arXiv:0911.2872v5 [gr-qc] 30 Jun 2010

IPM/P-2009/047

Generalized Lovelock gravity

Qasem Exirifard School of Physics, Institute for Studies in Theoretical Physics and Mathematics (IPM), P.O.Box 19395-5531, Tehran, Iran^∗

In the Riemann geometry, the metric’s equation of motion for an arbitrary Lagrangian is succinctly expressed in term of the first variation of the action with respect to the Riemann tensor if the Riemann tensor were independent of the metric. Let this variation be called the E-tensor.

Noting that the E-tensor and equations of the motion for a general Lovelock gravity have the same differential degree, we define generalized Lovelock gravity as polynomial scalar densities constructed out from the Riemann tensor and its arbitrary covariant derivatives such that they lead to the same differential degree for the E-tensor and the metric’s equation of motion.

We consider Lagrangian densities which are functional of the metric and the first covariant derivative of the Riemann tensor: L(∇aR_{ijkl}, gij ). We then present the first non-trivial examples of the generalized Lovelock gravity terms.

Quantization of gravity requires the Einstein-Hilbert action to be corrected. But what are the form of the corrections? In string theory, corrections in the form of the covariant derivative of Riemann tensor exist in the subsub-leading levels [1–3]. In the Horava-Lifshitz proposal for quantum gravity in 3 + 1 dimensions [4], the quantum corrections are functional of the covariant derivative of the Riemann tensor. So quantum corrections in d = 4 most probably will depend also on the covariant derivatives of the Riemann tensor.^1 This dependency, however, increases the number of possibilities for the Lagrangian density: the number of algebraically independent polynomial scalar densities constructed out from the Riemann tensor and its covariant derivatives are larger than the number of those constructed out from the Riemann tensor alone. Thus it seems plausible to provide a criterion in order to systematically and self-consistently selects a subset of the Lagrangians densities from all possibilities, a subset that also includes the covariant derivatives of the Riemann tensor. In this note, we aim to provide such a criterion.

A natural rephrasing of this aim is what the generalizations of the Einstein-Hilbert equation are. David Lovelock long time ago posed this question. He demanded the generalized Einstein tensor to be:

1. divergence free.

2. symmetric.

3. concomitant of the first and second derivative of the metric.

In a set of publications [11–13], he then proved that the only Lagrangians meeting his demands are

S_{gravity} = ∫ d^Dx √ − det g L[g_{ij} , R_{ijkl}] , (1) L[g_{ij} , R_{ijkl} ] = ∑ a_nL_n[g_{ij} , R_{ijkl}] , (2) L_n[g_{ij} , R_{ijkl} ] = θ^{i1 ···i2n j1 ···j2n} n∏ p=1 R_{i2p−1 i2p j2p−1 j2p} , (3) where

θ^{μ1 ···μ2nν1 ···ν2n} (g) = det | | | | | | g^{μ1ν1} · · · g^{μ2nν1} . . . . g^{μ1ν2n} · · · g^{μ2nν2n}

| | | | | | , (4)

∗Electronic address: exir@theory.ipm.ac.ir 1 In the phenomenological geometric approach, the dark energy and dark matter problems are evaluated as needs to modify the dynamics of the space-time in very low space-time curvature. The simplest geometric models to resolve these [6, 7, 10] rely in the f(R) gravity [5]. However these models do not reproduce the Tully-Fisher relation [8] and they introduce a parameter that depends on the (baryonic) mass of the galaxy in order to account for its observed anomalous rotational velocity curve. Inclusion of the covariant derivatives of the Riemann tensor into the action resolves these problems [9]. So studying actions that depends on the covariant derivatives of the Riemann tensor is admirable even within the phenomenological geometric approach to dark paradigms.

where [^D_2 ] represents the integer part of^D_2 , and a_n’s are some constant values. Neither of the above Lagrangians includes the covariant derivative of the Riemann tensor. So we do need to rephrase and modify the Lovelock criteria such that further possibilities are allowed.

Having noted that “a characteristic feature of Lovelock terms is that their first non vanishing term in the expansion of the metric around flat space-time is a total derivative, S. Cnockaert and M. Henneaux have investigated generalized Lovelock terms defined as polynomial scalar densities in the Riemann curvature tensor and its covariant derivatives (of arbitrarily high but finite order) such that their first non vanishing term in the expansion of the metric around flat space is a total derivative ” [14]. They however have reported that their generalized Lovelock terms contains only the usual ones.

Naresh Dadhich has provided a new independent identification of the Lovelock gravity from the Bianchi derivative of a curvature polynomial [15]. One can investigate if this classification leads to a non-trivial generalization of Lovelock gravity. Ref. [16, 17] investigate and report the consistency^2 of the Palatini (first order)[18–20] formulation and the metric (second) formulation of the Lovelock terms. Ref.[16], having evaluated the consistency of the first and second order formulations as a criterion to restrict the form of the Lagrangian promises to apply this criterion on other Lagrangians. This promise is yet to be fulfilled.

In this note we would like to look at a characteristic of the Lovelock gravity that so far has been overlooked in all attempts to generalize Lovelock gravity terms. To illustrate this characteristic let us look at the Gauss-Bonnet term which is n = 2 term in (1) L_{GB} = R^{ijkl}R_{ijkl} − 4R_{ij} R^{ij} + R^2 , (5) The equation of motion for each of R^{ijkl}R_{ijkl} , R_{ij} R^{ij} and R^2 is a fourth order differential equation. But the Guass- Bonnet term is the combination of these terms that brings down the degree of differential equation of motion by two. Let us examine if the degree of the equation of motion can be brought down by two for a general action. In so doing we need the equation of motion for a general action.

A general action for the metric of a D dimensional space-time can be presented as follows

S_{gravity} = ∫ d^D x √ − det g L[g_{ij} , R_{ijkl}, ∇_i] , (6) L[g_{ij} , R_{ijkl} , ∇_i] = L[g_{ij} , R_{ijkl}, ∇_aR^{ijkl}, ∇_{(a1} ∇_{a2 )}R^{ijkl}, · · · , ∇_{(a1} · · · ∇_{an)}R^{ijkl}] , (7) where n is a natural number. The first variation of the action with respect to the metric then gives the equation of motion for the metric − T^{ij} = ∂L ∂g_{ij} + 1 2 L g^{ij} + E^i_{αβγ} R^{jαβγ} + 2∇_α∇_β E^{iαβj} , (8) E^{ijkl} = ∂L ∂R_{ijkl} − ∇_a ∂L ∂∇_aR_{ijkl} + · · · + (−1)^n∇_{(a1} · · · ∇_{an)} ∂L ∂∇_{(a1} · · · ∇_{an)}R_{ijkl} , (9)

where T^{ij} is the energy momentum tensor of matter fields minimally coupled to gravity, and partial derivatives of L are taken assuming that g_{ij} , R_{ijkl} , · · · , ∇_{(a1} · · · ∇_{an)}R_{ijkl} are independent variables, and partial derivative coefficients are uniquely fixed to have precisely the same tensor symmetries as the varied quantities [21]. The E-tensor^3 (9) would be the first variation of the action with respect to the Riemann tensor if the Riemann tensor were independent of the metric.

In the equation of motion (8), ∇_α∇_β E^{iαβj} generally leads to the appearance of two extra derivatives of the metric which are absent in the first three terms of the r.h.s of (8). In other words the differential degree of the equation of motion is generally two degrees higher than that of the E-tensor. Requiring the same differential degree for the E-tensor and the equations of motion, thus, is a criterion to single out a specific set of Lagrangian from a larger given set. We refer to this criterion as the E-criterion.^4 The chosen/restricted subset has the privilege of leading to a differential equation of a lower degree than that of a general Lagrangian. Lovelock gravity terms are examples of

2 This is a strong form of the consistency, in the sense that all the solutions of the metric formulation are also the solutions of the first order (Palatini) formulation. Ref.[16] shows these two formulations are equivalent in asymptotically ‘flat’ space-time geometries.

3 Ref. [22] uses P to refer to this tensor. We use the notation of [21] and call it the E-tensor.

4 In order to have the Einstein-Hilbert action included, we should have rephrased the E-criterion as terms for which the E-tensor’s degree is not larger than the degree of the equations of motion . We are, however, interested in the higher derivative corrections/modifications. So requiring the same degree for the equations of motion and the E-tensor suffices for our purpose.

these terms. So we name terms that satisfy the E-criterion as the generalized Lovelock gravity terms. In the next section we consider Lagrangians which are functional of only the first covariant derivative of the Riemann tensor. We obtain a sufficient condition for the E-criterion. We find a family of solutions for this condition. We then discuss on the uniqueness of the these terms. At the end, we will provide the summary and outlooks.

I. FUNCTIONAL OF THE FIRST COVARIANT DERIVATIVE OF THE RIEMANN TENSOR: L[gij , ∇aR_{ijkl}] A Lagrangian in the form of L[g_{ij} , ∇_aR_{ijkl} ], polynomial in terms of ∇_aR_{ijkl} is a summation of the following terms L_n = C^{a1···ani1 ···i2n j1 ···j2n} ∇_{a1} R_{i1 i2 j1j2} · · · ∇_{an} R_{i2n−1 i2nj2n−1 j2n} (10) where C^{a1···ani1 ···i2nj1 ···j2n} is a functional of the metric components, and n is a natural number. Since C^{a1···ani1 ···i2nj1 ···j2n} is a functional of only the metric’s components it holds ∇_pC^{a1···ani1 ···i2n j1 ···j2n} = 0 . (11) and it carries an even number of indices. Therefore n is a natural even number.

We note that only the part of C^{a1···ani1 ···i2n j1 ···j2n} which is symmetric under the exchange of (a_m, i_{2m−1}, i_{2m}, j_{2m−1}, j_{2m}) with (a_p, i_{2p−1}, i_{2p}, j_{2p−1}, j_{2p}) for all m and p contributes to the Lagrangian density. So we choose C^{a1···ani1 ···i2nj1 ···j2n} such that it satisfies C^{a1···ap···am···ani1 ···i2p−1 i2p···i2m−1 i2m ···i2n j1 ···j2p−1 j2p···j2m−1 j2m ···j2n} = C^{a1···am···ap···ani1 ···i2m−1 i2m ···i2p−1 i2p ···i2nj1 ···j2m−1 j2m···j2p−1j2p ···j2n} . (12) Let it be recalled that all the components of the Riemann tensor and its covariant derivatives are not algebraically independent. The Riemann tensor constructed out from the Levi Cevita connection satisfies:

R_{i1 i2 j1 j2} + R_{i2 i1 j1 j2} = 0 , (13) R_{i1 i2 j1 j2} + R_{i1 i2 j2 j1} = 0 , (14) R_{i1 i2 j1 j2} − R_{j1 j2 i1 i2} = 0 , (15) ∇_{a1} R_{i1 i2 j1 j2} + ∇_{j1} R_{i1 i2 j2 a1} + ∇_{j2} R_{i1 i2 a1j1} = 0 (16)

Because the Lagrangian density is the multiplication of the Riemann tensor and the C-tensor, it can be deduced from (13), (14), and (15) that only the part of the C-tensor that owns the following properties contributes to the Lagrangian: C^{a1···ani2 i1 ···i2n j1···j2n} = −C^{a1···ani1 i2 ···i2nj1 ···j2n} , (17a) C^{a1···ani1 ···i2n j2 j1···j2n} = −C^{a1···ani1 ···i2nj1 j2 ···j2n} , (17b) C^{a1···anj1j2 i3 ···i2n i1 i2 j3···j2n} = C^{a1···ani1 ···i2n j1 ···j2n} . (17c) The above relations are nothing more than saying that when an scalar is constructed out from the direct multiplication of a symmetric tensor and a general tensor, then only the symmetric part of the general tensor contributes to the scalar. We choose C such that it explicitly holds (17).

Now let it be noticed that (16) implies C^{a1···ani1 ···i2nj1 ···j2n} (∇_{a1} R_{i1 i2 j1 j2} + ∇_{j1} R_{i1 i2 j2 a1} + ∇_{j2} R_{i1 i2 a1 j1} ) = 0 , (18) rewriting which yields (C^{a1 a2···ani1 i2 i3 ···i2nj1 ···j2n} + C^{i1 a2···ani2 a1i3 ···i2n j1 ···j2n} + C^{i2a2 ···ana1i1 i3 ···i2nj1 ···j2n} )∇_{a1} R_{i1 i2 j1 j2} = 0 , (19) which implies that only the part of the C-tensor that holds C^{a1a2···ani1 i2 i3 ···i2nj1 ···j2n} + C^{i1a2···ani2 a1 i3···i2nj1 ···j2n} + C^{i2 a2···ana1i1 i3 ···i2n j1 ···j2n} = 0 , (20) contributes to (10). In order to further clarify this statement, let the C-tensor be re-expressed as follows C^{a1a2 ···ani1i2 i3 ···i2n j1 ···j2n} = Ĉ^{a1a2 ···ani1 i2i3 ···i2nj1 ···j2n} + A^{a1 a2···ani1 i2 i3 ···i2nj1 ···j2n} , (21) 3A^{a1a2 ···ani1i2 i3 ···i2n j1 ···j2n} = C^{a1a2···ani1 i2 i3 ···i2nj1 ···j2n} + C^{i1 a2···ani2 a1i3 ···i2n j1 ···j2n} + C^{i2a2 ···ana1i1 i3 ···i2n j1···j2n} . (22) Then when we insert (21) into the Lagrangian density, due to (19), we see that only the Ĉ^{a1 a2···ani1 i2 i3 ···i2nj1 ···j2n} - the part of the C-tensor that holds (20) - contributes to the Lagrangian density. So we choose the C-tensor such that it meets (20). Note that neither this choice nor (12), nor (17) affects the generality of the considered Lagrangians.

Eq. (17) and (20) indicates that the C-tensor carries all the symmetries of the covariant derivative of the Riemann tensor. So the partial derivative of the L_n with respect to ∇_{a1} R_{ijkl} can be simply written by ∂L_n ∂∇_aR_{i1 i2 j1 j2} = nC^{a1a2···ani1 i2 i3 ···i2nj1 ···j2n} n∏ p=2 ∇_{ap} R_{i2p−1 i2p j2p−1j2p} . (23)

If we had not chosen the C-tensor to satisfy (12), (17) and (20), then^{∂Ln}_{∂∇a Ri1 i2j1 j2} could not been written in the above compact form. The E-tensor can be written in a compact form too: E^{i1 i2 j1 j2} L_n = −∇a1 ∂L_n ∂∇_aR_{i1 i2 j1 j2} = −n(n − 1)C^{a1a2 ···ani1 i2 i3 ···i2n j1 ···j2n} ∇_{a1} ∇_{a2} R_{i3 i4 j3 j4} n∏ p=3 ∇_{ap} R_{i2p−1 i2pj2p−1 j2p} . (24)

Note that the E-tensor is a functional of the Riemann tensor and its first two covariant derivatives. The equation of motion for L_n also can be simplified to ( ( ∂ ∂g_{ab} + 1 2 g^{ab})C^{a1···ani1 ···i2n j1···j2n} )_n∏ p=1 ∇_{ap} R_{i2p−1 i2p j2p−1 j2p} + E^{aαβγ}_{Ln} R^b_{αβγ} + 2∇_α∇_β E^{aαβb}_{Ln} = 0 , (25)

for which the E-criterion requires ∇_α∇_β E^{aαβb}_{Ln} to be a functional of the Riemann tensor and its first two derivatives. From (24), ∇_{i2} ∇_{j1} E^{i1 αβj2}_{Ln} follows

∇_{i2} ∇_{j1} E^{i1 i2j1 j2} L_n = −∇i2 ∇j1 ∇a1 ∂L_n ∂∇_aR_{i1 i2 j1 j2} (26)

which can be re-expressed by

∇_{i2} ∇_{j1} E^{i1 i2 j1 j2} L_n = −(∇i2 [∇j1 , ∇a1 ] + [∇i2 , ∇a1 ]∇j1 + ∇a1 ∇i2 ∇j1 ) ∂L_n ∂∇_aR_{i1 i2 j1 j2} , (27)

Noting that commutators can be expressed in terms of the Riemann tensor, we conclude ∇_{i2} ∇_{j1} E^{i1 αβj2}_{Ln} and ∇_{a1} ∇_{j1} ∇_{i2}^{∂Ln} ∂∇_a R_{i1 i2j1 j2} have the same differential degree. So applying the E-criterion on Ln is the same as requiring ∇_{a1} ∇_{j1} ∇_{i2}^{∂Ln} ∂∇_a R_{i1 i2j1 j2} to be a functional of the Riemann tensor and its first two covariant derivatives.

Now let us look at ∇_{i2} ∇_{j1}^{∂Ln}_{∂∇a1 Ri1i2 j1j2} :

∇_{i2} ∇_{j1} ∂L_n ∂∇_aR_{i1 i2 j1 j2} = nC^{a1a2 ···ani1i2 i3 ···i2n j1 ···j2n} ∇_{i2} ∇_{j1} (_n ∏ p=2 ∇_{ap} R_{i2p−1 i2pj2p−1 j2p} ) , (28)

expanding which yields

∇_{i2} ∇_{j1} ∂L_n ∂∇_aR_{i1 i2 j1 j2} = n(n − 1)C^{a1a2···ani1 i2 i3 ···i2n j1···j2n} ∇_{i2} ∇_{j1} ∇_{a2} R_{i3 i4 j3 j4} n∏ p=3 ∇_{ap} R_{i2p−1 i2p j2p−1 j2p} + +n(n − 1)(n − 2)C^{a1a2···ani1 i2 i3 ···i2n j1···j2n} ∇_{j1} ∇_{a2} R_{i3 i4 j3 j4} ∇_{i2} ∇_{a3} R_{i5 i6 j5 j6} × n∏ p=4 ∇_{ap} R_{i2p−1 i2p j2p−1 j2p} . (29)

Now suppose that it holds C^{a1a2···ani1 i2 i3 ···i2nj1 ···j2n} ∇_{ip} R_{i2p−1i2p j2p−1 j2p} = 0 , (30) then^5 C^{a1a2···ani1 i2 i3 ···i2nj1 ···j2n} ∇_{j1} ∇_{a2} R_{i3 i4 j3j4} = C^{a1a2···ani1 i2 i3 ···i2nj1 ···j2n} [∇_{j1} , ∇_{a2} ]R_{i3 i4 j3 j4} , (31a) C^{a1a2···ani1 i2 i3 ···i2nj1 ···j2n} ∇_{j2} ∇_{a3} R_{i5 i6 j5j6} = C^{a1a2···ani1 i2 i3 ···i2nj1 ···j2n} [∇_{i2} , ∇_{a2} ]R_{i5 i6 j5 j6} , (31b) C^{a1a2 ···ani1 i2i3 ···i2nj1 ···j2n} ∇_{i2} ∇_{j1} ∇_{a2} R_{i3 i4 j3j4} = C^{a1a2···ani1 i2 i3 ···i2nj1 ···j2n} [∇_{i2} , [∇_{j1} , ∇_{a2} ]]R_{i3 i4 j3 j4} . (31c) Inserting (31) into (29) yields

∇_{i2} ∇_{j1} ∂L_n ∂∇_aR_{i1 i2 j1 j2} = n(n − 1)C^{a1a2 ···ani1i2 i3 ···i2n j1 ···j2n} ([∇_{i2} , [∇_{j1} , ∇_{a2} ]]R_{i3 i4 j3j4} ) n∏ p=3 ∇_{ap} R_{i2p−1 i2pj2p−1 j2p} + +n(n − 1)(n − 2)C^{a1a2 ···ani1 i2 i3 ···i2n j1 ···j2n} ([∇_{j1} , ∇_{a2} ]R_{i3 i4 j3 j4} )) ([∇_{i2} , ∇_{a2} ]R_{i5 i6 j5 j6} ) × n∏ p=4 ∇_{ap} R_{i2p−1i2p j2p−1 j2p} . (32)

(32) proves that when (30) holds then ∇_{i2} ∇_{j1}^{∂Ln}_{∂∇aRi1 i2 j1j2} is a functional of the Riemann tensor and its first covariant derivative. So when (30) holds ∇_{a1} ∇_{i2} ∇_{j1}^{∂Ln}_{∂∇a Ri1 i2j1 j2} is a functional of the Riemann tensor and its first two covariant derivatives: the E-criterion for L_n is satisfied. Recalling ∇_{[i1} R_{i2i3 ]j2 j3} = 0, (30) is guaranteed to be satisfied if C^{a1···ani1 i2i3 ···i2nj1 ···j2n} = C^{a1···ani2 i3i1 ···i2nj1 ···j2n} = C^{a1···ani3 i1i2 ···i2nj1 ···j2n} , (33) Let it be highlighted that (33) is a sufficient condition for the C-tensor to meet the E-criterion.

A. Finding the first generalized Lovelock gravity terms The θ tensor (4) yields θ^{i1 i2 i3 ···i2n j1 ···j2n} ∇_{ip} R_{i2p−1 i2pj2p−1 j2p} = 0 , (34) θ^{i1 i2i3 ···i2nj1 ···j2n} = θ^{i2 i3 i1···i2n j1 ···j2n} = θ^{i3i1 i2···i2nj1 ···j2n} , (35) which forgetting the a_1 · · · a_n are similar to (30) and (33). This similarity motivates us to consider the following Lagrangian as an ansatz that meets the E-criterion: L_n = C̃^{a1···an} θ^{i1 ···i2nj1 ···j2n} ∇_{a1} R_{i1 i2 j1 j2} · · · ∇_{an} R_{i2n−1 i2n j2n−1j2n} , (36) where θ is given in (4) and C̃^{a1···an} can be chosen to be symmetric under exchange of each of its two indices.

We note that though C̃^{a1···an} θ^{i1 ···i2n j1···j2n} yields (30) and (33):

C̃^a1^{···a}n θ^i1^i2^i3^{···i}2n^j1^{···j}2n = C̃^a1^{···a}n θ^i2^i3^i1^{···i}2n^j1^{···j}2n = C̃^a1^{···a}n θ^i3^i1^i2^{···i}2n^j1^{···j}2n , (37) it does not have all the symmetries of the C-tensor: it does not hold (20). We should pay attention that (33) is a sufficient condition for the E-criterion provided that the coefficients of the covariant derivative of the Riemann tensor hold all the required symmetries of the C-tensor.

Let us decompose C̃^{a1···an} θ^{i1 ···i2nj1 ···j2n} to the part that meets (12), (17) and (20), and the rest: C̃^a1^{···a}n θ^i1^{···i}2n^j1^{···j}2n = Ĉ^a1^{···a}n^i1^{···i}2n^j1^{···j}2n + A^a1^{···a}n^i1^{···i}2n^j1^{···j}2n , (38)

5 Commutators are used to have ∇_{i2} and ∇_{j1} act on the Riemann tensor before ∇_{ai} .

where Ĉ^{a1 ···ani1 ···i2nj1 ···j2n} respects (12), (17) and (20), while A^{a1 ···ani1 ···i2nj1 ···j2n} does not respect these symmetries. It is worth noting that only the Ĉ^{a1···ani1 ···i2n j1···j2n} contributes to the Lagrangian density L_n = C̃^{a1···an} θ^{i1 ···i2nj1 ···j2n} ∇_{a1} R_{i1 i2 j1 j2} · · · ∇_{an} R_{i2n−1i2n j2n−1j2n} (39) = Ĉ^{a1···ani1 ···i2n j1···j2n} ∇_{a1} R_{i1 i2j1 j2} · · · ∇_{an} R_{i2n−1 i2nj2n−1 j2n} , Lagrangian density is independent of A^{a1 ···ani1 ···i2n j1···j2n} . It then follows from (37) and (38) that the Ĉa1 ···ani1···i2nj1 ···j2n meets (33).6 So (36) meets the E-criterion and indeed is a generalized Lovelock Gravity.

II. ON THE UNIQUENESS OF THE FOUND GENERALIZED LOVELOCK GRAVITY TERMS

In this section we wish to test/prove uniqueness of some special cases of (36). Let us consider the simplest choice of L_n, the first example of (36) for n = 2: L_2 = ∇_aR_{ijkl}∇^aR^{ijkl} − 4∇_aR_{ij} ∇^aR^{ij} + ∇_aR∇^aR . (40) which should be called the generalization of the Gauss-Bonnet Lagrangian density.^{7,8} Perhaps (40) is not the most general Lagrangian quadratic in term of the first covariant derivative of the Riemann tensor. But is it the only one satisfying the E-criterion?

In the following, we shall prove that (40) is the only Lagrangian quadratic in term of the first covariant derivative of the Riemann tensor meeting the E-criterion. In so doing we notice that the algebraically independent scalars which are quadratic in the Riemann tensor and quadratic in the covariant derivative read [25] R□R, ∇^p∇^q RR_{pq} , ∇_s∇_rR_{pq} R^{prqs}, R^{pq} □R_{pq} (41) ∇^pR∇_pR, ∇^rR^{pq}∇_rR_{pq} , ∇_rR^{pq}∇_q R_{pr}, ∇^tR^{pqrs}∇_tR_{pqrs} . The most general Lagrangian density which is quadratic both in the Riemann tensor and the covariant derivative is a linear combination of all the above possibilities

L = c_1R□R + c_2∇^p∇^q RR_{pq} + c_3∇_r∇_sR_{pq} R^{prqs} + c_4R^{pq} □R_{pq} + (42) +c_5∇^pR∇_pR + c_6∇^rR^{pq}∇_rR_{pq} + c_7∇^rR^{pq}∇_q R_{pr} + c_8∇^tR^{pqrs}∇_tR_{pqrs} , where c_1 · · · c_8 are some constants real values. Performing integration by parts and using ∇^pR_{pq} = 1 2 ∇_q R , (43) ∇_sR^{prqs} = ∇^pR^{qr} − ∇^rR^{qp} , (44) the Lagrangian density (42) can be rewritten to

L = (c_5 − c_2 2 − c_1)∇^pR∇_pR + (c_6 − c_4 − c_3)∇_rR_{pq} ∇^rR^{pq} − (c_7 − c_3)R_{pq} ∇_r∇^pR^{qr} + c_8∇_tR_{pqrs}∇^tR^{pqrs} . (45)

Noticing the algebraic identity of

∇_r∇^pR^{qr} = [∇_r, ∇^p]R^{qr} + ∇^p∇_rR^{qr} = [∇_r, ∇^p]R^{qr} + 1 2 ∇^p∇^q R , (46)

6 Note that also A^{a1···ani1 ···i2nj1 ···j2n} has the symmetries of (33).

7 In contrary to the Gauss-Bonnet Lagrangian (40) is not a topological term in D = 4. This can easily be verified by evaluating the action of L_2 for : ds^2 = −A(r)dt^2 + dr^2 A(r) + r^2(dθ^2 + sin^2 θdϕ^2) .

The L_2 action evaluated for (7) reads:

S_{L2} = 4π ∫ dt ∫ dr 4A r^3

((−4A^′ + 4A^{′′}r − 2A^{′′′}r^2)(A − 1) + r^3A^{′′2} + 3A^{′2} + r^3A^{′′′}A^′ − 4r^2A^{′′}A^′) ,

which is not a total derivative or a topological term:^{δSL2}_{δA} ≠ 0.

8 The explicit form for n = 4 can be written using the compact form of the forth order Lovelock gravity that is presented in [23].

and performing an integration by part, and using (43), (45) can be re-expressed by

L = (c_5 − c_2 2 −c_1 + c_7 − c_3 4 )∇^pR∇_pR+(c_6 −c_4 −c_3)∇_rR_{pq} ∇^rR^{pq} +c_8∇_tR_{pqrs}∇^tR^{pqrs} − (c_7 −c_3)R_{pq} [∇_r, ∇^p]R^{qr} . (47)

The commutators of the covariant derivatives can be expressed in term of the Riemann tensor. So R_{pq} [∇_r, ∇^p]R^{qr} is cubic in term of the Riemann tensor.^9 We are interested in actions which are quadratic in term of the covariant derivative, we thus set c_7 = c_3. We also redefine the constants values

a_1 = c_5 − c_2 2 − c_1 , (48) a_2 = c_6 − c_4 − c_3 , (49) a_3 = c_8 . (50)

The most general Lagrangian density which is quadratic both in the Riemann tensor and the covariant derivatives, therefore, reads

L = a_1∇^pR∇_pR + a_2∇_rR_{pq} ∇^rR^{pq} + a_3∇_tR_{pqrs}∇^tR^{pqrs} . (51)

For general values of a_1, a_2 and a_3, (51) leads to six order differential equations. We would like to find all values of a_1, a_2 and a_3 for which (51) leads to fourth order equations (imposing the E-criterion on (51) is the same as requiring it to lead to fourth order equations). Since L_2 (40) leads to fourth order equations, and equations of motion are linear in term of the Lagrangian density, subtracting a multiplication of L_2 from (51) does not change the differential degree of the equations of motion derived from (51). We do the following subtraction:

L̃ = L − a_3L_2 = (a_1 − a_3)∇^pR∇_pR + (a_2 + 4a_3)∇_rR_{pq} ∇^rR^{pq} . (52)

Any values of a_1, a_2 and a_3 that leads to fourth order equations derived from (51), leads to fourth order equations derived from (52) and vice versa. We define the following constant values in order to write (52) in a more compact form:

b_1 = a_1 − a_3 , (53) b_2 = a_2 + 4a_3 .

Using the above constant values, L̃ reads

L̃ = b_1∇^pR∇_pR + b_2∇_rR_{pq} ∇^rR^{pq} . (54)

We will prove that only for b_1 = b_2 = 0, L̃ leads to fourth order equations. Then b_1 = b_2 = 0 implies that L_2 (up to an overall factor) is the most general Lagrangian density, quadratic in term of the Riemann tensor and quadratic in the covariant derivative leading to fourth order equations for the metric’s components.

Instead of considering a general metric and calculating the functional variation of (52), let us consider a general time-independent spherical metric in d = 4:

ds^2 = −A(r)dt^2 + dr^2 A(r)B(r) + r^2(dθ^2 + sin^2 θdϕ^2) , (55)

and calculate the functional variation of (54) with respect to A(r) and B(r). It is known that the functional variation does not generally commute with imposing symmetries on the solution; here we have imposed spherical symmetry and time translation. We notice, however, our imposed symmetries are isometries of the Riemann manifold -supposedly a smooth manifold- so the principle of symmetric criticality is met [24]. In other words the functional variation of the action corresponding to (54) computed for (55), indeed gives the equations of motion of A(r) and B(r). We will show that only for b_1 = b_2 = 0, L̃ leads to fourth order equations for A(r) and B(r). So b_1 = b_2 = 0 must hold in order to have fourth order equation for a general metric.

9 This term relies within the family of the Lagrangians which are functional of the Riemann tensor not its covariant derivative. In this family of the Lagrangian only the ordinary Lovelock gravity meets the E-criterion.

In the following we are going to compute the equations of motion for A(r) and B(r) in (55). The action corresponding to (54) computed for (55) reads

S_{L̃} = 4 π ∫ dt ∫ dr r^2 √ 1 B (b1 ∇_pR∇^pR|_{Eq.(55)} + b_2 ∇_rR_{pq} ∇^rR^{pq} |_{Eq.(55)}) , (56)

where

4 r^6 ∇_aR∇^aR|_{Eq.(55)} A B = ( −B^{′′}A^′r^3 − 3B^′A^{′′}r^3 − 12B^′A^′r^2 − 2BA^{′′′}r^3 (57)

− 8BA^{′′}r^2 + 4BrA^′ − 4AB^{′′}r^2 − 8 + 8 A B

)_2 , 8 r^6 ∇_rR_{pq} ∇^rR^{pq} |_{Eq.(55)} A B = 96 + 80 r^4 B^′ A^{′′} A^′ B + 12 r^6 B^′ A^{′′} B A^{′′′} − 32 r^3 B^2 A^{′′} A^′ + 8 r^5 B^{′′} A^′ B A^{′′} (58)

+4 r^6 B^{′′} A^′ B A^{′′′} + 64 A B^′ r + 96 B A^{′′} r^2 + 24 r^5 B^′ A^′ B A^{′′′} − 48 r^3 B^′ A^{′2} B +12 r^5 B^{′′} A^{′2} B^′ − 8 r^4 B^′ A B A^{′′′} + 52 r^4 B^′ A B^{′′} A^′ − 16 r^3 A^′ B A B^{′′} −8 r^4 B^{′′} A^{′2} B − 192 A B + 12 r^5 B^′ A^{′′} A B^{′′} + 8 r^5 B A^{′′′} A B^{′′} +32 r^4 B A^{′′} A B^{′′} − 96 r^2 B^′ A A^′ B + 16 r^3 B A^{′′} B^′ A + 36 r^5 B^{′2} A^{′′} A^′ +6 r^6 B^{′′} A^′ B^′ A^{′′} + 16 r^5 B^2 A^{′′′} A^{′′} + 24 r^5 B^′ A^{′′2} B + 32 A B^{′′} r^2 +112 B^′ A^′ r^2 + 96 B^2 A^2 − 32 A^2 B^{′′} r^2 B − 64 A^2 B^′ r B − 96 B^2 A^{′′} r^2 A +4 r^5 B^{′′2} A^′ A − 8 r^3 B^′ A^2 B^{′′} − 12 r^4 B^{′2} A A^{′′} − 16 r^4 B^2 A^{′′′} A^′ +12 r^4 A^2 B^{′′2} + 20 r^2 B^{′2} A^2 + 40 r^4 B^2 A^{′′2} + 4 r^6 B^2 A^{′′′2} + 9 r^6 B^{′2} A^{′′2} +r^6 B^{′′2} A^{′2} + 16 r^2 A^{′2} B^2 + 82 B^{′2} A^{′2} r^4 .

The functional variations of (56) with respect to A(r) and B(r) at most are functional of the first six derivatives of A(r) and B(r), and r. It is straightforward to calculate them. It is then easy to show that ∂ ∂B^{(5)}(r) ( δS_{L̃} δA ) = rB^{32} 2 (2(4b_1 + b_2)A + (2b_1 + b_2)rA^′) , (59)

If the equations of motion of A and B are fourth order, then (59) must algebraically vanish. It algebraically vanishes only for

b_1 = b_2 = 0 . (60)

Since there exists no non-vanishing value for b_1 and b_2 leading to fourth order equations for spherical time-independent metric, then there exists no non-vanishing value for b_1 and b_2 that leads to fourth order equations for components of a general metric. To put it in other words, (60) besides (53) proves that L_2 (40) is the only Lagrangian in the form of (51) that satisfies the E-criterion. We expect that such a uniqueness property could be generalized to also include other L_n: L_n is the only action constructed from the multiplication of n-times of the first covariant derivative of the Riemann tensor which satisfies the E-criterion. In other words, we expect it to be proved that (33) is also the necessary condition for the E-criterion, and (36) is its only solution.

III. SUMMARY AND OUTLOOKS

The differential degree for the equations of motion of metric generally is two degrees higher than that of the first variation of the Lagrangian with respect to the Riemann tensor if the Riemann tensor were independent of metric (the E-tensor). So requiring the same differential degree for the metric’s equation and the E-tensor serves as a criterion to single out a subset of Lagrangians from a given larger family of Lagrangian. This criterion (the E-criterion) can be utilized when one wishes to fix the field redefinition ambiguities [27] in quantum loop corrections.

We have noticed that Lovelock gravity is the result of applying our criterion to Lagrangians which are functional of the metric and the Riemann tensor. We have considered Lagrangians in the form of L(g_{ij} , ∇_aR_{ijkl}) polynomial in term of the first covariant derivative of the metric. We have found that (36) meets the criterion. In particular in d = 4, (40) lead to fourth order differential equation for the metric. So it should be considered when one addresses a general fourth order gravity [26].

Perhaps we can apply the E-criterion on other families of Lagrangians: families that includes arbitrary higher derivatives of the Riemann tensor. The E-criterion then chooses a subset of these Lagrangians.

Notice that our criterion is a weaker condition than that of requiring (a strong form of) consistency between Palatini and metric formulations [16, 17]. It, however, sounds interesting to check if adding terms cubic in the Riemann tensor to (40), would lead to a Lagrangian whose Palatini and metric formulations are (strongly) consistent.

[1] I. Jack, D. Jones, and D. Ross, The four-loop dilaton β-function, Nucl. Phys. B37 (1988) 531. [2] A. Tseytlin, Sigma-model Weyl invariance conditions and string equations of motion, Nucl. Phys. B294 (1987) 383. [3] A. Tseytlin, Conformal anomaly in a two-dimensional sigma model on a curved back ground and string, Phys. Lett.

B178 (1986) 34.

[4] P. Horava, Quantum Gravity at a Lifshitz Point, Phys. Rev. D 79, 084008 (2009) [arXiv:0901.3775 [hep-th]]. [5] A. De Felice and S. Tsujikawa, f(R) theories, Living Rev. Rel. 13 (2010) 3 [arXiv:1002.4928 [gr-qc]]. [6] S. Capozziello, V. F. Cardone and A. Troisi, Dark energy and dark matter as curvature effects, JCAP 0608 (2006) 001 [arXiv:astro-ph/0602349].

[7] S. Capozziello, V. F. Cardone and A. Troisi, Low surface brightness galaxies rotation curves in the low energy limit of R^n gravity: No need for dark matter?, Mon. Not. Roy. Astron. Soc. 375 (2007) 1423 [arXiv:astro-ph/0603522].

[8] R. B. Tully and J. R. Fisher A new method of determining distances to galaxies, Astronomy and Astrophysics, 54, (1977) 661.

[9] Q. Exirifard, Phenomenological covariant approach to gravity, arXiv:0808.1962 [gr-qc].

[10] C. G. Boehmer, T. Harko and F. S. N. Lobo, Dark matter as a geometric effect in f(R) gravity, Astropart. Phys. 29 (2008) 386 [arXiv:0709.0046 [gr-qc]].

[11] D. Lovelock, The Einstein tensor and its generalization, J. Math. Phys. 12 (1971) 498. [12] D. Lovelock, Divergence-free tensorial concomitants, Aequationes Math. 4 (1970) 127. [13] D. Lovelock, Tensors differential forms and variational principles, Wiley-Interscience, New York, 1975. [14] S. Cnockaert and M. Henneaux, Lovelock terms and BRST cohomology, Class. Quant. Grav. 22 (2005) 2797 [arXiv:hep-th/0504169].

[15] N. Dadhich, On the derivation of the gravitational dynamics, arXiv:0802.3034 [gr-qc].

[16] Q. Exirifard and M. M. Sheikh-Jabbari, Lovelock Gravity at the Crossroads of Palatini and Metric Formulations, Phys.

Lett. B 661, 158 (2008) [arXiv:0705.1879 [hep-th]].

[17] M. Borunda, B. Janssen and M. Bastero-Gil, Palatini versus metric formulation in higher curvature gravity, JCAP 0811 (2008) 008 [arXiv:0804.4440 [hep-th]].

[18] A. Palatini, Deduzione invariantiva delle equazioni gravitazionali dal. principio di Hamilton, Rend. Circ. Mat. Palermo 43 (1919) 203.

[19] A. Einstein, Sitzung-ber Preuss Akad. Wiss., (1925)414.

[20] M. Ferraris, , M. Francaviglia and C. Reina, Error, Gen. Rel. Grav. 14 (1981) 243.

[21] V. Iyer and R. M. Wald, Some properties of Noether charge and a proposal for dynamical black hole entropy, Phys. Rev.

D 50, 846 (1994) [arXiv:gr-qc/9403028].

[22] T. Padmanabhan, A Physical Interpretation of Gravitational Field Equations, arXiv:0911.1403 [gr-qc]. [23] J. T. Wheeler, Symmetric Solutions To The Gauss-Bonnet Extended Einstein Equations, Nucl.Phys.B 268(1986) 737. [24] Richard S. Palais, The principle of symmetric criticality, Commun. Math. Phys. 69, 19-30 (1979) 19. [25] S. A. Fulling, R. C. King ,B. G. Wybourne and C. J. Cummins, Normal forms for tensor polynomials. I. The Riemann tensor Class. Quantum Grav. 9 (1992) 1151.

[26] H. J. Schmidt, Fourth order gravity: Equations, history, and applications to cosmology, eConf C0602061 (2006) 12 [Int.

J. Geom. Meth. Mod. Phys. 4 (2007) 209] [arXiv:gr-qc/0602017].

[27] A. A. Tseytlin, Ambiguity in the effective action in string theories, Phys. Lett. B 176 (1986) 92.