arXiv:0910.4779v3 [hep-th] 23 Mar 2010

SU-4252-899

Inequivalence of QFT’s on Noncommutative Spacetimes: Moyal versus Wick-Voros

A. P. Balachandran^{a,b},^∗ A. Ibort^b,^† G. Marmo^c,^‡ and M. Martone^{a,c§} aDepartment of Physics, Syracuse University, Syracuse, NY 13244-1130, USA bDepartamento de Matemáticas, Universidad Carlos III de Madrid, 28911 Leganés, Madrid, Spain cDipartimento di Scienze Fisiche, University of Napoli and INFN, Via Cinthia I-80126 Napoli, Italy

Abstract

In this paper, we further develop the analysis started in an earlier paper on the inequivalence of certain quantum field theories on noncommutative spacetimes constructed using twisted fields. The issue is of physical importance. Thus it is well known that the commutation relations among spacetime coordinates, which define a noncommutative spacetime, do not constrain the deformation induced on the algebra of functions uniquely. Such deformations are all mathematically equivalent in a very precise sense. Here we show how this freedom at the level of deformations of the algebra of functions can fail on the quantum field theory side. In particular, quantum field theory on the Wick-Voros and Moyal planes are shown to be inequivalent in a few different ways. Thus quantum field theory calculations on these planes will lead to different physics even though the classical theories are equivalent. This result is reminiscent of chiral anomaly in gauge theories and has obvious physical consequences.

The construction of quantum field theories on the Wick-Voros plane has new features not encountered for quantum field theories on the Moyal plane. In fact it seems impossible to construct a quantum field theory on the Wick-Voros plane which satisfies all the properties needed of field theories on noncommutative spaces. The Moyal twist seems to have unique features which make it a preferred choice for the construction of a quantum field theory on a noncommutative spacetime.

∗Cátedra de Excelencia SANTANDER-UCIIIM ‡bal@phy.syr.edu †albertoi@math.uc3m.es ‡marmo@na.infn.it §mcmarton@syr.edu

I. INTRODUCTION

It is a general belief that the structure of spacetime may change drastically at Plank scale. In particular in [1] it has been shown, using general considerations on the coexistence of Einstein’s theory of relativity and basic quantum physics, namely Heisenberg’s uncertainty principle, that close to the Planck scale, spacetime may become noncommutative. We can model such spacetime noncommutativity by the commutation relations [^x_μ, ^x_ν ] = iθ_{μν} (1) where θ_{μν} = −θ_{νμ} are constants and ^x_μ are the coordinate functions on R^n :

^x_μ(x) = x_μ. (2)

Relation (1) can be implemented by deforming the product of the standard commutative algebra of functions A_0 ≡ (F (M), m_0) on the Minkowski space-time M ∼= R^4 into a noncommutative one. (Here F (M) denotes smooth, complex valued, functions on M). It has a unit which is preserved by deformation. The former one is a commutative algebra under the standard point-wise multiplication m_0:

m_0(f ⊗ g)(x) = f(x)g(x). (3) There is a general procedure to deform such a product in a controlled way using the so-called twist deformation [2]. It consists in taking into account a limited set of noncommutative products, indicated by m_θ, which can be related in a precise manner to the initial commutative one, m_0. The deformed algebra provided by the new product m_θ is named A_θ ≡ (F (M), m_θ ). Specifically we only consider product m_θ of the form:

m_θ(f ⊗ g) ≡ m_0 ∘ F_θ(f ⊗ g) , (4) where F_θ contains all the information on the “amount of noncommutativity”. F_θ is called the twist and is formally an invertible map from A_θ ⊗ A_θ → A_θ ⊗ A_θ whose dependence on the noncommutativity parameter θ is such that in the limit θ → 0, F_θ → 1 ⊗ 1.

In the present paper we will only consider two particular choices for the twist and consequently for the multiplication map m_θ: Moyal and Wick-Voros planes. The twists, multiplication maps and the deformed algebras of functions in the Moyal and Wick-Voros case will be respectively indicated by (F^M_θ , m^M_θ , A^M_θ ) and (F^V_θ , m^V_θ , A^V_θ ). Both lead to (1).

In the following, for the sake of simplicity, we will work in two dimensions. The generalization to arbitrary dimensions will be discussed in section VI.

In two dimensions, we can always write θ_{μν} as θ_{μν} = θϵ_{μν} (5) ϵ_{01} = − ϵ_{10} = 1 (6) where θ is a constant. Then the two twists F^{M,V}_θ assume the form F^M_θ = exp^i_2 θ[∂_x ⊗ ∂_y − ∂_y ⊗ ∂_x] , (7) F^V_θ = exp^1_2 θ[∂_x ⊗ ∂_x + ∂_y ⊗ ∂_y]F^M_θ = F^M_θ exp^1_2 θ[∂_x ⊗ ∂_x + ∂_y ⊗ ∂_y] . (8) As can be easily checked, both A^M_θ and A^V_θ realize the commutation relations (1). The noncommutative algebras of functions on spacetime with different twisted products which realize (1) are in fact many more. As stated already above, hereafter we will only work with A^{M,V}_θ .

From (7) and (8) the noncommutative product on functions in the two cases follows immediately: (f ⋆_M g)(x) = m_θ(f ⊗ g)(x) = m_0 ∘ F^M_θ (f ⊗ g)(x) ≡ f(x)e^{i2 θαβ ←−∂α⊗} −→ ∂^β g(x) , (9)

(f ⋆_V g)(x) = m_θ(f ⊗ g)(x) = m_0 ∘ F^V_θ (f ⊗ g)(x) ≡ f(x)e i 2 ( θ_{αβ} ←− ∂^α⊗ −→ ∂^β −iθδ_{αβ} ←− ∂^α⊗ −→ ∂^β ) g(x) . (10) If we let the ⋆-product to act on the coordinate functions, we get in both cases the noncommutative relations (1).

We may as well note here that just as two groups can be isomorphic, so too the algebras A^{M,V}_θ are isomorphic. That means that there exists an invertible linear map T: A^M_θ → A^V_θ such that T(f ⋆_M g)(x) = [ (Tf) ⋆_V (Tg) ] (x) . (11) This T is given by T = exp ( − θ 4 ∇^2 ) . (12) Note that T preserves conjugation, T(f^∗) = (Tf)^∗, so that T is a ∗-isomorphism.

From (1), at first sight it seems that the noncommutativity of spacetime coordinates also violates Poincaré invariance: the L.H.S. of (1) transforms in a non-trivial way under the standard action of the Poincaré group whereas the R.H.S. does not. The issue can be solved by noting that the L.H.S. of (1) is to be interpreted in terms of tensor products and m_θ: [x̂_μ, x̂_ν ] = m_θ(x̂_μ ⊗ x̂_ν − x̂_ν ⊗ x̂_μ) . (13) The way the group acts on the tensor product space is a further information which is not given by the way elements of the group act on x̂_μ. For this we need to define a homorphism from P → P ⊗ P which takes the name of coproduct and is indicated by Δ. (More precisely it is a homomorphism from the group algebra C P to C P ⊗ C P.) In physics the standard choice is the trivial map: Δ_0 : g ∈ P → Δ_0(g) = g ⊗ g ∈ P ⊗ P . (14) Once a group is provided with such a further structure Δ, (fulfilling a few other requirements), we get what is called a Hopf algebra. It can then act on tensor products. For example, for Δ_0, P acts on x̂_μ ⊗ x̂_ν according to x̂_μ ⊗ x̂_ν → Δ_0(g)x̂_μ ⊗ x̂_ν := (gx̂_μ ⊗ gx̂_ν ).

In [3–5], it has been shown that there exists a choice for Δ, different from (14), which allows an action of the Poincaré group algebra (indicated in what follows by g ▷ f) preserving the relations (1). The new Poincaré action we get is called the twisted action. The coproduct Δ_θ, which defines it, is called the twisted coproduct. Finally Δ_θ changes the standard Hopf algebra structure associated with the Poincaré group (the Poincaré-Hopf algebra HP) given by Δ_0 (14) to a twisted Poincaré-Hopf algebra H_θP. We now explain these twisted structures.

Following the notation used above, H^{M,V}_θ P and Δ^{M,V}_θ refer to the Moyal and Wick-Voros cases. The explicit form for the deformation of Δ^{M,V}_θ can be obtained by asking the action of the Poincaré group to be an automorphism of the new algebra of functions A^{M,V}_θ on spacetime. That is, the action of the group has to be compatible with the new noncommutative multiplication rule (4): g ▷ m^{M,V}_θ (f ⊗ h)(x) = m^{M,V}_θ (g ▷ (f ⊗ h))(x) . (15) It is easy to see that the standard coproduct choice (14) which works for the commutative product m_0 is not compatible [3–5] with the action of P on the deformed algebra A^{M,V}_θ . In the cases under consideration, where A^{M,V}_θ are twist deformations of A_0, there is a simple rule to get deformations Δ^{M,V}_θ of Δ_0 compatible with m_θ. They are given by the formula: Δ^{M,V}_θ = (F^{M,V}_θ )^{−1}Δ_0F^{M,V}_θ (16) where F^{M,V}_θ are elements in H^{M,V}_θ P ⊗ H^{M,V}_θ P and F^{M,V}_θ are the corresponding realizations of the twist elements F^{M,V}_θ on A^{M,V}_θ .

The deformations of HP = H_0P we consider here are again very specific ones. We only change Δ_0 to Δ^{M,V}_θ leaving the group multiplication the same. For a deeper discussion on deformations of algebras and Hopf algebras, we refer again to the literature [6–9]. For the present work, we need just the essential ingredients for constructing a quantum field theory on noncommutative spacetimes. These are the deformed multiplication rules on the algebra of functions on spacetime (4) and the consequent deformations of the co-product of the symmetry algebra C P given by (16). They modify the way in which P acts on tensor products and hence on multiparticle states.

The results discussed in this paper differ from those of [10] because of the differences in the approaches in the construction of quantum field theories on A^{M,V}_θ . In [10] the existence of quantum field theories as in [11] on A^{M,V}_θ is assumed while here we will discuss their explicit construction.

II. WEAK EQUIVALENCE

We already addressed the question of equivalence of two quantum field theories on noncommutative spaces in [12]. We want to recall briefly here what we called “classical equivalence” there.

Mathematically, in the theories we are dealing with, there are two deformations involved. The first one is at the product (algebraic) level because of the ⋆-product which makes the algebra of functions on spacetime noncommutative. The second is the Hopf algebraic deformation of the symmetry group acting on the deformed algebra of functions. We have shown in [13] how the two are strongly tied, but still mathematically different.

Let us denote by A_θ, H_θ and A^′_θ, H^′_θ two different pairs of deformations of space-time and of the Hopf algebras of the kinematical group acting on them. We will say that the two theories constructed from them are “weakly equivalent” if both pair of algebras are equivalent A_θ ∼= A^′_θ and H_θ ∼= H^′_θ, where the notion of equivalence of deformations of algebras and Hopf algebras can be found respectively in [6] and [8]. (In [12], this equivalence was called “classical equivalence”, but the new name seems more appropriate).

In [12], we have shown that if the pair of deformations are equivalent both at the algebraic and

Hopf algebraic level, then the following diagram is commutative: A_θ ⊗ A_θ^{T⊗T}−−−−→ A^′_θ ⊗ A^′_θ Δθ^{(g)} Δ^′_θ^{(TgT−1)} A_θ ⊗ A_θ^{T⊗T}−−−−→ A^′_θ ⊗ A^′_θ (17)

for all g ∈ H_θ.

Here the map T is the one which maps A_θ to A^′_θ [12]. In section VI we will prove that if A_θ ∼= A^′_θ, then the two Hopf algebra deformations which are compatible with the product in each deformed algebra are also equivalent provided T ∈ H_θ. This result reduces the “weak equivalence” of two field theories on noncommutative spacetimes to the requirement that the two algebras of functions are equivalent under the action of H_θ.

The meaning of diagram (17) is simple. It is just the requirement that the map T which implements the isomporphism A_θ → A^′_θ also correctly implements the isomorphism H_θ → H^′_θ.

We call (17) “weak equivalence” because (17) is not enough to establish the equivalence of quantum field theories on H_θ and H^′_θ. We call the obstruction blocking the implementation of this weak equivalence in quantum field theories a “quantum field anomaly”. It is discussed in what follows. It does not appear in quantum mechanics as already shown in [14].

III. QUANTUM FIELD THEORY ON A NONCOMMUTATIVE SPACETIME

To proceed to a comparison of the two quantum field theories, namely Wick-Voros and Moyal, we should first construct the former one. As already anticipated, in this construction, new features arise with respect to the standard quantum field theory on the Moyal plane [5, 15]. In this section, we are going to explain the general construction of a quantum field theory on a noncommutative spacetime. Then we will show that quantum field theory on the Wick-Voros spacetime is not consistent.

The twisted quantum fields should carry a unitary representation of the Poincaré group which implements the twisted coproduct. These fields should also implement the twisted statistics.

Let us first consider the Moyal case. As our previous work [15] shows,

a^M_p = c_p exp(−^i_2 p_μθ^{μν} P_ν ) (18) a^{M†}_p = c^†_p exp(^i_2 p_μθ^{μν} P_ν ) (19) where c_p, c^†_p are the untwisted θ^{μν} = 0 annihilation and creation operators. (We can assume all such operators to refer to in, out or free operators as the occasion demands), p_μ is the four momentum of the particle whereas P_μ is the momentum operator (of the fully interacting theory). If (a, Λ) → U(a, Λ) is the θ = 0 unitary representation of the Poincaré group, then these operators acting on the vacuum create states which transform with the Moyal coproduct under conjugation by U(a, Λ) [5, 15].

We remark that the Fock space we use here is “standard” and can be created by applying c^†_p’s on the vacuum. The unitarity of U(a, Λ) is with regard to the scalar product on this Fock space.

Transformations of the form (18) and (19) from c_p, c^†_p to a^M_p , a^{M†}_p appeared in the context of integrable models in 1+1 dimensions [16–18] where they are called “dressing transformations”. A discretised version of these formulas has in fact appeared there. For this reason, here too, we will call them dressing transformations.

In these equations, the dressing transformation could have been changed to

a^M_p = exp ( − i 2 p_μθ^{μν}P_ν ) c_p (20)

a^{M†}_p = exp ( i 2 p_μθ^{μν} P_ν ) c^†_p (21) But in fact (18) equals (20) and (19) equals (21) because θ^{μν} = −θ^{νμ} [15, 19]. This observation is important. It ensures that a^M_p is the adjoint of (a^M_p )^† for the standard scalar product on Fock space.

Also the unitary representation of the Poincaré group, acting on untwisted operators, correctly reproduces the twisted transformation law [5].

One can deduce from (18,19) that the twisted Moyal quantum field is

φ^M_θ = φ_0e^{12 ←−∂ μθμν Pν} . (22)

This formula is first deduced for in, out or free fields. For example regarding (18) and (19) to refer to in operators and writing the in field in terms of a^M_p , a^{M†}_p in the standard way,

φ^{M,in}_θ =

∫_d3_p 2|p_0| [ a^M_p e_{−p} + a^{M†}_p e_p ] , (23) e_p(x) = e^{ip·x}, dμ(p) :=^{d3p}_2√_{⃗p2+m2} m = mass of the particle , (24)

we get, using (18) and (19), φ^{M,in}_θ = φ^{in}_0 e^{12 ←−∂ μθμν Pν} . (25)

But since the interacting Heisenberg field becomes the in field as x_0 → −∞, φ_0(x) → φ^{in}_0 as x_0 → −∞ , (26) and P_μ is time-independent, we (at least heuristically) infer (22) for the fully interacting Heisenberg field.

An important feature of (22) is its self-reproducing property: φ^M_θ ⋆_M φ^M_θ ⋆_M ... ⋆_M φ^M_θ N−factors = φ^N_0 e^{12 ←−∂ μθμν Pν} (27)

This property plays a significant role in general theory. It is the basis for the proof of the absence of UV-IR mixing in Moyal field theories (with no gauge fields) [20, 21].

Now consider the Wick-Voros case. The twisted creation operators which correctly create states from the vacuum transforming by the twisted coproduct are [12] a^{V †}_p = c^†_pe^{i2 (pμθμν Pν −iθpν Pν )} (28) where p_ν P_ν uses the Euclidean scalar product. Its adjoint is a^V_p = e^{− i2 (pμθμν Pν +iθpν Pν )}c_p . (29) We prove elsewhere [22] that (28) and (29) are also dictated by the covariance of quantum fields.

The Moyal twist of φ^M_0 is compatible with the adjointness operation since from (20,21) we have for the adjoint (a^{M†}_p )^† of a^{M†}_p , (a^{M†}_p )^† = exp ( − i 2 p_μθ^{μν} P_ν ) c_p = a^M_p . (30) Thus we can put the dressing transformation on the right or on the left, and such flexibility is needed to preserve the †-operation: the dressed operator a^M_p is equal to the adjoint of the dressed operator a^{M†}_p . This is the significance of the remark following (18-21).

The above property fails for the Wick-Voros case. Thus

a^V_p = c_p exp ( − i 2 (p_μθ^{μν} P_ν + iθp_νP_ν ) − θ 2 p_ν p_ν ) ≠ c_p exp ( − i 2 (p_μθ^{μν} P_ν + iθp_νP_ν ) ) . (31) A consequence is that we have to twist the creation-annihilation parts φ^{(±)I}_0 (I=in, out or free) fields separately: φ^{(+)V,I} θ = ∫ dμ(p)a^{V,I†}e_p = φ^{(+)I}_0 e^12^{(←−∂ μθμν Pν −iθ←−∂ μPμ)} , (32) φ^{(−)V,I} θ = ∫ dμ(p)a^{V,I}e_{−p} = e^12^{(−→∂ μθμν Pν +iθ−→∂ μPμ)}φ^{(−)I}_0 , (33) e_p(x) = e^{ip·x}, dμ(p) :=^{d3p}_2√_{⃗p2+m2} m = mass of the field φ^I_0 , (34) where now we have added the superscript I to φ^I_0, a^{V,I†}_p , and a^{V,I}_p .

Therefore the field φ^{V,I}_θ = φ^{(+)V,I}_θ + φ^{(−)V,I}_θ (35) cannot be obtained by an overall twist acting on φ^I_0. As we have to twist the creation and annihilation parts separately, we have to separately twist its positive and negative frequency parts φ^{(±)I}_0 . But we cannot decompose the Heisenberg field φ_0 for θ^{μν} = 0 into φ^{(±)} such that φ^{(±)}_0 → φ^{(±)I}_0 as x_0 → ∓∞. That means that we do not know how to write the twisted Heisenberg field or develop the LSZ formalism for the Wick-Voros case. (The LSZ formalism for the Moyal case was developed from (22) in [23].)

But that is not all. The states created by the Wick-Voros quantum fields φ^{(±)V}_θ are not normalised in the same way as in the Moyal case. For instance

⟨0|a^{V,I}_{k1} a^{V,I}_{k2} a^{V,I†}_{p2} a^{V,I†}_{p1} |0⟩ = (36) = e^{θk1·k2} 4 √ (⃗k^2_1 + m^2)(⃗k^2 + m^2) [ δ^3(k_1 − p_1)δ^3(k_2 − p_2) + e^{i2 k1μθμν k2ν} δ^3(k_1 − p_2)δ^3(k_2 − p_1) ] , I = in, out, |0⟩_{in} = |0⟩_{out}; m = mass of the field φ^I_0 . (37)

For scattering theory, normalisation is important. If we normalise the states as in the Moyal case, since the normalisation constant in (36) is momentum dependent, the normalised states no longer transform with the Wick-Voros coproduct.

The normalisation (36) has been computed using the standard scalar product in the Fock space. We can try changing it [12] so that the states become correctly normalised. But then the representation (a, Λ) → U(a, Λ) ceases to be unitary.

A further point relates to the self-reproduction property of these Wick-Voros fields. φ^{(±)IV}_θ are self-reproductive, but in different ways. Thus φ^{(+)V,I} θ ⋆_V φ^{(+)V,I}_θ ⋆_V ... ⋆_V φ^{(+)V,I}_θ M−factors = ( φ^{(+)I}_0 )_M e^{12 (←−∂ μ)θμν Pν −iθ←−∂ μPμ} (38)

φ^{(−)V,I} θ ⋆_V φ^{(−)V,I}_θ ⋆_V ... ⋆_V φ^{(−)V,I}_θ M^′−factors = e^{12 (−→∂ μ)θμν Pν +iθ−→∂ μPμ} ( φ^{(−)I}_0 )_M ′ (39)

So φ^{V,I}_θ does not have sellf-reproducing property as in (27).

IV. ON A SIMILARITY TRANSFORMATION

There is no similarity transformation transforming a^{M,I}_p , a^{M,I†}_p , a^{V,I}_p , a^{V,I†}_p . One way to quickly see this is to examine the operators without the Moyal part of the twist. So we consider c^I_p, c^{I†}_p and a^{V,I′}_p = e^{12 θpν Pν} c^I_p , (40) a^{V,I′†}_p = c^{I†}_p e^{12 θpν Pν} . (41) Now [c^I_p, c^{I†}_k ] = 2|p_0|δ^3(p − k)1 , (42) p_0 = √ ⃗p^2 + m^2, m = mass of the field φ^I_0 . (43) If there existed a W such that W c^I_pW^{−1} = a^{V,I′}_p , W c^{I†}_p W^{−1} = a^{V,I′†}_p , (44) then we would have [a^{V,I′}_p , a^{V,I′†}_k ] = 2|p_0|δ^3(p − k)1 . (45) But a direct calculation of the L.H.S. using (40,41) shows that is is not equal to the R.H.S..

But there exists an S which transforms a^{M,I†}_p to a^{V,I†}_p : S = e^θ4^{(PμPμ+K)}, K = − ∫ dμ(k)k_μk_μc^{I†}_k c^I_k (46) Sa^{M,I†}_p S^{−1} = a^{V,I†}_p . (47) where, as usual, I on c^{I†}_k , c^I_k denotes in, out or free while in P_μP_μ and k_μk_μ we use the Euclidean scalar product. But Sa^{M,I}_p S^{−1} = e^{− i2 (pμθμν Pν −iθpν pν )}c^I_p = ã^{V,I}_p ≠ a^{V,I}_p . (48) Let us pursue the properties of this operator further.

The operator S leaves the vacuum invariant and shows that certain correlators in the Moyal and Wick-Voros cases are equal. From the explicit expression (46) follows also that the map induced by the operator S is isospectral, but not unitary in the standard Fock space scalar product. It is possible to define a new scalar product which makes S unitary [12]. But U(a, Λ) is not unitary in this scalar product.

Now consider the twisted fields

φ^{M,I}_θ = ∫ dμ(p) [ a^{M,I}_p e_{−p} + a^{M,I†}_p e_p ] , (49) φ̃^{V,I}_θ = ∫ dμ(p) [ ã^{V,I}_p e_{−p} + a^{V,I†}_p e_p ] , (50)

where e_p(x) denotes as usual e^{ip·x}. Then of course, S : φ^{M,I}_θ → S ▷ φ^{M,I}_θ := ∫ dμ(p)S [ a^{M,I}_p e_{−p} + a^{M,I†}_p e_p ] S^{−1} = φ̃^{V,I}_θ . (51)

Also S|0⟩ = S^{−1}|0⟩ = 0 (52) From (51) and (52) we obtain trivially the equality of the n-points correlation functions:

⟨φ^{M,I}_θ (x_1)φ^{M,I}_θ (x_2)...φ^{M,I}_θ (x_N )⟩_0 = ⟨φ̃^{V,I}_θ (x_1)φ̃^{V,I}_θ (x_2)...φ̃^{V,I}_θ (x_N )⟩_0 . (53)

Consider simple interaction densities such as

H^M_I = φ^{M,I}_θ ⋆_M φ^{M,I}_θ ⋆_M ... ⋆_M φ^{M,I}_θ N−factors and H^V_I = φ̃^{V,I}_θ ⋆_V φ̃^{V,I}_θ ⋆_V ... ⋆_V φ̃^{V,I}_θ N−factors . (54)

in either fields.

Since S only acts on the operator parts of the fields, the similarity transformation in (51) will not map H^M_I to H^V_I :

S ▷ H^M_I ≠ H^V_I . (55) Hence

⟨φ^{M,I}_θ (x_1)...φ^{M,I}_θ (x_j )H^M_I (x_{j+1})φ^{M,I}_θ (x_{j+2})...φ^{M,I}_θ (x_N )⟩_0 (56) ≠ ⟨φ̃^{V,I}_θ (x_1)...φ̃^{V,I}_θ (x_j )H^V_I (x_{j+1})...φ̃^{V,I}_θ (x_{j+2})...φ̃^{V,I}_θ (x_N )⟩_0 . (57)

So we can immediately conclude that also in this case the two theories are different.

There is no such S for mapping φ^{M,I}_θ to φ^{V,I}_θ , so that the correlators are not equal even at the free level.

V. A CRITERION FOR THE STRONG EQUIVALENCE OF TWISTED QFT’S

It seems reasonable to assert that two twisted quantum field theories obtained by twisting the same quantum field φ_0 are strongly equivalent if they give the same answer for the same scattering cross sections. This criterion is logically distinct from the criterion requiring the equality of Wightman functions, but is perhaps physically more compelling. The reason that the equality of Wightman functions and that of scattering cross sections need not mutually imply each other is the following. Below, in (58) and (59), we have given the scattering amplitudes in the Moyal and Wick-Voros cases. Even if they were equal due to equality of Wightman functions, it does not mean that the corresponding cross sections are equal, as the states in the two cases are not normalised in the same way.

Let us first recall the expression for a general scattering amplitude of spinless particles of mass m_i in the Moyal case using the LSZ formalism.

As argued heuristically in [23], the LSZ formalism for the Moyal field φ^M_θ leads to the scattering amplitude S^M_θ (k_1, ..., k_N ) = ⟨−k_M , −k_{M−1}, ..., −k_1; out | k_N , k_{N−1}, ..., k_{N−M} ; in⟩_M = ∫ I G^M_N (x_1, x_2, ..., x_N ) (58) where

G^M_N (x_1, ..., x_N ) = T e^i2^{∑I<J ∂I ∧∂J} W^0_N (x_1, ..., x_N ) = T W^M_N (x_1, ..., x_N ) , (59) I = ∏_N i=1 dx_ie^{−iqi·xi} i(∂^2_i + m^2) . (60)

The momenta k_i are taken to be in-going so that ∑ k_i = 0. Also since a^{M†}_k |0⟩ = c^†_k|0⟩ , (61) the single particle states are normalised canonically:

⟨0|a^M_k′ a^{M†}_k |0⟩ = 2|k_0|δ^3(k − k^′) (62)

while the normalisation of the multiparticle states a^{M†}_{k1} · · · a^{M†}_{kN} |0⟩ (63) is consistent with what is required by twisted statistics.

For the Wick-Voros case, we can tentatively construct an in, out or free Wick-Voros field φ^{V,I′′}_θ following the construction (32) of φ^{(+)V,I}_θ : φ^{V,I′′}_θ = φ^I_0(x)e^{12} (_{←−∂ μθμν Pν −iθ←−∂ μPμ}) . (64) The annihilation part of the φ^{V,I′′}_θ differs from φ^{(−)V,I}_θ so that φ^{V,I′′}_θ does not have correct adjointness properties. But the formula (64) does generalise to Heisenberg fields. Using (64), we can obtain a formula like (58) for scattering amplitudes. It is S^{V ′′}_θ (k_1, ..., k_N ) = ⟨−k_M , −k_{M−1}, ..., −k_1; out | k_N , k_{N−1}, ..., k_{N−M} ; in⟩_V = ∫ IG^{V ′′}_N (x_1, ..., x_N ), (65) G^{V ′′}_N (x_1, ..., x_N ) = T e^i2^{∑I<J ∂I ∧∂J} e^θ2^{∑I<J ∂I ·∂J} W^0_N (x_1, ..., x_N ) = T W^V_N (x_1, ..., x_N ) (66) where ∂_I · ∂_J uses the Euclidean scalar product.

There is no reason to expect that S^{V ′′}_θ (k_1, ..., k_N ) = S^M_θ (k_1, ..., k_N ). In particular there is a problem with the normalisation of the states associated with a^{V,I†} as was pointed out already in (36).

We note however that the field (64) does have the self-reproducing property.

VI. FURTHER REMARKS ON WEAK EQUIVALENCE

We can now briefly outline how to generalize our considerations on the Wick-Voros twist (8) to 2N-dimensions^1. We can always choose x̂_μ so that θ_{μν} , now an 2N × 2N skewsymmetric matrix, becomes a direct sum of N 2 × 2 ones. These 2 × 2 matrices are of the form (5), but different 2×2 matrices may have different factors θ. For every such 2 × 2 block, we have a pair of x̂’s which can be treated as in the 2-dimensional case above. (Of course there is no twist in any block with a vanishing θ.) We want also to show the technical result anticipated in section III which connects the cohomologies describing deformations of Hopf algebras and their module algebras. In particular, given two deformations of the spacetime algebra of functions A_θ and A^′_θ and the compatible deformations of the action of Poincaré group algebra C P_θ and C P^′_θ in the sense of (16), the condition of equivalence of two algebraic deformations is: ∀ f_1, f_2 ∈ A_θ, T [ (f_1 ⋆ f_2) ] (x) = [ T(f_1) ⋆^′ T(f_2) ] (x) . (67)

1 In 2N + 1-dimensions, we can always choose θ_{μν} so that θ_{μ,2N+1}=θ_{2N+1,μ}=0.

where ⋆ and ⋆^′ are the deformed products in, respectively, A_θ and A^′_θ and T : A_θ → A^′_θ is the invertible map which implements the equivalence.

The condition of equivalence of the two Hopf algebras characterized by the twists F_θ and F^′_θ, call them HP_θ and H^′P_θ [8], is F^′_θ = Δ_0(T^′)F_θT^{′−1} ⊗ T^{′−1} . (68) Here T^′ maps H to H^′ according to H ∋ h → T^′hT^{′−1} = h^′ ∈ H^′ (69) where T^′ is an element of the Hopf algebra. The condition of “weak equivalence” also involves a further condition: the map T and T^′ must be the same.

This condition of weak equivalence can be formulated for any two Hopf algebras H and H^′ acting on two algebras A and A^′ respectively if the following conditions are fulfilled:

1) A and A^′ as vector (topological) spaces are the same and differ only in their multiplications maps m and m^′.

2) The Hopf algebras H and H^′ as algebras are the same and act on elements of A and A^′ in the same way. They differ only in their coproducts.

3) The products m and m^′ in A and A^′ are given by twists F ∈ H ⊗ H and F^′ ∈ H^′ ⊗ H^′ and a common multiplication map m_0 as follows:

m(f ⊗ g) = m_0F(f ⊗ g) (70) m^′(f ⊗ g) = m_0F^′(f ⊗ g) (71)

4) The algebra A_0 with the multiplication map m_0 is also a module for a Hopf algebra H_0. H_0 differs from H and H^′ only in its coproduct. It acts on elements of A_0 just as H and H^′ act on elements of A and A^′

We consider only such algebras below. They cover the case of Moyal and Wick-Voros algebras and their corresponding Poincaré-Hopf algebras.

We are now going to show that if the two algebras A and A^′ are equivalent, that is (67) is satisfied, then the equivalence automatically lifts to the equivalence of the corresponding Hopf algebras provided that T ∈ H. In that case T^′ = T We can hence say that what has been called “weak equivalence” is nothing but the equivalence of the two algebras A and A^′ under a map T∈ H.

Let Δ_0, Δ and Δ^′ be the coproducts for H_0, H and H^′. The proof is easily obtained by writing (67) using (4): T [ m_0 ∘ F(f_1 ⊗ f_2) ] (x) = m_0 ∘ F^′ [ T ⊗ T(f_1 ⊗ f_2) ] (x) . (72) Since the co-product compatible with the point-wise product is Δ_0, we get: [ m_0 ∘ Δ_0(T)F_θ(f_1 ⊗ f_2) ] (x) = m_0 ∘ F^′_θ [ T ⊗ T(f_1 ⊗ f_2) ] (x) (73)

which translates exactly into the equivalence condition (68) on the twists.

VII. CONCLUSIONS

In the present paper we have addressed the question of how the freedom left by relations (1) on possible algebra and Hopf algebra deformations implementing them, gets reflected on the quantum field theory side. The study was started in [12], but in the present work, a much more systematic presentation has been given. The approach to noncommutative quantum field theories we have used throughout the paper is based on the twisted fields [5]. Our analysis shows that although the different algebra and Hopf algebra deformations may belong to the same equivalence class, the process of quantization introduces nontrivial subtleties which deserve to be studied in more depth in the future. Specifically we dealt with two twist deformations leading to the weakly equivalent Moyal and Wick-Voros algebras of functions. We then showed that quantum field theories on these planes are inequivalent. In particular the necessity of a non-unitary term in the dressing transformation of quantum fields on the Wick-Voros plane seems to make quantum field theories on this plane inconsistent. This result gives a preferred status to the Moyal twist to construct noncommutative quantum field theories.

The issues we have addressed here must be studied further. In particular a clearer physical understanding of the freedom available in choosing a particular algebra and Hopf algebra deformation is needed. Thus in noncommutative geometry we take commutation relations among spacetime coordinates such as (1) to be fundamental to define the noncommutativity of spacetime, the particular twist deformations like (7) and (8) being just ways to implement them. The inequivalence of quantum field theories derived from different algebra deformations raises questions about such a point of view.

VIII. ACKNOWLEDGEMENTS

It is a pleasure for Balachandran, Marmo and Martone to thank Alberto Ibort and the Universidad Carlos III de Madrid for their wonderful hospitality and support. It is a pleasure for Balachandran and Martone also to thank Alvaro Ferraz and the Centro Internacional de Física da Matéria Condensada of Brasilia where this work started. We also thank A. Pinzul and A. R. Queiroz for extensive and very useful discussions at Brasilia about aspects of this work at its initial stages.

The work of Balachandran and Martone was supported in part by DOE under the grant number DE-FG02-85ER40231 and by the Department of Science and Technology, India.

[1] S. Doplicher, K. Fredenhagen and J. E. Roberts, Spacetime quantization induced by classical gravity, Phys. Lett. B 331, 33-44 (1994).

[2] V. G. Drinfel’d, Leningrad Math. J. 1 321 (1990).

[3] M. Chaichian, P. Kulish, K. Nishijima, A. Tureanu, On a Lorentz-invariant interpretation of noncommutative space-Time and its implications on noncommutative QFT, Phys. Lett. B 604, 98-102 (2004), [arXiv:hep-th/0408069].

[4] J. Wess, Deformed Coordinates Spaces; Derivatives (2004), [arXiv:hep-th/0408080] [5] A. P. Balachandran, A. Pinzul and B. A. Quereshi, Twisted Poincaré invariant quantum field theories, Phys. Rev. D 77, 025021(2008) [arXiv:hep-th/0708.1779].

[6] G. Dito and D. Sternheimer, Deformation quantization: genesis, developments and metamorphoses, in Deformation quantization (G. Halbout, ed.), IRMA Lectures in Math. Physics I, 9-54, (Walter de Gruyter, Berlin 2002). math.QA/02201168 (2002) [7] V. Chari and A. Pressley, A guide to quantum groups, Cambridge University Press, Cambridge (1994).

[8] S. Majid, Foundations of Quantum Group Theory, Cambridge University Press, Cambridge (1995)

[9] P. Aschieri, Lectures on Hopf Algebras, Quantum Groups and Twists, (2007) [arXiv:hepth/070313v1] [10] S. Galluccio, F. Lizzi and P. Vitale, Twisted noncommutative field theory with the Wick-Voros and Moyal products, Phys. Rev. D 78, 085007 (2008), [arXiv:hep-th/0810.2095].

[11] P. Aschieri, F. Lizzi and P. Vitale, Twisting all the way: From Classical Mechanics to Quantum Fields, Phys. Rev. D 77, 025037 (2008) [arXiv:hep-th/0708.3002] [12] A. P. Balachandran and M. Martone, Twisted Quantum Fields on Moyal and Wick-Voros Planes are Inequivalent (2009), [arXiv:hep-th/0902.1247] [13] A. P. Balachandran and M. Martone, Space-time from Symmetry: The Moyal Plane from the Poincaré-Hopf Algebra (2009) [arXiv:hep-th/0902.3409] [14] A. P. Balachandran, T. R. Govindarajan, A. G. Martins, C. Molina, P. Teotonio-Sobrinho, Unitary quantum physics with time-space non-commutativity, JHEP 0410:072 (2004), J. Phys. Conf. Ser. 24:179-202 (2005) [arXiv:hep-th/0406125] [15] A. P. Balachandran, T. R. Govindarajan, G. Mangano, A. Pinzul, B. A. Quereshi and S. Vaidya Statistics and UV-IR Mixing with Twisted Poincaré Invariance, Phys. Rev. D 75, 045009 (2007) [arXiv:hep-th/0608179] [16] H. Grosse, Phys. Lett. B 86, 267 (1979) [17] A. B. Zamolodchikov and Al. B. Zamolodchikov, Factorized S-Matrices in Two Dimensions as the Exact Solutions of Certain Relativistic Quantum Field Theory Models, Annals Phys. 120, 253 (1979) [18] L. Faddeev, Quantum completely integrable models in field theory, Sov. Rev. C 1, 107 (1980) [19] A. P. Balachandran, G. Mangano, A. Pinzul and S. Vaidya, Spin and statistics on the Groenwald- Moyal plane: Pauli-forbidden levels and transitions, Int. J. Mod. Phys. A21:3111-3126 (2006) [arXiv:hep-th/0508002] [20] A. P. Balachandran, A. Pinzul and B. A. Qureshi, UV-IR mixing in non-commutative plane, Phys. Lett. B634:434-436 (2006) [arXiv:hep-th/0508151] [21] A. P. Balachandran, A. Pinzul and A. R. Queiroz, Twisted Poincaré Invariance, Noncommutative Gauge Theories and UV-IR Mixing, Phys. Lett. B 668, 241-245 (2008), [arXiv:hep-th/0804.3588] [22] A. P. Balachandran, A. Ibort, G. Marmo and M. Martone, in preparation.

[23] A. P. Balalchandran, T. R. Govindarajan and Sachindeo Vaidya, Spontaneous Symmetry Breaking in Twisted Noncommutative Quantum Theories, Phys. Rev. D 79, 105020 (2009) [arXiv:hepth/0901.1712]