arXiv:0911.2836v2 [hep-th] 25 Feb 2010

The Goldstino Field in Linear and Nonlinear Realizations of Supersymmetry

Hui Luo, Mingxing Luo and Liucheng Wang

Zhejiang Institute of Modern Physics, Department of Physics,

Zhejiang University, Hangzhou 310027, P.R. China

Abstract

A Goldstino field in the nonlinear realization of supersymmetry is constructed from an appropriate chiral super-multiplet of the linear theory, in general O’Raifeataigh-like models. The linear theories can thus be reformulated into their nonlinear versions, via the standard procedure. The Goldstino field disappears totally from the original Lagrangian in the process, but reemerges in the Jacobian of the transformation and covariant derivatives. Vertices with Goldstino fields carry at least one space-time derivative, as one would have expected.

PACS: 03.70.+k, 11.10.-z, 11.30.Pb

November 2009

In general O’Raifeataigh-like (OR) models, it is convenient to start with the linear realization of supersymmetry (SUSY) [1]. For the discussion of spontaneously breaking of SUSY in these models, only chiral super-multiplets need to be concerned, be they elementary or composite. Every chiral super-multiplet Φ has three component fields (ϕ, ψ, F ), which transform into each other via (see, for example, [2]) δ_ξϕ = √ 2ξψ, δ_ξψ_α = √ 2F ξ_α + i √ 2(σ^μξ̄)_α∂_μϕ , (1) δ_ξF = i √ 2ξ̄σ̄^μ∂_μψ. When the F -term of one chiral super-multiplet Φ_0 develops a non-zero vacuum expectation value^1 (VEV) ⟨F_0⟩, SUSY is spontaneous broken. The corresponding ψ field will transform inhomogeneously under SUSY transformations via

δ_ξψ_{0α} = √ 2⟨F_0⟩ξ_α + · · · (2)

According to the general theory of spontaneously symmetry breaking, ψ_0 will have a zero mass and is usually referred to as the Goldstino field in the linear theory.

To deal with the low energy physics of theories with spontaneously symmetry breaking, it is usually advantageous to work with their nonlinearly realized versions. It can be particularly useful if the system is strongly coupled, as exemplified by the low energy effective theory of hadronic physics. In the standard realization of nonlinear SUSY, a Goldstino field λ̃ is presumed to exist and to transform as [3],

δ_ξλ̃_α = ξ_α κ − iκ(λ̃σ^μξ̄ − ξσ^μ ¯λ̃)∂_μλ̃_α (3) under SUSY transformations. All other fields will be referred to as matter fields and they are assumed to transform as, δ_ξφ = −iκ(λ̃σ^μξ̄ − ξσ^μ ¯λ̃)∂_μφ (4) In certain circumstances, it could be expedient to define an equivalent λ, via [4]

λ_α(x) = λ̃_α(z), z = x − iκ^2λ̃(z)σ¯λ̃(z) (5)

1We will always assume that only the F -term of Φ_0 has a non-zero VEV, to simplify presentation. In case that several super-multiplets have non-zero VEVs, the super-multiplets can always be realigned, such that only Φ_0 will have a non-zero VEV.

such that the Goldstino and matter fields transform as,

δ_ξλ_α = ξ_α κ − 2iκλσ^μξ̄∂_μλ_α (6) δ_ξφ = −2iκλσ^μξ̄∂_μφ (7) The latter version is particularly convenient when dealing with chiral super-multiplets. It will thus be referred to as the chiral version of nonlinear realization and adapted in discussions below when the situation warrants.

Obviously, λ is closely related, but not exactly identical, to ψ_0. In particular, the transformation rules in (2) and (6) are not the same, though quite close. Given the central role played by the λ-field in the formulation of standard realization of nonlinear SUSY, an explicit construction of λ out of Φ_0 is important by its own right. In addition, such a construction will be a necessity when one tries to connect low energy nonlinear supersymmetric effective theories with their ultraviolet completions.

The situation is in parallel with the Goldstone fields in low energy hadronic physics [5]. The Lagrangian in the linear σ-model L = − 1 2 4∑ n=1 ∂_μϕ_n∂^μϕ_n − M^2 2 4∑ n=1 ϕ_nϕ_n − g 4 4∑ n=1 (ϕ_nϕ_n)^2

is invariant under SO(4)-rotations among ϕ_n = (⃗ϕ, ϕ_4). In particular, L is invariant under the axial-isospin subgroup: δ⃗ϕ = 2⃗ϵϕ_4, δϕ_4 = −2⃗ϵ · ⃗ϕ (8) When M^2 < 0, ϕ_4 develops a non-zero VEV ⟨ϕ_4⟩ and the axial-isospin symmetry is broken. ⃗ϕ transform inhomogeneously under axial-isospin rotations via δ⃗ϕ = 2⃗ϵ⟨ϕ_4⟩ + · · · (9) They have vanishing masses and are the Goldstone fields in the linear version. In order to calculate scattering amplitudes at low energies, it is advantageous to convert L into its nonlinear version

L^{NL} = − 1 2 ∂_μσ∂^μσ − σ^2 2|⟨ϕ_4⟩|^2 ⃗D_μ ⃗D^μ − 1 2 M^2σ^2 − λ 4 σ^4

by introducing the nonlinear Goldstone fields ⃗π = 2⟨ϕ_4⟩⃗ζ, where σ = √∑ n ϕ^2_n, ζ_a = ϕ_a ϕ_4 + σ , ⃗D_μ = ∂_μ⃗ζ 1 + ⃗ζ^2

(10)

⃗ϕ and ⃗π are closely related to each other and ⃗π ≃ ⃗ϕ to the leading order. The virtue of L^{NL} is that for every term that involves the ⃗π must contain at least one space-time derivative of the field. These derivatives introduce factors of the Goldstone boson energy when calculating scattering amplitudes, which can be used as expansion parameters in low energy processes. Different from ⃗ϕ, ⃗ζ now transform nonlinearly into themselves under axial-isospin rotations δ⃗ζ = ⃗ϵ(1 − ⃗ζ^2) + 2⃗ζ(⃗ϵ · ⃗ζ) (11) In a sense, the chiral super-multiplet Φ_0 is the analog of the ϕ_a’s in the linear σ model, while λ is the analog of ⃗π in the nonlinear version. In this letter, we shall show how the λ field is related to the component fields of Φ_0, in parallel as how the ⃗π’s are related to the ϕ_a’s. It will be evident that λ ≃ ψ_0 to the first order of approximation, if κ is chosen properly. Guided by this newly found relation, we may reformulate any spontaneously broken linear theories into nonlinear ones, via the standard procedure developed in [6, 7, 8]. In the process, the Goldstino field disappears totally from the original Lagrangian, but reemerges in the Jacobian of the transformation and covariant derivatives. Vertices with Goldstino fields carry at least one space-time derivative, in parallel with the nonlinear σ-model. Accordingly, the energies of the Goldstino fields can again be used as expansion parameters in low energy processes. This can be particularly useful when the underlying physics is strongly coupled and the usual perturbation theory fails. Even if the underlying physics is weakly coupled, the nonlinear version thus formulated still serves as a good organization device in calculations of scattering amplitudes at low energies.

As illustrated in [6, 7, 8], any linear super-multiplet can be prompted to a nonlinear one with the help of λ̃, Ω^σ = exp [ −κ ( λ̃Q + ¯λ̃Q̄ )] × Ω (12) Under SUSY transformations,

δ_ξΩ^σ = −iκ(λ̃σ^μξ̄ − ξσ^μ ¯λ̃)∂_μΩ^σ (13)

That is, all component fields in Ω^σ transform into themselves and independent of one another. Any of them can be integrated out without breaking SUSY. Of course, whether and how to integrate out a component field are dynamical questions. When one or more component fields have masses much higher than the typical energy scale in the concerned physical process, it is usually convenient to integrate them out. Ignoring quantum fluctuations, one may express these heavy fields in terms of the light ones via the relevant equations of motion. Effectively, the heavy fields are substituted by a set of high order operators constructed out of the remaining light fields. When the heavy fields are extremely heavy, these newly introduced high order operators can be ignored. In that case, the end result can be obtained by simply setting the heavy field to zero.

Now the issue is how to identify the λ̃ in a given model. In a generic OR model, the Goldstino field resides in a chiral super-multiplet Φ_0, whose F term has a non-zero VEV, as mentioned above. Taylor expanding Φ_0(y, θ) = ϕ_0(y) + √ 2θψ_0(y) + θ^2F_0(y) (y = x + iθσθ̄). The corresponding nonlinearly realized super-multiplet can be obtained via (12) Φ^σ_0 = Φ_0(y − 2iκθσ¯λ̃(x) + iκ^2λ̃(x)σ¯λ̃(x), θ − κλ̃(x)) (14)

We now propose to construct λ̃ out of the components of Φ_0, by demanding ψ^σ_0 to vanish. The algebra simplifies significantly, if one re-expresses λ̃ in terms of λ via (5). Explicitly, one gets^2 by setting ψ^σ_0 = 0, λ = ψ_0 √ 2κF_0 − i σ^μλ̄^′ F_0 ( ∂_μϕ_0 − √ 2κλ∂_μψ_0 + κ^2λ^2∂_μF_0 ) (15)

where λ̄^′ = λ̄ − 2iκ^2λσ^μλ̄∂_μλ̄ − 2κ^4λ^2λ̄σ̄^ν σ^μ∂_νλ̄∂_μλ̄ + κ^4λ^2λ̄^2∂^2λ̄ (16)

This relation can serve as a definition of λ, from which the nonlinear Goldstino field is constructed out of ϕ_0, ψ_0, and F_0. Taking κ^{−1} = √ 2⟨F_0⟩, one has λ ≃ ψ_0 to the leading order of approximation. It is straightforward to check that the λ defined as such does indeed transform according to (6) as the linear fields transform according to (1). Since both λ and ψ_0 are Grassmann variables, a closed (though complicated) form of λ in terms of the linear fields can be obtained from (15) by iteration. But such a closed form of λ is not needed in practice. We need (15) only to show that a nonlinear λ with the desired transformation property (6) can be constructed out of the linear ones reside in Φ_0. More importantly, ψ^σ_0 vanishes by definition when such a λ is used in the conversion (12).

We emphasize again that the rationale for setting any heavy field to zero is due to dynamics. It happens when the field is extremely heavy compared with the typical energy scale of the concerned physical process. It decouples from all of the low energy physics. On the other hand, ψ_0 is not heavy and is actually massless. It cannot be dropped by

2 For any chiral super-multiplet without a VEV, one can also construct a λ with the transformation property (6) via (15). But such a construction is of no practical use, as it cannot be used to separate the Goldstino field from the others.

the reasoning of decoupling. ψ^σ_0 = 0 is realized by an appropriate definition of λ. Its feasibility is due to the SUSY algebras in (1) and (6). As advertised above, (15) is the analog of representing the ⃗π fields in the nonlinear σ-model in terms of the ϕ_a fields in the linear σ-model [5].

In [9], a chiral super-multiplet with the constraint X^2_{NL} = 0 is proposed to describe the Goldstino. In that case, (15) simplifies into λ = ψ_{NL}/ √ 2κF_{NL} [10]. More so, one has now X^σ_{NL} = θ^2F^σ. That is, the Goldstino component disappears in the corresponding nonlinearly realized super-multiplet, as it should be.

We are now in the position to reformulate any linear theory into the corresponding nonlinear one, via the standard procedure presented in [6, 7, 8]. To work out the Lagrangian, it is actually convenient to use the non-chiral version of nonlinear realization. We need to define the λ via (15) first and obtain λ̃ afterward via (5). With this λ̃, we change all linear super-multiplets into their nonlinear version via (12). This process eliminates ψ^σ_0 automatically in Φ^σ_0 . So the Goldstino field disappears in the original Lagrangian, but reemerges in the Jacobian of the transformation and covariant derivatives. Vertices with Goldstino fields carry at least one space-time derivative. It is reassuring that the salient features of nonlinear theories are all retained.

In particular, the Goldstino field is totally absent in all potential terms, where spacetime derivatives are not allowed. Actually, all potential terms in the nonlinear version are included in ∫ d^4x(d^2θW (Φ̂^σ) + h.c.) (17)

where all Φ̂^σ are obtained from Φ^σ by setting y to x in (14). It has the same structure with the linear version ∫ d^4x(d^2θW (Φ) + h.c.) (18)

Since ψ_0 is massless, there cannot be bilinear terms ψ_0ψ_0 or ψ_0ψ_i in (18) to start with. Thus, the mass spectrum of the model is not changed by going from the linear version to nonlinear one by setting ψ^σ_0 = 0.

In this nonlinearly realized version, all heavy fields are kept. Depending on the specific physical processes concerned, one may integrate out part or all of them according to the mass spectra, with the help of relevant equations of motion.

In principle, the above discussion can be extended to Fayet-Iliopoulos models. In those cases, the Abelian gauge field is described by a real super-multiplet V = Dθ^2θ̄^2 + χθθ̄^2 + χ̄θ̄θ^2 + · · · . When the so-called Fayet-Iliopoulos term is present, the D-field in

V acquires a non-zero VEV and SUSY is spontaneously broken. Correspondingly, the χ field is massless and plays the role of the Goldstino field. A nonlinearly realized supermultiplet V^σ can again be obtained via (12). The nonlinear Goldstino field λ̃ can be defined in terms of the component fields in V by demanding χ^σ = 0. However, there could be potentially subtle issues related to gauge invariance. On the other hand, there are strong arguments against the presence of Fayet-Iliopoulos terms, in the context of supergravity [11, 12]. These issues will not be addressed in this letter and should be dealt with in future works.

The Goldstino field λ̃ itself can also be prompted to a linear super-multiplet [2] by using the SUSY transformation in (3),

Λ(λ̃) = exp(θQ + θ̄Q̄) × λ̃

so are all matter fields by using the SUSY transformation in (4),

Ξ(λ̃) = exp(θQ + θ̄Q̄) × φ

From an arbitrary SUSY non-invariant action,

S_0 = ∫ d^4xL(∂_μφ, φ) one can easily construct a SUSY invariant one, with the help of Λ and Ξ,

S = κ^4 ∫ d^4xd^4θΛΛΛ̄Λ̄L(∂_μΞ, Ξ). (19)

Notice that Λ(x) = κ^{−1}θ^′ = κ^{−1}θ + λ̃(z), and Ξ(x) = φ(z), where z = x − iκλ̃(z)σθ̄ + iκθσ¯λ̃(z). The integration over the Grassmann variables can be carried out by changing integration variables from (x, θ) to (z, θ^′ ). A straightforward calculation yields, S = ∫ d^4x det(T )L(∇_μφ, φ) (20)

where T^ν_μ = δ^ν_μ − iκ^2∂_μλ̃σ^ν ¯λ̃ + iκ^2λ̃σ^ν ∂_μ ¯λ̃. and ∇_μ = (T^{−1})^ν_μ∂_ν . This action can also be obtained from S_0 by simply prompting ∂_μ to ∇_μ in L, and inserting the determinate of matrix T^ν_μ [13, 14]. One may check that S is invariant under the combined transformations of (3) and (4). Obviously, integrations over the Grassmann variables can always be carried out in a similar manner for arbitrary functionals of Λ and Ξ.

Acknowledgement

We would like to thank Yihong Gao and Guohuai Zhu for valuable discussions. This work is supported in part by the National Science Foundation of China (10425525) and (10875103).

References

[1] L. O’Raifeartaigh, “Spontaneous Symmetry Breaking for Chiral Scalar Superfields,” Nucl. Phys. B 96, 331 (1975).

[2] J. Wess and J. Bagger, “Supersymmetry and Supergravity,” Princeton Unversity Press (1992).

[3] D. V. Volkov and V. P. Akulov, “Is the Neutrino a Goldstone Particle?,” Phys. Lett.

B 46, 109 (1973).

[4] S. Samuel and J. Wess, “A Superfield Formulation Of The Nonlinear Realization Of Supersymmetry And Its Coupling To Supergravity,” Nucl. Phys. B 221, 153 (1983).

[5] See, for example, S. Weinberg,“The Quantum Theory of Fields (Vol II),” §19.5, Cambridge University Press (1996).

[6] E. A. Ivanov and A. A. Kapustnikov, “General Relationship Between Linear And Nonlinear Realizations Of Supersymmetry,” J. Phys. A 11, 2375 (1978).

[7] E. A. Ivanov and A. A. Kapustnikov, “Relation Between Linear And Nonlinear Realizations Of Supersymmetry,” JINR-E2-10765, Jun 1977.

[8] E. A. Ivanov and A. A. Kapustnikov, “The Nonlinear Realization Structure Of Models With Spontaneously Broken Supersymmetry,” J. Phys. G 8, 167 (1982).

[9] Z. Komargodski and N. Seiberg, “From Linear SUSY to Constrained Superfields,” e-Print: arXiv:0907.2441.

[10] H. Luo, M. Luo and S. Zheng, “Constrained Superfields and Standard Realization of Nonlinear Supersymmetry”, e-Print: arXiv:0910.2110.

[11] Z. Komargodski and N. Seiberg, “Comments on the Fayet-Iliopoulos Term in Field Theory and Supergravity”, JHEP 0906, 007 (2009).

[12] K. R. Dienes and B. Thomas, “A Proof of the Inconsistency of Fayet-Iliopoulos Terms in Supergravity Theories”, e-Print: arXiv:0911.0677.

[13] T. E. Clark and S. T. Love, “Nonlinear realization of supersymmetry and superconformal symmetry,” Phys. Rev. D 70, 105011 (2004).

[14] T. E. Clark and S. T. Love, “Goldstino couplings to matter,” Phys. Rev. D 54, 5723 (1996).