arXiv:0911.0148v2 [hep-th] 9 Apr 2010

Near Horizon of 5D Rotating Black Holes from 2D Perspective

Hesam Soltanpanahi^1

Department of Physics, Isfahan University of Technology, Isfahan 84156-83111, Iran

Abstract

By investigating the 2D perspective of the asymptotic symmetries of the near horizon of 5D extremal rotating black holes, we study the corresponding CFT dual. We show that from this point of view both of the gauge fields, corresponding to the two rotating coordinates, play the same role in the asymptotic symmetry and derivation of the associated central charge. We show our results are in agreement with the generalization of Kerr/CFT approach to 5D extremal black holes.

1e-mail: h soltanpanahi@ph.iut.ac.ir

Contents

1 Introduction 1

2 Review of 5D ERBH/CFT 2

3 2D View of 5D Extremal Rotating Black Holes 3 3.1 5D ERBH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 3.2 Solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 3.3 Boundary Terms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 3.4 Consistency of Boundary Conditions . . . . . . . . . . . . . . . . . . . . . . 7

4 Conserved Charges and Central Charge 8 4.1 Diffeomorphism Charge . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 4.2 Gauge Transformation Charges . . . . . . . . . . . . . . . . . . . . . . . . . 9 4.3 Central charge . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 4.4 Levels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

5 Myers-Perry Black Hole 11

6 Conclusion and Discussion 12

1 Introduction

Five dimensional black holes have been interested from the seminal work on computing the entropy of a 5D black hole by Strominger and Vafa in the context of string theory [1]. Recently by extending the Kerr/CFT [2] approach to 5D extremal black holes a wide class of such solutions are studied [3]-[11]. An important point of these studies is the appearance of two rotating coordinates in the near horizon geometry of the most of these solutions beside an AdS_2 part. It was proposed in some of those works that, corresponding to each of the rotating coordinate there is one CFT.

It was shown in [10] that these two CFTs are related to each other by the SL(2,Z) group which is the symmetry of the near horizon geometry of the 5D black holes with two rotating coordinates. For this propose the boundary conditions associated to the rotating coordinates are of the same order, and so the symmetry of the rotating coordinates is not destroyed by the fluctuations. This symmetry does not exist for the 5D black objets with only one.

The 2D approach to this problem, which is the subject of study in this paper, implies that the consistency of boundary conditions requires that the two gauge fields should be treated on the same footing in the study of asymptotic symmetries. This results in only one CFT (at least a unique central charge) corresponding to the near horizon geometry of the 5D extremal black holes.

From the 2D point of view, each of the rotating coordinates corresponds to one of the gauge field and we have a AdS_2 solution. Both of them should be considered to defining the consistent boundary conditions and boundary energy momentum tensor, and at the end both of them appear in computing the central charge of the chiral CF T_2, which is conjectured as CFT, correspond to the AdS_2 solution. This approach to evaluating the contribution of gauge fields resembles the Sen’s approach in quantum entropy function [12] where all of the gauge fields are considered in the same manner in the thermodynamics of the extremal black holes.

In this paper following the Castro and Larsen [13] we reduce the near horizon geometry of 5D extremal rotating black hole solution to a 2D theory and investigate the properties of the boundary energy momentum tensor of the AdS solution.

We show that the variation of the energy momentum tensor under diffeomorphisms which should be combined with gauge transformations [14] admits a central charge. We calculate the associated central charge For Myers-Perry black hole [15] and show the agreement with previous results.

The remaining of this paper is organized as follows. Since we intend this article will be self contained we briefly review the 5D extremal rotating black hole and its CFT dual from 5D point of view in §2. In §3 following [13] we study the reduction of 5D extremal rotating black hole to 2D and the AdS solution of this theory. Then we derive the boundary terms of the action and investigate the consistency of the boundary conditions which are allowed from 2D viewpoint. After that in §4 by using the notion of Peierls bracket [16] and counter-term subtraction charge [17] we define the associated charge and compute the central charge associated to the variation of the boundary energy momentum tensor. In §5 we study the Myers-Perry black hole. The near horizon geometry of this black hole has two rotations. We show the agreement of our results with the previous calculations. §6 is devoted to conclude our results and give some discussions.

2 Review of 5D ERBH/CFT

In this section we give a brief review of the Kerr/CFT approach to 5D extremal rotating black holes [10]. The reader who is familiar with the Kerr/CFT approach can skip this section. We only review the main steps of calculations and will not discuss the details, which can be found in [10].

The near horizon geometry of 5D ERBH is given by [22]^2

ds^2_5 = F (θ)ds^2_{AdS2} + σ(θ)dθ^2 + γ_{ij}(θ)(dx^i + k^irdt)(dx^j + k^j rdt). (1)

A possible boundary condition for the fluctuations around the geometry (1) is,

h_{μν} ∼ O r^2 1/r^2 1/r r r 1/r^3 1/r^2 1/r 1/r 1/r 1/r 1/r 1 1 1 , (2)

in the basis (t, r, θ, ϕ_1, ϕ_2). This boundary conditions is consistent with the symmetry of the near horizon geometry which combine the ϕ_is coordinate with each other.

The general diffeomorphism preserving the boundary conditions (2) is given by, ζ = [ C + O( 1 r^3 ) ] ∂_t + [rϵ(ϕ_1, ϕ_2) + O(1)] ∂_r + O( 1 r )∂_θ + [ λ_1(ϕ_1, ϕ_2) + O( 1 r^2 ) ] ∂_{ϕ1} + [ λ_2(ϕ_1, ϕ_2) + O( 1 r^2 ) ] ∂_{ϕ2} , (3)

2We absorb the AdS_2 radius in F (θ).

where ϵ(ϕ_1, ϕ_2) and λ_i(ϕ_1, ϕ_2) are arbitrary smooth periodic functions of ϕ_1 and ϕ_2.

It was shown [10] that a class of diffeomorphism’s generators has basis ζ_m = −e^{−imϕ1} ∂_{ϕ1} − e^{−imϕ2} ∂_{ϕ2} − 2imr(e^{−imϕ1} + e^{−imϕ2} )∂_r, (4) satisfying the Virasoro algebra [ζ_m, ζ_n]_{Lie} = −i(m − n)ζ_{m+n}. These generators correspond to a chiral conformal group of CFT_2.

Using the definition of diffeomorphism’s charges [18, 19] and the Brown-Henneaux approach [20] it was shown that there is a Virasoro algebra between the associated charges with the central charge which is given by c = 3(k_1 + k_2) 2π ∫ dθdϕ_1dϕ_2 √ σ(θ)γ(θ). (5) One should note that both of the k_is, which correspond to the angular momenta, contribute in the value of central charge (5).

In the next two sections we confirm this result from the 2D perspective. For this propose we reduce the near horizon geometry to 2D by integrating out the angular coordinates. The resulting solution has an AdS_2 metric and two gauge fields related to two angular momenta. We show that the combination of the diffeomorphisms and gauge transformations of both of the gauge fields is consistent for investigating the variation of the boundary energy momentum tensor. In §5 we show the agreement of 2D results with the 5D results for Myers-Perry black hole.

3 2D View of 5D Extremal Rotating Black Holes

In this section, we study the 5D Extremal Rotating Black Holes (ERBH) from the 2D perspective. The next section is devoted to calculating the conserved charges and central charge following Castro and Larsen [13]. All of the steps and arguments are similar to [13] so we do not give the details. By using the reduction we will show both of the gauge fields in 2D, associated to two rotating coordinates, play the same role in studying the asymptotic symmetry and the AdS_2/CFT_1 correspondence. This is the 2D evidence for the arguments in §2 where explained that one should consider the boundary conditions such that both of the rotating coordinates are of the same order.

3.1 5D ERBH

We start with the general form of the 5D ERBH with two angular momenta and by reduction on angular coordinates we obtain a 2D effective theory. As we mentioned in (1), the near horizon geometry of 5D ERBH with two nonzero rotations is given by

ds^2_5 = F (θ)ds^2_{AdS2} + σ(θ)dθ^2 + γ_{ij}(θ)(dx^i + k^irdt)(dx^j + k^j rdt), (6)

where F (θ), σ(θ) and γ_{ij}(θ) are the functions of only θ. x^i ,i = 1, 2 correspond to the rotating coordinates.

2D theory is described by a general 2D metric

ds^2 = g_{μν} dx^μdx^ν , (7) and two gauge fields corresponding to the rotations as

A^i = A^i_μdx^μ, i = 1, 2, (8)

with μ, ν = t, r. We also couple the size of the angular coordinates to the scalar field ψ such that ds^2 = F (θ)ds^2 + e^{−2ψ}[σ(θ)dθ^2 + γ_{ij}(θ)(dx^i + A^i)(dx^j + A^j)]. (9) Raising and lowering of all indices and all of the operators are defined by g_{μν} . The associated gauge field strengths are denoted by F^i = dA^i.

The 5D Einstein Hilbert action is

S_{(5)} = 1 16πG_5 ∫ d^5x √ −g_5R^{(5)}, (10)

From the 2D viewpoint, using the ansatz (9) the 5D Ricci scalar simplifies as^3

R^{(5)} = 1 F (θ) [ R^{(2)} − 3e^{2ψ}∇^2e^{−2ψ} ] − e^{−2ψ} F (θ)^2 γ_{ij}(θ)F^i_{μν} F^{j,μν} + H(θ)e^{2ψ} (11) in which H(θ) = 1 σ { 1 2 ( d dθ ln F γ )_2 − 2 F ( d^2F dθ^2 ) − 3 2γ det| d dθ γ_{ij} | + ( d dθ ln F γ ) ( d dθ ln σ )

− 1 f ( d dθ ln σ ) [ γ_{ϕϕ} ( d^2γ_{ψψ} dθ^2 ) + γ_{ψψ} ( d^2γ_{ϕϕ} dθ^2 ) − 2γ_{ϕψ} ( d^2γ_{ϕψ} dθ^2 )] } , (12)

and the determinant is √ −g_5 = e^{−3ψ} √ F (θ)^2σ(θ)γ(θ) √ −g, (13) where γ(θ) ≡ det|γ_{ij}(θ)|. (14) By integrating over the angular coordinates, the 2D effective action of ERBH can be derived as

S_{(2)} = πα 4G_5 ∫ d^2x √ −g [ e^{−3ψ}R^{(2)} + βe^{−ψ} + 8 3 ∇_μe^{− 32 ψ}∇^μe^{− 32 ψ} − M_{ij} F^i_{μν} F^{j,μν} e^{−5ψ} ] , (15)

in which α = ∫ dθ √ σ(θ)γ(θ), (16) β = 1 α ∫ dθ √ F (θ)^2σ(θ)γ(θ)H(θ), (17) M_{ij} = 1 α ∫ dθ √ F (θ)^2σ(θ)γ(θ) F (θ)^2 γ_{ij}(θ). (18)

Action (15) treat in the manner of the generic dilaton gravity in 2D with gauge fields which was given in [21].

3We decouple the indices of coordinate ,μ, and the index of gauge fields, i, by “,”.

3.2 Solutions

Since we are interested in solutions which are corresponded to the geometry (6), we limit ourselves to the solutions with constant ψ and solve following equations of motion,

3R^{(2)}e^{−2ψ} − 5M_{ij} F^i_{μν} F^{j,μν}e^{−4ψ} + β = 0, (19) 1 2 ( β − M_{ij} F^i_{ρτ} F^{j,ρτ} e^{−4ψ} ) g_{μν} + 2M_{ij} F^i_{μρ}F^{j,ρ}_ν e^{−4ψ} = 0, (20)

∇_μF^{i,μν} = 0. (21)

The first and second equations can be simplified to M_{ij} F^i_{μν} F^{j,μν} = −βe^{4ψ} (22) R^{(2)} = −2βe^{2ψ} (23)

Assuming β > 0, which is natural for reduction of extremal solution over angular coordinates, this solution is locally AdS_2 with radius

l_{AdS} = ( 1 β )^{1/2}e^{−ψ} ≡ le^{−ψ}. (24)

As one can see from (17) l_{AdS} is dimensionless. It is because we absorb the radius of the AdS_2 part of the near horizon geometry (6) in F (θ).

Without losing generality we work in the gauge

ds^2 = e^{−2ψ}dρ^2 + g_{tt}dt^2, A^i_μdx^μ = A^i_t(ρ, t)dt. (25)

In this gauge, the general form of the solution of equations of motion are given by g_{tt} = − 1 4 e^{−2ψ} ( e^{ρ/l} − f(t)e^{−ρ/l} )_2 (26)

A^i_t = λ^i 2l e^{ρ/l} ( 1 − √ f(t)e^{−ρ/l} )_2 (27)

with the constraint M_{ij} λ^iλ^j = l^2 2 . (28)

Note that the constants λ_i ≠ 0 is inherited from k_i ≠ 0, which means the near horizon geometry of 5D ERBH (6) has two angular momenta.

This solution can be described by the Fefferman-Graham expansion and the asymptotic behavior of the metric, scalar and gauge fields are given by

g^{(0)}_{tt} = − 1 4 e^{−2ψ(0)} e^{2ρ/l}, A^{i(0)}_t = λ^i 2l e^{ρ/l}, (29) ψ^{(0)} = costant

The results of this section are similar to [13, 23].

3.3 Boundary Terms

In this section, following the standard procedure for AdS/CFT we determine the normalized boundary action which is formally given by

S_{boundary} = S_{GHY} + S_{counter}. (30)

The first term is the Gibbons-Hawking-York term,

S_{GHY} = 2πα 4G_5 ∫ ∂M dt √ −h e^{−3ψ}K (31) where h is determinant of induced metric on ∂M, and K is the extrinsic curvature at the boundary, which for solution (27) is derived as K = 1 2 g^{tt}n^μ∂_μg_{tt} = 1 l e^ψ. (32)

As discussed in [13, 23] the local form of the counter-term is given by

S_{counter} = 2πα 4G_5 ∫ ∂M dt √ −h [ m_1e^{−2ψ} + m_2e^{−4ψ}M_{ij}A^i_aA^{j,a} ] , (33)

in which the constants m_1 and m_2 will be determined by vanishing the variation of the action on-shell.

The variation of the action is given by δS = ∫ ∂M [ π^{ab}δh_{ab} + π_ψδψ + π^a_i δA^i_a ] + Bulk terms, (34)

with π^{tt} = πα 4G_5 ( m_1e^{−2ψ}h^{tt} + m_2e^{−4ψ}h^{tt}M_{ij} A^i_μA^{j,μ} − 2m_2e^{−4ψ}M_{ij} A^{i,t}A^{j,t} ) , (35)

π_ψ = 2πα 4G_5 ( −3e^{−3ψ}K − 2m_1e^{−2ψ} − 4m_2e^{−4ψ}M_{ij} A^i_aA^{j,a} ) , (36)

π^t_i = πα 4G_5 ( −4e^{−5ψ}M_{ij} n_μF^{j,μt} + 4m_2e^{−3ψ}M_{ij} A^{j,t} ) . (37)

Using the asymptotic behavior of the fields (29), and the extrinsic curvature (32), above expansions are reduced to π^{tt} = πα 4G_5 ( m_1 + m_2 2 ) e^{−2ψ(0)} h^{tt}_{(0)},

π_ψ = − 2πα 4G_5 ( 3 l + 2m_1 − 2m_2 ) e^{−2ψ(0)} , (38)

π^t_i = 2πα 4G_5

(−1 + m_2l) M_{ij} λ^j e^{−4ψ(0)} h^{tt}_{(0)}e^{ρ/l}.

Vanishing of these three boundary momenta is satisfied by two conditions,

m_1 = − 1 2l , m_2 = 1 l . (39)

Note that, although there were two unknown constants m_1 and m_2, we had three equations. Therefore finding a solution shows the consistency of our calculations.

In this way the full action of reduced solution is given by S = πα 4G_5 ∫ M d^2x √ −g [ e^{−3ψ}R^{(2)} + βe^{−ψ} + 4 3 ∇_μe^{− 32 ψ}∇^μe^{− 32 ψ} − M_{ij} F^i_{μν} F^{j,μν}e^{−5ψ} ]

+ πα 2G_5 ∫ ∂M dt √ −h [ e^{−3ψ} K − 1 2l e^{−2ψ} + 1 l e^{−4ψ}M_{ij} A^i_aA^{j,a} ] (40)

3.4 Consistency of Boundary Conditions

As discussed in [23, 14], for the AdS solution with a gauge field the combination of diffeomorphisms and gauge transformation is consistent with the gauge conditions. In this section we show that for solution (27), i.e. AdS metric with two gauge fields, the consistency requires that the gauge transformations of both of the gauge fields should be included in addition to the diffeomorphisms. For this propose we first determine the diffeomorphisms of the metric and its induction on the gauge fields. Next, we find the compensating gauge transformations leaving the gauge fields in the gauge condition (25).

General diffeomorphisms transform the metric as

δ_ϵg_{μν} = ∇_μϵ_ν + ∇_ν ϵ_μ. (41)

The gauge condition (25) has fixed the g_{ρρ} and g_{tρ} components of the metric to zero and by using the Fefferman-Graham form we have fixed the asymptotic value of the g_{tt} (29). Thus one can find the associated diffeomorphisms that preserve these conditions by requiring that, δ_ϵg_{ρρ} = 0, δ_ϵg_{tρ} = 0, δ_ϵg_{tt} = 0.O(e^{2ρ/l}). (42)

One can show that these conditions are satisfied if

ϵ^ρ = −l∂_tζ(t), ϵ^t = ζ(t) + 2l^2 ( e^{2ρ/l} − f(t) )_{−1} ∂^2_t ζ(t), (43)

where ζ(t) is an arbitrary function of coordinate t. It is easy to show that under this diffeomorphisms the boundary metric transforms as δ_ϵh_{tt} = e^{−2ψ} ( 1 − f(t)e^{−2ρ/l} ) [ 1 2 ∂_tf(t)ζ(t) + f(t)∂_tζ(t) − l^2∂^3_t ζ(t) ] . (44)

The transformation of the gauge fields A^i_μ, which is defined by

δ_ϵA^i_μ = ϵ^λ∇_λA^i_μ + A^i_λ∇_μϵ^λ, (45)

under the diffeomorphisms (43) are given by δ_ϵA^i_ρ = −2λ^ie^{−ρ/l} ( 1 + √ f(t)e^{−ρ/l} )_{−2} ∂^2_t ζ(t). (46)

To restore the gauge condition A^{(i)}ρ = 0 (25) one should compensate the diffeomorphisms with a gauge transformations for each of the gauge fields as

A^{(i)}_μ → A^{(i)}_μ + ∂_μΛ^{(i)}, (47) with gauge functions Λ^i = −2lλ^ie^{−ρ/l} ( 1 + √ f(t)e^{−ρ/l} )_{−1} ∂^2_t ζ(t). (48)

Therefore, the combination of the allowed diffeomorphisms (43) and the gauge transformations (47) satisfy the gauge condition (25),^4

δ_{ϵ+Λ}i′ A^{i′}_ρ = δ_ϵA^i_ρ + ∂_ρΛ^i_ρ = 0. (49)

One can easily show that under the combination of the transformations the variation of the gauge fields are δ_{ϵ+Λ}i′ A^{i′}_t = λ^i l [ e^{−ρ/l} ( 1 2 ∂_tf(t)ζ(t) + f(t)∂_tζ(t) − l^2∂^3_t ζ(t) ) − ∂_t ( ζ(t) √ f(t) ) ] . (50)

Noting that, for satisfying the gauge condition (25) the gauge transformations of both of the gauge fields (50) are required to compensate with the the diffeomorphisms (43) and one can not turn off one of them consistently.

From the 5D point of view this means the rotating coordinates must play the same role in the asymptotic behavior of the metric. In other words, this implies that the boundary conditions of rotating coordinates, which determine the fluctuations of associated components of the metric, should be in the same order. This is in precise agreement with the results of §2.

4 Conserved Charges and Central Charge

Now we can construct the combination of the associated conserved charges for studying the asymptotic symmetries. Since we are interested in the boundary energy momentum tensor of a solution there are some subtleties in defining the associated conserved charge.

As shown in [17], the generators of the asymptotic symmetries should be defined via the counter-term subtraction method (CTSM). These charges can differ from those defined usually. This method is based on the Peierls bracket [16] which has a covariant construction and is equivalent to the Poisson bracket on the space of observables. The charge defined in this way is called counter-term subtraction charge (CTSC) which is given by Q_ξ = −δ_{G,ξ}S, (51) where ξ is an infinitesimal transformation parameter and G is a regular function such that near the past boundary G = 0 and near the future boundary G = 1.

As mentioned above, we focus on the boundary fields and the boundary energy momentum tensor. So, we need to determine the associated transformations. The induced transformation of an arbitrary boundary filed Φ is defined by δ_{G,ξ}Φ ≡ (δ_{Gξ} − Gδ_ξ)Φ. (52) For details one can see [17].

4In our calculations there is no sum over primed indices.

4.1 Diffeomorphism Charge

Under a general diffeomorphisms transformation x^μ → x^μ + ϵ^μ the variation of the the full action is given by δ_ϵS = 1 2 ∫ dt √ −hT^{ab}δ_ϵγ_{ab} + ∫ dt √ −hJ^a_i δ_ϵA^i_a + (e.o.m) (53)

where T_{tt} = − πα 4G_5 ( 1 l e^{−2ψ}h_{tt} + 2 l e^{−4ψ}M_{ij} A^i_tA^j_t ) , (54) J_{i,t} = πα G_5 M_{ij} ( −n^μF^j_{μt}e^{−ψ} + 1 l A^j_t ) e^{−4ψ}, (55)

δ_ϵγ_{ab} = ∇_aϵ_b + ∇_bϵ_a, (56) δ_ϵA^i_a = ϵ^b∇_bA^i_a + A^i_a∇_aϵ^b. (57)

Using the induced transformation (52) the variation of the full action gets simplified as δ_{G,ϵ}S = ∫ dt √ −hT^{ab}ϵ_a∇_bG + ∫ dt √ −hJ^a_i A^i_bϵ^b∇_aG = √ −hh^{tt}(T_{tt} + J_{i,t}A^i_t)ϵ^t − ∫ dt √ −h∇_a [ (T^{ab} + J^a_i A^{i,b})ϵ_b ] G = √ −hh^{tt}(T_{tt} + J_{i,t}A^i_t)ϵ^t. (58) In the last step we used the definition of Neother charge associated to the Peierls bracket. Using the definition CTSC (51) the associated charge is given by

Q_ϵ = − √ −hh^{tt}(T_{tt} + J_{i,t}A^i_t). (59) Both of the gauge fields combined with the energy momentum tensor appear in the generator of the diffeomorphisms. One should note that, although the energy momentum tensor T_{tt} and the U(1) currents J_{i,t} diverge as ρ → ∞, the above combination asymptotically is finite. T_{tt} + J_{i,t}A^i_t = πα 4G_5 e^{−4ψ} ( f(t) l + O(e^{−ρ/l}) ) . (60)

Note that for the extremal solution where f(t) = 0 all non-extremal excitations are vanishing. This is a consistency condition since it implies that the excitations considered above keeps the solution in the extremal limit [2].

4.2 Gauge Transformation Charges

Again one can explore the variation of the action under a gauge transformation δ_ΛA^i_a = ∂_aΛ^i by using the CTSM given by δ_{G,Λ}i S = ∫ dt √ −hJ_i′ Λ^{i′} ∂_aG = √ −hJ^t_i′ Λ^{i′} − ∫ dt∂_a( √ −hJ^t_i′ Λ^{i′} )G. (61) where J^a_i = πα G_5l e^{−4ψ}M_{ij} A^{j,a}. (62) The 2nd term in (61) vanishes, as like as (58), and by definition the charges of the gauge transformations are given by

Q_Λi = − √ −hJ^t_i = − πα G_5l e^{−4ψ} √ −hh^{tt}M_{ij} A^j_t . (63) Using the asymptotic behavior of the gauge fields and metric (29) one finds

Q_Λi = πα G_5l e^{−3ψ} M_{ij}λ^j ( 1 − 2 √ f(t)e^{−ρ/l} + O(e^{−2ρ/l}) ) . (64)

For the near horizon extremal solution the gauge transformation charges are given by

Q_Λi = πα G_5l

M_{ij} λ^j . (65)

For the 4D extremal Kerr solution it was shown that this charge equals to the angular momentum in 4D point of view [13].

4.3 Central charge

Now we can explore the combination of the true generators to see if there is a central charge associated to the combined asymptotic transformations constructed in §4.1 and §4.2. The combined generator is given by

Q_{(ϵ+Λ}1_{+Λ}2_) = Q_ϵϵ + Q_Λi Λ^i, (66)

For studying the transformations of this charge, it is natural to relate the transformation parameters, ϵ and Λ^i, to each other to treat the combined charge as a charge with one transformation parameter. The asymptotic behavior of the transformation parameters are given by

ϵ^t = ζ(t) + 2l^2e^{−2ρ/l}∂^2_t ζ(t) + . . . , (67) Λ^i = −2lλ^ie^{−ρ/l}∂^2_t ζ(t) + . . . , (68)

and up to leading order one can write^5

Λ^i = lA^i_a∂_ρϵ^a + . . . . (69)

Thus, the gauge transformations part of the combined charge (66) are simplified as

Q_Λi Λ^i = √ −hh^{tt}A_{t,i}J^i_t ϵ^t + . . . . (70) Because of the relation (69), the first order of ϵ^t where appear in (70) is e^{−2ρ/l}.

Now we are able to study the transformations of the combined charge (66). At the first we calculate transformation of the diffeomorphisms part of the combined charge, T_{tt} +J_{t,i}A^i_t, which asymptotically is given by

δ_{ϵ+Λ}1_{+Λ}2 (T_{tt} + J_{t,i}A^i_t) = 2(T_{tt} + J_{t,i}A^i_t)∂_tζ(t) + ∂_t(T_{tt} + J_{t,i}A^i_t)ζ(t) + O(e^{−ρ/l}). (71)

5There are some subtleties in this relation which are discussed in [13].

Asymptotically, the variation of the gauge transformations part of the combined charge (66) is given by

δ_{ϵ+Λ}1_{+Λ}2 (J_{t,i}A^i_t) = ∂_t(J_{t,i}A^i_t)ζ(t) − παle^{−4ψ} 2G_5

∂^3_t ζ(t). (72)

It seems the weight of this part is zero. But as discussed in [13], we do not worry about this. As mentioned above for this part of the combined charge asymptotically ϵ^t ∼ e^{−2ρ/l} and it has the weight two effectively.

Since the AdS_2 radius l_{AdS} is dimensionless in the standard normalization of the transformation of the energy momentum tensor the central charge is defined by δT_{ab} = 2T_{ab}∂_tζ(t) + ζ(t)∂_tT_{ab} − c 12 ∂^3_t ζ(t). (73)

Thus one can read the associated central charge from (24), (71), (72) and (73) as c = 6πα G_5 √ β e^{−4ψ}. (74)

4.4 Levels

The level k of the U(1) gauge transformation is defined by

δ_ΛJ_t = k 2 ∂_tΛ. (75)

For the currents (55) associated to the gauge transformation of the U(1) charges one can derive the level by

δ_Λi′ J^{i′}_t = παl G_5 e^{−4ψ}∂_tΛ^i, (76)

and by using (24) k^i = πα G_5 √ β e^{−4ψ}. (77)

Thus, both of the gauge fields have the same level as

k^1 = k^2 = c/6. (78)

This relation between the central charge and the level of the R-currents is as like as what obtained in [13, 23].

5 Myers-Perry Black Hole

To further study our results we investigate one example of 5D solutions in this section. We study the Myers-Perry black hole, which is a simple 5D solution with two angular momenta in the near horizon geometry. The near horizon geometry of the Myers-Perry black hole are of the form (6). Without lose of generality we assume that 0 < a < b, where a and b are the two parameters of the Myers-Perry black hole which are related to the two angular momenta. The parameters and functions of the metric (6) for this solution are given by [15]

F (θ) = σ(θ) 4 , σ(θ) = ab + a^2 cos^2 θ + b^2 sin^2 θ, (79) k^i ∂ ∂x^i = 2 √ ab a(a + b)^2 ∂ ∂ϕ + 2 √ ab b(a + b)^2 ∂ ∂ψ , (80) f_{ϕϕ}(θ) = (a + b)^2 σ(θ)^2 a sin^2 θ(a + b sin^2 θ), (81) f_{ψψ}(θ) = (a + b)^2 σ(θ)^2 b cos^2 θ(b + a cos^2 θ), (82) f_{ϕψ}(θ) = (a + b)^2 σ(θ)^2 ab sin^2 θ cos^2 θ. (83)

Considering these expansions one can derive the parameters (16)-(17) appeared in the central charge (74) and the levels (77) as

α = 2(a + b)^2 √ ab, β = 4ab (a + b)^2

. (84)

One can see from (16) that α is proportional to the area of the horizon which gives the Wald entropy of the black hole. So it is natural to study the symmetries of the rotating coordinates which does not affect on the entropy. For general study of this argument one can see [10]. The geometry of Myers-Perry black hole (83) has a symmetry under a ↔ b compensated with θ → π/2 − θ. Thus after integrating over angular coordinates we expect that the central charge (74) has this symmetry. Using (74), (78) and (84) the central charge and levels are given by c = 3 2 π(a + b)^3, k_ϕ = k_ψ = 1 4 π(a + b)^3 (85)

This is a sum of two central charges derived in [4]. One can show that this is also equal to the result obtained from Eq.(5) for the Myers-Perry black hole (83).

6 Conclusion and Discussion

In this paper we studied the near horizon geometry of the 5D extremal rotating black holes from the 2D point of view by reduction over the angular coordinates following [13]. We showed that the consistency of the boundary conditions implies that both of the gauge fields, which correspond to two angular momenta, should appear in the same manner. By studying the variation of the boundary energy momentum tensor we calculated the central charge of the CFT_1 dual to the reduced solution which is AdS_2.

Although we did not trace the power of the fluctuations of the metric in 5D point of view (2) due to the process of reduction, we showed that by following consistency of the boundary conditions the results are in agreement with the calculations of 5D viewpoint [10]. The advantage of the consistency is, compensating of the variations of both of the gauge fields with the diffeomorphisms variation §3.4. It is interesting to study the relation between consistency of boundary conditions from 5D (2) and 2D (42) viewpoints.

Thus we conclude that from the 2D viewpoint the consistency of boundary conditions respect the symmetry of the near horizon geometry discussed in [10] in the Kerr/CFT approach systematically. Since α appeared in the central charge (74) is proportional to the Wald entropy (16), it is natural to study the effect of the symmetry of the near horizon geometry. The symmetry of the rotating coordinates in 5D point of view inherited to M_{ij} (18) and its determinant. The result of this symmetry in 5D perspective was investigated in [10] but, it is not realized in our two examples studied in §5.

The reduction of extremal black holes in higher dimensions to 2D is also the basic argument of Sen’s quantum entropy function [12]. This reduction produce an AdS_2 metric, some scalar fields and a number of gauge fields associated to the angular momenta. In [12] Sen showed that the thermodynamics of such solution can be derived from quantum entropy function which is defined by d_{hor}(−→q ) = ⟨ exp[−iq_i ∮ dθA^i_θ] ⟩_{finite} AdS_2 , (86)

in the euclidean frame. ∮ dθA^i_θ denotes the integral of i-th gauge field along the boundary of AdS_2 and q_i is the i-th electric charge. For complete discussion one can see [12]. It is clear that all of the gauge fields play the same role in the thermodynamics of the reduced extremal solution. Thus, it is natural to expect that there is one CFT corresponded to the near horizon geometry. This was discussed for 5D ERBH in [10] by Kerr/CFT approach and in this article by reduction to 2D. It is worth to study the relation between these approaches and Sen’s quantum entropy function.

Although we have not studied higher dimensional extremal black holes we anticipate that after the reduction on angular coordinates, all of the gauge fields play the same role from 2D perspective and there is only one CFT corresponding to the near horizon geometry of extremal black holes.

Recently it was proposed a systematic method for deriving the order of the boundary conditions of the metric for topologically massive gravity [24]. Another interesting question is the extension of this method to higher dimensions and compare our results with this extension.

In this paper we limited ourself to the solution of 5D Einstein gravity but one can generalize this method to the solutions of other gravity theory e.g. supergravity. As a simple example with only one rotating coordinate one can study supersymmetric black ring [25]. Microscopic description of this solution is studied from other points of view [26, 27, 3].

Acknowledgement. I would like to thank my supervisor Farhang Loran for useful discussions and comments.

References

[1] A. Strominger and C. Vafa, Microscopic Origin of the Bekenstein-Hawking Entropy, Phys. Lett. B379 (1996) 99104, [arXiv:hep-th/9601029].

[2] M. Guica, T. Hartman, W. Song and A. Strominger, The Kerr/CFT correspondence, [arXiv:0809.4266 [hep-th]].

[3] F. Loran, H. Soltanpanahi, Near the horizon of 5D black rings, JHEP 0903, 935 (2009) [arXiv:0810.2620 [hep-th]].

[4] H. Lü, J. Mei and C.N. Pope, Kerr-AdS/CFT Correspondence in Diverse Dimensions, JHEP 0903, 935 (2009) [arXiv:0811.2225 [hep-th]].

[5] H. Isono, T.S. Tai and W.Y. Wen, Kerr/CFT correspondence and five-dimensional BMPV black holes, [arXiv:0812.4440 [hep-th]].

[6] T. Azeyanagi, N. Ogawa and S. Terashima, Holographic Duals of Kaluza-Klein Black Holes, [arXiv:0811.4177 [hep-th]].

[7] D.K. Chow, M. Cvetic, H. Lü and C.N. Pope, Extremal Black Hole/CFT Correspondence in (Gauged) Supergravities, [arXiv:0812.2918 [hep-th]].

[8] Y. Nakayama, Emerging AdS from Extremaly Rotating NS5-branes, [arXiv:0812.2234 [hep-th]].

[9] T. Azeyanagi, N. Ogawa and S. Terashima, The Kerr/CFT Correspondence and String Theory, [arXix:0812.4883 [hep-th]].

[10] F. Loran and H. Soltanpanahi, 5D extremal rotating black holes and CFT duals,Class.

Quant. Grav.26 155019, 2009 [arXiv:0901.1595 [hep-th]].

[11] D. Astefanesei and Y. K. Srivastava, CFT Duals for Attractor Horizons, Phys.B822:283-300,2009 [arXiv:0902.4033 [hep-th]].

[12] A. Sen, Quantum Entropy Function from AdS(2)/CFT(1) Correspondence, [arXiv:0809.3304 [hep-th]].

[13] A. Castro and F. Larsen, Near Extremal Kerr Entropy from AdS_2 Quantum Gravity, [arXiv:0908.1121 [hep-th]].

[14] T. Hartman and A. Strominger, Central Charge for AdS2 Quantum Gravity, JHEP 0904, 026 (2009) [arXiv:0803.3621 [hep-th]].

[15] R. C. Myers and M. J. Perry, Black Holes In Higher Dimensional Space-Times, Annals Phys. 172 (1986) 304.

[16] R. E. Peierls, Proc. R. Soc. A 214, 143 (1952).

[17] S. Hollands, A. Ishibashi and D. Marolf, Counter-term charges generate bulk symmetries, Phys. Rev. D 72, 104025 (2005) [arXiv:hep-th/0503105].

[18] G. Barnich and F. Brandt, Covariant theory of asymptotic symmetries, conservation laws and central charges, Nucl. Phys. B633 (2002) 382, [hep-th/0111246].

[19] G. Barnich and G. Compere, Surface charge algebra in gauge theories and thermodynamic integrability, J. Math. Phys. 49 (2008) 042901, [arXiv:0708.2378].

[20] J. D. Brown and M. Henneaux, Central Charges in the Canonical Realization of Asymptotic Symmetries: An Example from Three-Dimensional Gravity, Commun. Math. Phys. 104 (1986) 207226.

[21] D. Grumiller, W. Kummer and D.V. Vassilevich, Dilaton Gravity in Two Dimensions, Phys.Rept. 369 (2002), [arXiv:hep-th/0204253];

D. Grumiller and R. Meyer, Ramifications of Lineland, Turk.J.Phys.30,2006, [arXiv:hep-th/0604049].

[22] D. Astefanesei, K. Goldstein, R. P. Jena, A. Sen and S. P. Trivedi, Rotating attractors, JHEP 0610:058,2006, [arXiv:hep-th/0606244];

H. Kunduri, J. Lucietti and H.S. Reall, Near-horizon symmetries of extremal black holes, Class. Quant. Grav.24 4269, 2007 [arXiv:0705.4214 [hep-th]]; D. Astefanesei and H. Yavartanoo, Stationary black holes and attractor mechanism, Nucl.Phys.B794:13-27, 2008, [arXiv:0706.1847 [hep-th]].

[23] A. Castro, D. Grumiller, F. Larsen and R. McNees, Holographic Description of AdS_2 Black Holes, JHEP 0811, 052 (2008) [arXiv:0809.4264 [hep-th]].

[24] K. Skenderis, M. Taylor and B. C. van Rees AdS boundary conditions and the Topologically Massive Gravity/CFT correspondence, [arXiv:0909.5617[hep-th]].

[25] H. Elvang R. Emparan D. Mateos and H. S. Reall, A Supersymmetric Black Ring, Phys. Rev. Lett. 93 (2004) 211302 [arXiv:hep-th/0407065].

[26] M. Cyrier, M. Guica, D. Mateos and A. Strominger, Microscopic Entropy of the Black Ring, Phys. Rev. Lett. 94 (2005) 191601 [arXiv:hep-th/0411187].

[27] R. Emparan and H. S. Reall, Black Rings, Class. Quant. Grav. 23 (2006)R169 [arXiv:hep-th/0608012].