arXiv:0911.2708v3 [hep-th] 6 Feb 2010

DFPD-09/TH/23 CERN-PH-TH/2009-216 SU-ITP-09/49 ROM2F/2009/23 ENSL-00432620

A special road to AdS vacua

Davide Cassani^♯, Sergio Ferrara^{♦,♠,♭}, Alessio Marrani^♥, Jose F. Morales^♣, and Henning Samtleben^♮

♯ Dipartimento di Fisica “Galileo Galilei” Università di Padova, via Marzolo 8, I-35131 Padova, Italy

davide.cassani@pd.infn.it

♦ Theory Division - CERN, CH-1211, Geneva 23, Switzerland

sergio.ferrara@cern.ch

♠ INFN - LNF, via Enrico Fermi 40, I-00044 Frascati, Italy

♭ Department of Physics and Astronomy, University of California, Los Angeles, CA USA

♥ Stanford Institute for Theoretical Physics, Stanford University, Stanford, CA 94305-4060, USA

marrani@lnf.infn.it

♣ INFN, Università di Roma “Tor Vergata”, via della Ricerca Scientifica, I-00133 Roma, Italy

morales@roma2.infn.it

♮ Université de Lyon, Laboratoire de Physique, ENS Lyon, 46 allée d’Italie, F-69364 Lyon CEDEX 07, France

henning.samtleben@ens-lyon.fr

Abstract

We apply the techniques of special Kähler geometry to investigate AdS_4 vacua of general N = 2 gauged supergravities underlying flux compactifications of type II theories. We formulate the scalar potential and its extremization conditions in terms of a triplet of prepotentials P_x and their special Kähler covariant derivatives only, in a form that recalls the potential and the attractor equations of N = 2 black holes. We propose a system of first order equations for the P_x which generalize the supersymmetry conditions and yield non-supersymmetric vacua. Special geometry allows us to recast these equations in algebraic form, and we find an infinite class of new N = 0 and N = 1 AdS_4 solutions, displaying a rich pattern of non-trivial charges associated with NSNS and RR fluxes. Finally, by explicit evaluation of the entropy function on the solutions, we derive a U-duality invariant expression for the cosmological constant and the central charges of the dual CFT’s.

Contents

1 Introduction 2

2 Revisiting the N = 2 flux potential 4

3 Vacuum equations and first order conditions 7 3.1 The vacuum equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 3.2 First order conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 3.3 Extremization of V from the Ansatz . . . . . . . . . . . . . . . . . . . . . 9

4 Vacuum solutions 13 4.1 Only universal hypermultiplet . . . . . . . . . . . . . . . . . . . . . . . . . 14 4.2 Adding hypermultiplets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 4.3 U-invariant cosmological constant . . . . . . . . . . . . . . . . . . . . . . . 19 4.4 Central charge via entropy function . . . . . . . . . . . . . . . . . . . . . . 22 4.5 Examples from type IIA/IIB compactifications . . . . . . . . . . . . . . . . 23

5 Discussion 25

A An alternative derivation of V 26

B Elaborating the N = 1 susy conditions 28 B.1 In terms of (derivatives of) the prepotentials P_x . . . . . . . . . . . . . . . 28 B.2 In a symplectically covariant algebraic form . . . . . . . . . . . . . . . . . 30

C Flux/gauging dictionary for IIA on SU(3) structure 31 C.1 SU(3) structures and their curvature . . . . . . . . . . . . . . . . . . . . . 31 C.2 The scalar potential from dimensional reduction . . . . . . . . . . . . . . . 32

D Details on U-invariance 35

1 Introduction

The attractor mechanism [1, 2, 3, 4], initially discovered in the context of N = 2 black holes, has been recognized as a universal phenomenon governing any extremal flow in supergravity with an AdS horizon. It applies to both BPS and non-BPS solutions [5, 6], ungauged [7] and gauged [8] higher-derivatives supergravities, and general intersections of brane solutions [9].

Also AdS_4 vacua arising in string theory compactifications with fluxes can be thought as the near-horizon geometries of extremal black brane solutions. In fact, the vacuum conditions of flux compactifications display many analogies with the attractor equations defining the near-horizon limit of extremal black holes. This was first shown in [5] in the context of N = 1 orientifolds of type IIB on Calabi-Yau three-folds. In that paper, first it was observed that the N = 1 scalar potential has a form close to the N = 2 black hole potential, with the black hole central charge Z replaced by the combination e^K2 W involving the N = 1 Kähler potential K and superpotential W , and with the NSNS and RR fluxes playing the role of the black hole electric charges. Then, exploiting the underlying special Kähler geometry of the Calabi-Yau complex structure moduli space, the differential equations both for black hole attractors and for flux vacua were recast in a set of algebraic equations. This treatement did not consider the Calabi-Yau Kähler moduli, which do not appear in the type IIB flux superpotential. Explicit attracting Calabi-Yau solutions were derived in [10] (see also [11] for recent developements on CY attractors), while extensions to non-Calabi-Yau attractors were elaborated in [12, 13, 14]. A recent review on the subject, including a complete list of references, can be found in [15], while for exhaustive reviews on flux compactifications with a thorough bibliography see [16].

In this paper we develop the above ideas focussing on a four-dimensional N = 2 setup. We consider general N = 2 gauged supergravities related to type II theories via flux compactification on non-Calabi-Yau manifolds, and we explore their AdS vacua exhibiting partial (N = 1) or total (N = 0) spontaneous supersymmetry breaking. In particular, we find infinite classes of AdS vacua for an arbitrary number of vector and hypermultiplets, and we study their U-duality invariants. The solutions are derived by solving a general system of first order conditions guaranteeing the equations of motion.

At the four dimensional level, the family of supergravities we consider can be obtained by deforming the Calabi-Yau effective action. The latter is characterized by the choice of two special Kähler manifolds M_1 and M_2: while M_2 defines the vector multiplet scalar manifold, M_1 determines via c-map the quaternionic manifold M_Q parameterized by the scalars in the hypermultiplets [17, 18]. The deformation we study is the most general abelian gauging of the Heisenberg algebra of axionic isometries which is always admitted by M_Q [19, 20, 21]. The gauging involves both electric and magnetic charges in a consistent way, the latter appearing as mass terms for tensor fields [22, 23, 24, 25, 26]. From the point of view of compactifications, this deformation is expected to correspond to a dimensional reduction of type IIA/IIB on SU(3) and SU(3)×SU(3) structure manifolds (and possibly non-geometric backgrounds) in the presence of general NSNS and RR fluxes [27, 28, 29, 30, 31, 32, 33, 34]. In this perspective, our setup provides a unifying framework for the study of N = 2 flux compactifications of type II theories on generalized geometries.

We start our analysis in section 2 by reconsidering the expression derived in [21] for the N = 2 scalar potential associated with the gauging described above. This expression is manifestly invariant under the symplectic transformations rotating the flux charges together with the symplectic sections of both the special Kähler geometries on M_1 and M_2. We derive a convenient reformulation of the scalar potential in terms of a triplet of Killing prepotentials P_x , x = 1, 2, 3, and their covariant derivatives. The P_x encode the informations about the gauging, and play a role analogous to the central charge Z of N = 2 black holes, or to the covariantly holomorphic superpotential e^K2 W of N = 1 compactifications. Interestingly, in our reformulation the only derivatives appearing are the special Kähler covariant derivatives with respect to the coordinates on M_1 and M_2, with no explicit contributions from the M_Q coordinates orthogonal to M_1. This rewriting is advantageous since it allows to take into account the hypersector continuing however to dispose of the nice properties of special Kähler geometry.

In section 3 we move to the study of the extremization equations for the potential. These are spelled out in subsection 3.1, and resemble the attractor equations of N = 2 black holes, though they are more complicated to solve. To achieve this goal, in subsection 3.2 we propose a new general approach: this is based on a deformation of the supersymmetry conditions to a set of first order equations in the P_x and their special Kähler covariant derivatives, which still imply the (second order) equations of motion and hence yield non-supersymmetric vacua. Again exploiting special Kähler geometry, our first order conditions can be reformulated in an algebraic form exhibiting manifest symplectic covariance. The proof that these equations extremize the scalar potential is worked out in subsection 3.3.

In section 4 we find explicit AdS solutions for the wide class of supergravities whose scalar manifolds M_1 and M_2 are symmetric with cubic prepotentials. These solutions generalize those derived in [35] in the context of dimensional reduction of type IIA on coset spaces with SU(3) structure (see footnote 9 below for the earlier history of the solutions in [35]). Indeed, our analysis allows for an arbitrary number of vector multiplets (subsection 4.1) and hypermultiplets (subsection 4.2), as well as for a large set of fluxes.

Subsection 4.3 is dedicated to the study of the U-duality transformation properties of our solutions. We identify and evaluate the relevant U-invariants, and we provide a manifestly U-invariant expression for the AdS cosmological constant.

In subsection 4.4 we compute the central charge of the dual three-dimensional CFT’s associated to the solutions found. This is done by employing the entropy function formalism [7, 36] originally introduced for black hole attractors, and then generalized to the context of general black brane solutions [9]. The entropy function F is defined as the Legendre transform of the higher-dimensional supergravity action with respect to the brane electric charges, evaluated at the near horizon geometry. Since in our description the brane electric fluxes are assumed dualized to magnetic ones, F corresponds just to (minus) the supergravity action in the four-dimensional description. As we will see, the central charge results then proportional to the inverse of the cosmological constant, and hence determined by the same U-duality invariants mentioned above.

In subsection 4.5 we come back to the explicit examples of type IIA dimensional reductions on coset spaces studied in [35] (see also [37] for N = 1 orientifold truncations on the same manifolds). We give more details about the relevant scalar manifolds, and we discuss the models arising from reduction of type IIB on the same manifolds.

In section 5 we draw our final considerations. Finally, the appendix contains a lot of background material as well as some details of our computations. In appendix A firstly we discuss how the most general scalar potential of N = 2 supergravity with gaugings of quaternionic isometries can be put in a form involving the P_x and their special Kähler and quaternionic covariant derivatives (cf. eq. (A.11)). Secondly, we prove that for the theory we consider this expression reduces to a formula in which only special Kähler covariant derivatives appear. In appendix B we deal with the N = 1 susy conditions, expressing them both as differential conditions on the P_x, and as symplectically covariant algebraic equations [33]. Appendix C illustrates how the gaugings we consider can arise from dimensional reduction of type II theories on manifolds with SU(3) structure. Appendix D details the computations of the U-duality invariants that are relevant for our solutions.

2 Revisiting the N = 2 flux potential

In this section we reconsider the scalar potential V derived in [21] by gauging the N = 2 effective action for type II theories on Calabi-Yau three-folds, and we reformulate it in terms of Killing prepotentials P_x and their special Kähler covariant derivatives. From a dimensional reduction perspective, V arises [34] in general type II flux compactifications on 6d manifolds with SU(3) or SU(3)×SU(3) structure (and non-geometric backgrounds) preserving eight supercharges [27, 30, 31, 32, 33]. An explicit dictionary between the gauging and the fluxes is presented in appendix C for type IIA on SU(3) structures, together with a further list of references.

Scalars in N = 2 supergravity organize in vector multiplets and hypermultiplets, respectively parameterizing a special Kähler manifold M_2 and a quaternionic manifold M_Q. In the cases of our interest, M_Q is derived via c-map from a special Kähler submanifold M_1 [17, 18]. For both type IIA/IIB compactifications, we denote by h_1 + 1 the number of hypermultiplets (where the 1 is associated with the universal hypermultiplet), and by h_2 + 1 the number of vector fields (including the graviphoton in the gravitational multiplet), so that h_1 = dim_C M_1 and h_2 = dim_C M_2. Furthermore, we introduce complex coordinates z^i , i = 1, . . . h_1 on M_1, and x^a , a = 1, . . . , h_2 on M_2, and we denote by

Π^I_1 = e^{K12} ( Z^I G_I ) , I = (0, i) = 0, 1, . . . , h_1 ,

Π^A_2 = e^{K22} ( X^A F_A ) , A = (0, a) = 0, 1, . . . , h_2 (2.1)

the covariantly holomorphic symplectic sections of the special Kähler geometry on M_1 and M_2 respectively. All along the paper, indices in a double font like I and A correspond to symplectic indices. The respective ranges are I = 1, . . . , 2(h_1 +1) and A = 1, . . . , 2(h_2 +1) .

To complete the geometric data on M_1 and M_2, we introduce the respective Kähler potentials K_1, K_2, Kähler metrics g_{ij̄}, g_a¯_b , and symplectic invariant metrics C_1 , C_2 :

K_1 = − log i ( Z^I G_I − Z^I G_I ) , g_{ij̄} = ∂_i∂_{j̄}K_1

K_2 = − log i ( X^AF_A − X^AF_A ) , g_a¯_b = ∂_a∂¯_bK_2

C_{1 IJ} = C^{IJ}_1 = ( 0 1l −1l 0 ) = C_{2 A B} = C^{A B}_2 ⇒ C_{A B} C^{B C} = −δ^C_A , C_{IJ}C^{JK} = −δ^K_I .

Finally, the coordinates z^i on M_1 are completed to coordinates on M_Q by the real axions ξ^I = (ξ^I , ξ̃_I )^T arising from the expansion of the higher dimensional RR potentials, together with the 4d dilaton φ and the axion a dual to the NSNS 2–form along the 4d spacetime.

The quaternionic manifold M_Q always admits a Heisenberg algebra of axionic isometries [19], which are gauged once fluxes are turned on in the higher-dimensional background [20, 21, 38, 39, 40, 41, 42]. The NSNS fluxes, including geometric (and possibly non-geometric) fluxes, are encoded in a real ‘bisymplectic’ matrix Q_A^I, while the RR fluxes are encoded in a real symplectic vector c^A . Explicitly,^1

Q_A^I = ( e^I_A e_{AI} m^{AI} m^A_I ) , c^A = ( p^A q_A ) . (2.2)

Abelianity and consistency of the gauging impose the following constraints on the charges [20, 21]

Q^T C_2 Q = Q C_1 Q^T = c^T Q = 0 . (2.3)

In the context of dimensional reductions, these can be traced back to the Bianchi identities for the higher-dimensional field strengths, together with the nilpotency of the exterior derivative on the compact manifold [30, 32] (cf. appendix C).

The scalar potential generated by the gauging can be written as the sum of two contributions: V = V_{NS} + V_R, where V_{NS} can be seen to come from the reduction of the NSNS sector of type II theories, while V_R derives from the RR sector. Both these contributions take a symplectically invariant form, and read [21]

V_{NS} = −2e^{2φ} [ Π^T_1 ~Q^T M_2 ~QΠ_1 + Π^T_2 QM_1 Q^T Π_2 + 4Π^T_1 C^T_1 Q^T ( Π_2Π^T_2 + Π_2Π^T_2 ) QC_1 Π_1 ]

V_R = −^1_2 e^{4φ}(c + ~Q ξ)^T M_2 (c + ~Q ξ) , (2.4)

with

~Q^A_I = (C^T_2 Q C_1 )^A_I , (2.5)

while (M_1 )_{IJ} and (M_2 )_{A B} are symmetric, negative-definite matrices built respectively from the period matrices (N_1)_{IJ} and (N_2)_{AB} of the special Kähler geometries on M_1 and M_2 via the relation M = ( 1 −ReN 0 1 ) ( ImN 0

0 (ImN )^{−1} ) ( 1 0 −ReN 1 ) . (2.6)

1A consistent formulation of N = 2 supergravity involving both electric and magnetic charges can be obtained by dualizing some hyperscalars to two-forms [22, 23, 24, 25, 26]. After a subset of the hypermultiplets is transformed in tensor multiplets, the residual scalar manifold is no more quaternionic. Anyway, it turns out that the correct expression for the scalar potential can be derived by employing the data (vielbeine, Sp(1) connection) of the quaternionic manifold prior the dualization of the scalars, and by reasoning as if the gauging was performed both with respect to electric and magnetic gauge potentials. The resulting expression for V reads as the symplectic completion of the standard formula [43] for the potential following from a purely electric gauging. See appendix A for more details.

Also notice that in M_Q the special Kähler coordinates are inert under the Heisenberg algebra symmetries of M_Q [18, 19]. It is only the latter that is gauged in the supergravity description considered in this paper.

Nicely, expressions (2.4) for V_{NS} and V_R can be recast in a form that reminds that of the N = 2 black hole potential (as well as the N = 1 supergravity potential), with the NSNS and RR fluxes Q_A^I and c^A playing a role analogous to the black hole charges. The black hole central charge will here be replaced by the triplet of N = 2 Killing prepotentials P_x , x = 1, 2, 3 which describe the gauging under study. These read (see appendix A for details):

P_+ ≡ P_1 + iP_2 = 2e^φ Π^T_2 Q C_1 Π_1

P_− ≡ P_1 − iP_2 = 2e^φ Π^T_2 Q C_1 Π_1

P_3 = e^{2φ} Π^T_2 C_2 (c + ~Qξ) . (2.7)

Here, P_± encode the contribution of the NSNS sector, while P_3 describes the contribution of the RR sector [30, 32].

We find that the NSNS and RR potentials (2.4) can be recast in the suggestive form

V_{NS} = g^{ab̄}D_aP_+D¯_bP_+ + g^{ij̄}D_iP_+D_{j̄}P_+ − 2|P_+|^2

V_R = g^{ab̄}D_aP_3D¯_bP_3 + |P_3|^2, (2.8)

whose main benefit is to involve only special Kähler covariant derivatives of the P_x, which are defined as

D_iP_x = (∂_i +^1_2 ∂_iK_1)P_x , D_aP_x = (∂_a +^1_2 ∂_aK_2)P_x . (2.9)

Eqs. (2.8) are the expressions for V_{NS} and V_R we are going to employ in the next sections. An expression closely related to the above rewriting of V_{NS} in terms of P_+ appeared in [21], and our derivation of V_R in terms of P_3 follows the same methods. In order to prove the equivalence between (2.4) and (2.8) we employ the following useful identities of special Kähler geometry [44]:

g^{ij̄}D_iΠ_1D_{j̄}Π^T_1 = −^1_2 ( C^T_1 M_1 C_1 + iC_1 ) − Π_1Π^T_1 (2.10)

g^{ab̄}D_aΠ_2D¯_bΠ^T_2 = −^1_2 ( C^T_2 M_2 C_2 + iC_2 ) − Π_2Π^T_2 . (2.11)

These yield

g^{ab̄}D_aP_+D¯_bP_+ = −2 e^{2φ} ( Π^T_1 ~Q^T M_2 ~QΠ_1 + 2Π^T_1 C^T_1 Q^T Π_2 Π^T_2 Q C_1 Π_1 ) g^{ij̄}D_iP_+D_{j̄}P_+ = −2 e^{2φ} ( Π^T_2 Q M_1 Q^T Π_2 + 2Π^T_1 C^T_1 Q^T Π_2 Π^T_2 Q C_1 Π_1 ) −2|P_+|^2 = −8 e^{2φ} Π^T_1 C^T_1 Q^T Π_2 Π^T_2 Q C_1 Π_1

g^{ab̄}D_aP_3D¯_bP_3 + |P_3|^2 = −^1_2 e^{4φ}(c + ~Qξ)^T M_2 (c + ~Qξ) , (2.12)

and the equivalence between (2.4) and (2.8) is seen by addition of these four lines.

In appendix A we illustrate an alternative, ab initio derivation, where (2.8) are obtained starting from the general formula for the supergravity scalar potential given as a sum of squares of fermionic shifts, and expressing the latter in terms of the P_x and their derivatives.

It is instructive to compare the quantities in (2.7) with the black hole central charge, which reads Z_{BH} = Π^T_2 C_2 c, where here c = (p^A, q_A) is to be interpreted as the symplectic vector of electric and magnetic charges of the black hole. In addition to the fact that we are dealing with two quantities (P_+ and P_3) instead of a single one (Z_{BH}), we face here the further complication that these do not depend just on the covariantly holomorphic symplectic section Π_2 of the vector multiplet special Kähler manifold M_2, but also on the scalars in the hypermultiplets. However, the constrained structure of the quaternionic manifold, determined via c-map from the special Kähler submanifold M_1, comes to the rescue, yielding a relatively simple dependence of P_+ and P_3 on the 4d dilaton e^φ (appearing as a multiplicative factor) and on the axionic variables ξ^I (appearing in P_3 as a scalar-dependent shift of the charge vector c). Finally, the M_1 coordinates enter in P_+ via the covariantly holomorphic symplectic section Π_1, making P_+ a covariantly ‘biholomorphic’ object.

3 Vacuum equations and first order conditions

3.1 The vacuum equations

The extremization of the scalar potential (2.8) corresponds to the equations

∂_φV = 0 ⇔ V_{NS} + 2V_R = 0 (3.1)

∂_ξV = 0 ⇔ ~Q^T M_2 (c + ~Qξ) = 0 (3.2)

∂_iV = 0 ⇔ iC_{ijk}g^{jj̄}g^{kk̄}D_{j̄}P_−D¯_kP_+ − D_iP_+P_+ + g^{ab̄}D_aD_iP_+D¯_bP_+ = 0 (3.3) ∂_aV = 0 ⇔ iC_{abc}g^{bb̄}g^{cc̄} ( D¯_bP_−D_{c̄}P_+ + D¯_bP_3D_{c̄}P_3 ) − D_aP_+P_+ + 2D_aP_3P_3

+ g^{ij̄}D_iD_aP_+D_{j̄}P_+ = 0 . (3.4)

To write (3.3), we used the following characterizing relations of special Kähler geometry [43]

D_iD_j Π_1 = iC_{ijk}g^{kk̄}D¯_kΠ_1 , D_iD_{j̄}Π_1 = g_{ij̄}Π_1 , (3.5)

where C_{ijk} is the completely symmetric, covariantly holomorphic 3–tensor of the special Kähler geometry on M_1. The analogous identities obtained by sending 1 → 2 and i, j, k → a, b, c have been used to derive eq. (3.4). In particular, these relations imply

D_iD_j P_+ = iC_{ijk}g^{kk̄}D¯_kP_− , (3.6)

as well as

D_aD_bP_+ = iC_{abc}g^{cc̄}D_{c̄}P_− and D_aD_bP_3 = iC_{abc}g^{cc̄}D_{c̄}P_3 . (3.7)

The system of equations above, in particular eqs. (3.3) and (3.4), take a form which reminds the attractor equations for black holes in N = 2 supergravity. In the remaining of this section we will show how this set of equations is solved by a supersymmetry inspired set of first order conditions accounting for both supersymmetric and non-supersymmetric solutions.

3.2 First order conditions

In this subsection we propose a first order ansatz which generalizes the supersymmetry conditions and allows to solve the vacuum equations (3.1)–(3.4). First we will give a summary of our results, then in the next subsection we will explicitly show how the vacuum equations follow from the ansatz. Finally, in section 4 we will present some explicit examples of supersymmetric and non-supersymmetric vacua satisfying our first order ansatz.

We consider the following set of equations, linear in the P_x (and their derivatives), and hence in the flux charges: ± e^{±iγ−iθ}P_± = u P_3 ± e^{±iγ+iθ}D_aP_± = v D_aP_3 D_iP_+ = 0 = D_īP_− , (3.8)

where γ, u, v, θ are real positive parameters. While γ will be just a free phase, the other three parameters will need to satisfy certain constraints given below. The ansatz (3.8) generalizes the AdS N = 1 supersymmetry condition, which, as we illustrate in appendix B.1, corresponds to the particular case^2

susy ⇔ u = 2 , v = 1 , θ = 0 . (3.9)

Our aim is to implement the first order ansatz (3.8) to derive non-supersymmetric solutions of the vacuum equations. In order to do this, we will restrict our analysis to the case in which M_2 is a special Kähler manifold with a cubic prepotential. Indeed, below we will show that (3.8) extremizes the scalar potential if the parameters u, v satisfy 1 2 uv^2 − u^2v + u + v = 0 , (3.10)

and — under the assumption that M_2 is cubic — if we further require that

D_aP_3 = α_3 ∂_aK_2 P_3 , (3.11)

with α_3 given by

e^{3iArg(α3)+2iArg(P3)} = − √ 4u 3v 1 − v^2 e^{2iθ} 2 − u v e^{−2iθ} , |α_3|^2 = u 3v . (3.12)

As we will see, the second of (3.12) is actually a consequence of (3.8) and (3.11). Furthermore, notice that by evaluating the modulus square of both its sides, the first of (3.12) yields a constraint involving u, v, θ only:

4 u v^2 cos(2θ) = 3 u^2v^3 − 4 u v^4 − 4 u + 12 v . (3.13)

2The N = 1 conditions are completed by P_3 = −i^̄μ, where μ̂ ≠ 0 is the parameter appearing in the Killing spinor equation on AdS, related to the AdS cosmological constant Λ via Λ = −3|μ̂|^2. See appendix B.1 for details.

For a study of the possible maximally supersymmetric configurations in N = 2 gauged supergravity, we refer to [45].

Explicit solutions to the above conditions on symmetric scalar manifolds M_2 with a cubic prepotential will be presented in section 4.

Below in this section we also consider the possibility of relaxing requirement (3.11). While it will be clear that condition (3.10) has to hold independently of the assumptions on the special geometry on M_2, we will show that relation (3.13) is also necessary, at least when M_2 is a symmetric special Kähler manifold.

It will be very useful for our purposes to rephrase eqs. (3.8) in a symplectically covariant algebraic form. Following similar steps to the ones presented for the supersymmetric case in appendix B.2, we find that (3.8) are equivalent to^3

0 = Q^T Π_2 − iuP_3e^{iθ−φ}Re ( e^{iγ} Π_1 ) , (3.14)

0 = QC_1 Re ( e^{iγ} Π_1 ) , (3.15)

0 = 2QC_1 Im ( e^{iγ} Π_1 ) + 2e^{−φ}(u + v)Re [ e^{−iθ} P_3C_2 Π_2 ] − e^φ(M_2 v cos θ − C_2 v sin θ)(c + ~Qξ). (3.16)

Notice that, precisely as in the supersymmetric case, for non-vanishing P_3 the second equation actually follows from the first one (cf. below eq. (B.13)).

3.3 Extremization of V from the Ansatz

We now come to the proof that the extremization equations (3.1)–(3.4) for the scalar potential V are satisfied by the conditions given above.

∂_φV = 0

We start by considering the extremization of V with respect to the 4d dilaton φ, namely eq. (3.1). Let us preliminarily show that the linear ansatz above implies

|DP_3|^2 = u v |P_3|^2, (3.17)

where here and in the following we denote |DP_x|^2 ≡ g^{ab̄}D_aP_xD¯_bP_x. This can be seen from^4

|DP_3|^2 = −^1_2 e^{4φ} (c + ~Qξ)^T M_2 (c + ~Qξ) − |P_3|^2 = (u + v) v cos θ e^{2φ}(c + ~Qξ)^T C^T_2 Re [ Π_2P_3 e^{−iθ} ] − |P_3|^2 = u v |P_3|^2, (3.18)

3The equations in appendix B.2 are recovered by substituting the values (3.9) of u, v, θ, and setting iP_3 = ^̄μ. As shown in [33], these supersymmetry conditions match the ‘pure spinor equations’ derived in [46, 47] and characterizing the N = 1 backgrounds at the 10d level.

4An analogous computation leads to |DP_+|^2 =^u_v |v|^2|P_3|^2, which is consistent with (3.8) and (3.17).

where for the first equality we used (2.12), for the second equality we employed condition (3.16) and the constraints (2.3), while for the third one we recognized expression (2.7) for P_3 . From (3.8) and (3.17) we deduce the following chain of relations 1 v |DP_±|^2 = v |DP_3|^2 = u |P_3|^2 = 1 u |P_±|^2 . (3.19)

Also recalling D_iP_+ = 0, the dilaton equation (3.1) becomes just a condition on u and v:

0 = |DP_+|^2 − 2|P_+|^2 + 2( |DP_3|^2 + |P_3|^2 ) = ( u v − 2u^2 + 2 u v + 2 ) |P_3|^2, (3.20)

which corresponds to eq. (3.10).

As an aside, we remark that using (3.17) the potential at the critical point can be rewritten as V = −V_R = − ( 1 + u v ) |P_3|^2 . (3.21)

Notice that in the supersymmetric case this yields V = −3|P_3|^2 = Λ (cf. footnote 2 for the relation between P_3 and the AdS cosmological constant Λ), which is consistent with the Einstein equation on AdS_4. ∂_ξIV = 0 Next we observe that the ξ^I equation (3.2) follows from eq. (3.16) after multiplying it from the left by the matrix Q^T C_2 . The first and the last terms in the obtained equation vanish due to constraint (2.3), while the second one vanishes after using eq. (3.14).^5 Notice that to satisfy this equation it is crucial that u and v be real.

∂_iV = 0

Taking into account D_iP_+ = 0, the only non-trivially vanishing term in (3.3) is the last one, containing both the D_a and D_i derivatives. In order to see that also this term is zero, we evaluate

g^{ab̄}D_aD_iP_+D¯_bP_+ = 4e^{2φ}D_iΠ^T_1 C^T_1 Q^T ( −^1_2 C^T_2 M_2 C_2 −^i_2 C_2 − Π_2Π^T_2 ) QC_1 Π_1

= ie^{2φ+iγ} D_iΠ^T_1 C^T_1 Q^T { 2(u + v)Re [ P_3e^{−iθ−φ}C^T_2 M_2 Π_2 ]

+ e^φv cos θ(c + ~Qξ) + e^φv sin θ C^T_2 M_2 (c + ~Qξ) }

=^1_2 e^{iγ} (u + v) [ e^{−iθ} P_3D_iP_+ − e^{iθ} P_3D_iP_− ] = 0 .

where in the first line we used (2.11) to obtain the right hand side, whose last two terms actually vanish due to constraint (2.3) and to condition D_iP_− = 0. The second line follows

5Here we followed parallel steps to the proof [47, app. A] that in type II theories the general N = 1 conditions of [47] imply the equations of motion for the RR field-strengths on the internal manifold M_6.

from substituting QC_1 Π_1 from (3.15), (3.16) and using the identity C^T_2 M_2 C_2 M_2 = 1l. The last line is derived employing again (2.3) and the identity M_2 Π_2 = −iC_2 Π_2, recalling that (3.2) is satisfied, and recognizing the expressions (2.7) of P_±. Both terms in the parenthesis vanish due to (3.8).

∂_aV = 0

Finally we consider eq. (3.4). Let us first show that the term involving both D_a and D_i derivatives vanishes under the ansatz (3.8). We compute

g^{ij̄}D_iD_aP_+D_{j̄}P_+ = 4e^{2φ}D_aΠ^T_2 QC_1 ( −^1_2 C^T_1 M_1 C_1 −^i_2 C_1 − Π_1Π^T_1 ) C^T_1 Q^T Π_2

= 2i u e^{−iθ} P_3e^φD_aΠ^T_2 Q [ Re ( e^{iγ} M_1 Π_1 ) − 2C_1 Π_1Π^T_1 C_1 Re ( e^{iγ} Π_1 )] = u e^{−iθ} P_3e^φD_aΠ^T_2 QC_1 ( e^{iγ} Π_1 + e^{−iγ} Π_1 ) =^1_2 u e^{−iθ} P_3 ( e^{iγ} D_aP_+ + e^{−iγ} D_aP_− ) = 0 .

In the first line we used identity (2.10); the term proportional to iC_1 cancels due to constraint (2.3). Then the second line follows using (3.14), while for the third line we used M_1 Π_1 = −iC_1 Π_1 as well as Π^T_1 C_1 Π_1 = i. Recalling the expression (2.7) of P_±, we thus obtain the last line, which vanishes due to (3.8).

Using (3.8), eq. (3.4) then reads ( 1 − v^2e^{2iθ} ) iC_{abc}g^{bb̄}g^{cc̄}D¯_bP_3D_{c̄}P_3 + ( 2 − uve^{−2iθ} ) D_aP_3 P_3 = 0 . (3.22)

In the supersymmetric case (3.9), and only in this case, the terms in the two parenthesis vanish separately, and the scalar potential is therefore fully extremized.

To solve the non-supersymmetric vacuum equations we focus on the case in which M_2 has a cubic prepotential, and require relation (3.11). This condition, together with the following property of cubic geometries^6

iC_{abc}g^{bb̄}g^{cc̄} ∂¯_bK_2 ∂_{c̄}K_2 = 2 ∂_aK_2 , (3.23)

allows us to rewrite (3.22) as ( 1 − v^2e^{2iθ} ) 2ᾱ^2_3 P^2_3 + ( 2 − uve^{−2iθ} ) α_3|P_3|^2 = 0 . (3.24)

where we used the relation g^{ab̄}∂_aK_2∂¯_bK_2 = 3 (cf. footnote 6), that holds for cubic geometries. Using the second of (3.12) it is now easy to check that (3.24) corresponds to the first of (3.12).

We have thus proved that conditions (3.8), together with (3.10)–(3.12), guarantee (a non-supersymmetric) extremization of the scalar potential.

6This can be verified using the relations given in (4.2), (4.4) below.

Relations between symplectic invariants One can wonder whether it is possible to find vacuum solutions of the type (3.8) that do not require ansatz (3.11). Here we show that, even relaxing the latter condition, eq. (3.13) is however still needed, at least in the case in which the special Kähler manifold M_2 is symmetric.

We start by writing eq. (3.22) as

D_aP_3 = A P_3 C_{abc}g^{bb̄}g^{cc̄}D¯_bP_3D_{c̄}P_3 , A ≡ − i ( 1 − v^2e^{2iθ} ) ( 2 − uve^{−2iθ} ) . (3.25)

Contracting this equation with g^{ab̄}D¯_bP_3 one finds a necessary condition relating two symplectic invariants:

|DP_3|^2 = A P_3

C_{abc}g^{aā}g^{bb̄}g^{cc̄} D_āP_3 D¯_bP_3D_{c̄}P_3 . (3.26)

Replacing D¯_bP_3 and D_{c̄}P_3 in (3.25) by the complex conjugate of (3.25) itself and using the following identity, valid for symmetric special Kähler geometries: g^{bb}g^{cc} C_{abc}C¯_{b(}¯_{dē}C¯_{fḡ)c̄} = 4 3 C_(¯_{dē}¯_f g_{ḡ)a} , (3.27)

we get

D_aP_3 =

4 A Ā^2 3 P_3 P^2_3

D_aP_3 C¯_{bc̄}¯_d g^{b̄b}g^{c̄c}g^{d̄d}D_bP_3 D_cP_3 D_dP_3 . (3.28)

Using (3.26) and (3.17) to rewrite the right hand side, we arrive at 4 u 3 v |A|^2 = 1 , (3.29)

which is precisely eq. (3.13).

Explicit solutions In the next section we will present explicit vacuum solutions A, B, C (cf. (4.28)–(4.30)) satisfying the linear ansatz of subsection 3.2, with the parameters u, v, θ given by

A (N = 0) : u = 3v = 2

√_6 5 , e^{iθ} =^{1√}_6 ( √ 5 − i) B (N = 0) : u = v = 2 , e^{iθ} =^1_2 (1 − i √ 3) C (N = 1) : u = 2v = 2 , e^{iθ} = 1 . (3.30)

4 Vacuum solutions

Applying the results of the previous section, in the following we present new explicit N = 0 and N = 1 AdS_4 vacuum solutions of the N = 2 gauged supergravities under study, and we discuss the associated U-duality invariants.

For simplicity we focus on the case where the special Kähler scalar manifolds M_1 and M_2 are symmetric manifolds G/H with cubic prepotentials; a complete list is given in table I below. We denote the cubic prepotentials on M_1 and M_2 respectively by

F =^1_6 d_{abc}

X^aX^bX^c X^0

, G =^1_6 d_{ijk} Z^iZ^jZ^k Z^0

, (4.1)

where d_{abc} and d_{ijk} are scalar-independent, totally symmetric real tensors.

Choosing special coordinates, for M_2 we have

X^A = (1, x^a) , F_A = (−f, f_a) , f =^1_6 d_{abc}x^ax^bx^c , f_a =^1_2 d_{abc}x^bx^c

V =^1_6 d_{abc}x^a_2x^b_2x^c_2 , V_a =^1_2 d_{abc}x^b_2x^c_2 , C_{abc} = e^{K2} d_{abc}

K_2 = − log(−8V) , ∂_aK_2 = iV_a 2V , (4.2)

where the complex coordinates x^a are split into real and imaginary parts as x^a = x^a_1 +ix^a_2 , with x^a_2 < 0. Analogously, for M_1 we have

Z^I = (1, z^i) , G_I = (−g, g_i) , g =^1_6 d_{ijk}z^iz^j z^k , g_i =^1_2 d_{ijk}z^j z^k Ṽ =^1_6 d_{ijk}z^i_2z^j_2z^k_2 , Ṽ_i =^1_2 d_{ijk}z^j_2z^k_2 , C_{ijk} = e^K1 d_{ijk}

K_1 = − log(−8Ṽ) , ∂_iK_1 = iṼ_i 2Ṽ . (4.3)

with z^i = z^i_1 + iz^i_2 and z^i_2 < 0. For the case of a theory with no hypermultiplets other than the universal one, expressions (4.3) are replaced simply by Z^0 = 1 , G_0 = −i and e^{K1} =^1_2 . G H SU(1,1) U(1) SU(1,1) U(1) × SO(2,n) SO(n)×U(1) Sp(6,R) SU(3)×U(1) SU(3,3) SU(3)×SU(3)×U(1) SO^∗(12) SU(6)×U(1) E_{7(−25)} E_6×SO(2) M_Q^{G2(2)}_{SO(4)}^{SO(4,n+2)} SO(n+2)×SO(4) F_{4(4)} USp(6)×SU(2) E_{6(2)} SU(6)×SU(2) E_{7(−5)} SO(12)×SU(2) E_{8(−24)} E_7×SU(2) R_G 2 (2, n + 2) 14 20 32 56 R_H 0 n + 1 6 (3, 3) 15 27

Table I: The first row displays the complete list of symmetric special Kähler manifolds G/H with cubic prepotentials (see e.g. [48, 19]). The second row shows the quaternionic manifolds M_Q related to the special Kähler manifolds in the first row via the c-map [17]. The third row displays the symplectic G-representation under which the symplectic sections (Π^I_1 or Π^A_2 ) transform. Finally, the last row shows the H-representation under which the scalar coordinates (z^i or x^a) on G/H transform.

Moreover, the following relations involving the metric g_a¯_b = ∂_a∂¯_bK_2 on M_2 are valid:

g_a¯_b = 1 4V^2

(V_aV_b − V V_{ab}) , g^{ab̄} = 2( x^a_2 x^b_2 − 2V V^{ab}) g^{ab}V_b = 4Vx^a_2 , g^{ab}V_aV_b = 12V^2, (4.4) where V_{ab} = d_{abc}x^c_2 , and V^{ab} is its inverse. Similar relations hold for the corresponding quantities on M_1 with a, b → i, j and V → Ṽ.

To perform the forthcoming computations, it is convenient to introduce the following holomorphic prepotentials W_±, W_3 :

P_± = e^{K1+K22 +φ} W_± , P_3 = e^{K22 +2φ} W_3 , (4.5) whose Kähler covariant derivatives are defined via

D_aW_x = (∂_a + ∂_aK_2)W_x , D_iW_+ = (∂_i + ∂_iK_1)W_+ , ∂_iW_− = 0 , D_īW_− = (∂_ī + ∂_īK_1)W_− , ∂_īW_+ = 0 , (4.6) with ∂_aK_2 and ∂_iK_1 given in (4.2) and (4.3) respectively. Explicitly, recalling (4.5), (2.7), and taking m^{AI} = m^A_I = 0 for simplicity, one finds

W_+ = 2X^A(e_A^I G_I − e_{AI} Z^I ) , W_− = 2X^A(e_A^IḠ_I − e_{AI}Z̄^I ) , W_3 = X^A(q_A + e_A^Iξ̃_I − e_{AI} ξ^I ) − F_Ap^A , (4.7) Recalling (4.2) and defining f_{ab} = d_{abc}x^c, we preliminarily compute:

∂_aW_+ = 2(e_a^I G_I − e_{aI} Z^I ) , ∂_aW_− = 2(e_a^IḠ_I − e_{aI}Z̄^I ) , ∂_aW_3 = q_a + e_a^Iξ̃_I − e_{aI} ξ^I + f_ap^0 − f_{ab}p^b . (4.8) To solve the vacuum equations (3.1)–(3.4) in full generality is a challenging problem that goes beyond the scope of this paper. In the following we present some simple solutions as prototypes of the general case.

4.1 Only universal hypermultiplet

We start by considering the case of a gauged supergravity with a single hypermultiplet (i.e. h_1 = 0), which we identify with the universal hypermultiplet of string compactifications. Concerning the vector multiplets, we allow for an arbitrary number of them, and we just require that the associated special Kähler scalar manifold is symmetric and has a cubic prepotential,^7 specified by the 3-tensor d_{abc}. As it will be clear in the following, the latter assumption will allow us to perform computations in a more explicit fashion. In addition we assume that the only non-vanishing entries of the charge matrix Q be e_{a0} ≡ e_a. We

7In particular, the second property is relevant for type IIA compactifications on 6d manifolds M_6 with SU(3) structure, where the Kähler potential K_2 is expected to take the cubic form e^{−K2} =^4_3 ∫ M_6 J ∧J ∧J, where J is the almost symplectic 2–form on M_6. See subsection 4.5 and appendix C for more details.

remark that this choice might be generalized by using U-duality rotations. The constraints (2.3) require that e_ap^a = 0 . For this choice of charges the prepotentials become W_+ = W_− = −2e_ax^a , W_3 = q_0 + (q_a − e_aξ)x^a + p^0f − p^af_a , (4.9) where all along this subsection we denote ξ ≡ ξ^0.

It is convenient to introduce the following shifted variables (assuming p^0 ≠ 0):

x^a = x^a − p^a p^0

, q_0 = q_0 + q_ap^a p^0 − 2P (p^0)^2

, q_a = q_a − P_a p^0

, (4.10) with

P =^1_6 d_{abc}p^ap^bp^c , P_a =^1_2 d_{abc}p^bp^c . (4.11) In terms of these variables one finds

W_+ = W_− = −2e_ax^a , ∂_aW_+ = ∂_aW_− = −2e_a , W_3 = q_0 + (q_a − ξe_a)x^a + p^0f , ∂_aW_3 = q_a − ξe_a + p^0f_a , (4.12) with

f =^1_6 d_{abc}x^ax^bx^c , f_a =^1_2 d_{abc}x^bx^c . (4.13) In writing (4.12) we have used that e_ap^a = 0. Notice that since x^a_2 ≡ x^a_2, the expressions in (4.4) can be equivalently written with the bold variable. The advantage of using the bold variables introduced above is that the explicit dependence on p^a is entirely removed. Finally we introduce the following quantities built from the NSNS fluxes e_a :

R =^1_6 d^{abc}e_ae_be_c , R^a =^1_2 d^{abc}e_be_c , (4.14) where d^{abc} is the contravariant tensor of the symmetric special Kähler geometry satisfying d_{abc} d^{b(d1d2} d^{d3d4)c} =^4_3 δ^{(d1}_a d^{d2d3d4)}. (4.15) Solutions of the vacuum equations can be found starting from the simple ansatz x^a = x R^a , q_a = 0 , (4.16) with x = x_1 + ix_2 a complex function of the charges to be determined. This ansatz can be motivated by noticing that once q_a is taken to zero, the only contravariant vector one can build with e_a’s variables is R^a. Using (4.15) one finds the following relations: d_{abc} R^bR^c = 2 R e_a , R^a e_a = 3 R , V = (x_2)^3R^2 , V_a = (x_2)^2R e_a , f = x^3R^2 , f_a = x^2R e_a , W_± = −6 R x , W_3 = (q_0 − 3R ξ x + p^0R^2x^3) , ∂_aW_+ = ∂_aW_− = −2e_a , ∂_aW_3 = ( p^0R x^2 − ξ )e_a , e^{−K1} = 2 , e^{−K2} = −8V . (4.17)

Moreover, the covariant derivatives of the prepotentials take the form

D_aW_x = ∂_aK_2 α_xW_x = ie_a 2x_2R α_xW_x , (4.18)

with

α_± = 1 − 2ix_2 3x , α_3 = 1 −

2iRx_2( p^0R x^2 − ξ ) q_0 − 3 R ξ x + p^0R^2x^3

. (4.19)

Using the relation (here there is no sum over x):

g^{ab̄}D_aP_xD¯_bP_x = 3|α_xP_x|^2 , (4.20) the scalar potential reads V = e^{K1+K2+2φ} ( 3|α_+|^2 − 2 ) |W_+|^2 + e^{K2+4φ} ( 3|α_3|^2 + 1 ) |W_3|^2 . (4.21) Let us now combine the ansatz (4.16) with the linear ansatz (3.8) that we have established in the previous section. It is straightforward to verify that with (4.17), (4.18), the first two equations of (3.8) are identically satisfied upon defining u, v, θ, γ as u e^{iθ} = 6ie^{K1/2−φ} R x q_0 − 3 R ξ x + p^0R^2x^3 , v = α_+u e^{2iθ} α_3

, e^{−iγ} = i . (4.22)

Then the second equation of (3.12) can be solved for ξ and yields ξ = q_0x_1 + p^0R^2(x^4_1 + x^2_1x^2) R(3x^2_1 + x^2) = ( p^0q^2_0 R )_{1/3} χ_1(1 + χ^3_1 + χ_1χ^2) 3χ^2_1 + χ^2

, (4.23)

where we have rescaled x_{1,2} as^8

x = x_1 + ix_2 ≡ ( q_0 p^0R^2 )_{1/3} (χ_1 + iχ_2) , (4.24)

in terms of dimensionless quantities χ_{1,2} . This also guarantees that v is real. Likewise, equation (3.10) can be solved for φ and yields

e^{2φ} = 3 4 ( R p^0q^2_0 )_{2/3} (3χ^2_1 + χ^2)(−3χ^2_1 + 5χ^2) χ^2(1 − 4χ^3_1 + 4χ^6_1 + 9χ^4_1χ^2 + 6χ^2_1χ^4_2 + χ^6_2)

. (4.25)

Moreover, from (4.21) we find for the scalar potential V = − 9 32 ( R^4 p^0q^5_0 )_{1/3} (3χ^2_1 + χ^2)(−3χ^2_1 + 5χ^2)^2 χ^5_2(1 − 4χ^3_1 + 4χ^6_1 + 9χ^4_1χ^2 + 6χ^2_1χ^4_2 + χ^6_2)

. (4.26)

Remarkably, all dependence on the charges factors out.

It remains to solve the first equation of (3.12), or equivalently (3.24). Plugging (4.17)– (4.24) into (3.24), this complex equation finally gives rise to two real polynomial equations in χ_{1,2}, which can be solved explicitly, and admit precisely three real solutions A : χ_1 = 0 , χ_2 = −5^{−1/6} B : χ_1 = 20^{−1/3} , χ_2 = − √ 3 20^{−1/3} C : χ_1 = −^1_2 20^{−1/3} , χ_2 = −^1_2 √ 15 20^{−1/3} (4.27) Putting everything together, the three solutions are given by

8 For simplicity, we assume a sector of charges, where q_0, p^0, R > 0 .

• Solution A (N = 0) :

x_1 = ξ = 0 , x_2 = −5^{− 16} ( q_0 p^0R^2 )_{1/3} , e^φ =^1_2^√_2 5^{56} ( R p^0q^2_0 )_{1/3} ,

V = −^{75}_{64} 5^{56} ( R^4 p^0q^5_0 )_{1/3} . (4.28)

• Solution B (N = 0) :

x_1 = −^{1√}_3 x_2 = ( q_0 20p^0R^2 )_{1/3} , ξ = ( 4p^0q^2_0 25R )_{1/3} , e^φ =^{√2√}_3 ( 25R 4p^0q^2_0 )_{1/3} ,

V = −^{5√}_3 ( 25 R^4 4p^0q^5_0 )_{1/3} . (4.29)

• Solution C (N = 1) :

x_1 =^{1√}_{15} x_2 = −^1_2 ( q_0 20p^0R^2 )_{1/3} , ξ = − ( p^0q^2_0 50R )_{1/3} , e^φ =^{√2√}_3 5^{16} ( 2R p^0q^2_0 )_{1/3} ,

V = −8 √ 3 5^{− 56} ( 2 R^4 p^0q^5_0 )_{1/3} . (4.30)

The corresponding values of u, v, θ have been given in (3.30) above. Notice that the assumed positivity of the charges guarantees e^φ > 0, x_2 < 0 and V < 0.

The above solutions generalize to an arbitrary number of vector multiplets the ones derived in [35] in the context of flux compactifications of type IIA on coset manifolds with SU(3) structure.^9 Furthermore, they allow for non-vanishing charges p^a, q_a (satisfying q_a = 0, namely p^0q_a =^1_2 d_{abc}p^bp^c).

4.2 Adding hypermultiplets

The three solutions above can be generalized to the case of a cubic supergravity with arbitrary number of vector multiplets and hypermultiplets. For simplicity we focus again to the case where the vector multiplet scalar manifold is symmetric. Here we consider a vacuum configuration with non-trivial charges: e_a^i, e_a ≡ e_{a0}, p^0, q_0, while q_a and all

9See subsection 4.5 for some more details. The N = 1 solutions appearing in [35, sect. 6] were already known: they were first found at the 10d level in [49], studied from a 4d perspective in [50, 51], and extended in [52, 53]. The N = 0 solutions had already been derived, from a 10d perspective, in [54, 55]. Further N = 0 AdS vacua on the same cosets with non-zero orientifold charge where found in [56]. The general conditions for supersymmetric AdS vacua of type IIA on SU(3) structures were first given in [57].

remaining charges in Q_A^I are set to zero. Recalling (4.10), the prepotentials and their derivatives are now given by

W_+ = 2x^a(e_a^ig_i − e_a) , ∂_aW_+ = 2(e_a^ig_i − e_a) , ∂_iW_+ = 2x^ae_a^jg_{ij} , W_3 = q_0 + x^a(e_a^iξ̃_i − e_aξ^0) + p^0f , ∂_aW_3 = e_a^iξ̃_i − e_aξ^0 + p^0f_a , (4.31) where g_{ij} = d_{ijk}z^k. The expressions for W_− and its derivatives are like those for W_+, with g_i → ḡ_i and g_{ij} → ḡ_{ij}. Again we follow an educated ansatz for the solution:

x^a = x R^a , z^i = z S^i , ξ̃_i = ζ T_i , (4.32) where R^a is defined as in (4.14), and we introduced the combinations of NSNS charges S^i = e_a^iR^a , T =^1_6 d_{ijk}S^iS^j S^k , T_i =^1_2 d_{ijk}S^jS^k . (4.33) In addition we impose the following relation

d_{ijk}e_a^ie_b^j e_c^k = β d_{abc} ⇒ T_ie_a^i = β R e_a , T = β R^2, (4.34) where R is the same as in (4.14), and β is an arbitrary number. With these assumptions, one has the following simplifications

V = (x_2)^3 R^2 , V_a = (x_2)^2 R e_a , f = x^3R^2 , f_a = x^2R e_a , Ṽ = (z_2)^3 T , Ṽ_i = (z_2)^2 T_i , g = z^3 T , g_i = z^2 T_i W_+ = 6 R x (z^2βR − 1) , ∂_aW_+ = 2(z^2βR − 1)e_a , ∂_iW_+ = 4 x z T_i W_3 = q_0 − 3 R x ξ̂ + p^0R^2x^3 , ∂_aW_3 = ( p^0R x^2 − ξ̂ ) e_a , (4.35) where we introduced

ξ̂ = ξ^0 − βR ζ . (4.36) Now let us consider the first order conditions of subsection 3.2. With respect to the case of a single hypermultiplet, here we have in addition the last equation in (3.8). One can see that its solution requires β > 0 for consistency with the assumption R > 0, and reads z = −i √ 3 βR . (4.37)

Plugging this into W_± in (4.35), one gets W_± = −24xR and D_aW_± = −8e_a. Comparing with (4.17), we see that after substituting (4.37) the Killing prepotentials P_x of this subsection are related to those of the previous subsection, here denoted by P_x|_{h1=0} , by P_± = λ P_±|_{h1=0} , P_3 = P_3|_{h1=0 , ξ → ^ξ} (4.38) where the proportionality factor λ = 2 3^34 ( β R ) 1_4 (4.39) arises from the different expressions for e^{K1}2 in the present (h_1 > 0) case with respect to the universal hypermultiplet (h_1 = 0) case. It follows that the three solutions (4.28)–(4.30) of the previous subsection generalize to the present case of an arbitrary number of vector and hypermultiplets. Labelling by . . . |_{h1=0} the quantities appearing in (4.28)–(4.30), we infer the solutions for the current h_1 > 0 case:

x_1 = x_1|_{h1=0} , x_2 = x_2|_{h1=0} , ξ̂ = ξ |_{h1=0}

e^φ = λ e^φ|_{h1=0} ∼ ( R^14 β^34 p^0q^2_0

) 1_3

, V = λ^4 V |_{h1=0} ∼ ( R β^3 p^0q^5_0

) 1_3 , (4.40)

with z given by (4.37).

4.3 U-invariant cosmological constant

In this section, we propose a U-duality invariant formula for the dependence on NSNS and RR fluxes of the scalar potential V at its critical points. This defines the cosmological constant Λ = V |_{∂V =0} .

As considered in the treatment above, the setup is the following. The vectors’ and hypers’ scalar manifolds are given by M_2 = G/H and M_Q. Here, G/H is a symmetric special Kähler manifold with cubic prepotential (d-special Kähler space, see e.g. [19]), with complex dimension h_2, coinciding with the number of (abelian) vector multiplets. On the other hand, M_Q is a symmetric quaternionic manifold, with quaternionic dimension h_1 + 1, corresponding to the number of hypermultiplets. The manifold M_Q is the cmap [17] of the symmetric d-special Kähler space M_1 = G /H ⊊ M_Q, with complex dimension h_1. Thus, the overall U-duality group is given by^{10}

U ≡ G × G ⊊ Sp (2h_2 + 2, R) × Sp (2h_1 + 2, R) . (4.41)

The Gaillard-Zumino [58] embedding of G and G is provided by the symplectic representations R_G and R_G , respectively spanned by the symplectic indices A and I. The RR fluxes c^A = (p^0, p^a, q_0, q_a) sit in the (2h_2 + 2) vector representation R_G, whereas the NSNS fluxes fit into the (2h_2 + 2) × (2h_1 + 2) bi-vector representation R_G × R_G

Q^{A I} = C^{A B}_2 Q^I_B = ( m^{AI} m^A_I −e_A^I −e_{AI} ) . (4.42)

A priori, in presence of c^A and Q^{A I}, various (G × G )-invariants, of different orders in RR and NSNS fluxes, can be constructed. Below we focus our analysis on invariants of total order four and sixteen in fluxes, which respectively turn out to be relevant for the U-invariant characterization of Λ for the solutions A, B, C of subsections 4.1 and 4.2.

10In this paper, we call U-duality group the symmetry group that has a symplectic action on special Kähler manifolds M_2 × M_1, and not the whole symmetry group of the overall scalar manifold M_2 × M_Q.

Only universal hypermultiplet

Special Kähler symmetric spaces are characterized by a constant completely symmetric symplectic tensor d_{A 1 A 2 A 3 A 4} . This tensor defines a quartic G-invariant I_4 (c^4) given by

I_4 ( c^4 ) = d_{A 1 A 2 A 3 A 4} c^{A 1} . . . c^{A 4} (4.43)

= −(p^0q_0 + p^aq_a)^2 +^2_3 d_{abc} q_0p^ap^bp^c −^2_3 d^{abc} p^0q_aq_bq_c + d_{abc}d^{aef} p^bp^cq_eq_f .

The non-trivial components of d_{A 1 A 2 A 3 A 4} are listed in (D.1). A similar definition holds for the symplectic tensor d_{I1I2I3I4} of the symmetric coset G /H .

For the explicit solutions found above, the RR fluxes c^A satisfy p^0 ≠ 0 and q_a = 0, i.e. q_a ≡ 1 2 d_{abc}p^bp^c p^0

. (4.44)

Plugging this into (4.43) and using the relation (4.15) (holding in homogeneous symmetric d-special Kähler geometries) one finds

I_4 ( c^4 ) = − ( p^0

)_2 q^2_0 with q_0 ≡ q_0 + 1 6 d_{abc}p^ap^bp^c (p^0)^2

. (4.45)

Notice that the full dependence on p^a is encoded in the shift q_0 → q_0 and therefore we can, without loosing in generality, restrict ourselves to the simple choice c^A = (p^0, 0, q_0, 0). The RR and NSNS fluxes c^A and Q^{A I} are then given by

c^A ≡ p^0 0 q_0 0 , Q^{A 0} ≡ 0 0 0 −e_a , Q^{A 0} = 0 . (4.46)

Besides I_4(c^4) one can build the following non-trivial quartic invariant

I_4(cQ^3) = d_{A 1 A 2 A 3 A 4} c^{A 1} Q^{A 2}_0 Q^{A 3}_0 Q^{A 4}_0 = −^1_6 p^0d^{abc}e_ae_be_c = −p^0R . (4.47)

Let us remark that I_4(cQ^3) is also invariant under the group SO(2) = U(1) which, due to the absence of special Kähler scalars z^i in the hypersector, gets promoted to global symmetry. G = SO(2) is thus embedded into the symplectic group Sp(2, R) via its irrepr. 2, through which it acts on symplectic sections (Z^0, G_0). The SO(2)- invariance of I_4(cQ^3) is manifest, because the latter depends on the SO(2)-invariant I_2 ( (Q_A )^2 ) = (Q_{A 0} )^2 + (Q_A^0)^2 = (Q_{A 0} )^2 (no sum over A is understood).

It is easy to see that the expressions in eqs. (4.28)–(4.30) depend only on the two combinations I_4(c^4) and I_4(cQ^3) given in (4.43) and (4.47) respectively. In particular, we obtain a manifestly (G × U(1))-invariant formula for the AdS cosmological constant at the critical points Λ = V ∼ − I^{4/3}_4 (cQ^3) |I_4 (c^4)|^{5/6} ∼ Q^4 c^2

. (4.48)

Notice that RR and NSNS fluxes play very different roles in their contribution to Λ. Indeed, the cosmological constant grows quartically on NSNS fluxes and fall off quadratically on RR charges. It would be nice to understand whether this is a general scaling feature of the gauged supergravities under study.

Many hypermultiplets

Next let us consider the case with arbitrary number of hypermultiplets. From (4.40), it follows that the cosmological constant Λ = V in this case depend only on the combinations I_4 = (p^0q_0)^2 and I_{16} ∼ (p^0)^4Rβ^3 ∼ c^4Q^{12}. In order to write Λ in a U-duality invariant form we should then find an invariant I_{16} built out of 12 Q’s and 4 c’s that reduce to (p^0)^4Rβ^3 on our choice of RR and NSNS fluxes. The following (G × G )-invariant quantity does the job

I_{16} ( c^4Q^{12} ) ≡ d_{I1I2I3I4}d_{I5I6I7I8}d_{I9I10I11I12}d_{A 1 B 1 B 2 B 3} d_{A 2 B 5 B 6 B 7} d_{A 3 B 9 B 10 B 11} d_{A 4 B 4 B 8 B 12} ×

×c^{A 1} c^{A 2} c^{A 3} c^{A 4} Q^{B 1 I1} . . . Q^{B 12 I12}. (4.49)

The explicit expression of I_{16} (c^4Q^{12}) is rather intricate. Nevertheless, this formula undergoes a dramatic simplification when considering the configuration of NSNS and RR fluxes supporting the solutions found in subsection 4.2. As before we encode the full dependence on p^a in the shift q_0 → q_0 and therefore we restrict ourselves to the charge vector choice c^A = (p^0, 0, q_0, 0). More precisely, we take NSNS and RR fluxes with all components of Q^{A I}, c^A zero except for

Q^i_a = −e_a^i , Q_{a0} = −e_a , c^0 = p^0 , c_0 = q_0 , (4.50)

where e^i_a satisfy the constraint (4.34) for some β ∈ R_+ . A simple inspection to (4.49), shows that contributions to I_{16} come only from the components d^0_{ijk} = −^1_6 d_{ijk} of d_{I1..I4} and d_0^{b1b2b3} = −^1_6 d^{abc} of d_{A B 1 B 2 B 3} . Indeed using (4.15) one finds (see appendix D for details)

I_{16} ( c^4Q^{12} ) = γ ( p^0

)_4 R β^3, (4.51)

with^{11} γ ≡ 1 6^6

(d^{abc}d_{abc} + h_2 + 3)^3. (4.52)

We conclude that the cosmological constant of the AdS vacuum solutions obtained in subsection 4.2 can be written in a manifestly U-duality invariant form in terms of I_4(c^4) and I_{16}(c^4Q^{12}), and reads

Λ = V ∼

I^{1/3}_{16} (c^4Q^{12}) |I_4 (c^4)|^{5/6} ∼ Q^4 c^2

. (4.53)

11 Interestingly, the quantity d^{abc}d_{abc}, appearing in (4.52) is related to the Ricci scalar curvature R of the vector multiplets’ scalar manifold G/H , whose general expression for a d-special Kähler space reads R = − (h_2 + 1) h_2 + d^{abc}d_{abc}, see [59].

4.4 Central charge via entropy function

According to holography, gravity theories on AdS space are related to CFT’s living on the AdS boundary. The central charge of the CFT can be extracted from the so called entropy function F evaluated at the near horizon geometry [9]. For AdS_2, this function gives the entropy of the black hole, for AdS_3 the Brown-Henneaux central charge. In general, F computes the extreme value of the supergravity “c-function” introduced in [60] (see also [61]). This quantity is a U-duality invariant and provides us with the basic macroscopic information about the boundary physics. In this subsection we apply the entropy function formalism to our AdS_4 solutions, and derive a U-duality invariant macroscopic formula for the central charge of the dual CFT_3.

The entropy function F is defined as the Legendre transform with respect to the electric charges^{12} of the higher-dimensional supergravity action evaluated at the solution. In our approach, we have dualized all electric charges (i.e. the 4–form flux along spacetime) into magnetic ones (i.e. internal fluxes), hence F is simply minus the supergravity action.^{13} Reducing the higher-dimensional action down to four dimensions, taking the 4d scalars ϕ^i to be constant and all the other non-metric fields to vanish, one has

F = −S_{IIA} = − 1 2κ^2 ∫ AdS_4

d^4x √ g_4 [ R_4 − 2V (ϕ^i) ] = −r^4_{AdS} [ R_4 − 2V (ϕ^i) ] , (4.54)

where R_4 is related to the AdS_4 radius r_{AdS} by R_4 = −^{12}_{r2AdS} , and we regularize the infinite volume of AdS_4 in such a way that

r^4_{AdS} = 1 2κ^2 ∫ AdS_4

d^4x √ g_4 . (4.55)

Any other choice of normalization redefines F by an irrelevant flux-independent constant. The supergravity vacuum follows then by extremizing F with respect to the scalar fields ϕ^i and the AdS radius r_{AdS} : ∂F ∂ϕ^i = ∂F ∂r_{AdS}

= 0 . (4.56)

Denoting by ⟨ϕ⟩ a solution of^{∂V}_{∂ϕi} = 0, one finds for the AdS radius r_{AdS} and the central charge F

F = 6 r^2_{AdS} = − 18 V (⟨ϕ⟩) . (4.57)

The right hand equation reproduces the Einstein equation that relates the AdS radius r_{AdS} (or, equivalently, the cosmological constant Λ = −3/r^2_{AdS}) to the vev of the scalar potential. Notice that solutions make sense only for ⟨V ⟩ < 0.

Taking into account the results of subsections 4.1 and 4.2, as well as eqs. (4.53) and (4.48), one obtains the U-invariant expressions of the central charge F , respectively for

12We call electric the field-strengths filling the timelike direction.

13 Alternatively, the same results can be found by considering instead of the 6–form along the internal space a 4–form electric flux along AdS_4, and performing the Legendre transform on this flux variable.

the case with only universal hypermultiplet and many hypermultiplets

F_{h1=0} ∼

|I_4 (c^4)|^{5/6} I^{4/3}_4 (cQ^3)

⇒ F_{h1=0} ∼ c^2 Q^4

. (4.58)

F_{h1>0} ∼ − |I_4 (c^4)|^{5/6} I^{1/3}_{16} (c^4Q^{12}) ⇒ F_{h1>0} ∼ c^2 Q^4

, (4.59)

Notice the different contribution of RR and NSNS fluxes to the central charge F . Analogously to the black hole entropy, the central charge grows quadratically in the RR charges (RR fluxes), but falls off quartic in the NSNS charges (H-flux and (non-)geometric fluxes). The same scaling behaviour was found in [62] for the central charge of the CFT_3 dual to type IIA on the AdS_4 × T^6/Z^2_3 orientifold background. It would be interesting to understand to what extent this is a general feature of flux compactifications.

4.5 Examples from type IIA/IIB compactifications

Explicit examples of compact manifolds M_6 yielding N = 2 supergravity upon dimensional reduction of type II theories are the cosets displayed in table II. Type IIA reductions on these spaces have been studied in [35]; see also [50, 51], and [37] for the relative N = 1 orientifold truncations. The cosets M_6 of table II admit an SU(3) structure (see appendix C for a definition), and correspond respectively to the sphere S^6, the complex projective space C P^3, and the flag manifold F(1, 2; 3), endowed with a left-invariant metric.^{14} On these spaces, the left-invariant metric and B-field deformations span a special Kähler manifold. In type IIA reductions, the latter corresponds to the vector multiplet scalar manifold, and for the three cosets at hand one obtains respectively the t^3, the st^2 and the stu models of N = 2 supergravity. In addition, the compactification yields the universal hypermultiplet (a, φ, ξ^0, ξ̃_0), parameterizing the quaternionic manifold^{SU(2,1)}_{U(2)} , whose isometries are gauged as described in section 2 and appendix A.

One can also consider type IIB compactified on the same cosets, again implementing a left-invariant reduction ansatz. In this case, one gets a 4d N = 2 supergravity with no vector multiplets and a number of hypermultiplets going from 2 to 4, depending on the chosen M_6. The special Kähler coset moduli space, which for type IIA compactifications was identified with the vector multiplet scalar manifold, in type IIB corresponds to a submanifold of the hyperscalar quaternionic manifold, and determines the latter via the c-map. The additional coordinates are given by the axion dual to the B-field in 4d, by the 4d dilaton φ, and by the scalars coming from the expansion of the type IIB Ramond- Ramond potentials C_0, C_2 and C_4 in a basis of left-invariant forms of even degree on M_6. For instance, for a compactification on^{G2}_{SU(3)} = S^6, the quaternionic manifold is the eight-dimensional non-compact coset^{G2(2)}_{SO(4)} , corresponding to the image of^{SU(1,1)}_{U(1)} under the c-map [63]. Table II collects the various scalar manifolds arising in these type IIA/IIB coset dimensional reductions.

For type IIA coset compactifications, the N = 2 scalar potential and its vacuum structure were studied in [35]. The further results obtained above — specifically, the

14The flag manifold F(1, 2; 3) is defined as the set of pairs made by a line and a plane in C^3 such that the line belongs to the plane.

M_6^{G2}_{SU(3)} = S^{6 Sp(2)}_{S(U(2)×U(1))} = C P^{3 SU(3)}_{U(1)×U(1)} = F(1, 2; 3)

Type IIA

M_2 ⊏ f

M_1 M_Q

SU(1,1) U(1) ⊏ t 3 −− SU(2,1) U(2)

(_{SU(1,1)} U(1)

)_2 ⊏ st^2 −− SU(2,1) U(2)

(_{SU(1,1)} U(1)

)_3 ⊏ stu −− SU(2,1) U(2)

Type IIB

M_2

M_1 ⊏ g M_Q

−− SU(1,1) U(1) ⊏ t 3

G_{2(2)} SO(4)

−− (_{SU(1,1)} U(1)

)_2 ⊏ st^2 SO(4,3) SO(4)×SO(3)

−− (_{SU(1,1)} U(1)

)_3 ⊏ stu SO(4,4) SO(4)×SO(4) Table II: Supergravity scalar manifolds arising from N = 2 compactifications of type II theories on the 6d coset manifolds M_6. We recall that M_2 is the special Kähler manifold parameterized by the scalars in the vector multiplets, while M_1 is the special Kähler submanifold of the quaternionic hyperscalar manifold M_Q, determining the latter via c-map. We also display the form of the prepotentials f and g associated respectively with M_2 and M_1.

first order equations of subsection 3.2, and the U-invariant formulae of subsections 4.3, 4.4 for the case of the universal hypermultiplet — hold in particular for these coset examples. Moreover, for the cosets^{Sp(2)}_{S(U(2)×U(1))} and^{SU(3)}_{U(1)×U(1)} , the explicit solutions of subsection 4.1 extend those given in [35, sect. 6] in that they allow for non-vanishing p^a and q_a, corresponding to fluxes of the G_2 and G_4 RR field-strengths (cf. appendix C). Thanks to the consistency of the reduction, which also was established in [35], the AdS vacua lift to bona fide solutions of type IIA supergravity.

Concerning type IIB, the reduction based on a left-invariant ansatz can still be shown to be consistent using the same arguments as for type IIA, and the scalar potential is a subcase of the general formula (2.4) as well. However, this IIB scalar potential turns out to be less interesting than for type IIA, since it displays a runaway behaviour. Indeed, this case falls in the situation, considered in [21], in which one has more hyper than vector multiplets, and the rank of the matrix Q is h_2 +1 (= 1 here): then the equations of motion for the RR scalars ξ^I imply (c + ~Qξ) = 0, which in turn sets V_R = 0. This leaves us with an effective scalar potential V = V_{NS}, which is runaway due to the overall e^{2φ} factor.

An issue that is left open is whether it is possible to identify the type IIB mirrors of type IIA compactified on the cosets M_6 above.

5 Discussion

In this paper we studied the scalar potential of N = 2 gauged supergravities underlying flux compactifications of type IIA/IIB theories. Exploiting the N = 2 formalism — in particular, the special Kähler geometry on the scalar manifolds M_1 and M_2 — we have written the scalar potential and its extremization conditions in terms of the Killing prepotentials P_x and their special Kähler covariant derivatives. The equations for AdS vacua are solved via the system of first order conditions given in section 3.2, accounting for both supersymmetric and non-supersymmetric solutions. This first order ansatz may be thought as a possible alternative to the method of the “fake superpotential” [64] in the search for a unifying principle to describe extremal solutions in supergravity. It would be interesting to study the lifting of our ansatz to a ten-dimensional context, where it corresponds to a deformation (by means of the parameters u, v, θ) of the pure spinor equations for N = 1 backgrounds derived in [46, 47] employing the methods of generalized complex geometry. In this perspective, it would also be interesting to investigate the possible relations with the approach to “partially BPS vacua” developed in [55]. Notice that also our first order ansatz leaves unbroken a subset of the supersymmetry conditions (namely, the last line of (3.8)).

We found three (one supersymmetric and two non-supersymmetric) infinite series of AdS_4 vacua with a rich pattern of NSNS and RR fluxes. These generalize the solutions of [35], derived from flux compactifications on cosets with SU(3) structure, to the case of a general N = 2 cubic, symmetric supergravity with an arbitrary number of vector and hypermultiplets. We remark that, having these solutions as a starting point, one can generate full orbits of solutions by acting on the charges and on the symplectic sections of M_1 and M_2 with U-duality transformations. We leave for the future a detailed analysis of these orbits, as well as the search for the precise 10d lifting of the full set of our solutions. A further issue to be investigated concerns the stability of the N = 0 AdS vacua: to conclude about this, one should test the Breitenlohner-Freedman bound on the solutions, as done in [35] within a theory including the universal hypermultiplet and at most 3 vector multiplets. It might be that our first order relations turn out to be useful at this scope. It would also be interesting to go beyond our classical analysis and study quantum effects in this context, possibly combining 4-dimensional and string compactification methods.

Finally, we proposed a U-duality invariant formula for the cosmological constant built out of the NSNS charges Q^I_A , the RR charges c^A , and the characteristic quartic tensors d_{I1...I4}, d_{A 1 ...A 4} . This invariant also describes the central charge of the dual 3-dimensional CFT, as follows from explicit evaluation of the entropy function on the AdS_4 solution.

Acknowledgments

We would like to thank Lilia Anguelova and Gianguido Dall’Agata for useful discussions, as well as Paul Koerber for interesting correspondence. This work is supported in part by the ERC Advanced Grant no. 226455, “Supersymmetry, Quantum Gravity and Gauge Fields” (SUPERFIELDS ). D.C. thanks the Rome “Tor Vergata” string theory group for support during his visit under the grant PRIN 2007-0240045. A.M. would like to thank the Department of Physics and Astronomy, UCLA, CA USA, where part of this work was done, for kind hospitality and stimulating environment. The work of D.C. has been supported by the Fondazione Cariparo Excellence Grant String-derived supergravities with branes and fluxes and their phenomenological implications. The work of S.F. has been supported in part by D.O.E. grant DE-FG03-91ER40662, Task C. The work of A.M. has been supported by an INFN visiting Theoretical Fellowship at SITP, Stanford University, Stanford, CA USA. The work of H.S. has been supported in part by the Agence Nationale de la Recherche (ANR).

A An alternative derivation of V

In the following, first we discuss the general form of the scalar potential in N = 2 supergravity, then we provide an alternative way to derive expression (2.8) for the fluxgenerated potential.

In any theory of extended supergravity, a general Ward identity implies that the scalar potential V is determined by the squares of the shifts that the gaugings induce in the fermionic susy transformations. In the N = 2 context, this Ward identity reads

V δ^A_B = − 12S^{CA}S_{CB} + g_a¯_b W^{aCA} W^{b̄}_{CB} + 2N^A_I N^I_B , (A.1)

where A, B, C = 1, 2 are SU(2) R-symmetry indices, and the matrices S_{AB}, W^{aAB} and N^A_I are the fermionic shifts appearing respectively in the supersymmetry transformations of the gravitini ψ_{Aμ}, gaugini λ^{aA} and hyperini ζ_I: δψ_{Aμ} = . . . + ∇_με_A − S_{AB}γ_με^B δλ^{aA} = . . . + W^{aAB}ε_B δζ_I = . . . + N^A_I ε_A . (A.2)

A prominent role is played by the gravitino shift S_{AB}, which is expressed in terms of the triplet of Killing prepotentials P_x = e^{K2}2 (P_{xA}X^A − P̃^A_x F_A), with x = 1, 2, 3, encoding the gauging of the isometries in the hyperscalar manifold. Introducing as in the main text P_± = P_1 ± iP_2, one has the relation S_{AB} = i 2 σ_{xAB} P_x = − i 2 ( −P_− P_3 P_3 P_+ ) , (A.3)

where (σ_x)^B_A are the standard Pauli matrices, and the SU(2) index A = 1, 2 is lowered with the antisymmetric tensor ϵ_{AB}, using a SW-NE convention, i.e. σ_{xAB} = ϵ_{BC} (σ_x)^C_A . We also raise the index with ϵ^{AB} = −ϵ^{BA}, satisfying ϵ^{AC} ϵ_{CB} = −δ^A_B, hence σ^{AB}_x = (σ_x)^B_C ϵ^{CA}.

Given the gravitino shift S_{AB}, one has that the gaugino shift W^{aAB} and the hyperino shift N^A_I are determined by the derivatives of the P_x via [43, 65]

W^{aAB} = iσ^{AB}_x g^{ab̄}D¯_bP_x (A.4)

N^A_I = − 1 3 U^A_{Iu} Ω^{uv}_x D_vP_x = 2U^A_{Iu}k̄^u , (A.5)

where the index u labels the coordinates of the quaternionic manifold, and U^A_{Iu} are the quaternionic vielbeine prior the dualization of a subset of the hyperscalars to tensor fields (cf. footnote 1). Furthermore, we put

k^u = e^{K22} (k^u_AX^A − k̃^{uA}F_A), (A.6) where k^u_A are the Killing vectors generating the quaternionic isometries being gauged with respect to electric gauge potentials, and and k̃^{uA} are their magnetic counterparts. Finally, the covariant derivatives are defined by

D_aP_x = (∂_a +^1_2 ∂_aK_2)P_x (A.7)

D_uP_x = ∂_uP_x + ϵ_{xyz} (ω_y)_u P_z = 2(Ω_x)_{uv} k^v . (A.8)

Here (Ω_x)_{uv} is the curvature 2–form of the hyperscalar quaternionic manifold, Ω_x = (Ω_x)_{uv}dq^u ∧ dq^v. Given the isometries k^u, relation (A.8) actually defines the P_x in N = 2 supergravity.

Substituting (A.3)–(A.5) in (A.1) and tracing over the SU(2) indices A, B, one obtains the following standard expression for the N = 2 scalar potential [43, 24, 25]:

V = 4h_{uv}k^uk̄^v + ∑ x ( g^{ab̄}D_aP_xD¯_bP_x − 3|P_x|^2 ) . (A.9)

This was the starting point adopted in [21] to obtain expression (2.4). Recalling (A.8) and using the identity [43]

h^{uv}(Ω_x)_{su}(Ω_y)_{vt} = −δ_{xy}h_{st} − ϵ_{xyz}(Ω_z)_{st} , (A.10)

we observe that (A.9) can also be recast in the following form, involving just the P_x and their derivatives^{15} V = ∑ x=1,2,3 (_1 3 h^{uv}D_uP_xD_vP_x + g^{ab̄}D_aP_xD¯_bP_x − 3|P_x|^2 ) . (A.11)

For our purposes, however, it is more convenient not to trace over A, B : we will instead consider the equivalent expression defined by taking A = B = 2 in (A.1). This reads^{16}

V = g^{ab̄}D_aP_+D¯_bP_+ + g^{ab̄}D_aP_3D¯_bP_3 +^1_2 h^{uv}D_uP_+D_vP_+ − 3|P_+|^2 − 3|P_3|^2. (A.12)

The two above expressions for the N = 2 scalar potential hold for any gauging involving just quaternionic isometries. We now evaluate the term in (A.12) containing the quaternionic covariant derivatives by specializing to the case of dual (also named special) quaternionic manifolds, which arise in Calabi-Yau [17, 18] and generalized geometry compactifications of type II theories. In this case, the quaternionic metric h_{uv} is

h_{uv}dq^udq^v = g_{ij̄} dz^idz̄^{j̄} + (dφ)^2 + e^{4φ} 4 ( da − ξ^T C_1 dξ )_2 − e^{2φ} 2 dξ^T M_1 dξ , (A.13)

where g_{ij̄} = ∂_zi ∂_{z̄}j̄ K_1 is the metric on the special Kähler submanifold M_1 of the dual quaternionic manifold. We also need the Sp(1) connection 1–forms ω_x, which read [18]

ω_1 + iω_2 = 2e^φ Π^T_1 C_1 dξ

ω_3 = − e^{2φ} 2 ( da − ξ^T C_1 dξ ) + Q , (A.14)

15Notice that h^{uv}D_uP_1D_v P_1 = h^{uv} D_uP_2D_vP_2 = h^{uv}D_uP_3D_v P_3.

16One can also see that all the remaining information contained in (A.1) amounts to the constraint 2(Ω_x)_{uv}k̄^uk^v = ϵ_{xyz}P_yP_z, which is the abelian version of eq. (7.56) in [43], and has to be automatically satisfied for consistency.

where Q is the U(1) connection associated with the special Kähler geometry on M_1 [43]: Q = − i 2 ( ∂_iK_1dz^i − ∂_īK_1dz̄^ī ) = − i 2 Z^I ImG_{IJ} dZ̄^J − c.c. Z̄K ImG_{KL}ZL . (A.15) The abelian isometries of the quaternionic metric (A.13) that are gauged are generated by the Killing vectors

k_A = − [ 2q_A + e^I_A(C_1 ξ)_I ] ∂ ∂a − e^I_A ∂ ∂ξ^I , k̃^A = [ − 2p^A + m^{AI}(C_1 ξ)_I ] ∂ ∂a + m^{AI} ∂ ∂ξ^I , where e_A^I = (e_A^I , e_{AI} )^T , m^{AI} = (m^{AI} , m^A_I )^T , and the abelianity [k_A, k_B] = [k̃^A, k̃^B] = [k_A, k̃^B] = 0 is ensured by (2.3). Recalling (2.2), (2.5), the quantity in (A.6) then reads

k = −Π^T_2 C_2 (2c + ~Qξ) ∂ ∂a − Π^T_2 Q ∂ ∂ξ . (A.16)

The Killing prepotentials P_x associated with these isometries are given by [39, 21]

P_x = (ω_x)_uk^u. (A.17)

By plugging in (A.14), (A.16), one finds the expressions given in (2.7). In the context of flux compactifications, the P_x can be derived by reducing the higher-dimensional gravitino transformation [30, 32].

Then the quaternionic covariant derivatives D_uP_x ≡ ∂_uP_x + ϵ_{xyz}(ω_y)_uP_z read

D_zi P_+ = (∂_i +^1_2 ∂_iK_1)P_+ , D_φP_+ = P_+

D_{(a)}P_+ = −^i_2 e^{2φ}P_+ , D_ξIP_+ = 2ie^φP_3(C_1 Π_1)_I −^i_2 e^{2φ}P_+(C_1 ξ)_I .

The writing D_{(a)} emphasizes that here a denotes the axion dual to the B–field, and should not be confused with a special Kähler index.

Also evaluating the inverse of (A.13), we finally arrive at 1 2 h^{uv}D_uP_+D_vP_+ = g^{ij̄}D_iP_+D_{j̄}P_+ + |P_+|^2 + 4|P_3|^2.

Substituting this into (A.12) we obtain precisely expression (2.8) for the scalar potential.

B Elaborating the N = 1 susy conditions

In this appendix we work out the N = 1 supersymmetry conditions within the N = 2 theory under study, building on the analysis done in [33].

B.1 In terms of (derivatives of) the prepotentials P_x

We impose the vanishing of the N = 2 fermionic shifts given in (A.2) under a single supersymmetry parameter ε. The latter is related to the (positive chirality) N = 2 supersymmetry parameters ε_1 and ε_2 via ε_1 = aε and ε_2 = bε, with a = |a|e^{iα} , b = |b|e^{iβ} , |a|^2 + |b|^2 = 1 .

The supersymmetry parameter ε is chosen to satisfy the Killing spinor equation on AdS_4: ∇_ν ε =^1_2 μγ_νε^∗, whose complex parameter μ is hence related to the AdS cosmological constant Λ by Λ = −3|μ|^2.

The general N = 1 supersymmetry conditions can be condensed in the following linear equations for the N = 2 Killing prepotentials P_x introduced in (2.7) and their covariant derivatives:

μ( |a|^2 − |b|^2 ) = 0 ⇒ |a| = |b| in AdS (B.1) ± e^{±iγ} P_± = 2P_3 = −2i^̄μ (B.2) ± e^{±iγ} D_aP_± = D_aP_3 (B.3) D_iP_+ = 0 = D_īP_− , (B.4) where we introduced γ = α − β + π and μ̂ = e^{−i(α+β)}μ. The AdS condition |a| = |b| is understood in (B.2)–(B.4). The derivation of the above equations is a variation of the analysis done in [33, sect. 4]. Upgrading the notation to the current conventions, in the following we write the equations given therein, corresponding to the vanishing of the fermion variations. The gravitino equation ⟨δ_εψ_{μA}⟩ = 0 yields − āP_− + b̄P_3 = iaμ̄ āP_3 + b̄P_+ = ibμ̄ , (B.5) while the hyperino equation ⟨δ_εζ_I⟩ = 0 gives 2āP_3 + b̄P_+ = 0 (B.6) āP_− − 2b̄P_3 = 0 (B.7) b̄ P^l_I (ImG)^{−1 IJ} (Q_{JA} − N_{1 JK} Q^K_A )Π^A_2 = 0 (B.8)

ā P^{l̄}_I (ImG)^{−1 IJ} ( Q_{JA} − N_{1 JK} Q^K_A ) Π^A_2 = 0 , (B.9)

with P^j_I = ( P^j_0 , P^j_i ) = (−e^j_i Z^i, e^j_i ), where e^j_i , (i, j = 1, . . . , h_1) are the vielbeine of the special Kähler manifold M_1 (the flat indices are underlined, and the choice of special coordinates Z^I = (1, z^i) is understood). Finally, the gaugino equation ⟨δ_ελ^{aB}⟩ = 0 is āD_aP_− − b̄D_aP_3 = 0 āD_aP_3 + b̄D_aP_+ = 0 . (B.10) Now it is easy to see that (B.5)–(B.7) yield (B.1), (B.2), while (B.10) is (B.3). Hence we just need to prove that (B.8), (B.9) can be rewritten as (B.4). As a first thing, we use in turn the following identities of special Kähler geometry

(ImG)^{−1 IJ} = −(ImN_1)^{−1 IJ} − 2e^{K1} (Z^IZ̄^J + Z̄^I Z^J ) ,

−(ImN_1)^{−1 IJ} = 2e^{K1} ( D_kZ^I g^{kl̄}D¯_lZ̄^J + Z̄^I Z^J ) to rewrite

P_I (ImG)^{−1 IJ} = 2e^{K1} P_I ( D_kZ^I g^{kl̄}D¯_lZ̄^J − Z^IZ̄^J ) . Next, recalling the definition of P^j_I given below (B.9), we observe that P_I Z^I = 0 and that P_I D_kZ^I = P_I δ^I_k = e^j_k . Hence (B.8), (B.9) are equivalent to (provided a and b do not vanish, which is guaranteed by (B.1) once one fixes μ ≠ 0) D_īZ̄^J ( Q_{JA} − N_{1 JK} Q^K_A ) Π^A_2 = 0 = D_iZ^J ( Q_{JA} − N_{1 JK} Q^K_A ) Π^A_2 .

Recalling that in special Kähler geometry D_iZ^J N_{1 JK} = D_iG_K , we arrive at

Π^T_2 Q C_1 D_iΠ_1 = 0 = Π^T_2 Q C_1 D_īΠ_1 ,

which is precisely the content of (B.4).

B.2 In a symplectically covariant algebraic form

Continuing to revisit the analysis of [33, sect. 4], in the following we show that the N = 1 supersymmetry conditions (B.1)–(B.4) can be reformulated in a symplectically covariant algebraic form as

Π^T_2 Q − 2^̄μe^{−φ}Re ( e^{iγ} Π^T_1 ) = 0 (B.11)

QC_1 Re ( e^{iγ} Π_1 ) = 0 (B.12)

2QC_1 Im ( e^{iγ} Π_1 ) − 6Im ( μ̂e^{−φ}C_2 Π_2 ) − e^φM_2 (c + ~Qξ) = 0 . (B.13)

Notice that, provided μ̂ ≠ 0, eq. (B.12) is actually implied by (B.11), upon multiplication of the latter by QC_1 and use of constraint (2.3). In the main text, we employ a generalization of (B.11)–(B.13) to study the extremization of the scalar potential V .

In order to derive (B.11), we multiply the two equations in (B.4) respectively by g^{ij̄}D_{j̄}Π^T_1 and g^{īj} D_jΠ^T_1 . Recalling (2.7) and the special Kähler identity (2.10), we get

Π^T_2 Q C_1

(_1 2 C^T_1 M_1 C_1 +^i_2 C_1 + Π_1Π^T_1 ) = 0 Π^T_2 Q C_1

(_1 2 C^T_1 M_1 C_1 −^i_2 C_1 + Π_1Π^T_1 ) = 0 . (B.14)

Subtracting the second from the first, we have

2Π^T_2 Q + ie^{−φ} ( P_−Π^T_1 − P_+Π^T_1 ) = 0 ,

which yields (B.11) upon use of (B.2). One can also see that summing up the two conditions (B.14) the same equation is retrieved (the identity M_1 Π_1 = −iC_1 Π_1 is required in the computation). We also checked that in the case of the universal hypermultiplet, where (B.4) does not hold, eq. (B.11) follows from (B.2) alone.

To derive (B.12), (B.13) we start from the susy condition D_a(P_3 ∓ e^{±iγ} P_±) = 0, and multiply it by g^{ab̄}D¯_bΠ_2. We obtain

0 = g^{ab̄}D¯_bΠ_2D_aΠ^T_2 [ e^φC_2 (c + ~Qξ) ∓ 2e^{±iγ} QC_1 (ReΠ_1 ± iImΠ_1) ] = ( −^1_2 C^T_2 M_2 C_2 +^i_2 C_2 − Π_2Π^T_2 ) [ e^φC_2 (c + ~Qξ) ∓ 2e^{±iγ} QC_1 (ReΠ_1 ± iImΠ_1) ] =^1_2 ( C^T_2 M_2 − i1l ) [ e^φ(c + ~Qξ) ± 2e^{±iγ} C_2 QC_1 (ReΠ_1 ± iImΠ_1) ] − 3iμ̂e^{−φ}Π_2 , where to get the second line we use identity (2.11), while the third line is obtained recalling (B.2). Adding up these two equations and taking the real part we arrive to (B.13); no further informations is contained in the imaginary part, since one can check that it is just (B.13) multiplied by M_2 . Analogously, taking either the imaginary or the real part of the difference of the two equations above we get (B.12).

Finally, we remark that in turn (B.11)–(B.13) imply (B.2)–(B.4), and are therefore equivalent to them. Indeed, eq. (B.2) is obtained by contracting eq. (B.11) with C_1 Π_1 as well as with C_1 Π_1, and eq. (B.13) with Π^T_2 . Contraction of (B.12), (B.13) with D_aΠ^T_2 yields (B.3), while multiplication of (B.11) by C_1 D_iΠ_1 or by C_1 D_īΠ_1 provides (B.4). The following special Kähler geometry relations are needed in the proof:

Π^T_2 C_2 D_aΠ_2 = 0 = Π^T_2 C_2 D_aΠ_2 (same with a → i , 2 → 1)

M_2 Π_2 = −i C_2 Π_2 , M_2 D_aΠ_2 = +i C_2 D_aΠ_2 .

C Flux/gauging dictionary for IIA on SU(3) structure

Gauged N = 2 supergravities with a scalar potential of the form studied in this paper can be derived by flux compactifications of type II theories on SU(3) and SU(3) × SU(3) structure manifolds. While we refer to the literature (see e.g. [27, 28, 29, 30, 31, 32, 33, 50, 51, 34, 35, 66]) for a detailed study of such general N = 2 dimensional reductions and the related issues,^{17} in this appendix we provide a practical dictionary between the 10d and the 4d quantities, with a focus on the scalar potential derived from SU(3) structure compactifications of type IIA. In particular, we illustrate how the expressions one derives for V_{NS} and V_R are consistent with the scalar potential (2.4) studied in the main text.

C.1 SU(3) structures and their curvature

An SU(3) structure on a 6d manifold M_6 is defined by a real 2–form J and a complex, decomposable^{18} 3–form Ω, satisfying the compatibility relation J ∧ Ω = 0 as well as the non-degeneracy (and normalization) condition i 8 Ω ∧ Ω̄ =^1_6 J ∧ J ∧ J = vol_6 ≠ 0 everywhere . (C.1)

Ω defines an almost complex structure I, with respect to which is of type (3, 0). In turn, I and J define a metric on M_6 via g = JI. The latter is required to be positive-definite, and vol_6 above denotes the associated volume form.

SU(3) structures are classified by their torsion classes W_i , i = 1, . . . 5, defined via [73]:

dJ =^3_2 Im(W_1Ω) + W_4 ∧ J + W_3

dΩ = W_1 ∧ J ∧ J + W_2 ∧ J + W_5 ∧ Ω , (C.2)

where W_1 is a complex scalar, W_2 is a complex primitive (1,1)–form (primitive means W_2 ∧ J ∧ J = 0), W_3 is a real primitive (1,2) + (2,1)–form (primitive ⇔ W_3 ∧ J = 0), W_4 is a real 1–form, and W_5 is a complex (1,0)–form.

17In this context, see also [67, 68, 69, 70, 71, 72] for studies of compactifications preserving N = 1. 18A p–form is decomposable if locally it can be written as the wedging of p complex 1–forms.

Ref. [74] provides a formula for the Ricci scalar R_6 in terms of the torsion classes. We will restrict to W_4 = W_5 = 0, in which case the formula is

R_6 =^1_2 ( 15|W_1|^2 − W_2⌟W_2 − W_3⌟W_3 ) . (C.3)

This can equivalently be expressed as

R_6 vol_6 = −^1_2 [ dJ ∧ ∗dJ + dΩ ∧ ∗dΩ̄ − (dJ ∧ Ω) ∧ ∗(dJ ∧ Ω̄) ] , (C.4)

as it can be seen recalling (C.2) and computing

dΩ ∧ ∗dΩ̄ = 12|W_1|^2vol_6 − J ∧ W_2 ∧ W_2 = ( 12|W_1|^2 + W_2⌟W_2 ) vol_6 dJ ∧ ∗dJ = ( 9|W_1|^2 + W_3⌟W_3 ) vol_6 (dJ ∧ Ω) ∧ ∗(dJ ∧ Ω̄) = 36|W_1|^2vol_6 . (C.5)

C.2 The scalar potential from dimensional reduction

The 4d scalar potential receives contributions from both the NSNS and the RR sectors of type IIA supergravity. These are respectively given by

V_{NS} = e^{2φ} 2V ∫ M_6

(_1 2 H ∧ ∗H − R_6 ∗ 1 )

= e^{2φ} 4V ∫ M_6 [ H ∧ ∗H + dJ ∧ ∗dJ + dΩ ∧ ∗dΩ̄ − (dJ ∧ Ω) ∧ ∗(dJ ∧ Ω̄) ] , (C.6)

V_R = e^{4φ} 4 ∫ M_6 ( F^2_0 ∗ 1 + F_2 ∧ ∗F_2 + F_4 ∧ ∗F_4 + F_6 ∧ ∗F_6 ) , (C.7)

and the total potential reads V = V_{NS} + V_R. In (C.6), H is the internal NSNS fieldstrength, V = ∫ M_6 vol6, and φ is the 4d dilaton e

−2φ = e^{−2ϕ}V , where we are assuming that the 10d dilaton ϕ is constant along M_6. The k–forms F_k appearing in expression (C.7) are the internal RR field strengths, satisfying the Bianchi identity dF_k − H ∧ F_{k−2} = 0. The F_6 form can be seen as the Hodge-dual of the F_4 extending along spacetime, and the term F_6 ∧ ∗F_6 arises in a natural way if one considers type IIA supergravity in its democratic formulation [75].

Expansion forms

In order to define the mode truncation, we postulate the existence of a basis of differential forms on the compact manifold in which to expand the higher dimensional fields. For a detailed analysis of the relations that these forms need to satisfy in order that the dimensional reduction go through, see in particular [31].

We take ω_0 = 1 and ω̃^0 =^{vol6}_V , and we assume there exist a set of 2–forms ω_a satisfying

ω_a ∧ ∗ω_b = 4 g_{ab} vol_6 , ω_a ∧ ω_b = −d_{abc}ω̃^c, (C.8)

where g_{ab} should be independent of the internal coordinates, d_{abc} should be a constant tensor, and the dual 4–forms ω̃^a are defined as

ω̃^a = −^1_{4V} g^{ab} ∗ ω_b . (C.9)

From the above relations, we see that

ω_a ∧ ω̃^b = −δ^b_a ω̃^0 , ω_a ∧ ω_b ∧ ω_c = d_{abc}ω̃^0 . (C.10)

We also assume the existence of a set of 3–forms α_I , β^I , satisfying

α_I ∧ β^J = δ^J_I ω̃^0. (C.11)

Adopting the notation ω^A = (ω̃^A, ω_A)^T = (ω̃^0, ω̃^a, ω_0, ω_a)^T and α^I = (β^I , α_I )^T , we see that the symplectic metrics C appearing in the main text are here given by

C^{IJ}_1 = − ∫ α^I ∧ α^J , C^{A B}_2 = − ∫ ⟨ω^A , ω^B ⟩ , (C.12)

where the antisymmetric pairing ⟨ , ⟩ is defined on even forms ρ, σ as ⟨ρ, σ⟩ = [λ(ρ) ∧ σ]_6, with λ(ρ_k) = (−)^k2 ρ_k , k being the degree of ρ, and [ ]_6 selecting the piece of degree 6.

The basis forms are used to expand Ω as

Ω = Z^I α_I − G_I β^I = e^{− K12} Π^I_1 α_I , (C.13)

and J together with the internal NS 2–form B as:

J = v^aω_a , B = b^aω_a ⇒ e^{−B−iJ} = X^Aω_A − F_Aω̃^A = e^{− K22} Π^A_2 ω_A , (C.14)

where in the last equalities we define α_I = C_{IJ}α^J = (α_I , −β^I )^T and ω_A = C_{A B} ω^B = (ω_A, −ω̃^A)^T , and we adopt the symplectic notation defined in (2.1). Here, (Z^I , G_I ) and (X^A, F_A) represent the holomorphic sections on the moduli spaces of Ω and B + iJ expanded as above, which (under some conditions [30, 31, 32]) indeed exhibit a special Kähler structure, and correspond respectively to the manifolds M_1 and M_2 of the main text. Notice that here X^A ≡ (X^0, X^a) ≡ (1, x^a) = (1, −b^a − iv^a), while F_A =^{∂F}_{∂XA} , where the cubic holomorphic function F =^1_6 d_{abc}^{XaXbXc}_{X0} is identified with the prepotential on M_2. The Kähler potentials on M_1 and M_2 are recovered from K_1 = − log i ∫ Ω ∧ Ω̄ and K_2 = − log^4_3 ∫ J ∧ J ∧ J, the latter yielding the metric g_{ab} appearing in (C.8). Notice that (C.1) implies e^{−K1} = e^{−K2} = 8V .

The matrices M defined in (2.6) are given by M_{1,IJ} = − ∫ α_I ∧ ∗α_J , M_{2,A B} = − ∑ k ∫ (e^Bω_A )_k ∧ ∗(e^Bω_B )_k , (C.15)

and from the second relation one finds that the period matrix N_2 on M_2 reads

ReN_{AB} = −

(_1 3 d_{abc}b^ab^bb^{c 1}_2 d_{abc}b^bb^c 1 2 d_{abc}b^bb^c d_{abc}b^c ) , ImN_{AB} = −4V (_1 4 + g_{ab}b^ab^b g_{ab}b^b g_{ab}b^b g_{ab} ) , (C.16)

which is in agreement with the expression derived from F via the standard formula [76] N_{AB} = F_{AB} + 2i^{ImFAD XD ImFBE XE} X^C ImF_{CE} X^E , FAB ≡ ∂^2F ∂X^A∂X^B . (C.17)

Finally, we also require the following differential conditions on the basis forms:

dω_a = e_a^Iα_I , dα^I = e_a^Iω̃^a , dω̃^a = 0 , (C.18)

where the e_a^I = (e_a^I , e_{aI} ) are real constants, usually called ‘geometric fluxes’. Defining the total internal NS 3–form as H = H^fl + dB, and expanding its flux part as

H^fl = −e_0^I α_I + e_{0I} β^I ≡ −e_0^Iα_I , (C.19)

with constant e_0^I, we can define e_A^I = (e_0^I, e_a^I)^T , and thus fill in half of the charge matrix Q introduced in (2.2):

Q_A^I = ( e_A^I 0 ) . (C.20)

As first noticed in [32], more general matrices, involving the m_A^I charges as well, can be obtained by considering non-geometric fluxes, or SU(3) × SU(3) structure compactifications. The nilpotency condition d^2 = 0 applied to (C.18), together with the Bianchi identity dH = 0, translates into the constraint

e_A^Ie_{BI} = 0 with e_{AI} = C_{IJ}e_A^J, (C.21)

which, taking into account (C.20), is consistent with (2.3).

In the following, by using the above relations we recast in turn expressions (C.6), (C.7) for V_{NS} and V_R in terms of 4d degrees of freedom, and show their consistency with (2.4).

Derivation of V_{NS}

Recalling the expansions of J, H and Ω defined above, using the assumed properties of the basis forms, and adopting the notation introduced in (2.1), one finds ∫ dJ ∧ ∗dJ = −v^av^b e_a^I M_{1,IJ}e_b^J , ∫ H ∧ ∗H = −b^Ab^B e_A^I M_{1,IJ}e_B^J , ∫ dΩ ∧ ∗dΩ̄ =^{e−K1}_{4V} Π^I_1e_{aI}g^{ab}e_{bJ}Π^J_1 , ∫ (dJ ∧ Ω) ∧ ∗(dJ ∧ Ω̄) =^{e−K1}_V Π^I_1e_{aI}v^av^be_{bJ}Π^J_1,

where we define b^A = (−1, b^a). Plugging this into (C.6), we get the NSNS contribution to V , expressed in a 4d language:

V_{NS} = − e^{2φ} 4V [ X^Ae_A^I M_{1,IJ}e_B^J X^B −^{e−K1}_{4V} Π^I_1e_{aI}(g^{ab} − 4v^av^b)e_{bJ}Π^J_1 ] . (C.22)

Recalling (C.16), noticing that^1_{4V} (g^{ab} − 4v^av^b) = −(ImN_2)^{−1 ab} − 4e^{K2} (X^aX^b + X^aX^b), and recalling that e^{−K1} = e^{−K2} = 8V , we conclude that (C.22) is consistent with (2.4).

Derivation of V_R

We consider the internal field-strength G = G_0 +G_2 +G_4 +G_6, defined as F_k = √ 2 ( e^B G ) k. The G_k satisfy the Bianchi identity dG_k − H^fl ∧ G_{k−2} = 0. We define the expansion

G_0 = p^0 , G_2 = p^aω_a , A_3 = ξ^Iα_I

G_4 = G^fl_4 + dA_3 = −(q_a − e_{aI}ξ^I)ω̃^a , G_6 = G^fl_6 − H^fl ∧ A_3 = −(q_0 − e_{0I} ξ^I)ω̃^0, where p^0, p^a, q_0, q_a are constant, while the ξ^I are 4d scalars. The Bianchi identities then amount just to the following constraint among the charges

p^Ae_A^I = 0 , (C.23)

which, recalling (C.20), gives the last equality in (2.3). Then the integral in (C.7) reads 1 2 ∑ k ∫ F_k ∧ ∗F_k = ∑ k ∫ (e^B G)_k ∧ ∗(e^B G)_k = (c + ~Qξ)^T M_2 (c + ~Qξ) , (C.24)

where for the second equality we use (C.15), and here (c + ~Qξ)^A = (p^A, q_A − e_{AI}ξ^I)^T . The expression for V_R we obtain is therefore consistent with (2.4).

D Details on U-invariance

The explicit expression of the quartic G-invariant associated to a d-special Kähler space G/H is [77]

I_4 ( c^4 ) = d_{A 1 A 2 A 3 A 4} c^{A 1} c^{A 2} c^{A 3} c^{A 4} , = 6d^{00}_{00}q^2_0 ( p^0

)_2

+ 4d^{abc}_0 p^0q_aq_bq_c + 6d^{ab}_{cd}q_aq_bp^cp^d + 24d^{0 a}_{0 b}q_0p^0q_ap^b + 4d^0_{abc}q_0p^ap^bp^c = −(p^0q_0 + p^aq_a)^2 +^2_3 d_{abc} q_0p^ap^bp^c −^2_3 d^{abc} p^0q_aq_bq_c + d_{abc}d^{aef} p^bp^cq_eq_f ,

with d_{A 1 A 2 A 3 A 4} = d_{(A 1 A 2 A 3 A 4 )} throughout. Thus, the characterization of I_4 (c^4) as an Sp (2h_2 + 2, R)-scalar entails that the unique independent non-vanishing components of the corresponding d_{A 1 A 2 A 3 A 4} read as follows:

d^{00}_{00} = − 1 6 , d^{abc}_0 ≡ − 1 6 d^{abc} , d^{ab}_{cd} ≡ 1 6 ( d_{ecd}d^{eab} − δ^a_{(c}δ^b_{d)} ) , d^{0 a}_{0 b} = − 1 12 δ^a_b , d^0_{abc} ≡ 1 6 d_{abc} , (D.1)

where d_{abc} = d_{(abc)} and d^{abc} = d^{(abc)} are the covariant and contravariant d-tensor defining the d-special Kähler geometry of vector multiplets’ scalar manifold G/H. Notice that, whereas d_{abc} is always scalar-independent, d^{abc} is generally scalar-dependent. Nevertheless, (at least) in symmetric d-special Kähler geometries d^{abc} is scalar-independent, and thus so is I_4 (c^4). The completely symmetric tensor d_{A 1 A 2 A 3 A 4} whose unique independent nonvanishing components are given by (D.1) is the unique invariant rank-4 tensor of the repr. R_G of G. An identical argument can be used for the unique invariant rank-4 tensor d_{I1I2I3I4} of the repr. R_G of G , defined in terms of the tensors d_{ijk} and d^{ijk} determining the d-special Kähler geometry of G /H , whose the hypermultiplets’ scalar manifold M_Q is the c-map.

We now detail computations of various quantities, generally covariant with respect to R_G × R_G , useful in the treatment given in subsection 4.3. Firstly, by using the relation (4.15) (holding at least in homogeneous symmetric d-special Kähler geometries), the constraint (4.44) implies I_4 (c^4) to read

I_4 ( c^4 ) = − ( p^0

)_2

q^2_0 with q_0 ≡ q_0 + 1 6 d_{abc}p^ap^bp^c (p^0)^2

. (D.2)

Now let us consider the invariant I_{16}(c^4Q^{12}).

I_{16} ( c^4Q^{12} ) ≡ d_{I1I2I3I4}d_{I5I6I7I8}d_{I9I10I11I12}d_{A 1 B 1 B 2 B 3} d_{A 2 B 5 B 6 B 7} d_{A 3 B 9 B 10 B 11} d_{A 4 B 4 B 8 B 12} c^{A 1} c^{A 2} c^{A 3} c^{A 4} Q^{B 1 I1} . . . Q^{B 12 I12}. (D.3)

We set all components of Q^{A I}, c^A to zero except for

Q^i_a = −e_a^i , Q_{a0} = −e_a , c^0 = p^0 , c_0 = q_0 . (D.4)

With this choice the only contributions come from the components d^0_{ijk} = −^1_6 d_{ijk} of d_{I1..I4} and d_0^{b1b2b3} of d_{A B 1 B 2 B 3} . More precisely, one can write

I_{16} ( c^4Q^{12} ) = 1 6^4

(p^0)^4 d_{I1I2I3I4}d_{I5I6I7I8}d_{I9I10I11I12}d^{b1b2b3} d^{b5b6b7} d^{b9b10 b11} d^{b4b8b12} Q_{b1}^{I1} . . . Q_{b12}^{I12} .

There are four different type of contributions depending on how indices are contracted. They are given by^1_{67} (p^0)^4 β^3 ×

D^3d^{b4b8b12} e_{b4} e_{b8} e_{b12} = 6 D^3R (D.5) 9 D^2 d_{b2b3b4} d^{b1b2b3} d^{b4b8b12} e_{b1} e_{b8} e_{b12} = 18 D^2 (h + 3)R 27 D d_{b2b3b4} d_{b6b7b8} d^{b1b2b3} d^{b5b6b7} d^{b4b8b12} e_{b1} e_{b5} e_{b12} = 18 D (h + 3)^2R 27 D d_{b2b3b4} d_{b6b7b8} d^{b10b11b12} d^{b1b2b3} d^{b5b6b7} d^{b9b10b11} d d^{b4b8b12} e_{b1} e_{b5} e_{b9} = 6 (h + 3)^3R

with D = d^{abc}d_{abc}, while R was defined in (4.14). In writing (D.5) we use the symmetric d-special Kähler identity d_{abf} d^{a(bc}d^{de)f} = 4 3 δ^{(b}_b d^{cde)} =^1_3 (h_2 + 3)d^{cde}.

Collecting all pieces together one finds

I_{16}(c^4Q^{12}) = 1 6^6

(p^0)^4β^3R (D + h_2 + 3)^3. (D.6)

References

[1] S. Ferrara, R. Kallosh, and A. Strominger, N=2 extremal black holes, Phys. Rev.

D52 (1995) 5412–5416, [hep-th/9508072].

[2] A. Strominger, Macroscopic Entropy of N = 2 Extremal Black Holes, Phys. Lett.

B383 (1996) 39–43, [hep-th/9602111].

[3] S. Ferrara and R. Kallosh, Supersymmetry and Attractors, Phys. Rev. D54 (1996) 1514–1524, [hep-th/9602136].

[4] S. Ferrara and R. Kallosh, Universality of Supersymmetric Attractors, Phys. Rev.

D54 (1996) 1525–1534, [hep-th/9603090].

[5] R. Kallosh, New Attractors, JHEP 12 (2005) 022, [hep-th/0510024].

[6] P. K. Tripathy and S. P. Trivedi, Non-Supersymmetric Attractors in String Theory, JHEP 03 (2006) 022, [hep-th/0511117].

[7] A. Sen, Black Hole Entropy Function and the Attractor Mechanism in Higher Derivative Gravity, JHEP 09 (2005) 038, [hep-th/0506177].

[8] J. F. Morales and H. Samtleben, Entropy function and attractors for AdS black holes, JHEP 10 (2006) 074, [hep-th/0608044].

[9] S. Ferrara, A. Marrani, J. F. Morales, and H. Samtleben, Intersecting Attractors, Phys. Rev. D79 (2009) 065031, [arXiv:0812.0050].

[10] A. Giryavets, New attractors and area codes, JHEP 03 (2006) 020, [hep-th/0511215].

[11] F. Larsen and R. O’Connell, Flux Attractors and Generating Functions, JHEP 0907 (2009) 049 [arXiv:0905.2130].

[12] G. Dall’Agata, Non-Kaehler attracting manifolds, JHEP 04 (2006) 001, [hep-th/0602045].

[13] L. Anguelova, Flux Vacua Attractors and Generalized Compactifications, JHEP 01 (2009) 017, [arXiv:0806.3820]; Flux Vacua Attractors in Type II on SU(3)×SU(3) Structure, Fortsch. Phys. 57 (2009) 492–498, [arXiv:0901.4148].

[14] T. Kimura, AdS Vacua, Attractor Mechanism and Generalized Geometries, JHEP 0905 (2009) 093 [arXiv:0810.0937].

[15] S. Bellucci, S. Ferrara, R. Kallosh, and A. Marrani, Extremal Black Hole and Flux Vacua Attractors, Lect. Notes Phys. 755 (2008) 115–191, [arXiv:0711.4547].

[16] M. Grana, Flux compactifications in string theory: A comprehensive review, Phys.

Rept. 423 (2006) 91–158, [hep-th/0509003].

M. R. Douglas and S. Kachru, Flux compactification, Rev. Mod. Phys. 79 (2007) 733–796, [hep-th/0610102].

R. Blumenhagen, B. Kors, D. Lust, and S. Stieberger, Four-dimensional String Compactifications with D-Branes, Orientifolds and Fluxes, Phys. Rept. 445 (2007) 1–193, [hep-th/0610327].

H. Samtleben, Lectures on Gauged Supergravity and Flux Compactifications, Class. Quant. Grav. 25 (2008) 214002, [arXiv:0808.4076].

[17] S. Cecotti, S. Ferrara, and L. Girardello, Geometry of Type II Superstrings and the Moduli of Superconformal Field Theories, Int. J. Mod. Phys. A4 (1989) 2475.

[18] S. Ferrara and S. Sabharwal, Quaternionic Manifolds for Type II Superstring Vacua of Calabi-Yau Spaces, Nucl. Phys. B332 (1990) 317.

[19] B. de Wit, F. Vanderseypen, and A. Van Proeyen, Symmetry structure of special geometries, Nucl. Phys. B400 (1993) 463–524, [hep-th/9210068].

[20] R. D’Auria, S. Ferrara, M. Trigiante, and S. Vaula, Gauging the Heisenberg algebra of special quaternionic manifolds, Phys. Lett. B610 (2005) 147–151, [hep-th/0410290].

[21] R. D’Auria, S. Ferrara, and M. Trigiante, On the supergravity formulation of mirror symmetry in generalized Calabi-Yau manifolds, Nucl. Phys. B780 (2007) 28–39, [hep-th/0701247].

[22] J. Louis and A. Micu, Type II theories compactified on Calabi-Yau threefolds in the presence of background fluxes, Nucl. Phys. B635 (2002) 395–431,[hep-th/0202168].

[23] U. Theis and S. Vandoren, N = 2 supersymmetric scalar-tensor couplings, JHEP 04 (2003) 042, [hep-th/0303048].

[24] G. Dall’Agata, R. D’Auria, L. Sommovigo, and S. Vaula, D = 4, N = 2 gauged supergravity in the presence of tensor multiplets, Nucl. Phys. B682 (2004) 243–264, [hep-th/0312210].

[25] R. D’Auria, L. Sommovigo, and S. Vaula, N = 2 supergravity Lagrangian coupled to tensor multiplets with electric and magnetic fluxes, JHEP 11 (2004) 028, [hep-th/0409097].

[26] B. de Wit, H. Samtleben, and M. Trigiante, Magnetic charges in local field theory, JHEP 09 (2005) 016, [hep-th/0507289].

[27] S. Gurrieri, J. Louis, A. Micu, and D. Waldram, Mirror symmetry in generalized Calabi-Yau compactifications, Nucl. Phys. B654 (2003) 61–113, [hep-th/0211102].

[28] S. Gurrieri and A. Micu, Type IIB theory on half-flat manifolds, Class. Quant.

Grav. 20 (2003) 2181–2192, [hep-th/0212278].

[29] A. Tomasiello, Topological mirror symmetry with fluxes, JHEP 06 (2005) 067, [hep-th/0502148].

[30] M. Grana, J. Louis, and D. Waldram, Hitchin functionals in N = 2 supergravity, JHEP 01 (2006) 008, [hep-th/0505264].

[31] A.-K. Kashani-Poor and R. Minasian, Towards reduction of type II theories on SU(3) structure manifolds, JHEP 03 (2007) 109, [hep-th/0611106].

[32] M. Grana, J. Louis, and D. Waldram, SU(3)×SU(3) compactification and mirror duals of magnetic fluxes, JHEP 04 (2007) 101, [hep-th/0612237].

[33] D. Cassani and A. Bilal, Effective actions and N=1 vacuum conditions from SU(3)×SU(3) compactifications, JHEP 09 (2007) 076, [arXiv:0707.3125].

[34] D. Cassani, Reducing democratic type II supergravity on SU(3)×SU(3) structures, JHEP 06 (2008) 027, [arXiv:0804.0595].

[35] D. Cassani and A.-K. Kashani-Poor, Exploiting N=2 in consistent coset reductions of type IIA, Nucl. Phys. B817 (2009) 25–57, [arXiv:0901.4251].

[36] A. Sen, Black Hole Entropy Function, Attractors and Precision Counting of Microstates, Gen. Rel. Grav. 40 (2008) 2249–2431, [arXiv:0708.1270].

[37] C. Caviezel, P. Koerber, S. Kors, D. Lust, D. Tsimpis and M. Zagermann, The effective theory of type IIA AdS4 compactifications on nilmanifolds and cosets, Class. Quant. Grav. 26 (2009) 025014, [arXiv:0806.3458].

[38] J. Polchinski and A. Strominger, New Vacua for Type II String Theory, Phys. Lett.

B388 (1996) 736 [hep-th/9510227].

[39] J. Michelson, Compactifications of type IIB strings to four dimensions with non-trivial classical potential, Nucl. Phys. B495 (1997) 127–148, [hep-th/9610151].

[40] G. Dall’Agata, Type IIB supergravity compactified on a Calabi-Yau manifold with H-fluxes, JHEP 0111 (2001) 005 [hep-th/0107264].

[41] P. Mayr, On supersymmetry breaking in string theory and its realization in brane worlds, Nucl. Phys. B593 (2001) 99 [hep-th/0003198].

[42] G. Curio, A. Klemm, D. Lust and S. Theisen, On the vacuum structure of type II string compactifications on Calabi-Yau spaces with H-fluxes, Nucl. Phys. B609 (2001) 3 [hep-th/0012213].

[43] L. Andrianopoli, M. Bertolini, A. Ceresole, R. D’Auria, S. Ferrara, P. Fre and T. Magri, N = 2 supergravity and N = 2 super Yang-Mills theory on general scalar manifolds: Symplectic covariance, gaugings and the momentum map, J. Geom. Phys. 23 (1997) 111–189, [hep-th/9605032].

[44] L. Andrianopoli, R. D’Auria, S. Ferrara, and M. Trigiante, Extremal black holes in supergravity, Lect. Notes Phys. 737 (2008) 661–727, [hep-th/0611345].

[45] K. Hristov, H. Looyestijn, and S. Vandoren, Maximally supersymmetric solutions of D=4 N=2 gauged supergravity, arXiv:0909.1743.

[46] M. Grana, R. Minasian, M. Petrini, and A. Tomasiello, Supersymmetric backgrounds from generalized Calabi-Yau manifolds, JHEP 08 (2004) 046, [hep-th/0406137]. Generalized structures of N=1 vacua, JHEP 11 (2005) 020, [hep-th/0505212].

[47] M. Grana, R. Minasian, M. Petrini, and A. Tomasiello, A scan for new N=1 vacua on twisted tori, JHEP 05 (2007) 031, [hep-th/0609124].

[48] M. Gunaydin, G. Sierra and P. K. Townsend, The Geometry Of N=2 Maxwell-Einstein Supergravity And Jordan Algebras, Nucl. Phys. B242 (1984) 244.

[49] K. Behrndt and M. Cvetic, General N = 1 Supersymmetric Flux Vacua of (Massive) Type IIA String Theory, Phys. Rev. Lett. 95 (2005) 021601, [hep-th/0403049]; General N = 1 Supersymmetric Fluxes in Massive Type IIA String Theory, Nucl. Phys. B708 (2005) 45 [hep-th/0407263].

[50] T. House and E. Palti, Effective action of (massive) IIA on manifolds with SU(3) structure, Phys. Rev. D72 (2005) 026004, [hep-th/0505177].

[51] A.-K. Kashani-Poor, Nearly Kaehler Reduction, JHEP 11 (2007) 026, [arXiv:0709.4482].

[52] A. Tomasiello, New string vacua from twistor spaces, Phys. Rev. D78 (2008) 046007, [arXiv:0712.1396].

[53] P. Koerber, D. Lust, and D. Tsimpis, Type IIA AdS4 compactifications on cosets, interpolations and domain walls, JHEP 07 (2008) 017, [arXiv:0804.0614].

[54] L. J. Romans, Massive N=2a Supergravity In Ten-Dimensions, Phys. Lett. B169 (1986) 374.

[55] D. Lust, F. Marchesano, L. Martucci, and D. Tsimpis, Generalized non-supersymmetric flux vacua, JHEP 11 (2008) 021, [arXiv:0807.4540].

[56] U. H. Danielsson, S. S. Haque, G. Shiu and T. Van Riet, Towards Classical de Sitter Solutions in String Theory, JHEP 0909 (2009) 114 [arXiv:0907.2041].

[57] D. Lust and D. Tsimpis, Supersymmetric AdS(4) compactifications of IIA supergravity, JHEP 0502 (2005) 027 [hep-th/0412250].

[58] M. K. Gaillard and B. Zumino, Duality Rotations for Interacting Fields, Nucl.

Phys. B193 (1981) 221.

[59] E. Cremmer and A. Van Proeyen, Classification of Kahler Manifolds in N=2 Vector Multiplet Supergravity Couplings, Class. Quant. Grav. 2 (1985) 445.

[60] L. Girardello, M. Petrini, M. Porrati and A. Zaffaroni, Novel local CFT and exact results on perturbations of N = 4 super Yang-Mills from AdS dynamics, JHEP 9812 (1998) 022 [hep-th/9810126].

[61] D. Z. Freedman, S. S. Gubser, K. Pilch, and N. P. Warner, Renormalization group flows from holography supersymmetry and a c-theorem, Adv. Theor. Math. Phys. 3 (1999) 363–417, [hep-th/9904017].

[62] O. Aharony, Y. E. Antebi and M. Berkooz, On the Conformal Field Theory Duals of type IIA AdS_4 Flux Compactifications, JHEP 0802 (2008) 093 [arXiv:0801.3326].

[63] M. Bodner and A. C. Cadavid, Dimensional reduction of Type IIB supergravity and exceptional quaternionic manifolds, Class. Quant. Grav. 7 (1990) 829.

[64] A. Ceresole and G. Dall’Agata, Flow Equations for Non-BPS Extremal Black Holes, JHEP 03 (2007) 110, [hep-th/0702088].

[65] R. D’Auria and S. Ferrara, On fermion masses, gradient flows and potential in supersymmetric theories, JHEP 05 (2001) 034, [hep-th/0103153].

[66] M. Grana, J. Louis, A. Sim, and D. Waldram, E_{7(7)} formulation of N=2 backgrounds, JHEP 07 (2009) 104, [arXiv:0904.2333].

[67] I. Benmachiche and T. W. Grimm, Generalized N = 1 orientifold compactifications and the Hitchin functionals, Nucl. Phys. B748 (2006) 200–252, [hep-th/0602241].

[68] P. Koerber and L. Martucci, From ten to four and back again: how to generalize the geometry, JHEP 08 (2007) 059, [arXiv:0707.1038].

[69] L. Martucci, On moduli and effective theory of N=1 warped flux compactifications, JHEP 05 (2009) 027, [arXiv:0902.4031].

[70] J.-P. Derendinger, C. Kounnas, P. M. Petropoulos, and F. Zwirner, Superpotentials in IIA compactifications with general fluxes, Nucl. Phys. B715 (2005) 211–233, [hep-th/0411276].

[71] G. Villadoro and F. Zwirner, N = 1 effective potential from dual type-IIA D6/O6 orientifolds with general fluxes, JHEP 06 (2005) 047, [hep-th/0503169].

[72] A. Micu, E. Palti and G. Tasinato, Towards Minkowski Vacua in Type II String Compactifications, JHEP 0703 (2007) 104 [hep-th/0701173].

[73] S. Chiossi and S. Salamon, The intrinsic torsion of SU(3) and G_2 structures,

math/0202282.

[74] L. Bedulli and L. Vezzoni, The Ricci tensor of SU(3)-manifolds, J. Geom. Phys. 57 (2007) 1125, [math/0606786].

[75] E. Bergshoeff, R. Kallosh, T. Ortin, D. Roest, and A. Van Proeyen, New Formulations of D=10 Supersymmetry and D8-O8 Domain Walls, Class. Quant. Grav. 18 (2001) 3359–3382, [hep-th/0103233].

[76] B. Craps, F. Roose, W. Troost, and A. Van Proeyen, What is special Kaehler geometry?, Nucl. Phys. B503 (1997) 565–613, [hep-th/9703082].

[77] S. Ferrara and M. Gunaydin, Orbits of exceptional groups, duality and BPS states in string theory, Int. J. Mod. Phys. A13 (1998) 2075 [hep-th/9708025]; S. Ferrara, E. G. Gimon and R. Kallosh, Magic supergravities, N = 8 and black hole composites, Phys. Rev. D74 (2006) 125018 [hep-th/0606211].