20 (2005) 2601 [arXiv:hep-ph/0508099]; A. Zee, Phys. Lett. B 630 (2005) 58 [arXiv:hep-ph/0508278]; E. Ma, Phys. Rev. D 73 (2006) 057304 [arXiv:hep-ph/0511133]; X. G. He, Y. Y. Keum and R. R. Volkas, JHEP 0604 (2006)

039 [arXiv:hep-ph/0601001]; B. Adhikary, B. Brahmachari, A. Ghosal, E. Ma and M. K. Parida, Phys. Lett. B 638 (2006) 345 [arXiv:hep-ph/0603059]; E. Ma, Mod. Phys. Lett. A 21 (2006) 2931 [arXiv:hep-ph/0607190]; Mod. Phys. Lett. A 22 (2007) 101 [arXiv:hep-ph/0610342]; L. Lavoura and H. Kuhbock, Mod. Phys. Lett. A 22 (2007) 181 [arXiv:hep-ph/0610050]; S. F. King and M. Malinsky, Phys. Lett. B 645 (2007) 351 [arXiv:hep-ph/0610250]; S. Morisi, M. Picariello and E. Torrente-Lujan, Phys. Rev. D 75 (2007) 075015 [arXiv:hep-ph/0702034]; M. Hirsch, A. S. Joshipura, S. Kaneko and J. W. F. Valle, Phys. Rev. Lett. 99, 151802 (2007) [arXiv:hep-ph/0703046]; F. Yin, Phys. Rev. D 75 (2007) 073010 [arXiv:0704.3827 [hep-ph]]; F. Bazzocchi, S. Kaneko and S. Morisi, JHEP 0803 (2008) 063 [arXiv:0707.3032 [hep-ph]]; F. Bazzocchi, S. Morisi and M. Picariello, Phys. Lett. B 659 (2008) 628 [arXiv:0710.2928 [hep-ph]]; M. Honda and M. Tanimoto, Prog. Theor. Phys. 119 (2008) 583 [arXiv:0801.0181 [hep-ph]]; B. Brahmachari, S. Choubey and M. Mitra, Phys. Rev. D 77 (2008) 073008 [Erratum-ibid. D 77 (2008) 119901] [arXiv:0801.3554 [hep-ph]]; F. Bazzocchi, S. Morisi, M. Picariello and E. Torrente-Lujan, J. Phys. G 36 (2009) 015002 [arXiv:0802.1693 [hep-ph]]; B. Adhikary and A. Ghosal, Phys. Rev. D 78 (2008) 073007 [arXiv:0803.3582 [hep-ph]]; M. Hirsch, S. Morisi and J. W. F. Valle, Phys. Rev. D 78 (2008) 093007 [arXiv:0804.1521 [hepph]]; P. H. Frampton and S. Matsuzaki, arXiv:0806.4592 [hep-ph]; C. Csaki, C. Delaunay, C. Grojean, Y. Grossman arXiv:0806.0356 [hep-ph]; F. Feruglio, C. Hagedorn, Y. Lin and L. Merlo, arXiv:0807.3160 [hep-ph]; F. Bazzocchi, M. Frigerio and S. Morisi, arXiv:0809.3573 [hep-ph]; W. Grimus and L. Lavoura, arXiv:0811.4766 [hepph]; S. Morisi, arXiv:0901.1080 [hep-ph]; P. Ciafaloni, M. Picariello, E. Torrente-Lujan and A. Urbano, arXiv:0901.2236 [hep-ph]; M. C. Chen and S. F. King, arXiv:0903.0125 [hep-ph]; G. Altarelli and F. Feruglio, [arXiv:hep-ph/0504165]; G. Altarelli and F. Feruglio, Nucl. Phys. B 741 (2006) 215 [arXiv:hep-ph/0512103]; G. Altarelli, F. Feruglio and Y. Lin, Nucl. Phys. B 775 (2007) 31 [arXiv:hep-ph/0610165]; JHEP 0803 (2008) 052 [arXiv:0802.0090 [hep-ph]]; Nucl. Phys. B 813, 91 (2009) [arXiv:0804.2867 [hepph]]; arXiv:0903.0831 [hep-ph]. G. Altarelli and D. Meloni, arXiv:0905.0620[hep-ph]; D. Ibanez, S. Morisi and J. W. F. Valle, arXiv:0907.3109 [hep-ph]; M. Hirsch, S. Morisi and J. W. F. Valle, Phys. Lett. B 679, 454 (2009) [arXiv:0905.3056 [hep-ph]]; M. Hirsch, S. Morisi and J. W. F. Valle, Phys. Rev. D 79, 016001 (2009) [arXiv:0810.0121 [hepph]]; W. Grimus and H. Kuhbock, Phys. Rev. D 77, 055008 (2008) [arXiv:0710.1585 [hep-ph]]; E. Ma, arXiv:0908.3165 [hep-ph]; F. Feruglio, C. Hagedorn and L. Merlo, arXiv:0910.4058 [hep-ph]; B. Adhikary and A. Ghosal, Phys. Rev. D 75, 073020 (2007) [arXiv:hep-ph/0609193].

[5] P. F. Harrison, D. H. Perkins and W. G. Scott, Phys. Lett. B 530 (2002) 167 [arXiv:hep-ph/0202074]; P. F. Harrison and W. G. Scott, Phys. Lett. B 535 (2002) 163 [arXiv:hep-ph/0203209]; Z. z. Xing, Phys. Lett. B 533 (2002) 85 [arXiv:hep-ph/0204049]; P. F. Harrison and W. G. Scott, Phys. Lett. B 547 (2002) 219 [arXiv:hep-ph/0210197]; Phys. Lett. B 557 (2003) 76 [arXiv:hep-ph/0302025]; arXiv:hep-ph/0402006; Phys. Lett. B 594 (2004) 324 [arXiv:hep-ph/0403278].

[6] S. Weinberg, Phys. Rev. Lett. 43, 1566 (1979).

[7] L. Lavoura and H. Kuhbock, Eur. Phys. J. C55, 303 (2008), 0711.0670. [8] G. Altarelli, (2007), 0705.0860. [9] S. Morisi, arXiv:0910.2542 [hep-ph].

[10] T. Schwetz, M. A. Tortola and J. W. F. Valle, New J. Phys. 10, 113011 (2008) [arXiv:0808.2016 [hep-ph]].

[11] F. Ardellier et al. [Double Chooz Collaboration], arXiv:hep-ex/0606025. [12] G. Drexlin [KATRIN Collaboration], Nucl. Phys. Proc. Suppl. 145 (2005) 263. [13] A. Osipowicz et al. [KATRIN Collaboration], arXiv:hep-ex/0109033; V. E. Guiseppe et al. [Majorana Collaboration], arXiv:0811.2446 [nucl-ex]; A. A. Smolnikov [GERDA Collaboration], arXiv:0812.4194 [nucl-ex]; A. Giuliani [CUORE Collaboration], J. Phys. Conf. Ser. 120, 052051 (2008).

[14] E. Ma, Phys. Rev. D66, 117301 (2002), hep-ph/0207352.

[15] K. S. Babu, E. Ma, and J. W. F. Valle, Phys. Lett. B552, 207 (2003), hep-ph/0206292. [16] W. Grimus and L. Lavoura, Phys. Lett. B 572, 189 (2003) [arXiv:hep-ph/0305046]. [17] G. L. Fogli, E. Lisi, A. Marrone, A. Palazzo, and A. M. Rotunno, Phys. Rev. Lett. 101, 141801 (2008), 0806.2649.

[18] C. Jarlskog, Z. Phys. C 29, 491 (1985). [19] G. Altarelli, arXiv:0905.2350 [hep-ph].

[20] G. Altarelli, F. Feruglio and L. Merlo, JHEP 0905, 020 (2009), [arXiv:0903.1940 [hepph]].

[21] J. Schechter and J. W. F. Valle, Phys. Rev. D 25, 2951 (1982); J. Schechter and J. W. F. Valle,Phys. Rev. D 25, 774 (1982).

[22] M. Hirsch, arXiv:hep-ph/0609146.

[23] M. Hirsch, S. Morisi and J. W. F. Valle, Phys. Rev. D 78, 093007 (2008) [arXiv:0804.1521 [hep-ph]].

[24] J. Liu and L. Wolfenstein, Nucl. Phys. B 289, 1 (1987).

[25] F. Plentinger and W. Rodejohann, Phys. Lett. B625, 264 (2005), hep-ph/0507143. [26] M. Honda and M. Tanimoto, Prog. Theor. Phys. 119, 583 (2008) [arXiv:0801.0181 [hep-ph]].