arXiv:0911.3688v2 [gr-qc] 23 Jun 2010

June 24, 2010 3:23 WSPC IJMPAdgpakv2

International Journal of Modern Physics A © World Scientific Publishing Company

A MINIMAL MODEL OF LORENTZ GAUGE GRAVITY WITH DYNAMICAL TORSION

Y. M. Cho School of Electrical and Computer Engineering Ulsan National Institute of Science and Technology, Ulsan 689-798, Korea ymcho@unist.ac.kr

D. G. Pak^∗ Center for Theoretical Physics, Seoul National University Seoul, 151-742, Korea dmipak@gmail.com

B. S. Park College of Natural Sciences, Seoul National University Seoul, 151-742, Korea parkbs2@snu.ac.kr

Received Day Month Year Revised Day Month Year

A new Lorentz gauge gravity model with R^2-type Lagrangian is proposed. In the absence of classical torsion the model admits a topological phase with an arbitrary metric. We analyze the equations of motion in constant curvature space-time background using the Lagrange formalism and demonstrate that the model possesses a minimal set of dynamic degrees of freedom for the torsion. Surprisingly, the number of torsion dynamic degrees of freedom equals the number of physical degrees of freedom for the metric tensor. An interesting feature of the model is that the spin two mode of torsion becomes dynamical essentially due to the non-linear structure of the theory. We perform covariant one-loop quantization of the model for a special case of constant curvature space-time background. We treat the contortion as a quantum field variable whereas the metric tensor is kept as a classical object. We discuss a possible mechanism of an emergent Einstein gravity as a part of the effective theory induced due to quantum dynamics of torsion.

Keywords: quantum gravity; torsion; Lorentz gauge symmetry.

PACS numbers: 04.60.-m, 11.30.Cp

∗Institute of Applied Physics, Uzbekistan National University, Vuzgorodok, Tashkent, 100-174, Uzbekistan 1

2 Y.M. Cho, D.G. Pak, B.S. Park

1. Introduction

The gauge approach to gravity based on gauging Lorentz and Poincare groups1–10 was developed as a powerful tool in attempts to construct a consistent quantum theory of gravity in the framework of field theory formalism11–16. The extension of gauge gravity models to the case of Riemann-Cartan space-time geometry reveals wide possibilities towards formulation of numerous models of quantum gravity with torsion17–20. Recently, a Lorentz gauge model of gravity with Yang-Mills type Lagrangian including contortion (torsion) has been developed further21. It has been proposed that the Einstein gravity with a cosmological term can be induced as an effective theory due to quantum corrections of contortion. In that model the spacetime metric is treated as a fixed classical field while the contortion supposed to be a quantum field. Such a treatment of the metric is not satisfactory from the conceptual point of view since one has to assume the existence of a classical space-time with a metric given a priori. In other words, we encounter the problem of space-time background dependence which is similar to the space-time dependence problem in superstrings where the string lives in a pre-defined fiducial space-time. One possible way to resolve this problem is to generalize the Lorentz gauge model by extending the gauge group to Poincare one. In that case the gauge potential of the Poincare group, the vielbein, becomes dynamical on equal footing with torsion. Another interesting possibility is to look for a quantum gravity model which has only one basic quantum field, contortion, whereas the metric describes a topological phase in the absence of contortion at classical level. In the topological phase the torsion can be unobservable quantity at classical level (this assumption may have physical sense if there is some mechanism of hiding the classical torsion like the Meissner effect22) but manifests itself through the quantum dynamics which triggers the phase transition to the phase of an effective theory where the metric obtains its dynamic content.

In the present paper we propose a special R^2-type model of Lorentz gauge gravity which admits a topological phase at classical level and has non-trivial quantum dynamics of torsion. The proposed model is minimal in a sense that only the contortion possesses dynamic degrees of freedom whereas the metric does not. We will demonstrate that the contortion has six propagating modes with spins J = (2; 1; 0; 0), exactly the same number of physical degrees of freedom the metric tensor has in general.

Notice, the structure of Poincare gauge theory with a most general R + R^2 type Lagrangian was studied in Refs. 23–26. A special case with vanishing linear in curvature term was considered partially in Ref. 25. What we consider in the present paper represents a strongly degenerate case of the theory, and its analysis was missed in previous studies. Moreover, in our analysis we take into account the effects conditioned by the curved space-time. We show that these effects are important and lead to appearance of the propagating torsion mode with spin two. In a fact, introducing the non-flat space-time background we estimate indirectly

A minimal model of Lorentz gauge gravity with dynamical torsion 3

the effect of the non-linear structure of the full theory. So that, we expect that our model even with flat metric has very non-trivial dynamic content for the contortion due to non-linearity of the equations of motion. The non-linearities of constraints in Poincare gauge theory are very important and can change the number of constraints and degrees of freedom27–29

In section II, we consider a general Lagrangian quadratic in Riemann-Cartan curvature which admits the topological phase in the limit of vanishing classical torsion. In section III, we study the dynamic content of the model in the framework of Lagrange formalism. By explicit solving all constraints among the equations of motion we show that the contortion possesses propagating modes. A covariant quantization scheme and the analysis of the structure of the one-loop effective Lagrangian is presented in Section IV. The last section contains discussion on possibility of inducing the Einstein-Hilbert term and cosmological constant by quantum torsion corrections.

2. Lorentz gauge gravity model with a topological phase

Let us start first with the main outlines of Riemann-Cartan geometry. The basic geometric objects in Poincare gauge models of gravity1–3^,9^,10 are the vielbein e^i_a and the general Lorentz affine connection A^{cd}_i . The infinitesimal Lorentz transformation of the vielbein e^i_a is given by

δe^i_a = [Λ, e^i_a] = Λ^b_a e^i_b, (1)

where Λ ≡ Λ_{cd}Ω^{cd} is a Lie algebra valued gauge parameter, and Ω^{cd} is a generator of the Lorentz Lie algebra. We use (i, j, k, ... = 0, 1, 2, 3) to denote coordinate indices, and (a, b, c, ... = 0, 1, 2, 3) for Lorentz frame indices. We assume that the vielbein is invertible and the signature of the flat metric η_{ab} is Minkowskian, η_{ab} = diag(+ − −−). The covariant derivative with respect to the Lorentz group transformation is defined in a standard manner

D_a = e^i_a(∂_i + gA_i), (2)

where A_i ≡ A_{icd}Ω^{cd} is a general affine connection taking values in the Lorentz Lie algebra, and g is a new gravitational gauge coupling constant. For brevity of notation we will use a redefined connection which absorbs the coupling constant. The original Lorentz gauge transformation of the connection A_i has the form

δA_i = −∂_iΛ − [A_i, Λ]. (3)

The affine connection A_{icd} can be rewritten as a sum of the Levi-Civita spin connection φ^d_{ic} (e) and the contortion K^d_{ic}

A^d_{ic} = φ^d_{ic} (e) + K^d_{ic} , (4)

φ^b_{ia} (e) = − 1 2 (e^{jb}∂_ie_{ja} − e^j_ae^c_i ∂^be_{jc} + ∂_ae^b_i − e^j_a∂_ie^b_j + e^{jb}e^c_i ∂_ae_{jc} − ∂^be_{ia}).

4 Y.M. Cho, D.G. Pak, B.S. Park

The torsion and curvature tensors are defined in a standard way [D_a, D_b] = −T^c_{ab}D_c − R_{ab}, T^c_{ab} = K^c_{ba} − K^c_{ab}, (5) where, R_{ab} ≡ R_{abcd}Ω^{cd}. Under the decomposition (4) the Riemann-Cartan curvature is splitted into two parts R_{abcd} = R̂_{abcd} + R̃_{abcd}, R̂_{abcd} = D̂_bφ_{acd} + φ^e_{bc} φ_{aed} − (a ↔ b), R̃_{abcd} = D̂_bK_{acd} + K^e_{bc} K_{aed} − (a ↔ b), (6) where, D̂_a is a restricted covariant derivative containing only the Levi-Civita connection, and the underlined indices stand for indices over which the covariantization is performed.

We exclude from our consideration any quadratic invariants with a dual Riemann-Cartan curvature which breaks the parity. The most general quadratic in Riemann-Cartan curvature Lagrangian reads

L = c_1R_{abcd}R^{abcd} + c_2R_{abcd}R^{cdab} + c_3R_{ab}R^{ab} + c_4R_{ab}R^{ba} + c_5R^2 + c_6A^2_{abcd}, (7) where the last term is an additional invariant which appears in Riemann-Cartan space-time. The tensor A_{abcd} is defined as follows23 A_{abcd} = 1 6 (R_{abcd} + R_{acdb} + R_{adbc} + R_{bcad} + R_{bdca} + R_{cdab}) (8) In Riemannian space-time the tensor A_{abcd} vanishes due to Jacobi cyclic identity R_{abcd} + R_{acdb} + R_{adbc} ≡ 0. (9) In Riemann-Cartan geometry the proper generalization of the topological Gauss- Bonnet invariant is given by the Bach-Lanczos density30^,31 I_{BL} = R_{abcd}R^{cdab} − 4R_{ab}R^{ba} + R^2. (10) The properties of the Bach-Lanchos invariant are described in a detail in Ref. 32.

We are interested in such a Lagrangian in Riemann-Cartan space-time which is reduced to the topological Gauss-Bonnet density in the limit of Riemannian geometry. A proper Lagrangian can be derived from the general expression (7) by fitting the parameters c_i as follows L = − 1 4 ( αR^2_{abcd} + (1 − α)R_{abcd}R^{cdab} − 4βR^2_{bd} − 4(1 − β)R_{bd}R^{db} + R^2 + 6γA^2_{abcd} ) , (11) where the parameters α, β, γ define the remaining arbitrariness. One can check that the Lagrangian reduces to the Gauss-Bonnet density in the limit of Riemannian space-time geometry. One can rewrite the Lagrangian in a more simple form L = − 1 4 [ (α + γ)R^2_{abcd} − (α − γ)R_{abcd}R^{cdab} − 4β(R^2_{bd} − R_{bd}R^{db}) + 4γR_{abcd}R^{acdb} + I_{BL} ] . (12)

A minimal model of Lorentz gauge gravity with dynamical torsion 5

We will demonstrate that the model described by the Lagrangian (12) admits dynamic degrees of freedom for the contortion only for special values of the parameters α, β, γ. 3. Equations of motion, constraints

A detailed analysis of the equations of motion of the general R + T^2 + R^2 type Poincare gauge gravity for most of non-degenerate cases was performed in Refs. 23, 25. A Hamiltonian formalism of the Poincare gauge gravity was considered in Refs. 33, 34. For our model, which is strongly degenerate and has a non-trivial spacetime background, it is much more easier to use the Lagrange formalism instead of the canonical Hamiltonian one35. We start with arbitrary parameters α, β, γ in the initial Lagrangian (12), and then we will find constraints on the parameters under which the contortion obtains propagating modes. Let us consider linearized equations of motion corresponding to the Lagrangian (12) δL δK_{bcd} ≡ 1 2 (α + γ)(D̂^aD̂_aK_{bcd} − D̂^aD̂_bK_{acd}) − (α − γ)D̂^aD̂_cK_{dab} + γ (D̂^aD̂_aK_{cdb} − D̂^aD̂_cK_{adb} − D̂^aD̂_bK_{cda} − D̂^aD̂_cK_{bda}) + β [D̂_cD̂^aK_{dab} − D̂_cD̂^aK_{bad} + D̂_cD̂_bK_d − D̂_cD̂_dK_b + η_{bc} (D̂^aD̂^eK_{aed} − D̂^aD̂^eK_{dea} − D̂^aD̂_aK_d + D̂^aD̂_dK_a)] − (c ↔ d) = 0, (13)

where, K_d ≡ K^c_{cd}. It is convenient to impose gauge fixing conditions which are compatible with equations of motion. To fix the Lorentz gauge symmetry we choose the following constraints (indices denoted by Greek letters refer to spatial coordinates)

∂^β(K_{β0δ} − K_{δ0β} ) = 0, (α + γ)∂^βK_{βγδ} = γ(∂^βK_{γβδ} − ∂^βK_{δβγ} ), ∂^β∂^δK_{β0δ} = 0. (14)

The consistence of these gauge conditions with the Lagrange equations will be verified during solving all equations of motion.

The equation of motion δL/δK_{00δ} = 0 with a flat metric and non-vanishing parameter β represents a most stringent constraint which implies that the transverse part of the vector field K_{ννδ} vanishes identically. Since we are interested in finding propagating modes for the spin one vector field even in the flat space-time we will consider in the following only the case β = 0. It should be stressed, that the presence of curved space-time and non-linearity of the theory is an essential factor which can not be ignored. The perturbative analysis of linearized equations of motion in the flat space-time may lead to incorrect results in degenerate cases. For that reason we will study the equations of motion in the curved space-time, with a non-flat metric, while keeping a linearized approximation in contortion field. Such a treatment allows us to describe the main features of our model since the non-trivial Levi-Civita connection φ^b_{ia} (e) can be treated as a background part of

6 Y.M. Cho, D.G. Pak, B.S. Park

the general Lorentz connection. For simplicity we choose the background space-time as a Riemannian space-time of covariant constant curvature R̂_{abcd} = 1 12 R̂(η_{ac}η_{bd} − η_{ad}η_{bc}). (15) In constant curvature background space-time one can rewrite the equations of motion in normal coordinates keeping only linear terms in Ricci scalar R̂. The metric tensor, vielbein and Levi-Civita connection have the following decomposition in normal coordinates

g_{mn} = η_{mn} + 2ρ 3 (η_{mn}x^kx_k − x_mx_n), e^a_m = δ^a_m + ρ 3 (δ^a_mx^k x_k − x^ax_m), φ^b_{ma} = ρ(η_{ma}x^b − δ^b_mx_a), (16)

where ρ = R̂ 24 . Using these relations one can write down the equations of motion as follows 1 2 (α + γ)(∂^a∂_aK_{bcd} − ∂^a∂_bK_{acd}) − (α − γ)∂^a∂_cK_{dab} +γ(∂^a∂_aK_{cdb} − ∂^a∂_cK_{adb} − ∂^a∂_bK_{cda} + ∂^a∂_cK_{bda}) +γρK_{bcd} + (3α − 2γ)ρK_{cbd} − αρη_{bc}K_d − (c ↔ d) = 0. (17) Using the gauge conditions (14) one can rewrite the equations of motion in component form δL δK_{00δ} ≡ ΔK_{00δ} − ∂^β ∂_δK_{00β} − ∂^β ∂_0K_{β0δ} + ∂^β ∂_0K_{δ0β} + 2ρK_{00δ} − ρK^ν_{νδ} = 0, (18)

δL δK_{0γδ} ≡ (α + γ)ΔK_{0γδ} + α(∂^β ∂_γ K_{δ0β} − ∂^β∂_δ K_{γ0β}) − (α + γ)∂_0∂^βK_{βγδ} + γ(∂_γ ∂^βK_{0δβ} − ΔK_{γ0δ} − ∂_0∂^βK_{γδβ} − (γ ↔ δ)) + 2γρK_{0γδ} + (3α − 2γ)ρ(K_{γ0δ} − K_{δ0γ} ), (19)

δL δK^ν_{0ν} ≡ ΔK^ν_{0ν} + ∂_0∂^β K^ν_{νβ} = 0, (20)

δL δK^ν_{νδ} ≡ □K^ν_{νδ} − ∂^ν ∂^β K_{βνδ} − ∂_δ∂^β K^ν_{νβ} − ∂_0∂^βK_{δ0β} − ∂_0∂^βK_{0βδ} − ∂_0∂_δK_0 + ρK^ν_{νδ} − 2ρK_{00δ} = 0, (21)

A minimal model of Lorentz gauge gravity with dynamical torsion 7 δL δK_{β0δ} ≡ α[ΔK_{β0δ} − ∂_β ∂^αK_{α0δ} + ∂_0∂_0(K_{β0δ} − K_{δ0β}) + ∂^α∂_δ K_{0αβ} − ∂_0∂^αK_{δαβ} − ∂_0∂_β K_{00δ} + ∂_0∂_δK_{00β} + 3ρ(K_{0βδ} + K_{δ0β} ) + ρη_{βδ}K_0] + γ[Δ(K_{β0δ} − K_{δ0β}) + ∂_0∂^α(K_{δαβ} − K_{αδβ} ) + ∂_δ ∂^αK_{0βα} − ∂_β ∂^αK_{0δα} + ΔK_{0δβ} + ∂_0∂^αK_{βδα}] −

2γρK_{0βδ} + 2γρ(K_{β0δ} − K_{δ0β} ) = 0, (22) δL δK_{βγδ} ≡ α[□K_{βγδ} − ∂_β ∂^αK_{αγδ} − ∂_0∂_β K_{0γδ} − ∂_0∂_γ K_{δ0β} + ∂_0∂_δK_{γ0β} − ∂_γ ∂^αK_{δαβ} + ∂_δ∂^αK_{γαβ} + 3ρ(K_{γβδ} − K_{δβγ} ) − ρ(η_{βγ} K_δ − η_{βδ}K_γ )] + γ[(□ + 2ρ)K_{(βγδ)} + ∂_γ ∂^αK_{(αβδ)} − ∂_δ∂^αK_{(αβγ)} − ∂_β∂^αK_{(αγδ)} + ∂_0∂_{(γ} K_{0βδ)} + ∂_0∂_{(γ} (K_{δ0β)} − K_{β0δ)})] = 0, (23)

where, □ = ∂^a∂_a, Δ = ∂^α∂_α , and a cyclic combination over indices enclosed in brackets is assumed, for instance, K_{(βγδ)} = K_{βγδ} + K_{γδβ} + K_{δβγ} . (24) We will use the following decomposition of the contortion K_{μcd} into irreducible parts36 K_{μγδ} = ϵ^ρ_{γδ}^∗K_{μρ}, ∗ Kμρ=^{⊤⊤}S μρ + 1 2 (δ_{μρ}Δ − ∂_μ∂_ρ)^⊤S +(∂_μS_ρ + ∂_ρS_μ) + ϵ^σ_{μρ} A_σ ,

K_{μ0ρ} =^{⊤⊤}R_{μρ} + 1 2 (δ_{μρ}Δ − ∂_μ∂_ρ)^⊤R +(∂_μR_ρ + ∂_ρR_μ) + ϵ^σ_{μρ} Q_σ, (25)

where the superscript ”T ” stands for traceless components and the superscript ”T T ” denotes irreducible parts which are traceless and transverse.

The equations of motion (18-23) and gauge fixing conditions (14) represent both constraints and dynamic equations. Below we solve all constraints and derive remaining independent dynamic equations.

The first equation of motion, Eq. (18), is a constraint which allows to express the longitudinal and transverse components of the pure gauge field K_{00δ} in terms of corresponding components of K_{ννδ}

K^l_{00δ} = − 1 2 K^l_{ννδ}, (26) K^{tr}_{00δ} = − ρ Δ + 2ρ K^{tr}_{ννδ} . (27) To solve the Eqn. (19) it is convenient to find first the longitudinal part of K_{0γδ}

∂^γ K_{0γδ} = − αΔ αΔ + 2γρ ∂^βK_{δ0β} . (28)

8 Y.M. Cho, D.G. Pak, B.S. Park

With this one can resolve completely the constraint (19)

K_{0γδ} = 1 (α + γ)Δ + 2γρ [−(α + αγΔ αΔ + 2γρ )(∂_γ ∂^αK_{δ0α} − ∂_δ∂^αK_{γ0α})

− ((3α − 2γ)ρ − γΔ)(K_{γ0δ} − K_{δ0γ} )]. (29)

The constraint (20) has a simple solution

K_0 = 1 Δ ∂_0∂^αK^ν_{να}. (30)

This solution can be rewritten in terms of irreducible component fields

Δ^⊤R=

2∂_0∂^α Δ A_α. (31)

The longitudinal projection of Eqn. (21) represents a constraint which has the following solution

S^l_α = − γ 2(α + γ)

∂_αΔ^⊤S . (32)

Using the above solutions one can check that the transverse projection of the Eqn. (21) produces a dynamic equation for the transverse field K_{ννδ} □K^{tr}_{ννδ} + ρK^{tr}_{ννδ} + 2ρK^{tr}_{00δ} + 2γρ αΔ ∂_0R^{tr}_δ = 0. (33)

In the next section we will show that the original quadratic in K_{mcd} Lagrangian possesses additional local U(1) and χ symmetries. One can check that the field K^{tr}_{ννδ} is invariant under χ-transformations and represents two transverse modes corresponding to U(1) gauge boson. Notice, one should check the consistence of the Eq. (33) with all remaining equations of motion which can constrain strongly the field dynamics of K^{tr}_{ννδ}.

Solving the Eqn. (22) is a little tedious but straightforward. Notice, that we consider all equations including ρ-dependence, i.e., we take into account next linear order terms in ρ. One can verify that in a case of constant space-time background, ρ = const, there is no higher order corrections to the equations of motion. The antisymmetric part of the Eqn. (22) implies two constraints on the irreducible field components ( C_1 −

4C^2_2 A ) ∂^αQ_α + (2γ − α)∂_0ΔΔ^⊤S +4γ∂_0Δ∂^αS_α = 0, (34) [ 2C_2 (α + γ)Δ + 2γρ ( − (α + γ)Δ +

2γ^2ρ α ) + (−α + αξ − 2γΔ Δ − 6ρ )Δ ] R^{tr}_α = −4αρ ∂_0 Δ A^{tr}_α , (35)

where C_1, C_2 are operator quantities

C_1 = 2(α + 2γ)Δ + 4α∂_0∂_0 + 2(4γ − 3α)ρ, C_2 = −γΔ + (3α − 2γ)ρ. (36)

A minimal model of Lorentz gauge gravity with dynamical torsion 9

Notice, that the relationship (35) between the transverse components A^{tr}_α and R^{tr}_α appears due to taking into account the presence of the curved space-time with a non-zero curvature ρ.

Taking the divergence of the symmetrized part of the Eqn. (22) one can obtain another two constraints

2∂^αR_α = ∂_0∂^αA_α, (37) ρ(1 + γ 3α )ΔR^{tr}_δ = 0. (38)

Due to the imposed gauge condition (14) the Eqs. (37) and (30) imply that R^l_α = A^l_α =^⊤R= 0. One should stress that the equation (38) is non-trivial, and it appears in linear order in curvature ρ. An important consequence of the equations (38) and (35) is that the field A^{tr}_α vanishes unless γ = −3α. This is the only case, γ = −3α, when the field A^{tr}_α gains propagating modes. Finally, taking into account the above solutions, the symmetric traceless part of the Eqn. (22) leads to a relationship between spin two fields^{⊤⊤}R_{βδ} and^{⊤⊤}S_{βδ}

(Δ + 3ρ)^{⊤⊤}R_{βδ} − 1 2 (ϵ^ρ_{iδ} ∂_0∂^{i ⊤⊤}S_{βρ} +(β ↔ δ)) = 0. (39)

Surprisingly, the general Lagrangian (12) admits dynamic equations for the contortion only with a unique choice of the parameters, (β = 0, γ = −3, α = 1), (α is unimportant overall number factor which can be set to one).

Let us rewrite the gauge conditions and solutions to the equations of motion for the special case of chosen parameters α = 1, β = 0, γ = −3 and small values of ρ. Notice, the approximation ρ ≃ 0 corresponds to small deviation of the spacetime geometry from the flat limit which is enough for our purpose to analyze the dynamic properties of the fields. The gauge conditions (14) can be written in terms of independent fields as follows

Q^{tr}_γ = 0, (40) S^{tr}_α = ϵ^δ_{αγ} ∂^γ Δ A^{tr}_δ , (41)

S^l_γ = − 3 4 ∂_γ^⊤S, (42)

R^l_α = 0. (43)

The solution (29) is simplified as follows K_{0γδ} = − Δ Δ − 6ρ (∂_γ R_δ − ∂_δ R_γ ) + 3ϵ^σ_{γδ} Q_σ. (44)

Now we can write down the dynamic equation (33) for A^{tr}_α in a final form

(□ + 2ρ)A^{tr}_δ = 0. (45)

Since the fields A^{tr}_α and S^{tr}_α are related by the Eqn. (41), the same equation holds for the field S^{tr}_α .

10 Y.M. Cho, D.G. Pak, B.S. Park

The Eqns. (34,35) can be rewritten in a simple form

2∂_0∂_0Q_α + 4(Δ + 3ρ)Q_α + ∂_0∂_αΔ^⊤S −ϵ^δ_{αβ} (∂_0∂^β K_{00δ} + 6ρ∂^βR_δ ) = 0, (46) R^{tr}_δ = ∂_0 3Δ A^{tr}_δ . (47)

Using the identity for the irreducible field^{⊤⊤}S ⊤⊤ S αβ +ϵ^δ_{αγ} ϵ^ρ_{βν} ∂^γ ∂^ν Δ ⊤⊤ S δρ≡ 0 (48) one can solve the last equation of motion, (23), which reproduces the eqn. (45) and leads to additional equations (□ + 3ρ)(∂^αQ_α − 2 3 Δ∂_0∂^αS_α) = 0, (49)

ρ□^{⊤⊤}S_{αβ} = 0. (50)

Notice, that there is no equation for spin two field^{⊤⊤}S_{αβ} at zero order in ρ. The non-trivial dynamics for the spin two field^{⊤⊤}S_{αβ} appears only in linear order in ρ, i.e., in the presence of curved space-time background. The Eqns. (46, 49) implies that the longitudinal components of the vector fields S_i, Q_i become propagating. Defining scalar fields corresponding to the longitudinal components of S_i, Q_i φ = ∂^αQ_α, ψ = − 2 3 ∂^αS_α, (51) one can easily derive the following dynamic equations (□ + 6ρ)φ + Δσ = j_1, (□ + 6ρ)ψ + ∂_0σ = j_2, σ = φ + ∂_0ψ, (52) where we introduce explicitly sources j_1, j_2 for the fields φ, ψ. The linear dependent field σ satisfies the standard hyperbolic equation

(□ + 3ρ)σ = 1 2 (j_1 + ∂_0j_2). (53) So that, our model has six dynamic degrees of freedom corresponding to the irreducible field components (^{⊤⊤}S_{αβ} , A^{tr}_α , φ, ψ) with spins (2; 1; 0; 0) respectively. One can treat the field S^{tr}_α as an independent one, since the fields A^{tr}_α , S^{tr}_α are related by Eq. (41). Then, the scalar ψ = −2/3∂^αS_α represents a longitudinal component of the vector S_α.

Notice, that the kinetic terms for the fields A^{tr}_α and φ are positively defined, whereas the terms for the fields^{⊤⊤}S_{α,β} and ψ have negative contribution to the classical Hamiltonian. However, one should stress that the action might have still

A minimal model of Lorentz gauge gravity with dynamical torsion 11

positive definiteness since the theory has highly non-linear structure. For instance, the kinetic term for the field^{⊤⊤}S_{α,β} contains the curvature ρ as a multiplier, so that, it represents actually the interaction term between the vielbein and contortion.

4. Covariant quantization and the effective Lagrangian

One-loop effective action with a constant curvature space-time background and quantum torsion has been calculated recently in the model with Yang-Mills type Lagrangian quadratic in Riemann-Cartan curvature21. In the previous section we have demonstrated that the model given by the Lagrangian (12) (α = 1, β = 0, γ = −3) has dynamic contortion. In this section we perform covariant quantization of the model which is more suitable for practical calculation of a quantum effective action.

We apply the functional integral formalism to derive the quantum effective Lagrangian in one-loop approximation. In background field formalism one starts with splitting the general gauge connection A_{mcd} into background (classical) and quantum parts

A_{mcd} = A^{(cl)}_{mcd} + A^{(q)}_{mcd}. (54)

We identify the classical field A^{(cl)}_{mcd} with the Levi-Civita connection φ_{mcd}(e) corresponding to the Riemannian space-time geometry and the quantum field A^{(q)}_{mcd} with contortion K_{mcd}.

Let us define two types of Lorentz gauge transformations consistent with the original Lorentz gauge transformation (3) and the decomposition (54): (I) the classical, or background, gauge transformation

δe^m_a = Λ^b_a e^m_b , δφ_m(e) = −∂_mΛ − [φ_m, Λ], δK_m = −[K_m, Λ], (55)

(II) the quantum gauge transformation

δe^m_a = δφ_m(e) = 0, δK_m = −D̂_mΛ − [K_m, Λ], (56)

where φ_m ≡ φ_{mcd}Ω^{cd}, and the restricted covariant derivative D̂_m is defined by means of the Levi-Civita connection only

D̂_mΛ = ∂_mΛ + [φ_m, Λ]. (57)

Notice that the restricted derivative D̂_m is covariant under the classical Lorentz gauge transformation. An interesting feature of the Lagrangian (12) is its invariance under above two types of gauge transformations. In general, this invariance can be broken by interaction of contortion with matter fields.

12 Y.M. Cho, D.G. Pak, B.S. Park

In one-loop approximation it is sufficient to keep only quadratic in contortion terms in the Lagrangian. After integration by part and neglecting surface terms the quadratic Lagrangian (12) can be reduced to the form

L^{(2)}_0 = D̂_aK_{bcd}(D̂^aK^{bcd} − D̂^bK^{acd}) + 4D̂_aK_{bcd}D̂^cK^{dab} + +3D̂_aK_{bcd}(D̂^aK^{cdb} − D̂^cK^{adb} − D̂^bK^{cda} + D̂^cK^{bda}). (58) The Riemann curvature is supposed to be covariant constant, i.e., D̂_aR̂_{bcde} = 0.

An interesting property of the quadratic Lagrangian (58) is the presence of an additional local U(1) symmetry

δ_{U(1)}K_{bcd} = 1 3 (η_{bc}D̂_dλ − η_{bd}D̂_cλ), δ_{U(1)}K_d = D̂_dλ. (59)

As it was shown in the previous section using the Lagrange formalism, the vector field K_d contains two transverse dynamic modes, A^{tr}_δ . Notice, that a quadratic part of the Yang-Mills type Lagrangian L_{Y M} = − 1 4 R^2_{abcd} (60)

does not have such a local U(1) symmetry.

It is convenient to decompose the contortion into irreducible parts K_{bcd} = Q_{bcd} + 1 3 (η_{bc}K_d − η_{bd}K_c) + 1 6 ϵ_{bcde}S^e, Q^c_{cd} = 0, ϵ^{abcd}Q_{bcd} = 0. (61) Another unexpected feature of the quadratic Lagrangian L^{(2)}, (58), is that it admits another local symmetry. The symmetry is provided by the following transformations with a new constrained parameter χ_{bc} δ_χQ_{bcd} = D̂_cχ_{db} − D̂_dχ_{cb}, δ_χK_d = 0, δ_χS^a = 0, χ_{bc} = χ_{cb}, χ^c_c = 0, D̂_cχ_{cd} = 0. (62)

The presence of the additional local gauge symmetries implies that the model is degenerate and has additional constraints. The field Q_{bcd} has sixteen field components in general. After subtracting six pure gauge degrees of freedom due to Lorentz gauge symmetry and five degrees due to χ-symmetry one has exactly five physical degrees of freedom for the spin two field. The fact that we have only one physical spin two field is unexpected, and it does not occur in the gauge gravity model with Yang-Mills type Lagrangian L_{Y M} , (60), where the contortion Q_{bcd} contains a pair of spin two fields.

A minimal model of Lorentz gauge gravity with dynamical torsion 13

To perform one-loop quantization one has to fix the gauges corresponding to the local Lorentz, λ and χ symmetries. The simplest gauge fixing function we have chosen is the following F_{1cd} = D̂^bQ_{bcd}. (63) One has a simple Lorentz gauge transformation rule for the function δF_{1cd} = − 2 3 (D̂D̂ + R̂ 6 )Λ_{cd}. (64)

With this one can write down the corresponding gauge fixing term and Faddeev- Popov ghost Lagrangian

L^{(1)}_{gf} = − 1 2ξ_1

(D̂^bQ_{bcd})^2,

L^{(1)}_{F P} = c̄^{cd}_1 (D̂D̂ + R̂ 6 )c_{1cd}, (65)

where c̄^{cd}_1 , c_{1cd} are ghost fields. For simplicity we choose the gauge parameter ξ_1 = 1. Notice, that the gauge function F_{1cd} is invariant under U(1) and χ-transformations. To fix the gauge for the local U(1) symmetry one has to introduce a second gauge fixing function which can be chosen as F_2 = D̂^bK_b. (66) The corresponding gauge fixing term and Faddeev-Popov Lagrangian have the following form

L^{(2)}_{gf} = − 1 ξ_2

(D̂^bK_b)^2,

L^{(2)}_{F P} = c̄_2D̂D̂c_2. (67) We choose a Feynman gauge (ξ_2 = 1) for simplicity. Finally, to fix the gauge for the χ-transformations one can choose a constrained gauge fixing function

F_{3bd} = 1 2 (D̂^aQ_{bad} + D̂^aQ_{dab}), η^{bd}F_{3bd} = 0, D̂^bF_{3bd} = 1 2 D̂^aD̂^bQ_{bad} ≃ 0, (68)

where the last equality takes place on the hypersurface D̂^bQ_{bcd} = 0 in the configuration space of functions {Q_{bcd}}. One can easily find the corresponding gauge fixing and ghost terms

L^{(3)}_{gf} = − 1 2ξ_3

F^2_{3bd},

L^{(3)}_{F P} = ψ̄^{cd}(D̂D̂ − R̂ 3 )ψ_{cd}. (69)

14 Y.M. Cho, D.G. Pak, B.S. Park

We set condition ξ_3 = 1 2 which corresponds to a symmetric gauge. In calculation of the one-loop effective action after functional integration over the ghost fields ψ_{cd} the last equation (69) leads to a functional determinant of the operator D̂D̂ − R̂/3 which has an additional pole (for a constant positive curvature R̂). This implies the presence of the tachyon mode which has the same origin as the known Savvidy- Nielsen unstable mode in quantum chromodynamics37^,38.

The final expression for a total one-loop effective Lagrangian is given by the sum of all gauge fixing and ghost terms

L^{(2)}_{ef f} = L^{(2)}_0 + ∑ i=1,2,3 (L^{(i)}_{gf} + L^{(i)}_{F P} ). (70)

The expression for the effective Lagrangian is ready for calculation of the oneloop effective action. The contributions of ghosts are given by scalar functional determinants which can be easily calculated in analytic form21. Unfortunately, the calculation of the functional determinants obtained after integration over contortion is more complicate due to the tensorial structure of the corresponding propagator.

5. Discussion

In our previous paper21 we have proposed a mechanism of dynamical generation of Einstein gravity through the quantum corrections of torsion in the Yang-Mills type Lorentz gauge gravity model. The main ingredient of such a mechanism is the formation of torsion vacuum condensate which we assumed to be covariant constant < R̃_{abcd} >= 1 2 M^2(η_{ac}η_{bd} − η_{ad}η_{bc}), (71)

where M^2 is a mass scale characterizing the torsion condensate. We suppose that the model proposed in the present paper admits the generation of the Einstein-Hilbert and cosmological terms as well.

In conclusion, we propose a simple R^2 model of Lorentz gauge quantum gravity with torsion. Our model has a number of advantages to compare with Yang-Mills type Lorentz gauge gravity. In the absence of classical torsion the model reduces to a pure topological gravity, i.e., one has a topological phase where the metric is not specified a priori. The metric can obtain its dynamical content after dynamical symmetry breaking in the phase of the effective gravity which includes the Einstein gravity as its part. An unexpected feature of our model is that the contortion has the same number of dynamic degrees of freedom as the number of physical components of the metric tensor in Einstein gravity. The difference is that in Einstein gravity the metric has only two propagating spin 2 modes, other polarization modes corresponding to spin states (1; 0; 0) are not dynamical. Whereas in our model the contortion has six propagating modes with spin polarizations (2; 1; 0; 0), that means the torsion might have a dynamical mass like a gluon in quantum chromodynamics. This fact can be considered as an additional hint that the contortion could be a quantum counter-part to the classical graviton.

June 24, 2010 3:23 WSPC IJMPAdgpakv2

A minimal model of Lorentz gauge gravity with dynamical torsion 15

We have analyzed the dynamic structure of our model considering linearized equations of motion in a constant curvature space-time. It should be noted, that our results can reflect the principal dynamic properties of the full non-linear theory since the Levi-Civita connection can be treated as a background part of the Lorentz gauge connection. A more detailed analysis of the non-linear structure of our model and interaction with matter will be considered in a separate forthcoming paper.

Acknowledgments

One of authors (DGP) thanks Prof. K.-I. Kondo for interesting discussions. The work is supported in part by the ABRL Program of Korea Science and Engineering Foundation (R14-2003-012-01002-0) and by Brain Pool Program (032S-1-8).

References 1. R. Utiyama, Phys. Rev. 101, 1597 (1956). 2. T.W.B. Kibble, J. Math. Phys. 2, 212 (1961). 3. D.W. Sciama, Rev. Mod. Phys. 36, 463 (1964). 4. K. Hayashi and T. Nakano, Progr. Theor. Phys. 38, 491 (1967). 5. K. Hayashi and A. Bregman, Ann. Phys. (N. Y.) 75, 562 (1973). 6. R. Utiyama and T. Fukuyama, Progr. Theor. Phys. 45, 612 (1971). 7. A.M. Brodskii, D. Ivanenko, and G.A. Sokolik, Sov. Phys. JETP 14, 930 (1974). 8. D. Ivanenko, Procs. of Conf. on Theory of Gravitation, Gauthier-Villars, Paris, 1962, p.212.

9. Y.M. Cho, Phys. Rev D14, 2521 (1976). 10. Y.M. Cho, Phys. Rev D14, 3341 (1976).

11. I. Antoniadis and E.T. Tomboulis, Phys. Rev. 33, 2756 (1986). 12. D.A. Johnston, Nucl. Phys. B297, 721 (1988). 13. M. Carmelli, J. Math. Phys. 11, 2728 (1970).

14. M. Carmelli, Group theory and General Relativity (International Series in Pure and Applied Physics, McGRAW-HILL Int. Book Co., 1977).

15. E.A. Lord, Nuovo Cim. B11, 185 (1972).

16. M. Martellini and P. Sodano, Phys. Rev. D22, 1325 (1980). 17. D. Ivanenko and G. Sardanashvily, Phys. Rep. 94, 1 (1983).

18. F.W. Hehl, J.D. McCrea, E.W. Mielke, and Y. Ne’eman, Phys. Rep. 258, 1 (1995). 19. I.L. Buchbinder, S.D. Odintsov and I.L. Shapiro, Effective Action in Quantum Gravity (IOP, Bristol, 1992).

20. I.L. Shapiro, Phys. Repts., 357, 113 (2001).

21. D.G. Pak and S.W. Kim, Class. Quant. Grav. 25, 065011 (2008). 22. A.J. Hanson and T. Regge, in Procs. of the Integrative Conference on Group Theory and Mthematical Physics, Univ. of Texas at Austin, (1978) (unpublished), p.354.

23. K. Hayashi and T. Shirafuji, Progr. of Theor. Phys. 64, 866 (1980). 24. F.W. Hehl, P. von der Heyde, G.D. Kerlik, J.M. Nester, Rev. Mod. Phys. 48, 393 (1976).

25. E. Sezgin, P. van Nieuwenhuizen, Phys. Rev. D21, 3269 (1980). 26. R. Kuhfuss and J. Nitsch, Gen. Rel. Grav. 18, 1207 (1986). 27. H.Chen, J.M. Nester and H.-J. Yo, Acta Phys. Pol. 29, 961 (1998). 28. Hwei-jang Yo, James M. Nester, Int. J. Mod. Phys. D8, 459 (1999). 29. H.J. Yo and J.M. Nester, Int. J. Mod. Phys. D11, 747 (2002).

June 24, 2010 3:23 WSPC IJMPAdgpakv2

16 Y.M. Cho, D.G. Pak, B.S. Park

30. R. Bach, Math. Z. 9, 110 (1921). 31. C. Lanczos, Ann. of Math. 39, 842 (1938).

32. K. Hayashi and T. Shirafuji, Progr. of Theor. Phys. 65, 525 (1981). 33. M. Blagojevic and I.A. Nikolic, Phys. Rev. D28, 2455 (1983). 34. I.A. Nikolic, Phys. Rev. D30, 2508 (1984).

35. D.M. Gitman, I.V. Tyutin, Quantization of fields with constraints (Springer-Verlag Berlin Heidelberg, 1990).

36. S. Deser, Ann. Inst. Henri Poincare, Sect. A7, 149 (1967). 37. G.K. Savvidy, Phys. Lett. B71, 133 (1977). 38. N.K. Nielsen and P. Olesen, Nucl. Phys. B144, 376 (1978).