arXiv:0910.4408v1 [hep-th] 22 Oct 2009

. Towards a Supersymmetric Generalization of the Schwarzschild Black Hole

J. C. López-Domínguez,^∗ O. Obregón,^† and S. Zacarías^‡ Departamento de Física, División de Ciencias e Ingenierías, Campus León, Universidad de Guanajuato, P.O. Box E-143, León, Guanajuato, México. (Dated: October 22, 2009)

Abstract

The Wheeler-DeWitt (WDW) equation for the Kantowski-Sachs model can also be understood as the WDW-equation corresponding to the Schwarzschild black hole due to the well known diffeomorphism between these two metrics. The WDW-equation and its solutions are “ignorant” of the coordinate patch one is using, only by imposing coordinate conditions we can differentiate between cosmological and black hole models. At that point, the foliation parameter t or r will appear in the solution of interest. In this work we supersymmetrize this WDW-equation obtaining an extra term in the potential with two posible signs. The WKB method is then applied, given rise to two classical equations. It is shown that the event horizon can never be reached because, very near to it the extra term in the potential, for each one of the equations, is more relevant than the one that corresponds to Schwarzschild. One can then study the asymptotic cases in which one of the two terms in the Hamiltonian dominates the behavior. One of them corresponds to the usual Schwarzschild black hole. We will study here the other two asymptotic regions; they provide three solutions. All of them have a singularity in r = 0 and depending on an integration constant C they can also present a singularity in r = C^2. Neither of these solutions have a Newtonian limit. The black hole solution we study is analyzed between the singularity r = C^2 and a maximum radius r_m. We find an associated mass, considering the related cosmological solution inside r = C^2, and based on the holographic principle an entropy can be assigned to this asymptotic solution.

PACS numbers: 04.70.Bw, 12.60.Jv, 04.65.+e, 04.60.Ds Keywords: Black Holes, Schwarzschild, Supersymmetry.

∗Electronic address: jlopez@fisica.ugto.mx †Electronic address: octavio@fisica.ugto.mx ‡Electronic address: szacarias@fisica.ugto.mx

I. INTRODUCTION

Black hole physics has been extensively studied in the literature. It is useless to try to address the many interesting aspects, even those related with a single topic. A very rich discussion exists in the literature in one of these topics, namely that concerning black holes (event) horizons. One can begin by mentioning the fact that in general relativity [1] for stationary vacuum solutions to the Einstein field equations event horizons arise. Moreover, classical collapse of astrophysical objects results in (future) event horizons [2]. The existence of an event horizon means that one has an inaccesible region, and therefore an external observer must then consider hidden states; pure states become density matrices. So that, seen from outside, the evolution results non–unitary, there is information loss. This is one of those things one has to live with, if one accepts the usual Carter–Penrose diagram. Modifications to this diagram have been proposed based on different theoretical frameworks and models all hinting to a more subtle history for collapse [3]. In classical numerical relativity calculations, event horizons are almost impossible to find with any certainty. Other definitions of horizons like local or quasi–local are used to be able to perform calculations that make sense [4]. It has also been claimed by several authors (see [5] and works cited therein) that there is a variety of physically realistic stellar collapse scenarios in which an event horizon does not in fact forms, so that the singularity remains exposed. Moreover, eventhough astronomers will recognize that what they have observed so far is compatible with the Schwarzschild or Kerr metrics [6], they will also argue that one can not unambiguously conclude that the dark objects they observe are black holes in the sense of general relativity. There is an increasing consensus, or at least suspicion, within the general relativity community that event horizons are simply the wrong thing to be looking at. Other possible definitions of horizons have then been proposed; apparent [7], dynamical [8], trapping [9] horizons that make more physical sense. Very powerful and sophisticated methods have been developed since the birth of general relativity searching for solutions to its field equations. For a long time it has been known that changing the structure of spacetime (i.e. interchanging the coordinates t ↔ r), changes a static solution for a cosmological one and viceversa. The best known case is the Schwarzschild metric that under this particular diffeomorphism transforms into the Kantowski-Sachs metric [10]. This interchange of variables has been recently proposed as a method to generate new cosmological models from stationary axisymmetric solutions [11]. In string theory, it has been suggested that by interchanging r ↔ it we can get time dependent solutions also from static and stationary solutions. In this way we may relate Dp-branes solutions to S-brane solutions, i.e. time-dependent backgrounds of the theory [12]. On the other hand, there are proposals to obtain directly S-brane solutions [13]; thus, if cosmological solutions (i.e. S-branes) can be generated from stationary ones (i.e. Dp-branes), this procedure also works the other way around.

In particular, for a Schwarzschild black hole, Kuchař [14] has shown how to reconstruct the curvature coordinates T and R (or the Kruskal coordinate U and V ) from spherically symmetric initial data. His formalism makes possible a discussion of the action of spacetime diffeomorphism on the quantum geometry. A particular interesting example is the interchange of the curvature coordinates T and R. This choice of coordinates interchanges the static and dynamical regions for the Kruskal diagram transforming the Kantowski-Sachs cosmological metric into the Schwarzschild metric. This relation was taken into account suggesting a canonical approach based on a foliation in the parameter r, by this means a Hamiltonian formalism is developed. This kind of approach was used to find quantum black hole states [15] and a generalization to a noncommutative minisuperspace provides a particular model towards the understanding of noncommutative quantum black holes [16]. The WDW-equation solutions are “ignorant” of the coordinate patch one is using and only when we impose coordinate conditions will there be any difference between cosmological models and black hole solutions. Only at that point will the foliation parameter t and r, respectively, appear in the solution of interest.

Several approaches have been suggested to supersymmetrize the WDW-equation for cosmological models; the first model proposed [17] was based on the fact that shortly after the invention of supergravity [18] it was shown [19], that this theory provides a natural classical square root of gravity. By this means a method for finding square root equations and their corresponding Hamiltonians in quantum cosmology was proposed in [17], that is the study of supersymmetric quantum cosmology. Later, a superfield formulation was introduced, by means of which it is possible to obtain, in a direct manner, the corresponding fermionic partners and also being able to incorporate matter in a simpler way [20]. A third method allows to define a “square root” of the potential, in the minisuperspace, of the cosmological model of interest and consequently operators which square results in the Hamiltonian

[21], other related proposals have been studied [22]. Being the minisuperspace variables in the WDW- equation, and consequently the corresponding wave functions, “ignorant” of the coordinate patch one is using, one imposes coordinate conditions which then produce the difference between cosmological solutions and black hole models.

In this work a WDW-equation for a Schwarzschild black hole, is considered, [10, 15]. It is explicitly shown that, by means of the WKB method, one gets the well known Schwarzschild solution. Making use of the third method mentioned above [21], a quantum supersymmetric Kantowski-Sachs model, and consequently its corresponding supersymmetric quantum black hole model is found. We get operators which square provides two Hamiltonians that generalize the WDW-equation. A simple WKB approach is applied to these Hamiltonians leading to two classical equations, having each one, two asymptotic regions that can be analytically obtained. The Schwarzschild black hole is one of these asymptotic solutions in both cases. However, in general, its horizon can never be reached because when 2m/r is very near to one the other two asymptotic regions, of each one of the equations correspondingly are the valid ones. The analytic solutions can be found for both of them, they are singular at r = 0; depending on an integration constant C, another singularity appears at r = C^2. In these asymptotic regions, neither of the solutions have a Newtonian limit. Eventhough, these asymptotic regions are consequence of supersymmetry, it results of interest to analyze their corresponding classical solutions to understand the behavior of the general classical solution in these asymptotic regions that drastically differ from the Schwarzschild one. It has been shown [23], by solving the Dirac equation, particularly, in the Schwarzschild and Kerr backgrounds that the spinors blow up at the horizon. In our supersymmetric black hole model the fermionic degrees of freedom are intrinsic elements of the theory and they do not allow the presence of the Schwarzschild horizon. Solutions of supergravity theories played a crucial role in important developments in string black hole physics, AdS/CFT and others. It is well known that massive neutral particles cannot be associated with supersymmetric BPS-states, the most simple spherically symmetric solution that admits Killing spinors to satisfy the constrains that define BPS-states is the Reinner-Nordström black hole with M = |Q|[24]. The classical (and quantum) supersymmetric Schwarzschild black hole model we propose is based, as mentioned above, in supersymmetrizing the WDW-equation associated with the standard Schwarzschild black hole. This procedure provides a modified (SUSY quantum)Hamiltonian and its corresponding classical equations that, in this sense define a supersymmetric generalization of the Schwarzschild black hole. Our proposal seems to provide a starting point to understand and construct a first model of a classical supersymmetric Schwarzschild black hole.

If we would apply whole supergravity (N = 1) to the Kantowski-Sachs-Schwarzschild model, instead of directly supersymetrizing its WDW-equation, it is to be expected to get and equivalent Hamiltonian. As already outlined, in this work we will analyze, in the context of the minisuperspace approximation, the generalized supersymmetric WDW-equation for the oldest and most well known black hole that was discovered by Schwarzschild. We will first review, in section II, the WDW-equation for a Schwarzschild black hole, taking advantage of its diffeomorphism with the Kantowski-Sachs model [10, 15], and will use the WKB method to obtain the corresponding well known classical solution. In section III we choose the third and simplest of the three approaches, outlined above, to supersymmetrize the WDW-equation and apply it to define the supersymmetric model for the Schwarzschild black hole. The same kind of result would essentially be obtained by using any of the other two approaches (in the case of the first of them, based directly in supergravity N = 1, the fermionic partners are the gravitinos). In this way the corresponding (super) Hamiltonian is obtained. In section IV, the classical analysis, a WKB approach is performed for the only two diagonal components of the (super) Hamiltonian, and the equations corresponding to the asymptotic regions are analytically solved. As already stated, the standard Schwarzschild metric is the solution to one of them and there are other two asymptotic regions corresponding to each one of the two Hamiltonians. One has two solutions and the other, only one, they have a singularity at r = 0, and can present also another singularity at r = C^2, (C = constant). The Schwarzschild horizon can never be reached because when 2m/r is very near to one, one must consider the other asymptotic region, in each case, and their corresponding solutions. Eventhough, in the framework of our proposal, the Schwarzschild solution and the “supersymmetric” solutions are asymptotic solutions, it seems of interest to study the behavior of the last ones; in section V we analyze one of them that has the two singularities at r = 0 and at r = C^2, find its associated mass in this asymptotic region, and by means of the cosmological model inside r = C^2 and making use of the holographic principle, we are able to propose an entropy related to this solution and show its relation with the mass. Section VI is devoted to discussion and conclusions.

II. WDW EQUATION FOR SCHWARZSCHILD→KANTOWSKI-SACHS

METRICS AND THE CLASSICAL LIMIT.

Let us begin by reviewing the relationship between the cosmological Kantowski-Sachs metric and the Schwarzschild metric [10, 15]. The Schwarzschild solution can be written as

ds^2 = − ( 1 − 2m r ) dt^2 + ( 1 − 2m r )_{−1} dr^2 + r^2 ( dθ^2 + sin^2 θdφ^2 ) . (1)

For the case r < 2m, the g_{tt} and g_{rr} components of the metric change in sign and ∂_t becomes a space-like vector, and ∂_r becomes a time–like vector. If we make the coordinate transformation t ↔ r, we find

ds^2 = − ( 2m t − 1 )_{−1} dt^2 + ( 2m t − 1 ) dr^2 + t^2 ( dθ^2 + sin^2 θdφ^2 ) . (2)

On the other hand, the parametrization by Misner [25] appropriate for the Kantowski-Sachs and Schwarzschild metrics is

ds^2 = −N^2dt^2 + e^{2√3β} dr^2 + e^{−2√3β}e^{−2√3Ω} ( dθ^2 + sin^2 θdφ^2 ) . (3)

The corresponding WDW-equation for the Kantowski-Sachs metric, results in [ − ∂^2 ∂Ω^2 + ∂^2 ∂β^2 + 48e^{−2√3Ω} ] ψ(Ω, β) = 0. (4)

The solution to this equation was given by Misner [25].

Based on the diffeomorphism between the Kanstowski-Sachs and the Schwarzschild metrics, the WDW-equation (4) has been applied to find a quantized version of a Schwarzschild black hole [15]. As mentioned, our objective is to find the (super)WDW-equation corresponding to (4) that can be traduced in a (super)Hamiltonian for a Schwarzschild black hole and will concentrate our study to its classical solutions, i.e. the supersymmetric generalization of the Schwarzschild black hole. In order to obtain that, first we show how to get the solutions (1) and (2) by applying the WKB method to the WDW-equation (4). As well known, we assume that the wave function has the form

ψ = e^{i[S1(Ω)+S2(β)]} . (5)

The usual procedure results in the Einstein-Hamilton-Jacobi equation − ( dS_1(Ω) dΩ )_2 + ( dS_2(β) dβ )_2

− 48e^{−2√3Ω} = 0, (6) one identifies dS_1(Ω) dΩ → Π_Ω and dS_2(β) dβ → Π_β, (7)

where

Π_Ω = − 12 N e^{−√3β−2√3Ω}Ω̇ and Π_β = 12 N e^{−√3β−2√3Ω}β̇, (8) then the classical equation to be solved is 3 N^2 ( Ω̇^2 − β̇^2 ) + e^{2√3Ω+2√3β} = 0. (9)

Making use of the Misner parametrization (3), taking e^{−2√3Ω−2√3β} = t^2, and identifying N^2 = e^{−2√3β}, we get the equation e^{−2√3Ω} ( 1 + 2 √ 3tΩ̇ ) − t^2 = 0, (10)

which solution

e^{−2√3Ω} = 2mt − t^2, (11)

with m = constant, brings us back to the metric (2), and due to the diffeomorphism between the solutions (1) and (2), choosing the parameter r instead of t, we get the Schwarzschild solution (1) as well. So, as it should be, the WKB method applied to the WDW-equation (4) gives the classical equation (10) and its solution (11) is the same as that of the classical Einstein equations.

III. A SUPERSYMMETRIC WDW EQUATION FOR THE MISNER PARAMETRIZATION OF THE KANTOWSKI–SACHS–SCHWARZSCHILD METRICS.

In order to generalize the WDW-equation (4) to its supersymmetric version the third method outlined in the introduction will be used [21, 26, 27]. The Hamiltonian for the homogeneous models can in general be written as

2H_0 = G^{μν} Π_μΠ_ν + U(q), (12) where G^{μν} is the metric in the minisuperspace. It’s possible to find a function ϕ such that G^{μν} ∂ϕ ∂q^μ ∂ϕ ∂q^ν = U(q). (13)

Thus, the minisuperspace Hamiltonian is written in the form H = 1 2 [ QQ + QQ ] = H_0 + 1 2 ∂^2ϕ ∂q^μ∂q^ν [¯ θ^μ, θ^ν ] , (14)

with the non-Hermitian supercharges Q = θ^μ ( Π_μ + i ∂ϕ ∂q^μ ) , Q = θ^μ ( Π_μ − i ∂ϕ ∂q^μ ) , (15)

where θ^ν and θ̄^ν satisfy the spinor algebra {¯ θ^μ, θ̄^ν } = 0, {θ^μ, θ^ν } = 0, {¯ θ^μ, θ^ν } = G^{μν} . (16)

For our model (4) U = −48e^{−2√3Ω} and the Hamilton-Jacobi equation is then − ( ∂ϕ ∂Ω )_2 + ( ∂ϕ ∂β )_2

= −48e^{−2√3Ω}, (17)

a solution is

ϕ = −4e^{√3Ω}, (18)

then according to (15) and (16) the supercharges are given by

Q = θ^Ω(Π_Ω + i4 √ 3e^{−√3Ω}) + θ^βΠ_β ,

Q = θ^Ω(Π_Ω − i4 √ 3e^{−√3Ω}) + θ^βΠ_β, (19)

where Ω and β are the minisuperspace coordinates.

To obtain the supersymmetric Hamiltonian operator it is necessary to find appropriate representations for the bosonic variables and the fermionic ones θ^Ω, θ̄^Ω, θ^β and θ̄^β . The momenta will be the usual differential operators Π_Ω → −i ∂ ∂Ω , Π_β → −i ∂ ∂β and to realize the fermionic variables algebra (16) we will represent them as matrices, in the following manner

2^θ^Ω = γ^1 − iγ^2, 2^θ̄^Ω = γ^1 + iγ^2,

2^θ^β = γ^0 + γ^3, 2^θ̄^β = γ^0 − γ^3, (20) for the γ–matrices we will use the representation

γ^0 =

0 0 0 −i 0 0 i 0 0 −i 0 0 i 0 0 0

, γ^1 = i 0 0 0 0 −i 0 0 0 0 i 0 0 0 0 −i ,

γ^2 =

0 0 0 i 0 0 −i 0 0 −i 0 0 i 0 0 0

, γ^3 =

0 −i 0 0 −i 0 0 0 0 0 0 −i 0 0 −i 0

. (21)

Making use of these operators representation, the ^Q and ^Q operators can be constructed from (19) and with them, a diagonal Hamiltonian operator ^H is obtained, since the first and third as well as the second and fourth operators are equal, the wave function has only two components. The usual WDW-equation (4) is by these means generalized to two quantum equations for the Kantowski-Sachs-Schwarzschild minisuperspace, namely − ∂^2 ∂Ω^2 ψ_± +

∂^2 ∂β^2 ψ_± + 12e^{−2√3Ω} ( 4 ± e^{√3Ω} ) ψ_± = 0, (22)

where ψ_+ and ψ_− correspond to the wave function associated with the (+) and the (−) signs in the potential.

Note that both quantum equations differ from the usual WDW-equation (4) by the same extra term but with different sign. This is similar to what happens in standard supersymmetric quantum mechanics where also extra terms arise in the potential. Eventhough, the last term in (22), is expected to be relevant only when the supersymmetric contribution is larger or of the order of the usual one, it is of interest to study the behavior of these other asymptotic solutions that considerable differ from the Schwarzschild solution, as will be shown.

It is clear that to certain linear combinations of the fermionic operators ^θ^Ω, ^θ^β , ^θ̄^Ω and ^θ̄^β one can associate the eigenvectors 1 0 0 0 , 0 1 0 0 , 0 0 1 0 and 0 0 0 1 . (23)

So, for example, the first eigenvector is an eigenstate with eigenvalue +1 corresponding to one of these particular combinations, having then that the eigenvectors (23) are linear combinations of the eigenstates of the operators (20,21), through an appropriate rotation one could associate the above four eigenstates directly with the fermionic operators ^θ^μ and ^θ̄^μ [17, 22], and by this means identify their contribution to wave function components.

IV. THE CLASSICAL LIMIT OF THE SUPERSYMMETRIC REGION

Following the same procedure, to apply the WKB method presented in section II, one obtains two classical equations corresponding to (22), that written together give 12 N^2 ( Ω̇^2 − β̇^2 ) + e^{2√3Ω+2√3β} ( 4 ± e^{√3Ω} ) = 0. (24) Making use of the Misner parametrization (3), as in section II and using e^{−2√3Ω−2√3β} = t^2 and N^2 = e^{−2√3β} one has 4e^{−2√3Ω} ( 1 + 2t √ 3Ω̇ ) − t^2 ( 4 ± e^{√3Ω} ) = 0. (25) Both of the classical equations (25) present two asymptotic regions for 4 ≫ e^{√3Ω} and another for 4 ≪ e^{√3Ω}. By interchanging t by r, as in section II, the first limit evidently gives the Schwarzschild solution (1), (10) and (11). In the other region the extra term in the potential (25) dominates and one has two equations. We will see that the corresponding solutions present a singularity at r = 0 and depending on the sign of the integration constant C, another singularity could also be present at r = C^2 in both cases. In these “supersymmetric” dominated regions, neither of the solutions can be related with the Newtonian limit. Already, at this stage, equation (25) tells us that the Schwarzschild horizon can never be reached.

As we can deduce from (11), the Schwarzschild case, changing t by r, gives e^{√3Ω} = 1 r ( 1 −^{2m}_r

)_{1/2} . (26)

Independently of the value of r, for 2m/r very near to one, e^{√3Ω} can be very large, e^{√3Ω} ≫ 4 and according to (25) we are then in the other asymptotic regions, not the one corresponding to Schwarzschild and these have different solutions.

The solutions for these asymptotic regions ( when e^{√3Ω} ≫ 4 ) , are:

e^{−√3Ω} = ( 3 4 )_{1/3} r^{2/3} ( ±1 + C √ r )_{1/3} , (27) where C is a constant and taking into account the Misner parametrization (3) and appropriately the coefficients of dt^2 and dr^2 we get

ds^2 = − ( 3 4 )_{2/3} r^{−2/3} ( ±1 + C √ r )_{2/3} dt^2 + ( 4 3 )_{2/3} r^{2/3} ( ±1 + C √ r )_{−2/3} dr^2 + r^2 ( dθ^2 + sin^2 θdϕ^2 ) . (28)

As stated, these solutions are valid only in the asymptotic region e^{√3Ω} ≫ 4. Taking the solution with the positive sign, in the one of the parenthesis, one should consider two cases C > 0 and C < 0. In the first of them, solution 1, there is a singularity only at r = 0. In the second case there is also a second singularity at r = C^2, solution 2. For the solution with the negative sign the constant C can be negative or positive. The first possibility would give a negative value for e^{−√3Ω}, then this is not a valid case. So, we will consider only values C > 0. The singularities for this case will be at r = 0 and at r = C^2, solution 3. In order to exhibit the singularities, the Kretschmann invariant is calculated for the solutions (28), it is given by

K_± = 1 864 ( ±1 +^{C√}_r )_{8/3} r^{22/3} ×

×

3888 6^{1/3}C^4 − 216 6^{1/3}C^3r^{1/2} [ ∓63 + 8 6^{1/3} ( ±1 +^{C√}_r )_{1/3} r^{2/3} ]

+32r^2 [ 71 6^{1/3} ∓ 54 6^{2/3}r^{2/3} ( ±1 +^{C√}_r )_{1/3} + 108r^{4/3} ( ±1 +^{C√}_r )_{2/3}]

±24Cr^{3/2} [ 431 6^{1/3} ∓ 216 6^{2/3}r^{2/3} ( ±1 +^{C√}_r )_{1/3} + 288r^{4/3} ( ±1 +^{C√}_r )_{2/3}]

+27C^2 [ 659 6^{1/3}r ∓ 192 6^{2/3}r^{5/3} ( ±1 +^{C√}_r )_{1/3} + 128r^{7/3} ( ±1 +^{C√}_r )_{2/3}] . (29)

From (29) we can read the above discussed singularities at the origin r = 0 and at the radius r = C^2.

The SUSY-WDW-equation (22) and their corresponding classical equations (24) have in their own structure the information of certain states related with our fermionic variables (“gravitinos” if we would have used the supergravity N = 1 method), they manifest themselves in the potential. As well known, by solving the Dirac equation in the Schwarzschild and Kerr backgrounds the spinors blow up at the horizon [23]. It is then reasonable to expect that a model where the fermionic fields are intrinsically incorporated do not allow the existence of a horizon, as we have shown. It is to be noted that our (quantum)supersymmetric approach removes, in the WKB limit (27), in this SUSY asymptotic region, the horizon but not the singularity at r = 0 that remains in all the three solutions, in fact, in two of them another singularity arises in r = C^2.

V. ANALYSIS OF SOLUTION 2, AN ASSOCIATED MASS AND A POSSIBLE

RELATION WITH THE ENTROPY

Lets us consider

ds^2 = −F dt^2 + F^{−1}dr^2 + r^2 ( dθ^2 + sin^2 θdϕ^2 ) , (30)

with F = ( 3 4 )_{2/3} r^{−2/3} ( 1 − C √ r )_{2/3} and C > 0. The expression given by equation (27) must be positive. This imposes the restriction √ r > C. Also according with equation (25) solution (30) is valid for e^{√3Ω} ≫ 4. This implies (27) that there is a maximum radius r_m > C^2 (in Planck lengths) where this solution is valid. Due to the fact that for large r the Minkowski metric is not a limit of (30), one can consider this metric at r_m as the background metric. With this assumption we can follow a well known proposal [28] to associate a mass to our metric. The mass formula can be expressed as M = − 1 2G_N |g̃_{tt}|^{1/2} |g̃_{rr}|^{3/2} r (g_{rr} − g̃_{rr}) , (31)

where g̃_{tt} and g̃_{rr} correspond to the background metric, in our case ~F and ~F^{−1}, which for an enough large r_m results in

~F^{−1} = ( 4 3 )_{2/3} r^{2/3}_m , (32)

for r = αr_m, α ≪ 1, then

F^{−1} = ~F^{−1}α^{2/3} ( 1 + 2 3 C α^{1/2} r^{1/2}m ) , (33)

and M = − 1 2G_N ~F 2 r ( F^{−1} − ~F^{−1} ) , which results in

M = ( 3 4 )_{2/3} 1 2G_N [ α ( 1 − α^{2/3} ) r^{1/3}_m − 2 3 α^{7/6}Cr^{−1/6}_m ] . (34)

As r_m is proportional to C^2, we have that

M ∼ C^{2/3}. (35)

This relation between the constant of integration C and the mass was to be expected because F = ( 3 4 )_{2/3} ( 1 r − C r^{3/2} )_{2/3} , so C^{2/3} would be related with r, in the same manner as the

mass appears in the usual static metric ∼ M r . The SUSY-WDW-equation (22) provides in the asymptotic region e^{√3Ω} ≫ 4, the black hole solution (30). This has an associated cosmological model inside r = C^2 as it happens in the standard bosonic case (1,2). This cosmological solution can be expressed as (30) but now with F = ( 4 3 )_{2/3} t^{2/3} ( C √ t − 1 )_{−2/3} . (36)

On the other hand, the holographic principle tell us, that for a given volume V the state of maximal entropy is given by the largest black hole that fits inside V , ’tHooft and Susskind [29] argued that the microscopic entropy associated with the volume V should not exceed the Bekenstein-Hawking entropy S ≤^A_{4G} of a certain black hole with horizon area A equal to the surface area of the boundary of V . A particular model to realize this idea was given by Verlinde [30], he generalized the Cardy formula [31] to arbitrary spacetime dimensions and proposed that a closed universe has a Casimir contribution to its energy and entropy and that the Casimir energy is bounded from above by the Bekenstein-Hawking energy. He found that S_{BH} = (n − 1) V 4πGR , where n is the number of space dimensions, V is the volume of the universe and R its radius. This S_{BH} was identified with the holographic Bekenstein-Hawking entropy of a black hole with the size of the universe.

The largest posible radius of the universe (30,36) can not exceed C^2. So, the largest standard black hole fitting V would have also r = C^2 and accordingly the maximum entropy of this universe should be S ∼ A 4G ∼ r^2 ∼ C^4 (note that we can not assign an entropy to our black hole solution outside r = C^2 (30) by following the usual procedure [32], because this solution has not, as already shown, a horizon). Now taking into account M ∼ C^{2/3} (34,35), it results that S ∼ C^4 ∼ M^6. As mentioned, we have not found the general solutions to the classical equations (24,25), the above resulting mass and entropy were obtained in the extreme supersymmetric (or fermionic) limit. As consequence, this entropy S ∼ M^6, with M given by (34,35), should be interpreted as a correction to the usual one emerging in this (extreme) asymptotic (quantum)supersymmetric regime.

VI. CONCLUSIONS

Based on previous works [14, 15], we have first shown that the WDW-equation (4) has a classical limit (10) which solution is the Schwarzschild metric (1), (or the Kantowski-Sachs cosmological model (2)). A supersymmetrization of (4) results in (22) which classical limit (25) shows already (26) that the event horizon can never be reached because very near to it the other term in the potential in (25) dominates. It is known, by solving the Dirac equation, that the spinors blow up at the horizon of the Schwarzschild and Kerr metrics [23]. In our supersymmetry black hole proposal the fermionic degrees of freedom (the gravitinos if we would have used the first supergravity N = 1 [17, 22] method mentioned in this work) are intrinsic elements of the model and they do not allow the presence of an event horizon. Each equation (25) exhibits two asymptotic limits, neither of them correspond to a whole exact solution of this equation. Nevertheless, the Schwarzschild black hole is the solution to one of these asymptotic regions. We have studied the other two possible asymptotic regions, depending on the sign of the extra term in the potential. The three solutions are given by (28). They are singular at r = 0 and depending on the sign of C they can also be singular at r = C^2 (29). None of these “supersymmetric” dominated solutions have a Newtonian limit. We then analyzed the second solution (30), the Minkowski space-time is not a background metric of it. However, there is a maximum radius, r_m > C^2, the metric (30) calculated at r_m is assumed as the background metric. By this means a mass (34) can be associated to this solution and it results that we can relate it with our constant of integration C; M ∼ C^{2/3} (35). Inside r = C^2 one has the cosmological solution (30,36) and according with the holographic principle proposal, the state of maximum entropy should correspond to the entropy associated with the largest standard black hole fitting its volume. The maximum radius of this universe is r = C^2, consequently S ∼ C^4 and by means of M ∼ C^{2/3} (35), it results that S ∼ M^6. This arises in the asymptotic supersymmetric (fermionic) region, so the mass (34,35) and its associate entropy correspond to this extreme regime and could be understood as a (quantum)SUSY correction to the standard black hole entropy.

Acknowledgments

This work was supported in part by CONACyT México Grant 51306 and PROMEP projects.

[1] C. W. Misner, K. S. Thorne and J. A. Wheeler, “Gravitation,” San Francisco (1973), 1279p;

J. B. Hartle “Gravity: An Introductionto Einstein’s General Relativity” Benjamin Cummings, (2003);

S. M. Carroll, “Spacetime and geometry: An introduction to general relativity,” San Francisco, USA: Addison-Wesley (2004) 513p.

[2] B. K. Harrison, K. S. Thorne, M. Wakano, J. A. Wheeler, “Gravitation Theory and Gravitational Collapse,” University of Chicago Press. (1965).

[3] M. Visser, C. Barcelo, S. Liberati and S. Sonego, “Small, dark, and heavy: But is it a black hole?,” arXiv:0902.0346 [gr-qc];

M. Visser, “Black holes in general relativity,” arXiv:0901.4365 [gr-qc].

[4] J. Thornburg, “Event and Apparent Horizon Finders for 3 + 1 Numerical Relativity,” Living Rev. Rel. 10, 3 (2007) [arXiv:gr-qc/0512169];

M. Alcubierre, S. Brandt, B. Bruegmann, C. Gundlach, J. Masso, E. Seidel and P. Walker, “Test-beds and applications for apparent horizon finders in numerical relativity,” Class. Quant. Grav. 17, 2159 (2000) [arXiv:gr-qc/9809004];

T. W. Baumgarte, G. B. Cook, M. A. Scheel, S. L. Shapiro and S. A. Teukolsky, “Implementing an apparent–horizon finder in three dimensions,” Phys. Rev. D 54, 4849 (1996) [arXiv:gr-qc/9606010].

[5] Pankaj S. Joshi, “Gravitational Collapse and Spacetime Singularities,” Cambridge University Press, (2007).

[6] F. Melia, “Supermassive Black Holes,” arXiv:0705.1537 [astro-ph];

M. H. P. van Putten, “Cosmological Flashes from Rotating Black Holes,” [arXiv:astro-ph/0510348];

A. C. Fabian and G. Miniutti, “The X-ray spectra of accreting Kerr black holes,” [arXiv:astro-ph/0507409];

R. Narayan and J. E. McClintock, “Advection-Dominated Accretion and the Black Hole Event Horizon,” New Astron. Rev. 51, 733 (2008) [arXiv:0803.0322 [astro-ph]].

[7] M. Visser, “Lorentzian wormholes: From Einstein to Hawking,” Woodbury, USA: AIP (1995) 412 p;

E. Malec, “Event horizons and apparent horizons in spherically symmetric geometries,” Phys. Rev. D 49, 6475 (1994) [arXiv:gr-qc/9402024];

J. Guven and N. OMurchadha, “Sufficient Conditions for Apparent Horizons in Spherically Symmetric Initial Data,” Phys. Rev. D 56, 7658 (1997) [arXiv:gr-qc/9709066].

[8] A. Ashtekar and B. Krishnan, “Isolated and dynamical horizons and their applications,” Living Rev. Rel. 7, 10 (2004) [arXiv:gr-qc/0407042];

A. Ashtekar, “Black Hole Dynamics In General Relativity,” Pramana 69, 77 (2007). [9] S. A. Hayward, “Energy and entropy conservation for dynamical black holes,” Phys. Rev. D 70, 104027 (2004) [arXiv:gr-qc/0408008].

S. A. Hayward, “Black holes: New horizons,” arXiv:gr-qc/0008071.

L. Andersson, M. Mars and W. Simon, “Local existence of dynamical and trapping horizons,” Phys. Rev. Lett. 95, 111102 (2005) [arXiv:gr-qc/0506013].

[10] R. Kantowski and R. K. Sachs, “Some spatially homogeneous anisotropic relativistic cosmological models,” J. Math. Phys. 7, 443 (1966).

[11] O. Obregon, H. Quevedo and M. P. Ryan, “Time and ’angular’ dependent backgrounds from stationary axisymmetric solutions,” Phys. Rev. D 70, 064035 (2004) [arXiv:gr-qc/0404003].

[12] F. Quevedo, G. Tasinato and I. Zavala, “S-branes, negative tension branes and cosmology,” arXiv:hep-th/0211031.

O. Obregon, H. Quevedo and M. P. Ryan, “Regular non-twisting S-branes,” JHEP 0407, 005 (2004) [arXiv:hep-th/0406116].

G. Tasinato, I. Zavala, C. P. Burgess and F. Quevedo, “Regular S-brane backgrounds,” JHEP 0404, 038 (2004) [arXiv:hep-th/0403156].

[13] F. Leblond and A. W. Peet, “SD-brane gravity fields and rolling tachyons,” JHEP 0304, 048 (2003) [arXiv:hep-th/0303035].

A. Buchel and J. Walcher, “Comments on supergravity description of S-branes,” JHEP 0305, 069 (2003) [arXiv:hep-th/0305055].

H. Garcia-Compean, G. Garcia-Jimenez, O. Obregon and C. Ramirez, “Tachyon driven quantum cosmology in string theory,” Phys. Rev. D 71, 063517 (2005).

[14] K. V. Kuchar, “Geometrodynamics of Schwarzschild black holes,” Phys. Rev. D 50, 3961 (1994) [arXiv:gr-qc/9403003].

[15] M. Cavaglia, V. de Alfaro and A. T. Filippov, “Hamiltonian formalism for black holes and quantization,” Int. J. Mod. Phys. D 4, 661 (1995) [arXiv:gr-qc/9411070]; “Quantization of the Schwarzschild Black Hole,” Int. J. Mod. Phys. D 5, 227 (1996) [arXiv:gr-qc/9508062]. M. Cavaglia, Ph.D. thesis, Trieste, (1996).

O. Obregon and M. P. Ryan, “Quantum Planck size black hole states without a horizon,” Mod. Phys. Lett. A 13 (1998) 3251.

[16] J. C. Lopez-Dominguez, O. Obregon, M. Sabido and C. Ramirez, “Towards noncommutative quantum black holes,” Phys. Rev. D 74, 084024 (2006) [arXiv:hep-th/0607002].

[17] A. Macias, O. Obregon and M. P. Ryan, “Quantum Cosmology: The Supersymmetric Square Root,” Class. Quant. Grav. 4, 1477 (1987).

[18] D. Z. Freedman, P. van Nieuwenhuizen and S. Ferrara, “Progress Toward A Theory Of Supergravity,” Phys. Rev. D 13, 3214 (1976).

[19] C. Teitelboim, “Supergravity And Square Roots Of Constraints,” Phys. Rev. Lett. 38, 1106 (1977);

R. Tabensky and C. Teitelboim, “The Square Root Of General Relativity,” Phys. Lett. B 69, 453 (1977);

M. Pilati, “The Canonical Formulation Of Supergravity,” Nucl. Phys. B 132, 138 (1978). S. Deser, J. H. Kay and K. S. Stelle, “Hamiltonian Formulation Of Supergravity,” Phys. Rev. D 16, 2448 (1977).

[20] O. Obregon, J. J. Rosales and V. I. Tkach, “Superfield description of the FRW universe,” Phys. Rev. D 53, R1750 (1996);

V. I. Tkach, J. J. Rosales and O. Obregon, “Supersymmetric Action For Bianchi Type Models,” Class. Quant. Grav. 13, 2349 (1996);

O. Obregon, J. Socorro, V. I. Tkach and J. J. Rosales, “Supersymmetry breaking and a normalizable wavefunction for the FRW (k = 0) cosmological model,” Class. Quant. Grav. 16, 2861 (1999).

[21] R. Graham, “Supersymmetric Bianchi type IX cosmology,” Phys. Rev. Lett. 67, 1381 (1991);

J. Socorro, O. Obregon and A. Macias, “Supersymmetric microsuperspace quantization for the Taub model,” Phys. Rev. D 45, 2026 (1992).

[22] P. D. D’Eath, S. W. Hawking and O. Obregon, “Supersymmetric Bianchi models and the square root of the Wheeler-DeWitt equation,” Phys. Lett. B 300, 44 (1993). O. Obregon, J. Pullin and M. P. Ryan, “Bianchi cosmologies: New variables and a hidden supersymmetry,” Phys. Rev. D 48, 5642 (1993) [arXiv:gr-qc/9308001]. O. Obregon and C. Ramirez, “Dirac like formulation of quantum supersymmetric cosmology,” Phys. Rev. D 57, 1015 (1998).

[23] G. W. Gibbons, “The Multiplet Structure Of Solitons In The O(2) Supergravity Theory,” Print-82-0183 (CAMBRIDGE), Aug 1981. 5pp. Talk given at Workshop on Quantum Gravity, London, Eng., Aug 1981. Published in Nuffield Workshop 1981:0317 (QC178:W6:1981). G. W. Gibbons and A. R. Steif, “Anomalous fermion production in gravitational collapse,” Phys. Lett. B 314, 13 (1993) [arXiv:gr-qc/9305018].

C. Teitelboim, “Nonmeasurability of the quantum numbers of a black hole,” Phys. Rev. D 5, 2941 (1972).

[24] There is a vast literature, we refer only some reviews:

B. de Wit, “Supersymmetric black holes,” Fortsch. Phys. 54, 183 (2006) [arXiv:hep-th/0511261].

J. Bellorin and T. Ortin, “Characterization of all the supersymmetric solutions of gauged N = 1, d = 5 supergravity,” JHEP 0708, 096 (2007) arXiv:0705.2567 [hep-th]. A. W. Peet, “TASI lectures on black holes in string theory,” [arXiv:hep-th/0008241]. T. Mohaupt, “Supersymmetric black holes in string theory,” Fortsch. Phys. 55, 519 (2007) [arXiv:hep-th/0703035].

D. Marolf, “Black Holes, AdS, and CFTs,” Gen. Rel. Grav. 41, 903 (2009) arXiv:0810.4886 [gr-qc].

R. Emparan and H. S. Reall, “Black Holes in Higher Dimensions,” Living Rev. Rel. 11, 6 (2008) arXiv:0801.3471 [hep-th].

[25] C. Misner,“Minisuperspace”, in Magic without Magic: John Archibald Wheeler (Freeman, 1972).

[26] J. E. Lidsey and P. Vargas Moniz, “Supersymmetric quantization of anisotropic scalar-tensor cosmologies,” Class. Quant. Grav. 17, 4823 (2000) [arXiv:gr-qc/0010073].

[27] C. Kiefer, T. Luck and P. Moniz, “The semiclassical approximation to supersymmetric quantum gravity,” Phys. Rev. D 72, 045006 (2005) [arXiv:gr-qc/0505158]. C. V. Johnson, “D-Branes,” Cambridge, USA: Univ. Pr. (2003) 548 p [28] L. F. Abbott and S. Deser, “Stability Of Gravity With A Cosmological Constant,” Nucl. Phys.

B 195, 76 (1982).

L. F. Abbott and S. Deser, “Charge Definition In Nonabelian Gauge Theories,” Phys. Lett. B 116, 259 (1982).

See also T. Ortin, “Gravity And Strings,” Cambridge Unversity, Cambridge University Press, 2004 p. 179.

[29] G. ’t Hooft, “Dimensional reduction in quantum gravity,” in Salamfestschrift: A Collection of Talks, edited by A. ali, J. Ellis, and S. Randjbar-Daemi (World Scientific, Singapore, 1993). arXiv:gr-qc/9310026.

L. Susskind, “The World As A Hologram,” J. Math. Phys. 36, 6377 (1995) [arXiv:hep-th/9409089].

[30] E. P. Verlinde, “On the holographic principle in a radiation dominated universe,” arXiv:hep-th/0008140.

O. Obregon, L. Patino and H. Quevedo, “Towards the entropy of gravity time-dependent models via the Cardy-Verlinde formula,” Phys. Rev. D 68, 026002 (2003) [arXiv:hep-th/0304196]. B. Wang, E. Abdalla and R. K. Su, “Relating Friedmann equation to Cardy formula in universes with cosmological constant,” Phys. Lett. B 503, 394 (2001) [arXiv:hep-th/0101073]. D. Youm, “A note on the Cardy-Verlinde formula,” Phys. Lett. B 531, 276 (2002) [arXiv:hep-th/0201268].

[31] J. L. Cardy, “Operator Content Of Two-Dimensional Conformally Invariant Theories,” Nucl.

Phys. B 270, 186 (1986).

[32] See by example G. W. Gibbons and S. W. Hawking, “Euclidean quantum gravity,” Singapore, Singapore: World Scientific (1993) 586 p.

G. W. Gibbons and M. J. Perry, “Black Holes And Thermal Green’s Functions,” Proc. Roy. Soc. Lond. A 358, 467 (1978).