arXiv:0911.2162v1 [math.CA] 11 Nov 2009

INTEGRAL TRANSFORMATION AND DARBOUX TRANSFORMATION OF HEUN’S DIFFERENTIAL EQUATION

KOUICHI TAKEMURA

Abstract. We review Darboux-Crum transformation of Heun’s differential equation. By rewriting an integral transformation of Heun’s differential equation into a form of elliptic functions, we see that the integral representation is a generalization of Darboux-Crum transformation. We also consider conservation of monodromy with respect to the transformations.

1. Introduction

Heun’s differential equation is defined by (1) {( d dz )_2 + ( γ z + δ z − 1 + ϵ z − t ) d dz + αβz − q z(z − 1)(z − t) } y = 0, with the condition γ + δ + ϵ = α + β + 1 ([10, 11]). It has four singularities {0, 1, t, ∞} on the Riemann sphere C ∪ {∞} and all the singularities are regular. Heun’s differential equation is a standard form of a second-order Fuchsian differential equation with four singularities. Heun’s differential equation and the differential equations of its confluent type appear in several systems of physics including analysis of black holes, AdS/CFT correspondence ([7]), crystal transition ([11]), fluid dynamics ([2]). A standard form of a second-order Fuchsian differential equation with three singularities is the hypergeometric differential equation, which is celebrated in physics and mathematics. Although analysis of Heun’s differential equation is much difficult than that of the hypergeometric equation, several solutions are known. For example, Heun polynomials ([10]) are polynomial solutions of Heun’s differential equation, which are related with quasi-exact solvability. Finite-gap integration is applicable to Heun’s differential equation for the case γ, δ, ϵ, α − β ∈ Z + 1/2 ([23, 4, 12, 18]), and monodromy of Heun’s differential equation can be calculated in terms of hyperelliptic integral ([15]) and by Hermite-Kricherver Ansats ([16]).

We now change variables of Heun’s differential equation. Let ℘(x) be the Weierstrass doubly-elliptic function, which has double-periodicity ℘(x) = ℘(x + 2ω_1) = ℘(x + 2ω_3). We set ω_0 = 0, ω_2 = −ω_1 − ω_3, e_i = ℘(ω_i) (i = 1, 2, 3) and

z =^{℘(x)−e1}_{e2−e1} , t =^{e3−e1}_{e2−e1} , yΦ̃(z) = f(x), Φ̃(z) = z^{−l0}2 (z − 1)^{−l1}2 (z − t)^{−l2}2 . (2) Then Heun’s differential equation (1) is transformed to (3) H^{(l0,l1,l2,l3)}f(x) = Ef(x), H^{(l0,l1,l2,l3)} = − d^2 dx^2 + 3∑ i=0 l_i(l_i + 1)℘(x + ω_i),

Key words and phrases. Heun’s differential equation, Darboux transformation, integral transformation, monodromy. 1

where

l_0 = β − α − 1/2, l_1 = −γ + 1/2, l_2 = −δ + 1/2, l_3 = −ϵ + 1/2. (4) The singularities {0, 1, t, ∞} of Eq.(1) correspond to half-periods {ω_1, ω_2, ω_3, ω_0} of the elliptic function ℘(x). The parameter q essentially corresponds to the eigenvalue E (see [14]). Note that the operator H^{(l0,l1,l2,l3)} is Hamiltonian of Inozemtsev system of type BC_1. Lamé’s differential equation is obtained as a special case l_1 = l_2 = l_3 = 0 (γ = δ = ϵ = 1/2).

By the way, Darboux transformation is extensively applied to soliton theory ([9]), and one of the features is isospectrality. Here we briefly review Darboux transformation for Schrödinger equations, which is simpler than that for soliton equations.

Set H = −^{d2}_{dx2} + q(x) and assume that ϕ_0(x) is an eigenfunction, i.e. Hϕ_0(x) = E_0ϕ_0(x) for some E_0. Then q(x) = ϕ^{′′}_0(x)/ϕ_0(x)+E_0. Define an annihilation operator and a creation operator by L =^d_{dx} −^{ϕ′0(x)}_{ϕ0(x)} , L^† = −^d_{dx} −^{ϕ′0(x)}_{ϕ0(x)} . Then L^†L = −^{d2}_{dx2} + (_{ϕ′0(x)} ϕ_0(x) )_′ + (_{ϕ′0(x)} ϕ_0(x)

)_2 = H − E_0. By exchanging L^† and L, we have LL^† = −^{d2}_{dx2} − (_{ϕ′0(x)} ϕ_0(x) )_′ + (_{ϕ′0(x)} ϕ_0(x)

)_2 = H − 2 (_{ϕ′0(x)} ϕ_0(x) )_′ − E_0. Hence we obtain the Schrödinger operator

H̃ = −^{d2}_{dx2} + q(x) + 2 (_{ϕ′0(x)} ϕ_0(x) )_′ and the relations H = L^†L + E_0, H̃ = LL^† + E_0. It

follows from the relation LH = LL^†L + E_0L = H̃L that, if f(x) is an eigenfunction of H with the eigenvalue E, then Lf(x) is an eigenfunction of H̃ with the eigenvalue E, because H̃(Lf(x)) = LHf(x) = L(Ef(x)) = E(Lf(x)). The transformation from H to H̃ (or the operation by L) ia called Darboux transformation. Note that the operator L annihilates the 1-dimensional space Cϕ_0(x).

Darboux transformation is applied to isomonodromic property of Heun’s differential equations, which we will explain by an example. Let H^{(2,0,0,0)} be the operator defined in Eq.(3). It follows from a straightforward calculation that the function ϕ_0(x) = √ (℘(x) − e_1)(℘(x) − e_2) is an eigenfunction of H^{(2,0,0,0)} with the eigenvalue 3e_3, i.e. H^{(2,0,0,0)}ϕ_0(x) = 3e_3ϕ_0(x). The annihilation operator and the creation operator are expressed as L =^d_{dx} −^{℘′(x)}_{2(℘(x)−e1 )} −^{℘′(x)}_{2(℘(x)−e2 )} , L^† = −^d_{dx} −^{℘′(x)}_{2(℘(x)−e1)} −^{℘′(x)}_{2(℘(x)−e2)}

and we have H̃ = H + 2 (_{ϕ′0(x)} ϕ_0(x) )_′ = H^{(1,1,1,0)}, H^{(1,1,1,0)}L = LH^{(2,0,0,0)}. The operator L

determines a map from an eigenfunction of H^{(2,0,0,0)} with an eigenvalue E to the eigenfunction of H^{(2,0,0,0)} with the eigenvalue E for all E. Since the operator L is doublyperiodic, the monodromy of solutions to (H^{(2,0,0,0)} −E)f(z) = 0 coincides with the one to (H^{(1,1,1,0)} −E)f(z) = 0. In other words, the operator L =^d_{dx} −^{℘′(x)}_{2(℘(x)−e1)} −^{℘′(x)}_{2(℘(x)−e2)} induces isomonodromic property of H^{(2,0,0,0)} and H^{(1,1,1,0)}. Note that monodromy of solutions to (H^{(2,0,0,0)} − E)f(z) = 0 (resp. (H^{(1,1,1,0)} − E)f(z) = 0) had been calculated individually by finite-gap integration ([16]), and it was found later that Darboux transformation provides a direct connection of coincidence of monodromy ([6, 17]). Calculation of monodromy is important for application to physics, because monodromy is used judge periodicity of eigenfunctions and periodicity is related to boundary condition for the eigenfunctions. In this paper we generalize Darboux transformation and apply it to isomonodromic property for Heun’s differential equation by following [17].

By the way, an integral transformation on Heun’s differential equation was noticed in a connection with middle convolution ([19, 21]), although it had been established before by Kazakov and Slavyanov [5]. In this paper we will study the integral transformation on Heun’s differential equation and observe relationship with generalized Darboux transformation.

2. Darboux-Crum transformation

We introduce a proposition that is a generalization of Darboux transformation.

Proposition 1. ([1, 17, 3]) Let H = −^{d2}_{dx2} + q(x) and U be a n-dimensional space of functions which is invariant under the action of H. Let L = (_d dx )_n + ∑_n i=1 c_i(x) (_d dx )_{n−i} (5) be the operator that annihilates any elements in U, i.e. Lf(x) = 0 for all f(x) ∈ U. Set H̃ = −^{d2}_{dx2} + q(x) + 2c^′_1(x). then we have (6) H̃L = LH. We call L the generalized Darboux transformation or Darboux-Crum transformation. Note that Crum [3] had obtained a proposition whose expression is slightly different. If n = 1, then we reproduce Darboux transformation.

In order to apply Proposition 1 for Heun’s differential equation, we recall quasisolvability of Heun’s equation.

Proposition 2. ([14, Proposition 5.1]) Let α_i be a number such that α_i = −l_i or α_i = l_i + 1 for each i ∈ {0, 1, 2, 3}. Set d = −

∑_3 i=0 α_i/2 and assume d ∈ Z_{≥0}. Let V_{α0,α1,α2,α3} be the d + 1-dimensional space spanned by { ^Φ(℘(x))℘(x)n } n=0,...,d , where

^Φ(z) = (z − e_1)α1/2(z − e_2)α2/2(z − e_3)α3/2. Then the operator H (l0,l1,l2,l3) preserves the space V_{α0,α1,α2,α3} .

Let L_{α0 ,α1,α2,α3} be the monic differential operator of order d + 1 which annihilates the space V_{α0,α1,α2,α3} . By calculating the coefficient c_1(x) in Eq.(5) for the operator L_{α0,α1,α2,α3} , we have Darboux-Crum transformation for Heun’s differential equation.

Theorem 3. ([17, Theorem 3.3]) Let α_i be a number such that α_i = −l_i or α_i = l_i +1 for each i ∈ {0, 1, 2, 3}. Set d = −

∑_3 i=0 α_i/2 and assume d ∈ Z_{≥0}. Then we have H^{(α0+d,α1+d,α2+d,α3+d)}L_{α0,α1,α2,α3} = L_{α0 ,α1,α2,α3} H^{(l0,l1,l2,l3)}. (7) Let f_1(x, E), f_2(x, E) be a basis of solutions to (H^{(l0,l1,l2,l3)} −E)f(x) = 0. Since the operator H^{(l0,l1,l2,l3)} is doubly-periodic, the functions f_1(x + 2ω_k, E), f_2(x + 2ω_k, E) (k = 1, 3) are also solutions to the differential equation. Let M_{2ωk} (E) (k = 1, 3) be a monodromy matrix on the shift x → x + 2ω_k with respect to the basis {f_1(x, E), f_2(x, E)}, i.e.

(8) (f_1(x + 2ω_k, E) f_2(x + 2ω_k, E)) = (f_1(x, E) f_2(x, E))M_{2ωk} (E).

It follows from absence of first order derivative of the differential equation that det M_{2ωk} (E) = 1 (k = 1, 3). Note that trM_{2ωk} (E) is independent from the choices of a basis of solutions to (H^{(l0,l1,l2,l3)} − E)f(x) = 0. Set f̃_i(x, E) = L_{α0,α1,α2,α3} f_i(x, E)

(i = 1, 2). Then H^{(α0+d,α1+d,α2+d,α3+d)}f̃_i(x, E) = Ef̃_i(x, E). Since L_{α0,α1,α2,α3} is doubly-periodic, we have

(f̃_1(x + 2ω_k, E) f̃_2(x + 2ω_k, E)) = (f̃_1(x, E) f̃_2(x, E))M_{2ωk} (E). (9) Hence the monodromy structure of H^{(l0,l1,l2,l3)} with respect to a shift of a period coincides with the one of H^{(α0+d,α1+d,α2+d,α3+d)}, and the operator L_{α0 ,α1,α2,α3} defines an isomonodromic transformation from H^{(l0,l1,l2,l3)} to H^{(α0+d,α1+d,α2+d,α3+d)}. In particular, we have trM_{2ωk} (E) = trM̃_{2ωk} (E), where trM_{2ωk} (E) (resp. trM̃_{2ωk} (E)) is the trace of the monodromy matrix of solutions to (H^{(l0,l1,l2,l3)} − E)f(x) = 0 (resp. (H^{(α0+d,α1+d,α2+d,α3+d)} − E)f(x) = 0). We now provide an example of Darboux-Crum transformation. On the case l_0 = 2l (l ∈ Z_{≥1}), l_1 = l_2 = l_3 = 0, we set α_0 = −2l, α_1 = α_2 = 1, α_3 = 0. Then d = −(α_0 + · · · + α_3)/2 = l − 1 and we may adopt Theorem 3. We have H^{(l,l,l,l−1)}L_{−2l,1,1,0} = L_{−2l,1,1,0}H^{(2l,0,0,0)}, (10)

because H^{(−l−1,l,l,l−1)} = H^{(l,l,l,l−1)}. Hence H^{(2l,0,0,0)} is isomonodromic to H^{(l,l,l,l−1)} for l ∈ Z_{≥1}. If l = 1, then d = 0, H^{(1,1,1,0)}L_{−2,1,1,0} = L_{−2,1,1,0}H^{(2,0,0,0)}, and the operator L_{−2,1,1,0} is written as L_{−2,1,1,0} =^d_{dx} −^{℘′(x)}_{2(℘(x)−e1 )} −^{℘′(x)}_{2(℘(x)−e2)} . Namely we reproduce the example in introduction.

3. Application to finite-gap integration

The method of finite-gap integration has been studied more than 30 years ([8]) and a target of earlier study was KdV equation. It was also applied to Heun’s differential equation ([23, 4, 12, 18]) with the condition l_0, l_1, l_2, l_3 ∈ Z and to a certain class of Fuchsian differential equations ([20]). Consequently we have formulas of monodnomy of Heun’s differential equation by hyperelliptic integrals ([15]), Bethe Ansats ([13]) and Hermite-Krichever Ansatz ([16]). A remarkable feature of finite-gap integration is existence of an odd-order differential operator Ã which commutes with the operator H^{(l0,l1,l2,l3)}, i.e. [Ã, H^{(l0,l1,l2,l3)}] = 0.

We can construct the odd-order differential operator Ã by composing Darboux- Crum transformations for the case l_0, l_1, l_2, l_3 ∈ Z.

Proposition 4. ([17]) If l_0, l_1, l_2, l_3 ∈ Z, then we can construct an odd-order differential operator Ã such that [Ã, H^{(l0,l1,l2,l3)}] = 0 by composing four Darboux-Crum transformations.

For details, see [17, Proposition 6.1]. If l_0 = 2, l_1 = l_2 = l_3 = 0, then there exists a differential operator Ã of fifth order written as Ã = L_{2,−1,−1,0}L_{1,−2,1,0}L_{0,2,−1,−1}L_{−2,0,0,0} which satisfies [Ã, H^{(2,0,0,0)}] = 0.

4. Integral transformation of Heun’s differential equation

We introduce integral representation of Heun’s differential equation as a generalization of Darboux transformation.

Integral transformation on Heun’s differential equation has been noticed in a connection with middle convolution ([19, 21]), although it had been established before by Kazakov and Slavyanov [5]. In order to formulate the integral transformation, we fix a base point o of the integrals in the complex plane C appropriately. Let p be an element of the Riemann sphere C ∪ {∞} and γ_p be a cycle in the Riemann sphere with the variable w which starts from w = o, turns the point w = p anti-clockwise and ends at w = o. Let [γ_z, γ_p] = γ_zγ_pγ^{−1}_z γ^{−1}_p be the Pochhammer contour.

Proposition 5. ([5, 21]) (i) Set {μ − (2 − α)}{μ − (2 − β)} = 0, γ^′ = γ + μ − 1, δ^′ = δ + μ − 1, ϵ^′ = ϵ + μ − 1, α^′ = μ, β^′ = 2μ + α + β − 3, q^′ = q + (1 − μ)(ϵ + δt + (γ − μ)(t + 1)).

(11)

Let y(w) be a solution to

d^2y dw^2 + (_γ w +^δ_{w−1} +^ϵ_{w−t} )_{dy} dw +^{αβw−q} w(w−1)(w−t) y = 0. (12)

Then the functions (i ∈ {0, 1, t, ∞})

ỹ(z) = ∫ [γ_z ,γ_i] y(w)(z − w) −μdw (13)

are solutions to

d^2ỹ dz^2 + (_{γ′} z +^{δ′}_{z−1} +^{ϵ′}_{z−t} )_{dỹ} dz +^{α′β′z−q′} z(z−1)(z−t)ỹ = 0. (14)

(ii) Under the notation of (i), we assume μ ∈ Z_{≥1} additionally. Then

ỹ(z) = (_d dz )_{μ−1} y(z) (15)

is a solution to Eq.(14).

We rewrite Proposition 5 to the form of the elliptical representation by setting μ = d + 2. It is remarkable that the eigenvalue E is unchanged by the integral transformation.

Proposition 6. ([22]) (i) Let σ(x) be the Weierstrass sigma function, σ_i(x) (i = 1, 2, 3) be the Weierstrass co-sigma function which has a zero at x = ω_i, and I_i (i = 0, 1, 2, 3) be the cycle on the complex plane with the variable y such that points y = x and y = −x+2ω_i are contained and the half-periods Zω_1+Zω_3 are not contained inside the cycle. Let α_i be a number such that α_i = −l_i or α_i = l_i +1 for each i ∈ {0, 1, 2, 3}. Set d = −

∑_3 i=0 α_i/2. Let f(x) be a solution to (H^{(l0,l1,l2,l3)} − E)f(x) = 0. Then the functions f̃(x) = σ(x)α0+d+1σ_1(x)α1 +d+1σ_2(x)α2+d+1σ_3(x)α3+d+1 · (16) ∫ I_i f(y)σ(y) 1−α_0 σ

1(y)^{1−α1} σ_2(y)^{1−α2} σ_3(y)^{1−α3} (σ(x + y)σ(x − y))^{−d−2}dy

(i ∈ {0, 1, 2, 3}) are solutions to (H^{(α0+d,α1+d,α2+d,α3+d)} − E)f(x) = 0.

(ii) Under the notation of (i), we assume d ∈ Z_{≥−1} additionally. Let f(x) be a solution to (H^{(l0,l1,l2,l3)} − E)f(x) = 0. Then the function

(17) f̃(x) = ℘^′(x)^{d+1} 3∏ i=1 (℘(x) − e_i)^{αi/2} ( 1 ℘^′(x) d dx )_{d+1} { f(x) 3∏ i=1 (℘(x) − e_i)^{−αi/2} }

is a solution to (H^{(α0+d,α1+d,α2+d,α3+d)} − E)f(x) = 0.

If d ∈ Z_{≥0} and f(x) ∈ V_{α0,α1,α2,α3} , then the function f̃(x) in Eq.(17) is identically equal to zero, and it follows that

(18) ℘^′(x)^{d+1} 3∏ i=1 (℘(x) − e_i)^{αi/2} ∘ ( 1 ℘^′(x) d dx )_{d+1} ∘ 3∏ i=1 (℘(x) − e_i)^{−αi/2} = L_{α0,α1,α2,α3} .

Therefore we may regard the integral transformation as a generalization of Darboux- Crum transformation by removing the condition d ∈ Z_{≥0}.

We can express the monodromy of solutions to (H^{(α0+d,α1+d,α2+d,α3+d)} −E)f(x) = 0 in terms of the monodromy of solutions to (H^{(l0,l1,l2,l3)} − E)f(x) = 0 by applying integral transformations, which was performed in [22].

Theorem 7. ([22]) Let α_i be a number such that α_i = −l_i or α_i = l_i + 1 for each i ∈ {0, 1, 2, 3}. Set d = −

∑_3 i=0 α_i/2. Let k ∈ {1, 3} and M_{2ωk} (E) (resp. M̃_{2ωk} (E)) be the monodromy matrix by the shift of the period x → x+2ω_k with respect to a certain basis of solutions to (H^{(l0,l1,l2,l3)} − E)f(x) = 0 (resp. (H^{(α0+d,α1+d,α2+d,α3+d)} − E)f(x) = 0). Then trM_{2ωk} (E) = trM̃_{2ωk} (E).

Hence the monodromy structure of H^{(l0,l1,l2,l3)} with respect to a shift of a period coincides with the one of H^{(α0+d,α1+d,α2+d,α3+d)} for all d(= −

∑_3 i=0 α_i/2). As a corollary we have

Corollary 8. ([22]) We keep the notations in Theorem 7. Let k ∈ {1, 3}. If there exists a non-zero solution f(x, E) to (H^{(l0,l1,l2,l3)} − E)f(x, E) = 0 such that f(x + 2ω_k, E) = C_k(E)f(x, E), then there exists a non-zero solution f̃(x, E) to (H^{(α0+d,α1+d,α2+d,α3+d)} − E)f̃(x, E) = 0 such that f̃(x + 2ω_k, E) = C_k(E)f̃(x, E). In other word, periodicity is preserved by the integral transformation.

For example the monodromy structure of H^{(2l,0,0,0)} with respect to a shift of a period coincides with the one of H^{(l,l,l,l−1)} for all l ∈ R. In particular, the condition of eigenvalues E such that there exists a non-zero periodic solution to H^{(2l,0,0,0)}f(x) = Ef(x) with respect to the shift x → x+2ω_1 coincides with that of eigenvalues E such that there exists a non-zero periodic solution to H^{(l,l,l,l−1)}f(x) = Ef(x) with respect to the shift x → x + 2ω_1 for all l ∈ R.

5. Concluding remarks

In this paper we observed some aspects of Darboux-Crum transformation and integral transformation on Heun’s differential equation. In particular we can regard Darboux-Crum transformation as a specialization of integral transformation, and periodicities of solutions to Heun’s differential equation is preserved by the transformations. We may interpret our result as a different realization of the observation by Khare and Sukhatme [6].

We note that integral transformation may produce new solutions to Heun’s differential equation. For example, solutions of Heun’s differential equation with the condition γ, δ, ϵ, α + 1/2, β + 1/2 ∈ Z (i.e. l_0, l_1, l_2, l_3 ∈ Z + 1/2, l_0 + l_1 + l_2 + l_3 ∈ 2Z + 1) can be expressed in use of finite-gap solutions, and the special case γ = δ = ϵ = 1, α = 1/2, β = 3/2 (i.e. l_0 = 1/2, l_1 = l_2 = l_3 = −1/2) was previously studied by Valent [24] to understand an eigenvalue problem related to certain birth and death processes. We hope further applications of new solutions to physics and mathematics.

References

[1] Aoyama H., Sato M., Tanaka T., N -fold supersymmetry in quantum mechanics: general formalism. Nuclear Phys. B619 (2001), 105–127.

[2] Craster R.V., Hoang V.H., Applications of Fuchsian differential equations to free boundary problems, R. Soc. Lond. Proc. Ser. A Math. Phys. Eng. Sci. 454 (1998), 1241–1252.

[3] Crum M.M., Associated Sturm-Liouville systems. Quart. J. Math. Oxford Ser. (2) 6 (1955), 121–127.

[4] Gesztesy F., Weikard R., Treibich-Verdier potentials and the stationary (m)KdV hierarchy, Math.

Z. 219 (1995), 451–476.

[5] Kazakov A.Ya., Slavyanov S.Yu., Integral relations for special functions of the Heun class, Theoret. and Math. Phys. 107 (1996), 733–739.

[6] Khare A., Sukhatme U., Periodic potentials with a finite number of band gaps, J. Math. Phys.

47 (2006), 062103, 22 pages.

[7] Kihara H., Sakaguchi M., Yasui Y., Scalar Laplacian on Sasaki-Einstein manifolds Y^{p,q}. Phys.

Lett. B 621 (2005), 288–294.

[8] Matveev V.B., 30 years of finite-gap integration theory. Philos. Trans. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 366 (2008), no. 1867, 837–875.

[9] Matveev V.B., Salle M.A. Darboux transformations and solitons. Springer Series in Nonlinear Dynamics. Springer-Verlag, Berlin, 1991 [10] Ronveaux, A.(ed.): Heun’s differential equations. Oxford Science Publications, Oxford University Press, Oxford, 1995.

[11] Slavyanov S., Lay W., Special Functions., Oxford Science Publications, Oxford University Press, Oxford, 2000.

[12] Smirnov A.O., Elliptic solitons and Heun’s equation, in ”The Kowalevski property”, CRM Proc.

Lecture Notes 32 (2002), 287–305.

[13] Takemura K., The Heun equation and the Calogero-Moser-Sutherland system I: the Bethe Ansatz method, Comm. Math. Phys. 235 (2003), 467–494.

[14] Takemura K., The Heun equation and the Calogero-Moser-Sutherland system II: the perturbation and the algebraic solution, Electron. J. Differential Equations 2004 (2004), no. 15, 30 pages.

[15] Takemura K., The Heun equation and the Calogero-Moser-Sutherland system III: the finite gap property and the monodromy, J. Nonlinear Math. Phys. 11 (2004), 21–46.

[16] Takemura K., The Heun equation and the Calogero-Moser-Sutherland system IV: the Hermite- Krichever Ansatz, Comm. Math. Phys. 258 (2005), 367–403.

[17] Takemura K., The Heun equation and the Calogero-Moser-Sutherland system V: generalized Darboux transformations, J. Nonlinear Math. Phys. 13 (2006), 584–611.

[18] Takemura K., On the Heun equation. Philos. Trans. R. Soc. Lond. Ser. A Math. Phys. Eng.

Sci. 366 (2008), no. 1867, 1179–1201.

[19] Takemura K., Integral representation of solutions to Fuchsian system and Heun’s equation, J.

Math. Anal. Appl. 342 (2008), 52–69.

[20] Takemura K., The Hermite-Krichever ansatz for Fuchsian equations with applications to the sixth Painlevé equation and to finite-gap potentials, Math. Z. 263 (2009), 149-194.

[21] Takemura K., Middle convolution and Heun’s equation, SIGMA (Symmetry, Integrability and Geometry: Methods and Applications) 5 (2009), 040, 22 pages.

[22] Takemura K., Integral transformation on Heun’s equation and applications, in preparation. [23] Treibich A., Verdier J.-L., Revetements exceptionnels et sommes de 4 nombres triangulaires, Duke Math. J. 68 (1992), 217–236.

[24] Valent G., An integral transform involving Heun functions and a related eigenvalue problem, SIAM J. Math. Anal. 17 (1986), no. 3, 688–703.

Department of Mathematical Sciences, Yokohama City University, 22-2 Seto, Kanazawa-ku, Yokohama 236-0027, Japan.

E-mail address: takemura@yokohama-cu.ac.jp