arXiv:0911.1506v1 [gr-qc] 8 Nov 2009

Orthonormal Frame and SO(3) Kaluza-Klein Dyon

Hsiang-Lin Lou^∗and Pei-Hsuan Li^† Deparment of Physics, Tunghai University Taichung, 407, Taiwan

November 10, 2009

Abstract

In previous paper, we present an SO(3) Wu-Yang-like Kaluza-Klein dyon solution satisfies the Einstein equation in the seven-dimensional spacetimes. In this note, we will show an alternative approach using an orthonormal frame, the Cartan’s structure equations, and calculating the affine spin connection one-form, curvature tensor and Ricci tensor. The results from these two different methods are coincident.

PACS numbers: 04.50.Cd

∗ Email: sllou@thu.edu.tw † Email: ludmila.phys@gmail.com

1 Introduction

In previous paper,[1] we have shown that a new SO(3) Wu-Yang-like [2] seven-dimensional Kaluza-Klein(KK) dyon solution satisfies the Einstein equation, by calculating the Christoffel symbols and the Ricci tensor. In this note, we will show an alternative approach [3] using an orthonormal frame, the Cartan’s structure equations and calculating the affine spin connection one-form, curvature tensor and Ricci tensor.

Now consider the Kaluza-Klein theory [4] in a (4 + N)-manifold M with a metric ḡ_{AB}(x) on M in local coordinates x̄^A. The line element is

ds̄^2 = ḡ_{AB} dx̄^Adx̄^B (1) = g_{μν} (x)dx^μdx^ν + γ_{mn}(y)(dy^m + B^m_μ dx^μ)(dy^n + B^n_ν dx^ν ), (2)

where x parametrizes four-dimensional spacetimes, y parametrizes extra dimensions. We use A, B, C... indices to represent the total spacetimes; μ, ν, ρ... to represent the four-dimensional spacetimes; m, n, l... to represent the extra dimensions. g_{μν} is only a function of x, and γ_{mn} is only a function of y.

The ansätz [1] of the Kaluza-Klein dyonic metric admitting SO(3) Killing vectors is ds̄^2 = − e^{2Ψ}dt^2 + e^{2Λ}dr^2 + r^2dθ^2 + r^2 sin^2 θdϕ^2 + (dR + B^5_μdx^μ)^2 + R^2(dΘ + B^6_μdx^μ)^2 + R^2 sin^2 Θ(dΦ + B^7_μdx^μ)^2. (3)

r, θ, ϕ are three coordinates of the ordinary three-dimensional spherical coordinate system, (r, θ, ϕ) = (x̄^1, x̄^2, x̄^3) = (x^1, x^2, x^3). R, Θ, Φ are another three coordinates of the spherical coordinate system in the extra dimensions, (R, Θ, Φ) = (x̄^5, x̄^6, x̄^7) = (y^5, y^6, y^7). Ψ and Λ are two functions of r. We have g_{00} = −e^{2Ψ}, g_{11} = e^{2Λ}, g_{22} = r^2, g_{33} = r^2 sin^2 θ, γ_{55} = 1, γ_{66} = R^2, γ_{77} = R^2 sin^2 Θ.

B^m_μ cannot be identified as the Yang-Mills field. To extract the true Yang-Mills field, one has to introduce the Killing vectors L_a ≡ −iζ^m_a ∂_m, (4) which generate an SO(3) algebra, [L_a, L_b] = iϵ_{abc}L_c, (5) Inserting L_a of (4) into equation (5), one gets the Killing’s equation

ζ^m_a ∂_mζ^n_b − ζ^m_b ∂_mζ^n_a = −ϵ_{abc}ζ^n_c . (6)

With these Killing vectors, one can define

B^m_μ = ζ^m_a A^a_μ, (7) where A^a_μ is the true Yang-Mills field and ζ^m_a is only a function of y. Defining ~F^m_{μν} ≡ ∂_μB^m_ν + B^l_ν ∂_lB^m_μ − (μ ↔ ν) (8) = ζ^m_a F^a_{μν} , (9) where F^a_{μν} is the true field strength tensor of the Yang-Mills field, F^a_{μν} = ∂_μA^a_ν − ∂_ν A^a_μ + ϵ_{abc}A^b_μA^c_ν . (10) It can be checked that the components of ζ^m_a , ζ^5_a = 0, (11) ζ^6_a = Φ̂_a, (12) ζ^7_a = − 1 sin Θ

Θ̂_a, (13)

satisfy the Killing equation (6). The gauge-field components of the Wu-Yang-like KK dyon are A^a_0 = 1 r r̂^a, A^a_1 = 0, (14) A^a_2 = −ϕ̂^a, A^a_3 = sin θ θ̂^a. (15) A^a_1,A^a_2,A^a_3 are just the spherical coordinate representation of the Wu-Yang monopole field in the ordinary gauge theory of four-dimensional spacetimes. The electric field of the KK dyon is F^a_{01} = 1 r^2 r̂^a, (16) while the magnetic field is F^a_{23} = − sin θ r̂^a. (17) The fields B^m_μ in (7) can be rewritten as B^5_μ = 0, B^m_1 = 0, (18) B^6_0 = 1 r r̂ · Φ̂, B^7_0 = − 1 r sin Θ r̂ · Θ̂, (19) B^6_2 = −ϕ̂ · Φ̂, B^7_2 = 1 sin Θ ϕ̂ · Θ̂, (20)

B^6_3 = sin θ θ̂ · Φ̂, B^7_3 = − sin θ sin Θ θ̂ · Θ̂. (21)

The nonzero components of ~F^m_{μν} are

~F^6_{01} = 1 r^2 r̂ · Φ̂, ~F^7_{01} = −1 r^2 sin Θ r̂ · Θ̂, (22) ~F^6_{23} = − sin θ r̂ · Φ̂, ~F^7_{23} = sin θ sin Θ r̂ · Θ̂. (23)

2 Orthonormal Frame

We now decompose the metric into vielbeins as ḡ_{AB} = η_ā¯_b e^ā_Ae^{b̄}_B, ā, b̄ = 0, 1, 2, 3, 5, 6, 7, (24) where the η_ā¯_b is a seven-dimensional flat Minkowski space metric, η_ā¯_b = diag(−1, 1, 1, 1, 1, 1, 1, ) (25) The inverse of e^ā_A is defined by E^A_ā = η_ā¯_b ḡ^{AB} e^{b̄}_B (26) which obeys E^A_ā e^{b̄}_A = δ^{b̄}_ā, η^{āb̄} E^A_ā E^B¯_b = ḡ^{AB}. (27) e^ā_A is the matrix which tranforms the coordinate basis dx̄^A of the cotangent space T^∗_x (M) to an orthonormal basis of the same space T^∗_x (M), e^ā = e^ā_A dx̄^A. (28) The vielbein basis of the SO(3) KK dyonic metric can be written as e^0 = e^Ψdt, e^1 = e^Λ dr, e^2 = r dθ, e^3 = rsinθ dϕ, (29) e^5 = dR, e^6 = R(dΘ + B^6_μdx^μ), e^7 = RsinΘ(dΦ + B^7_μdx^μ). (30) The affine spin connection one-form ω^ā_{b̄} are introduced by de^ā + ω^ā¯_b ∧ e^{b̄} = 0 (31) and the metricity condition ω_ā¯_b = −ω¯_{bā}. (32) The cuvature 2-form is defined as R^ā¯_b = dω^ā¯_b + ω^ā_{c̄} ∧ ω^{c̄}¯_b = R̄^ā¯_{bc̄}¯_d e^{c̄} ∧ e^{d̄}. (33) Equations (31) and (33) are called Cartan’s structure equations. The components of the curvature tensor have the relations, R̄_{āb̄c̄d̄} = −R̄_{b̄āc̄d̄} = −R̄_{āb̄d̄c̄} = R̄_{c̄d̄āb̄}. (34) and satisfy the Bianchi identity, R̄_{āb̄c̄d̄} + R̄_{āc̄d̄b̄} + R̄_{ād̄b̄c̄} = 0. (35)

The components of the affine spin connection one-form ω^ā_{b̄} of the SO(3) KK dyon can be written more explicitely as

ω^0_1 = Ψ^′ e^{−Λ} e^0 + R 2r^2 e^{−Ψ−Λ}(r̂ · Φ̂) e^6 − R 2r^2 e^{−Ψ−Λ}(r̂ · Θ̂) e^7, (36)

ω^0_2 = 0, ω^0_3 = 0, ω^0_5 = 0, (37)

ω^0_6 = R 2r^2 e^{−Ψ−Λ}(r̂ · Φ̂) e^1, (38)

ω^0_7 = − R 2r^2 e^{−Ψ−Λ}(r̂ · Θ̂) e^1, (39)

ω^1_2 = − 1 r e^{−Λ} e^2, (40)

ω^1_3 = − 1 r e^{−Λ} e^3, ω^1_5 = 0, (41)

ω^1_6 = R 2r^2 e^{−Ψ−Λ}(r̂ · Φ̂) e^0 (42)

ω^1_7 = − R 2r^2 e^{−Ψ−Λ}(r̂ · Θ̂) e^0 (43)

ω^2_3 = − 1 r cotθ e^3 + R 2r^2

(r̂ · Φ̂) e^6 − R 2r^2

(r̂ · Θ̂) e^7, ω^2_5 = 0, (44)

ω^2_6 = R 2r^2

(r̂ · Φ̂) e^3, (45)

ω^2_7 = − R 2r^2

(r̂ · Θ̂) e^3, ω^3_5 = 0, (46)

ω^3_6 = − R 2r^2

(r̂ · Φ̂) e^2, ω^3_7 = R 2r^2

(r̂ · Θ̂) e^2, (47)

ω^5_6 = − 1 R e^6, ω^5_7 = − 1 R e^7, (48)

ω^6_7 = − 1 R cotΘ e^7 − 1 r e^{−Ψ} cotΘ (r̂ · Θ̂) e^0 − 1 r e^{−Ψ} (r̂ · R̂) e^0 + 1 r cotΘ (Φ̂ · Θ̂) e^2 + 1 r (Φ̂ · R̂) e^2 − 1 r cotΘ (θ̂ · Θ̂) e^3 − 1 r (θ̂ · R̂) e^3. (49)

The nonzero components of the curvature tensor are

R̄_{0101} = e^{−2Λ}(Ψ^{′′} − Ψ^′ Λ^′ + (Ψ^′ )^2) − 3 4 R^2 r^4 e^{−2Ψ−2Λ}{(r̂ · Θ̂)^2 + (r̂ · Φ̂)^2}, (50)

R̄_{0116} = R 2r^2 e^{−Ψ−2Λ}(Ψ^′ + Λ^′ + 2 r )(r̂ · Φ̂), (51)

R̄_{0117} = − R 2r^2 e^{−Ψ−2Λ}(Ψ^′ + Λ^′ + 2 r )(r̂ · Θ̂), (52)

R̄_{0123} = R^2 2r^4 e^{−Ψ−Λ}{(r̂ · Θ̂)^2 + (r̂ · Φ̂)^2}, (53)

R̄_{0156} = − 1 r^2 e^{−Ψ−Λ}(r̂ · Φ̂), R̄_{0157} = 1 r^2 e^{−Ψ−Λ}(r̂ · Θ̂), (54) (55)

R̄_{0167} = − 1 r^2 e^{−Ψ−Λ}(r̂ · R̂), R̄_{0202} = 1 r Ψ^′ e^{−2Λ}, (56)

R̄_{0213} = R^2 4r^4 e^{−Ψ−Λ}{(r̂ · Θ̂)^2 + (r̂ · Φ̂)^2}, (57)

R̄_{0226} = − R 2r^3 e^{−Ψ−2Λ}(r̂ · Φ̂), R̄_{0227} = R 2r^3 e^{−Ψ−2Λ}(r̂ · Θ̂), (58)

R̄_{0303} = 1 r Ψ^′ e^{−2Λ}, (59)

R̄_{0312} = − R^2 4r^4 e^{−Ψ−Λ}{(r̂ · Θ̂)^2 + (r̂ · Φ̂)^2}, (60)

R̄_{0336} = − R 2r^3 e^{−Ψ−2Λ}(r̂ · Φ̂), R̄_{0337} = R 2r^3 e^{−Ψ−2Λ}(r̂ · Θ̂), (61)

R̄_{0516} = − 1 2r^2 e^{−Ψ−Λ}(r̂ · Φ̂), R̄_{0517} = 1 2r^2 e^{−Ψ−Λ}(r̂ · Θ̂), (62)

R̄_{0606} = R^2 4r^4 e^{−2Ψ−2Λ}(r̂ · Φ̂)^2, R̄_{0607} = −

R^2 4r^4 e^{−2Ψ−2Λ}(r̂ · Θ̂)(r̂ · Φ̂), (63)

R̄_{0615} = 1 2r^2 e^{−Ψ−Λ}(r̂ · Φ̂), R̄_{0617} = − 1 2r^2 e^{−Ψ−Λ}(r̂ · R̂), (64)

R̄_{0707} = R^2 4r^4 e^{−2Ψ−2Λ}(r̂ · Θ̂)^2, R̄_{0715} = − 1 2r^2 e^{−Ψ−Λ}(r̂ · Θ̂), (65)

R̄_{0716} = 1 2r^2 e^{−Ψ−Λ}(r̂ · R̂), R̄_{1212} = 1 r Λ^′ e^{−2Λ}, (66)

R̄_{1236} = R 2r^3 e^{−Λ}(r̂ · Φ̂), R̄_{1237} = − R 2r^3 e^{−Λ}(r̂ · Θ̂), (67)

R̄_{1313} = 1 r Λ^′ e^{−2Λ}, R̄_{1326} = − R 2r^3 e^{−Λ}(r̂ · Φ̂), (68)

R̄_{1327} = R 2r^3 e^{−Λ}(r̂ · Θ̂), R̄_{1616} = −

R^2 4r^4 e^{−2Ψ−2Λ}(r̂ · Φ̂)^2, (69)

R̄_{1617} = R^2 4r^4 e^{−2Ψ−2Λ}(r̂ · Θ̂)(r̂ · Φ̂), R̄_{1623} = − R r^3 e^{−Λ}(r̂ · Φ̂), (70)

R̄_{1717} = − R^2 4r^4 e^{−2Ψ−2Λ}(r̂ · Θ̂)^2, R̄_{1723} = R r^3 e^{−Λ}(r̂ · Θ̂), (71)

R̄_{2323} = 1 r^2

(1 − e^{−2Λ}) − 3 4 R^2 r^4

{(r̂ · Θ̂)^2 + (r̂ · Φ̂)^2}, (72)

R̄_{2356} = 1 r^2

(r̂ · Φ̂), R̄_{2367} = 1 r^2

(r̂ · R̂), (73)

R̄_{2357} = − 1 r^2

(r̂ · Θ̂), R̄_{2536} = 1 2r^2

(r̂ · Φ̂), (74)

R̄_{2537} = − 1 2r^2

(r̂ · Θ̂), R̄_{2626} =

R^2 4r^4

(r̂ · Φ̂)^2 (75)

R̄_{2627} = − R^2 4r^4

(r̂ · Θ̂)(r̂ · Φ̂), R̄_{2635} = − 1 2r^2

(r̂ · Φ̂) (76)

R̄_{2637} = 1 2r^2

(r̂ · R̂), R̄_{2727} =

R^2 4r^4

(r̂ · Θ̂)^2 (77)

R̄_{2735} = 1 2r^2

(r̂ · Θ̂), R̄_{2736} = − 1 2r^2

(r̂ · R̂) (78)

R̄_{3636} = R^2 4r^4

(r̂ · Φ̂)^2, R̄_{3637} = −

R^2 4r^4

(r̂ · Θ̂)(r̂ · Φ̂), (79)

R̄_{3737} = R^2 4r^4

(r̂ · Θ̂)^2. (80)

We have tacitly omitted nearly one half of the nonzero components of the curvature tensor, because of the relations in (34) , for shorthand.

3 Einstein Equation

Contracting the curvature tensor, one will get the Ricci tensor R̄_{āb̄} = η^{c̄d̄}R̄_{c̄ād̄b̄}. (81)

Substituting the components of the dyonic metric,

e^{2Ψ} = 1 − r_s r , (82)

e^{2Λ} = (1 − r_s r )^{−1}, (83)

where r_s is the Schwarzschild radius, then we can obtain almost R̄_ā¯_b are zero except

R̄_{00} = −1 2 R^2 r^4

{(r̂ · Θ̂)^2 + (r̂ · Φ̂)^2}, (84)

R̄_{11} = +1 2 R^2 r^4

{(r̂ · Θ̂)^2 + (r̂ · Φ̂)^2}, (85)

R̄_{22} = −1 2 R^2 r^4

{(r̂ · Θ̂)^2 + (r̂ · Φ̂)^2}, (86)

R̄_{33} = −1 2 R^2 r^4

{(r̂ · Θ̂)^2 + (r̂ · Φ̂)^2}. (87)

Then one has the Ricci scalar curvature, R̄ = η̄^{āb̄}R̄_{āb̄} (88) = −R̄_{00} + R̄_{11} + R̄_{22} + R̄_{33} (89) = 0. (90)

From the fields ~F^m_{μν} in (22) and (23), the components of the Ricci tensor, (84) ∼ (87), can be recast into the form,

R̄_{āb̄} = −1 2 E^μ_ā E^ν¯_b ḡ^{αβ}γ_{mn} ~F^m_{μα} ~F^n_{νβ}, (91) or R̄_{μν} = −1 2 ḡ^{αβ}γ_{mn} ~F^m_{μα} ~F^n_{νβ}. (92) Since the identity, γ_{mn} ~F^m_{μν} ~F^{μνn} = 0, holds, the right-hand side of the equation (92) can be identified as 8π times the stress-energy tensor of the Yang-Mills field, R̄_{μν} = 8πT̄_{μν} , T̄_{μν} = −1 16π ḡ^{αβ}γ_{mn} ~F^m_{μα} ~F^n_{νβ}. (93) Then the Einstein equation, R̄_{AB} −^1_2ḡ_{AB}R̄ = 8πT̄_{AB}, is satisfied, where some components of T̄_{AB} are zero, T̄_{μm} = 0 and T̄_{mn} = 0.

The SO(3) KK dyonic metric satisfies the Einstein equation in the seven-dimensional. The results from two different methods are coincident. .

References

[1] Hsiang-Lin Lou and Pei-Hsuan Li, Nonabelian Kaluza-Klein Dyon, arXive:0910.2023

[2] T.T. Wu and C.N. Yang, in ” Properties of Matter under Unusual Conditions” edited by H. Mark and Fernbach, p.349, (1968) (New York, Interscience)

[3] T.Eguchi, P.B.Gilkey and A.J.Hanson Gravitation, Gauge Theories and Differential Geometry, Phys. Rep.66, (1980) 213.

[4] J.M.Overduin and P.S.Wesson, Kaluza-Klein Gravity, Phys. Rep. 283, (1997) 303.