arXiv:0910.4392v1 [hep-ph] 22 Oct 2009

Model of leptons from SO(3) → A_4

Joshua Berger^∗ and Yuval Grossman^†

Institute for High Energy Phenomenology Newman Laboratory of Elementary Particle Physics Cornell University, Ithaca, NY 14853, USA

Abstract

The lepton sector masses and mixing angles can be explained in models based on A_4 symmetry. A_4 is a non-Abelian discrete group. Therefore, one issue in constructing models based on it is explaining the origin of A_4. A plausible mechanism is that A_4 is an unbroken subgroup of a continuous group that is broken spontaneously. We construct a model of leptons where the A_4 symmetry is obtained by spontaneous symmetry breaking of SO(3).

∗Electronic address: jb454@cornell.edu †Electronic address: yg73@cornell.edu

I. INTRODUCTION

Recent experiments [1, 2, 3, 4, 5] have given an increasingly accurate picture of the neutrino sector of the new Standard Model (νSM). Current best measurements are summarized in Table I. These pieces of evidence paint a picture radically different from that of the quark sector [6, 7, 8] that exhibits extremely small masses, small mass splittings and non-hierarchical mixing angles.

Many attempts were made to obtain the masses and mixing angles from a more fundamental theory. In this paper, we concentrate on the lepton sector and consider the Pontecorvo- Maki-Nakagawa-Sakata (PMNS) mixing matrix, U [9, 10]. Using the data presented in Table I, the current best fit for this matrix is

|U| = 0.823 0.554 0.126 0.480 0.558 0.677 0.305 0.618 0.725

. (1)

It has been pointed out that within 2σ this matrix is consistent with the Harrison-Perkins- Scott (HPS) mixing matrix [11]

U_{HPS} =

√_2 3 1√ 3 0 −^{1√}_6^{1√}_3^{1√}_2 1√ 6 −^{1√}_3^{1√}_2

. (2)

The HPS matrix has a definite pattern. This pattern has motivated explanations of the structure of U using non-Abelian discrete flavor symmetries. Of particular interest is a class of models postulating an A_4 family symmetry [12, 13]. In these models, the lefthanded lepton doublet and the right-handed neutrino singlet transform in three dimensional irreducible representations, while the right handed charged leptons transform under distinct one dimensional representations. For a review of such models, see Ref. [14]. Such models, however, are typically plagued by two issues.

The first is that of vacuum alignment. The A_4 symmetry is broken to Z_3 by a scalar ϕ that couples to the charged leptons and to Z_2 by a scalar ϕ^′ that couples to the neutrinos. There is no reason, a priori, for this particular vacuum structure. One approach to resolving this problem is to add scalars and symmetries, possibly with supersymmetry, to enforce that vacuum alignment [17, 18]. Placing the scalars ϕ and ϕ^′ on separate branes of an extradimensional model [12, 19] is another possibility.

The second problem of A_4 based models, which is the problem that we attempt to solve in this paper, is that of the origin of A_4. The symmetry group A_4 is chosen simply because it works, with no motivation from UV physics. This lack of motivation is exacerbated

Observable Value Main Source

sin^2 θ_{12} 0.312^{+0.019}_{0.018} Solar neutrino experiments

Δm^2_1 7.67^{+0.16}_{−0.19} × 10^{−5} eV^2

sin^2 θ_{23} 0.466^{+0073}_{−0.058} Atmospheric neutrino experiments

|Δm^2_{32}| 2.39^{+0.11}_{−0.08} × 10^{−3} eV^2

sin^2 θ_{13} 0.016^{+0.010}_{−0.006} Global fit with all current data

Δm^2_{31} 2.39^{+0.11}_{−0.08} × 10^{−3} eV^2

TABLE I: The current best fit values for neutrino mass splittings and mixing angles [15, 16]. All ranges are quoted at 1σ.

by the fact that gravity is believed to break global symmetries. Therefore, we look for possible motivations of the A_4 symmetry group. One possibility is that A_4 comes out as a subgroup of the modular group [20], which often arises in string theory. Another possibility is that A_4 arises in the low-energy effective theory obtained by orbifolds of a six dimensional theory [21]. In this paper we present a model where A_4 is obtained by spontaneously breaking a continuous symmetry which we take to be the minimal choice, SO(3). The idea of embedding A_4 in SO(3) has been discussed in [22]. Unlike in our case, where the SO(3) is spontaneously broken, in [22] an explicit breaking of a global SO(3) symmetry was introduced. The idea of spontaneously breaking a continuous symmetry to a discrete subgroup has been discussed in [23]. However, their procedure is different then ours.

In section 2, we briefly review the general structure of models of neutrino mixing using A_4 symmetry. In section 3, we review the vacuum structure of models with SO(3) symmetry and how it can be broken to A_4. In section 4 we construct a model for the lepton sector based on spontaneously broken SO(3) → A_4 symmetry. We conclude in section 5. Technical details are collected in the appendices. In appendix A, we summarize important properties of the group A_4 and introduce relevant group theory concepts. In appendix B, we describe one method for determining the vacua of a theory with SO(3) symmetry and a scalar transforming in the 7 of the group.

II. MODELS WITH A_4 SYMMETRY

Implementing non-Abelian discrete flavor symmetries in a model generically leads to patterns in the mass matrices. These patterns yield patterns in the mixing matrices after changing to the mass basis. It is natural to try to obtain U_{HPS} using such symmetries. In fact, several models [18, 24] did it using A_4 symmetry. These models have several common features which we describe in this section.

We consider only the lepton sector. The basic required matter content are the νSM fermions (including the RH singlet neutrinos), the SM Higgs and two more scalars that are denoted by ϕ and ϕ^′. The fermion field content is

ψ_ℓ(2, 3)_{1/2}, ψ_e(1, 1)_{−1}, ψ_μ(1, 1^′)_{−1}, ψ_τ (1, 1^{′′})_{−1}, ψ_n(1, 3)_0, (3)

and the scalars are H(2, 1)_{1/2}, ϕ(1, 3)_0, ϕ^′(1, 3)_0. (4)

We use standard notation, (S, A)_Y , where S [A] is the representation under SU(2)_L [A_4] and Y is the hypercharge. In specific models more fields are added in order to satisfy vacuum alignment conditions. In addition, further symmetries are usually required to forbid unwanted terms in the Lagrangian, as well as to obtain the correct vacuum alignment. The purpose of the two scalars ϕ and ϕ^′ is to break the A_4 symmetry down to its Z_3 and Z_2 subgroups respectively. For the standard basis described in Appendix A, this breaking is achieved by the VEVs: ⟨ϕ⟩ = (v, v, v), ⟨ϕ^′⟩ = (v^′, 0, 0). (5) The two scalars are then made (by symmetries, for example) to couple to different sectors of the model. The ϕ couples to the charged leptons, giving a Z_3 symmetric mass matrix, while the ϕ^′ couples to the neutrinos, giving a Z_2 symmetric mass matrix.

The Lagrangian for the fermions with the properties and fields described above is: L = − y_e Λ ψ_ℓϕHψ_E − y_μ Λ (ψ_ℓϕ)^′Hψ_μ − y_τ Λ (ψ_ℓϕ)^{′′}Hψ_τ − Mψ^c_nψ_n − x_ν ψ^c_nψ_nϕ^′ − y_ν ψ_ℓHψ_n, (6) where (ψ_ℓϕ)^′ [(ψ_ℓϕ)^{′′}] denotes that the product is taken such that the result transforms in the 1^′ [1^{′′}]. This Lagrangian provides an effective description up until a cutoff Λ. We assume that M is much larger than the weak scale. Notice that charged lepton masses would not be allowed without including non-renormalizable operators. We did not include terms that are suppressed by 1/Λ^2.

We emphasize that the Lagrangian (6) is not the most general one. It is missing several terms allowed by the symmetries listed so far. Any of the terms coupling to ϕ is allowed with ϕ → ϕ^′ and vice-versa. For example, ψ^c_nψ_nϕ is allowed. This issue is generally solved by including additional discrete or continuous Abelian symmetries. For example, ref. [18] describes a supersymmetric model with an additional Z_4 and U(1)_R symmetry under which ϕ and ϕ^′ transform differently.

The heavy neutrino states present due to the see-saw mechanism can be integrated out.

The resulting low-energy Majorana mass matrix for the neutrinos has the form

m_ν = a 0 0 0 b d 0 d b , (7)

where a, b, and d depend on the specifics of the model. The off-diagonal d entries are a reflection of the A_4 → Z_2 breaking. It is made possible by the fact that a singlet can be formed out of the product of three triplets. The mass matrix for the charged leptons has the form

m_ℓ = y_e y_μ y_τ y_e y_μω y_τ ω^2 y_e y_μω^2 y_τ ω

, (8)

where ω ≡ e^{2πi/3} (see Appendix A for more details). This mass matrix is diagonalized by multiplying on the left by

V = 1 √ 3 1 1 1 1 ω ω^2 1 ω^2 ω

. (9)

The rotation matrix V in (9) does not depend on any of the parameters of the theory. This fact helps ensure that no hierarchy will appear in the neutrino mixing matrix. No change of basis is required for the right-handed leptons. Performing the full diagonalization procedure, the physical PMNS matrix, U, is then given by U_{HPS}.

Specific implementations of the ideas described above have several obstacles to overcome. First, in general, A_4 based models only explain the mixing parameters and not the mass hierarchies. (Both mixing and masses can be obtained in an RS-type model [19].) Another issue, as we already discussed, is the fact that extra symmetries are needed in order to forbid problematic terms. There is also an issue of vacuum alignment, which has been discussed in the introduction. Finally, there is the issue of the origin for the A_4 symmetry group, which is the issue we discuss in this paper.

III. SPONTANEOUS BREAKING OF SO(3) → A_4

In order to motivate the use of A_4, we use a model where the group A_4 arises from spontaneous breaking of a continuous symmetry. The simplest choice of gauge group is SO(3) [25, 26]. We discuss the representation necessary for a scalar to break SO(3) to A_4 and write down a potential for this scalar to demonstrate how spontaneous symmetry breaking (SSB) is achieved.

Representation Decomposition 1 1 3 3 5 3 + 1^′ + 1^{′′}

7 3 + 3 + 1

TABLE II: Decomposition of the four smallest representations of SO(3) into irreducible representations of A_4.

Let T be a scalar that transforms under an irreducible representation of SO(3). This irreducible representation of SO(3) induces a representation of A_4 since A_4 is a subgroup of SO(3). In Appendix A, we write down a general method for decomposing an irreducible representation of SO(3) into irreducible representations of A_4. The decomposition of the four smallest representations is given in Table II. For now, it is important to note that the smallest non-trivial representation of SO(3) that contains a singlet of A_4 is the 7. This is the smallest representation that could in principle result in an A_4 invariant vacuum. Thus, it is natural to start our attempt to construct a model using a scalar in the 7.

A model with a scalar transforming in the 7 of SO(3) has been described in [25, 26]. We summarize the results of [25]. The 7 of SO(3) can be described by symmetric, traceless rank 3 tensors in 3D, denoted as T^{abc}. The most general renormalizable potential that can be written is V = − μ^2 2 T^{abc}T^{abc} + λ 4 (T^{abc}T^{abc})^2 + c T^{abc}T^{bcd}T^{def} T^{efa}. (10) Naively, there are other quartic terms that can be written down, but they are linear combinations of the two quartic terms in (10). Also note that cubic terms vanish since the cubic singlet is formed by an antisymmetric product of identical fields. A technique for minimizing the potential is presented in Appendix B. The results of the minimization are as follows. In order to have a stable potential we need λ > 0. In order to have a VEV at all we require μ^2 > 0. Then, the residual symmetry depends on the relation between c and λ. For c < −λ/2, the potential becomes unstable. For c > 0, the residual symmetry is D_3. For −λ/2 < c < 0, the residual symmetry is A_4. We learn that there is a large area in parameter space where SO(3) is broken to A_4. In our model we choose the parameters such that this is the case.

Field SU(2)_L U(1)_Y SO(3)_F Z_2 ψ_ℓ 2 −1/2 3 − ψ_f 1 −1 3 − ψ_e 1 −1 1 + ψ_m 1 −1 5 + ψ_n 1 0 3 − H 2 1/2 1 + ϕ 1 0 3 − ϕ^′ 1 0 3 + ϕ_5 1 0 5 − T 1 0 7 −

Field VEV Invariant Subgroup H v_H none ϕ (v, v, v) Z_3 ϕ^′ (0, 0, v^′) Z_2

ϕ_5

0 v_5 v_5 v_5 0 v_5 v_5 v_5 0

Z_3

T ∼ v_T (see text) A_4

TABLE III: Left: Matter content for the lepton and scalar sectors of the model. The blocks contain the left-handed fermions, right-handed fermions, and scalars respectively. Right: Vacuum expectation values for the scalars and the subgroup of SO(3)_F under which they are invariant. The H gets the usual SM-like VEV and the T gets a VEV as described in Section III

IV. MODEL OF LEPTON BASED ON SO(3) → A_4

We move to describe the model. The symmetry of the model is SU(2)_L × U(1)_Y × SO(3)_F × Z_2. (11) At this stage we do not care if the SO(3)_F is gauged or not. For the fermions, we consider only the leptons. The full matter content of the scalar and lepton sectors of the model are summarized in Table III. We also describe the symmetry breaking induced by each of the scalars.

We start with the scalar sector of the model. There are five scalar fields in the model. Three of them, H, ϕ and ϕ^′ are needed in the A_4 model. When extending the model to an SO(3)_F symmetry, we add two scalars, T and ϕ_5. We need T as it is responsible for the SO(3)_F → A_4 breaking. As we discuss later, ϕ_5 is needed because without it the tau and the muon would be degenerate. In term of scales, things are simpler if we decouple the SO(3)_F → A_4 breaking (triggered by v_T ) and the A_4 breaking (which is done by v, v^′ and v_5). That is, we assume the following hierarchies of scales Λ ≫ v_T ≫ v ∼ v^′ ∼ v_5 ≫ v_H . (12)

We do not try to explain these hierarchies.

Next, we discuss the fermions. The fields ψ_ℓ, ψ_e, and ψ_n have the same representations under SO(3)_F as under A_4. They correspond directly to fields in the A_4 model. Complications arise when considering the right handed muon and tau fields that transform as 1^′ and 1^{′′} respectively. The issue is that the 1^′ and 1^{′′} do not correspond to irreducible representations of SO(3)_F . Thus, they must be obtained as parts of SO(3)_F representations that include extra singlets or triplets of A_4. Further complications arise from the fact that irreducible representations of SO(3) are real and, therefore, 1^′ and 1^{′′} must be part of the same SO(3) representation in the scenario with minimal matter content. The simplest choice of representation that contains both 1^′ and 1^{′′} is the 5. This explains why we introduce ψ_m, which is the field that after SO(3)_F breaking gives us the right handed muon and tau fields.

A fermion that transforms in the 5 of SO(3)_F decomposes into pieces that transform under the 1^′, 1^{′′}, and 3 representations of A_4. A field transforming in the 5 can be written as a traceless, symmetric matrix. In this form, the decomposition is

ψ_m = ψ_μ + ψ_τ ψ^3_h ψ^2_h ψ^3_h ωψ_μ + ω^2ψ_τ ψ^1_h ψ^2_h ψ^1_h ω^2ψ_μ + ωψ_τ

, (13)

where ψ_μ transforms as a 1^′, ψ_τ transforms as a 1^{′′}, and ψ_h transforms as a 3. The use of a fermion in the 5 implies that further matter content is required. Without it, we end up with extra right-handed fields. These extra field can be “removed” by adding a triplet left-handed fermion giving them a large Dirac mass. This is the reason we add the left-handed triplet, ψ_f .

The most general Lagrangian, including 1/Λ terms, that is responsible for charged lepton masses is given by L = −y_eψ^a_ℓ H Λ ϕ^aψ_e − y_mψ^a_ℓ H Λ ϕ^bψ^{ab}_m − y^T_mψ^a_ℓ H Λ T^{abc}ψ^{bc}_m − y^′_eψ^a_f ϕ^aψ_e −y^′_mψ^a_f ϕ^bψ^{ab}_m − y^{T ′}_m ψ^a_f T^{abc}ψ^{bc}_m − y^5_mϵ^{abc}ψ^a_ℓ H Λ ϕ^{bd}_5 ψ^{cd}_m − y^{5′}_mϵ^{abc}ψ^a_f ϕ^{bd}_5 ψ^{cd}_m . (14)

The scalars get VEVs as indicated in Table III. Consider the masses of the charged fermions. There are six left-handed and six right-handed fields that can mix. Working in the basis where the right handed fields are (ψ_e, ψ_μ, ψ_τ , ψ^1_h, ψ^2_h, ψ^3_h) and the left-handed ones are (ψ_ℓ, ψ_f ) the mass matrix is roughly m_ℓ ∼ v^H v/Λ v^H v^T /Λ v v_T , (15) where each block describes a 3 × 3 matrix. We see that there are three heavy states (of order v_T ), three light states (of order v_H v/Λ), and that there is very small mixing between these two sets of states. We identify the light states as the three charged leptons, and we neglect the mixing between them and the heavy states. This procedure leaves a charged lepton Dirac mass matrix of the form (8), which is given by

m_ℓ = y_e^{vH v}_Λ y_m^{vH v}_Λ + y^5_m(ω^2 − ω)^{vH v5}_Λ y_m^{vH v}_Λ + y^5_m(ω − ω^2)^{vH v5}_Λ y_e^{vH v}_Λ ω[y_m^{vH v}_Λ + y^5_m(ω^2 − ω)^{vH v5}_Λ ] ω^2[y_m^{vH v}_Λ + y^5_m(ω − ω^2)^{vH v5}_Λ ] y_e^{vH v}_Λ ω^2[y_m^{vH v}_Λ + y^5_m(ω^2 − ω)^{vH v5}_Λ ] ω[y_m^{vH v}_Λ + y^5_m(ω − ω^2)^{vH v5}_Λ ]

, (16)

In order to diagonalize this matrix, we multiply on the left by V introduced in (9). The resulting diagonal mass matrix for the charged leptons is

m^{diag}_ℓ = | |y_e^vH^v_Λ | | 0 0 0 | |y_m^vH^v_Λ − y^5_mi√3^vH^v5_Λ | | 0 0 0 | |y_m^vH^v_Λ + y5_mi√3^vH^v5_Λ | | . (17)

Two remarks are in order regarding the mass matrix for the charged leptons. First, note that the charged lepton scale is smaller then the electroweak scale by a factor of v/Λ. This implies that v and Λ are at most a factor of 10^2 apart. Recalling that we assume that Λ ≫ v_T ≫ v, we conclude that the different scales cannot be widely separated. That is, the ratio of scales is of order ten. Since this ratio is not very large, the fact that we neglected 1/Λ^2 terms may not be justified.

The second remark is about the muon and tau masses. The matrix (17) leads degenerate muon and tau if the parameters of the theory are real or if v_5 = 0. Moreover, in order to reproduce the observed ratio of masses, m_μ/m_τ ∼ 1/16, some amount of fine tuning is needed. Defining a ≡ y_mv, b ≡ i √ 3y^5_mv_5, α ≡ arg(ab^∗), (18) we require |a|^2 + |b|^2 − 2|a||b| cos α |a|^2 + |b|^2 + 2|a||b| cos α ∼ 1 16^2

. (19)

That is, the phase between y_m and y^5_m must be very close to π/2 and the values of a and b must be very close to each other. Given this fine-tuning, it is clear that this model does not try to explain the fermion mass hierarchy: the tuning of the scales of the charged lepton sector is exchanged for a tuning of the scales a and b to be very close to each other.

The neutrino sector works just as in the low-energy A_4 model described in section II. Since the neutrinos are in triplet representation, the Lagrangian is almost the same as in Eq. (6). One issue is that the off-diagonal terms in the Majorana mass matrix require a coupling to T . Coupling to ϕ and ϕ_5 are forbidden by the Z_2 symmetry used to forbid terms involving ϕ^′ in (14). Then the terms relevant for neutrino masses are L = −Mψ^{ca}_nψ^a_n − x_ν Λ ψ^{ca}_nψ^b_nϕ^{′c}T^{abc} − y_νψ^a_ℓ Hψ^a_n. (20)

Recalling that ϕ^′ gets a VEV (v^′, 0, 0)^T and T^{abc} gets a VEV v_T x^{(a}y^bz^{c)}, the neutrino Majorana mass matrix is given by

m^M_ν =

M 0 0 0 M x_ν v^{′ vT}_Λ 0 x_ν v^{′ vT}_Λ M

, (21)

while the Dirac mass matrix is given by

m^D_ν = y_νv_H

1 0 0 0 1 0 0 0 1

. (22)

The low-energy effective Majorana matrix is then

m̃^M_ν = −m^D_ν (m^M_ν )^{−1}(m^D_ν )^{−1} =

−y^2_ν^{v2}_M 0 0 0 y^2_ν^{Mv2H}

x_ν v^{′2}v^2_T −M^2Λ^2 y 2 νx_ν^{v2H v′vT} M^2Λ^2−x^2_ν v^{′2} v^2_T 0 y^2_νx_ν^{v2H v′vT} M^2Λ^2−x^2_ν v^{′2} v^2_T y 2 ν Mv^2_H x_ν v^{′2}v^2_T −M^2Λ^2

. (23)

The matrix (23) has precisely the form (7). Taking into account the action of V on the left-handed handed fields, it can then be diagonalized by rotating the left-handed neutrinos by U_{HPS}. The resulting diagonal mass matrix is

m̃^{diag}_ν = y^2_ν v^2_H Λ MΛ+x_ν v^′v_T 0 0

0^1_M 0 0 0^Λ_{MΛ−xν v′vT} . (24)

Two remarks are in order. First, we emphasis that the the result of the diagonalization is that the physical PMNS matrix is given by the HPS matrix, that is, U = U_{HPS}. The second remark is about the mass splittings in the neutrino sector. The form of the neutrino masses in (24) constraints the scales in the theory. If x_ν v^′v_T ≪ MΛ, then the splittings become very small, in contradiction to the O(100) factor difference in the measured values of Δm^2_{12} and Δm^2_3. We then conclude that x_ν v^′v_T ∼ MΛ. Since we require Λ ≫ v_T ≫ v^′ and perturbative Yukawa couplings, we conclude that v^′ ≫ M. This is not a problem, as both v^′ and M can be much above the weak scale.

V. DISCUSSION AND CONCLUSIONS

We have shown that, in principle, a model of lepton masses and mixings using an A_4 discrete symmetry can be obtained by spontaneously breaking a continuous symmetry. The

U(1)_YSO(3)_F SO(3)_F

FIG. 1: Triangle diagram contributing to a U(1)_Y anomaly if the SO(3)_F flavor symmetry is gauged.

model, however, is not very elegant. We already mentioned the problem of the fine tuning required to get the correct muon and tau masses. We discuss a few other problems below.

The first issue is that of vacuum alignment in the full scalar potential. In previous incarnations of the A_4 model, additional symmetries and, often, scalars are needed in order to ensure the correct vacuum alignment. The question is even trickier in our case. All four scalars in the model need very specific alignments. Without additional symmetries, there are many couplings in the potential between these scalars which affect the vacuum structure. In particular, a possibility is the case where the additional scalars force the scalar T away from the A_4 invariant vacuum. With the many additional degrees of freedom in this model, it is difficult to verify the vacuum alignment or to correct the alignment if it does not follow from the current iteration of the model.

The second is that of anomalies. The most natural way to implement the model would be to gauge the SO(3)_F symmetry. This avoids possible issues with breaking due to gravity, as well as eating any massless Goldstone bosons. If SO(3)_F were a global symmetry, there would be Goldstone bosons that would have to be extremely weakly coupled to the standard model fields in order to not have been detected. Even though they are not directly coupled in this model, it is unclear that, at loop level, the couplings remain small enough to evade bounds. If the symmetry were gauged, however, it would induce a U(1)_Y anomaly via the triangle diagram in Figure 1. Using the Casimir square operator for the 5 dimensional representation, C(5) = 10, the anomaly is given by A^{ab} = ∑ ℓ Y_ℓTr ( {t^a_ℓ , t^b_ℓ} ) − ∑ r Y_rTr ( {t^a_r , t^b_r} ) = 12δ^{ab}, (25)

where ℓ are left-handed fermions and r are right-handed fermions. Such anomalies can be eliminated by introducing new fermions. Note the need to introduce new fermions in the full model once the quarks are included. The additional fermions may lead to new light states. It is beyond the scope of this work to resolve this issue and to present an anomaly-free model for an SO(3) flavor gauge theory.

Our last remark is about possible variation of our model. Our model is minimal in many ways, like the choice of the gauge group, the scalars that breaks SO(3)_F , and the fields we choose. It is likely that in order to achieve the desired vacuum alignment further structure would be necessary, including addition symmetries and matter content. Furthermore, in our model, the origin of the Z_2 symmetry is unexplained. However, Abelian discrete symmetries are easier to produce naturally in the context of orbifolds or spontaneous symmetry breaking. Finally, no attempt has been made to incorporate solutions to the hierarchy problem or other extensions of the Standard Model. In particular, the model has not been made supersymmetric and is four dimensional, while many current models using A_4 symmetry work in supersymmetric theories [17, 18] or theories with extra dimensions [12, 19]. It should be possible to extend our model to fit within the structure of these theories.

Acknowledgments

We thank Csaba Csáki and Yael Shadmi for helpful discussions. This work is supported by the NSF grant PHY-0757868.

APPENDIX A: MATHEMATICS OF A_4

The non-Abelian discrete group A_4 arises in the context of neutrinos as described in section II. For the purposes of this paper, we would like to be able to determine the irreducible representations of this group, to determine the result of products of representations, and to decompose reducible representations into irreducible representations. Accomplishing these goals requires some mathematical background.

The group A_4 is defined to be the group of even permutations of 4 objects. It is isomorphic to the group of rotational symmetries of the tetrahedron. The latter description will be used throughout this work. The group is of order 12 with the elements given as follows:

• The identity 1;

• Rotations by 180^∘ about three orthogonal axes (edge-to-edge);

• Rotations by 120^∘ and 240^∘ about 4 different axes (vertex-to-face).

This description gives the defining representation, which clearly has dimension 3 and indicates that A_4 is a subgroup of rotations in 3 dimensions SO(3). Typically, a basis is chosen where the two generators S and T are given by:

S = 1 0 0 0 −1 0 0 0 −1 , T = 0 1 0 0 0 1 1 0 0

. (A1)

This basis is chosen such that the three 180^∘ rotation axes are the Cartesian coordinate axes.

Two irreducible representations are immediately seen at this point: the defining dimension 3 representation described above and the trivial representation 1. There are two more irreducible representations of A_4. The 1^′ and the 1^{′′} are dimension 1 representations that map the 120^∘ rotations onto ω = e^{2πi/3} and ω^∗ = e^{4πi/3} respectively. The number ω is a cube root of 1 and satisfies 1 + ω + ω^2 = 0. (A2) Notice that these representations are not real. The combination 1^′ ⊕ 1^{′′}, however, is a real representation isomorphic to the group generated by a 120^∘ rotations in 2 dimensions. Thus, any real representation of A_4 must contain 1^′ and 1^{′′} in equal multiplicities.

The products of these representations are as follows:

1^′ × 1^′ = 1^{′′}, 1^′ × 1^{′′} = 1, 1^{′′} × 1^{′′} = 1^′, 1^′ × 3 = 3, 1^{′′} × 3 = 3, 3 × 3 = 3_1 + 3_2 + 1 + 1^′ + 1^{′′}. (A3)

Given two triplets (x_1, x_2, x_3) and (y_1, y_2, y_3), the results of the multiplication of 3 × 3 gives

1 = x_1y_1 + x_2y_2 + x_3y_3, 1^′ = x_1y_1 + ωx_2y_2 + ω^2x_3y_3, 1^{′′} = x_1y_1 + ω^2x_2y_2 + ωx_3y_3, 3_1 = (x_2y_3, x_3y_1, x_1y_2), 3_2 = (x_3y_2, x_1y_3, x_2y_1). (A4)

Furthermore, for a 1^′ (denoted by u) and an 1^{′′} (denoted by v), the multiplications 3 × 1^′ and 3 × 1^{′′} give respectively

3 = u(x_1, ωx_2, ω^2x_3), 3 = v(x_1, ω^2x_2, ωx_3). (A5)

Next we need a way to decompose reducible representations of A_4 into a direct sum of irreducible representations. In order to do this decomposition, we use a theorem about the characters of an element of a representation. Given an arbitrary group G, an element g ∈ G, and a representation ρ of G, the character is defined as

χ_ρ(g) = Trρ(g). (A6)

0^∘ 120^∘ 240^∘ 180^∘

χ_1 1 1 1 1

χ_2 1 ω ω^2 1

χ_3 1 ω^2 ω 1

χ_4 3 0 0 −1

TABLE IV: The character table for A_4, listing the conjugacy classes on the horizontal and the representations on the vertical. Here ω satisfies the equation ω^2 + ω + 1 = 0. The table is taken from [27].

Since the trace is invariant under similarity transformation, every element of a given conjugacy class will have the same character. There are four conjugacy classes for A_4 given by each of the four possible angles of rotation: 0^∘, 180^∘, 120^∘, and 240^∘. The number of conjugacy classes is the same as the number of irreducible representations. This is a general result that holds for any finite group. It allows the construction of a character table listing the characters by irreducible representation and conjugacy class. For A_4, the character table is given in Table IV.

Given a representation ρ which is not necessarily irreducible, irreducible representations ρ_i and an element g ∈ G, the following relation holds:

χ_ρ(g) = ∑ i n_iχ_{ρi} (g), (A7)

where n_i is the multiplicity of ρ_i in the decomposition of ρ into irreducible representations. In the case of A_4, i = 1, 1^′, 1^{′′}, 3. Notice that the number of multiplicities n_i is given by the number of irreducible representations of G. Such an equation can be written down for each conjugacy class of G. Thus, if we wish to determine the multiplicities n_i, we have the same number of variables as equations given by (A7). Given the characters in the representation under study and the irreducible representations, it is then possible to determine the decomposition of the representation ρ into irreducible representations. The characters of the irreducible representations are given by the character table. The characters of the representation under study can be computed directly. In our case, we are interested in studying the representations of A_4 induced by irreducible representations of SO(3). In this case, computing the characters is even simpler as a general formula for the characters in SO(3) has been determined [26]:

χ_j(θ) = sin [(2j + 1)θ/2] sin (θ/2)

, (A8)

where j is the spin of the representation and θ is the angle of rotation.

j n_1 n_1′ n_1′′ n_3 0 1 0 0 0 1 0 0 0 1 2 0 1 1 1 3 1 0 0 2 4 1 1 1 2 5 0 1 1 3

TABLE V: Decomposition of the six smallest representations of SO(3) into irreducible representations of A_4. The 4 rightmost columns indicate the multiplicity of the four irreducible representations of A_4.

For a spin j representation of SO(3), the decomposition under A_4 proceeds as follows. There are four conjugacy classes of A_4, corresponding to rotations by 0^∘, 180^∘, 120^∘, and 240^∘. The characters of these rotations under the representation of SO(3) are given by (A8). The multiplicities of 1^′ and 1^{′′} must be equal since the group SO(3) is real. Then, using (A7), the following set of equations can be written:

2j + 1 = n_1 + 2n_1′ + 3n_3, (−1)^j = n_1 + 2n_1′ − n_3, 2 √ 3 sin (2j + 1)π 3 = n_1 − n_1′ + ω^2n_3 (A9)

Note that the last two equations are cyclic in j with period 6. This results in a pattern with that period. The decomposition for the first six representations is given in Table V. The pattern for a higher representation j can be determined as follows. Let

q = ⌊j/6⌋, r = j mod 6. (A10)

Then for i = 1, 1^′, 1^{′′} we have n_i(j) = n_i(r) + q. (A11) For i = 3 we have n_3(j) = n_3(r) + 3q. (A12) For example, the spin j = 23 representation has q = 3 and r = 5, and thus n_1(23) = 3, n_1′ (23) = n_1′′ (23) = 4 and n_3(23) = 12.

APPENDIX B: MINIMA OF THE POTENTIAL OF A 7 OF SO(3)

In this appendix, we present the determination of the minima of the potential (10) as done in [25]. In order to proceed, it is simplest to reparametrize T^{abc} based on symmetries. Before we do that, however, we start with a simpler example: the case of a triplet. We can write the 3 as the product of a magnitude and a unit vector: v^a = αx^a such that the three parameters are the length of v, denote by α, and the two angles that describe the orientation of v^a. The point to emphasize is that the potential for such a scalar is written as a function of only one of the parameters, the magnitude α. It is given by V = − μ^2 2 v^av^a + λ 4! (v^av^a)^2 = − μ^2 2 α^2 + λ 4! α^4. (B1)

Furthermore, if μ^2 > 0 and λ > 0, the resulting vacuum has the residual symmetry of the unit vector x^a, which is SO(2).

For the 7, the parametrization and potential are both more complicated. There are three orthogonal terms with different symmetries. The first term is invariant under SO(2) as it depends on a single unit vector. The second term is best described geometrically. Consider an arbitrary equilateral triangle in three dimensions. Define three vectors connecting the center of the triangle to each of the three vertices of the triangle. The object defined by these vectors is called a regular 3-point star. Mathematically, it can be written as the symmetric outer product of the three defining vectors. This construction is automatically traceless. The second term is then given by a regular 3-point star defined with unit vectors. Finally, the third term is given by the symmetric product of three orthonormal unit vectors.

Explicitly, the parametrization is T^{abc} = α ( x^ax^bx^c − 3 5 δ^{(ab}x^{c)} ) + βχ^{abc}_{(3)} + γx^{(a}y^bz^{c)}, (B2)

where χ^{abc}_{(3)} describes an arbitrary 3 point regular star with unit length vectors, the vectors x, y, z are orthonormal and χ is orthogonal to x. A general tensor written as in (B2) has 7 parameters as one would expect for a symmetric traceless tensor of rank 3: α, β, γ, the two angles in x^a, the angle of χ_{(3)} about the x axis, and the angle of y about the x axis. The angle of z is determined by requiring orthogonality. There are two advantages to the parametrization (B2). The first is that since the terms are orthogonal and normalized, the potential can now be written in terms of the three parameters α, β, and γ rather than in terms of seven parameters. The second is that, once the vacua are determined, it is far easier to determine the symmetries in this parametrization. The three terms in the parametrization have well-defined symmetry groups. The first is invariant under SO(2) (rotations orthogonal to x). The second is invariant under D_3 since a three point star has the symmetries of a triangle. The third is invariant under A_4, where the three vectors x, y, and z are taken to be the 180^∘ rotation axes. If the basis is chosen such that x, y, and z are along the corresponding axes of the coordinate system, this term is invariant under both S and T given in (A1).

The potential of Eq. (10) written in terms of (B2) depend only of three out of the seven parameters, α, β, and γ. It is given by V = − μ^2 2 ( 2 5 α^2 + 1 4 β^2 + 1 6 γ^2 ) + λ 4 ( 2 5 α^2 + 1 4 β^2 + 1 6 γ^2

)_2 + c ( 44 25^2 α^4 + 1 25 α^2β^2 + 2 25 α^2γ^2 + 1 24 β^2γ^2 + 3 18^2 γ^4 ) . (B3)

In order for an A_4-invariant vacuum to exist, there must be a minimum with α = β = 0 and γ ≠ 0. Indeed, there is such a minimum for a certain portion of parameter space. If c > 0, then there is a D_3 invariant vacuum (only β ≠ 0). For −λ/2 < c < 0, there is an A_4 invariant vacuum. Finally, for c < −λ/2, the potential has a runaway direction. It is possible to spontaneously break SO(3) to A_4 using a single scalar in a spin 3 representation of SO(3) by picking the second case, −λ/2 < c < 0.

[1] M. Apollonio et al. [CHOOZ Collaboration], Eur. Phys. J. C 27, 331 (2003) [arXiv:hep-ex/0301017].

[2] B. Aharmim et al. [SNO Collaboration], Phys. Rev. C 72, 055502 (2005) [arXiv:nucl-ex/0502021].

[3] M. H. Ahn et al. [K2K Collaboration], Phys. Rev. D 74, 072003 (2006) [arXiv:hep-ex/0606032]. [4] K. Abe et al. [Super-Kamiokande Collaboration], Phys. Rev. Lett. 97, 171801 (2006) [arXiv:hep-ex/0607059].

[5] S. Abe et al. [KamLAND Collaboration], Phys. Rev. Lett. 100, 221803 (2008) [arXiv:0801.4589 [hep-ex]].

[6] J. Charles et al. [CKMfitter Group], Eur. Phys. J. C 41, 1 (2005) [arXiv:hep-ph/0406184]. [7] M. Bona et al. [UTfit Collaboration], JHEP 0507, 028 (2005) [arXiv:hep-ph/0501199]. [8] C. Amsler et al. [Particle Data Group], Phys. Lett. B 667, 1 (2008). [9] B. Pontecorvo, Sov. Phys. JETP 26 (1968) 984 [Zh. Eksp. Teor. Fiz. 53 (1967) 1717]. [10] Z. Maki, M. Nakagawa and S. Sakata, Prog. Theor. Phys. 28, 870 (1962). [11] P. F. Harrison, D. H. Perkins and W. G. Scott, Phys. Lett. B 530, 167 (2002) [arXiv:hep-ph/0202074].

[12] G. Altarelli and F. Feruglio, Nucl. Phys. B 720, 64 (2005) [arXiv:hep-ph/0504165]. [13] K. S. Babu, E. Ma and J. W. F. Valle, Phys. Lett. B 552, 207 (2003) [arXiv:hep-ph/0206292]. [14] G. Altarelli, arXiv:0905.2350 [hep-ph].

[15] G. L. Fogli et al., Phys. Rev. D 78, 033010 (2008) [arXiv:0805.2517 [hep-ph]]. [16] G. Altarelli, arXiv:0905.3265 [hep-ph].

[17] E. Ma, Phys. Rev. D 73, 057304 (2006) [arXiv:hep-ph/0511133]; Mod. Phys. Lett. A 22, 101 (2007) [arXiv:hep-ph/0610342]; F. Bazzocchi, S. Kaneko and S. Morisi, JHEP 0803 (2008) 063 [arXiv:0707.3032 [hep-ph]]. P. H. Frampton and S. Matsuzaki, arXiv:0806.4592 [hep-ph];

[18] G. Altarelli and D. Meloni, arXiv:0905.0620 [hep-ph].

[19] C. Csaki, C. Delaunay, C. Grojean and Y. Grossman, JHEP 0810, 055 (2008) [arXiv:0806.0356 [hep-ph]].

[20] G. Altarelli and F. Feruglio, Nucl. Phys. B 741, 215 (2006) [arXiv:hep-ph/0512103]. [21] G. Altarelli, F. Feruglio and Y. Lin, Nucl. Phys. B 775, 31 (2007) [arXiv:hep-ph/0610165]. [22] F. Bazzocchi, S. Morisi and M. Picariello, Phys. Lett. B 659, 628 (2008) [arXiv:0710.2928 [hep-ph]]; F. Bazzocchi, S. Morisi, M. Picariello and E. Torrente-Lujan, J. Phys. G 36, 015002 (2009) [arXiv:0802.1693 [hep-ph]].

[23] A. Adulpravitchai, A. Blum and M. Lindner, JHEP 0909, 018 (2009) [arXiv:0907.2332 [hepph]].

[24] E. Ma and G. Rajasekaran, Phys. Rev. D 64 (2001) 113012 [arXiv:hep-ph/0106291]; E. Ma, Mod. Phys. Lett. A 17 (2002) 627 [arXiv:hep-ph/0203238]. K. S. Babu, E. Ma and J. W. F. Valle, Phys. Lett. B 552 (2003) 207 [arXiv:hep-ph/0206292]; M. Hirsch, J. C. Romao, S. Skadhauge, J. W. F. Valle and A. Villanova del Moral, arXiv:hep-ph/0312244; Phys. Rev. D 69 (2004) 093006 [arXiv:hep-ph/0312265]; E. Ma, Phys. Rev. D 70 (2004) 031901; Phys. Rev. D 70 (2004) 031901 [arXiv:hep-ph/0404199]; New J. Phys. 6 (2004) 104 [arXiv:hep-ph/0405152]; arXiv:hep-ph/0409075; S. L. Chen, M. Frigerio and E. Ma, Nucl. Phys. B 724 (2005) 423 [arXiv:hep-ph/0504181]; E. Ma, Phys. Rev. D 72 (2005) 037301 [arXiv:hep-ph/0505209]; M. Hirsch, A. Villanova del Moral, J. W. F. Valle and E. Ma, Phys. Rev. D 72 (2005) 091301 [Erratum-ibid. D 72 (2005) 119904] [arXiv:hep-ph/0507148]. K. S. Babu and X. G. He, arXiv:hep-ph/0507217; E. Ma, Mod. Phys. Lett. A 20 (2005) 2601 [arXiv:hep-ph/0508099]; A. Zee, Phys. Lett. B 630 (2005) 58 [arXiv:hep-ph/0508278]; X. G. He, Y. Y. Keum and R. R. Volkas, JHEP 0604 (2006) 039 [arXiv:hep-ph/0601001]; B. Adhikary, B. Brahmachari, A. Ghosal, E. Ma and M. K. Parida, Phys. Lett. B 638 (2006) 345 [arXiv:hep-ph/0603059]; L. Lavoura and H. Kuhbock, Mod. Phys. Lett. A 22 (2007) 181 [arXiv:hep-ph/0610050]; S. F. King and M. Malinsky, Phys. Lett. B 645 (2007) 351 [arXiv:hep-ph/0610250]; S. Morisi, M. Picariello and E. Torrente-Lujan, Phys. Rev. D 75 (2007) 075015 [arXiv:hep-ph/0702034]; M. Hirsch, A. S. Joshipura, S. Kaneko and J. W. F. Valle, Phys. Rev. Lett. 99, 151802 (2007) [arXiv:hep-ph/0703046]. F. Yin, Phys. Rev. D 75 (2007) 073010 [arXiv:0704.3827 [hep-ph]]; Prog. Theor. Phys. 119 (2008) 583 [arXiv:0801.0181 [hep-ph]]; B. Brahmachari, S. Choubey and M. Mitra, Phys. Rev. D 77 (2008) 073008 [Erratum-ibid. D 77 (2008) 119901] [arXiv:0801.3554 [hep-ph]]; B. Adhikary and A. Ghosal, Phys. Rev. D 78 (2008) 073007 [arXiv:0803.3582 [hep-ph]]; M. Hirsch, S. Morisi and J. W. F. Valle, Phys. Rev. D 78 (2008) 093007 [arXiv:0804.1521 [hep-ph]]. F. Feruglio, C. Hagedorn, Y. Lin and L. Merlo, arXiv:0807.3160 [hep-ph]; F. Bazzocchi, M. Frigerio and S. Morisi, arXiv:0809.3573 [hep-ph]; W. Grimus and L. Lavoura, arXiv:0811.4766 [hepph]; S. Morisi, arXiv:0901.1080 [hep-ph]; P. Ciafaloni, M. Picariello, E. Torrente-Lujan and A. Urbano, arXiv:0901.2236 [hep-ph]; M. C. Chen and S. F. King, arXiv:0903.0125 [hep-ph]; G. Altarelli, F. Feruglio and C. Hagedorn, JHEP 0803 (2008) 052 [arXiv:0802.0090 [hep-ph]]; Y. Lin, Nucl. Phys. B 813, 91 (2009) [arXiv:0804.2867 [hep-ph]]; arXiv:0903.0831 [hep-ph]. G. C. Branco, R. Gonzalez Felipe, M. N. Rebelo and H. Serodio, Phys. Rev. D 79, 093008 (2009) [arXiv:0904.3076 [hep-ph]]. M. Hirsch, Pramana 72, 183 (2009).

M. Hirsch, S. Morisi and J. W. F. Valle, Phys. Lett. B 679, 454 (2009) [arXiv:0905.3056 [hep-ph]].

P. Ciafaloni, M. Picariello, E. Torrente-Lujan and A. Urbano, arXiv:0909.2553 [hep-ph]. [25] B. A. Ovrut, J. Math. Phys. 19, 418 (1978).

[26] G. Etesi, J. Math. Phys. 37, 1596 (1996) [arXiv:hep-th/9706029].

[27] W. Ledermann, Introduction to group characters, Cambridge University Press, 2nd Edition (1987).