arXiv:0911.4408v3 [hep-th] 1 Jun 2010

QMUL-PH-09-20

Free particles from Brauer algebras

in complex matrix models

Yusuke Kimura^1, Sanjaye Ramgoolam^2 and David Turton^3

Queen Mary University of London Centre for Research in String Theory Department of Physics Mile End Road London E1 4NS UK

Abstract

The gauge invariant degrees of freedom of matrix models based on an N × N complex matrix, with U(N) gauge symmetry, contain hidden free particle structures. These are exhibited using triangular matrix variables via the Schur decomposition. The Brauer algebra basis for complex matrix models developed earlier is useful in projecting to a sector which matches the state counting of N free fermions on a circle. The Brauer algebra projection is characterized by the vanishing of a scale invariant laplacian constructed from the complex matrix. The special case of N = 2 is studied in detail: the ring of gauge invariant functions as well as a ring of scale and gauge invariant differential operators are characterized completely. The orthonormal basis of wavefunctions in this special case is completely characterized by a set of five commuting Hamiltonians, which display free particle structures. Applications to the reduced matrix quantum mechanics coming from radial quantization in N = 4 SYM are described. We propose that the string dual of the complex matrix harmonic oscillator quantum mechanics has an interpretation in terms of strings and branes in 2 + 1 dimensions.

1y.kimura@qmul.ac.uk 2s.ramgoolam@qmul.ac.uk 3d.j.turton@qmul.ac.uk

Contents

1 Introduction 3 1.1 Background and motivations . . . . . . . . . . . . . . . . . . . . . . . . . 3 1.2 Outline of paper . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2 Review of free particles in Matrix models 6 2.1 Hermitian matrix quantum mechanics . . . . . . . . . . . . . . . . . . . . . 7 2.2 Unitary matrix quantum mechanics . . . . . . . . . . . . . . . . . . . . . . 9 2.3 Complex matrix models . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

3 Orbits and parameter spaces 11 3.1 Orbits and the structure of M_N . . . . . . . . . . . . . . . . . . . . . . . . 11 3.2 Differential Gauss’s law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 3.3 Geometry of M_2: coordinates . . . . . . . . . . . . . . . . . . . . . . . . . 14 3.4 Differential Gauss’s law and orbits at N = 2 . . . . . . . . . . . . . . . . . 16 3.5 The algebra of functions on M_2 . . . . . . . . . . . . . . . . . . . . . . . . 17

4 Free particle structures and counting on M_2 19 4.1 Casimir operators and a ring of degree-preserving differential operators . . 21 4.2 Counting of states at N = 2 and Brauer basis labels . . . . . . . . . . . . 22 4.3 The Brauer basis labels at N = 2 in terms of five integers . . . . . . . . . . 23 4.3.1 N = 2 constraints in terms of five integers . . . . . . . . . . . . . . 25 4.4 The Casimirs as differential operators in z_i, t_0 . . . . . . . . . . . . . . . . 26 4.4.1 The Casimirs as operators on polynomial rings . . . . . . . . . . . . 27 4.5 Eigenvalues of the Casimir operators . . . . . . . . . . . . . . . . . . . . . 27 4.6 The k = 0 sector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 4.7 Free particle momenta as functions of differential operators . . . . . . . . . 30

5 Free particle structures and counting on M_N 31 5.1 The k = 0 sector revisited . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 5.2 Three-point functions of k = 0 operators . . . . . . . . . . . . . . . . . . . 34 5.3 Finite N counting of single traces and multi-traces . . . . . . . . . . . . . . 35 5.4 Large N Brauer basis counting . . . . . . . . . . . . . . . . . . . . . . . . 36 5.5 The m = n = k sector: Operators and free fermions . . . . . . . . . . . . . 36

6 Applications to integrable quantum mechanics 38 6.1 Review of matrix harmonic oscillator quantum mechanics . . . . . . . . . . 38 6.2 Non-holomorphic sector . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 6.3 Related integrable quantum mechanics models . . . . . . . . . . . . . . . . 43

7 Summary and outlook 44

A The Brauer algebra basis 48

B List of γ_+ and γ_− at N = 2 for given (m, n) 49

C Brauer counting at large N from Clebsch counting 51

D Brauer counting from GL(N) × GL(N) → GL(N) reduction 53

E Proofs for m = n = k projectors 54

F Constructing an inner product on polynomials 56

1 Introduction

1.1 Background and motivations

There is a class of Gaussian matrix models in D spacetime dimensions^1 x^μ where the two-point function of the matrix Z(x^μ), up to a trivial spacetime dependence, is

⟨Z^i_j Z^{†k}_l⟩ = δ^i_lδ^k_j (1.1)

and where there is an adjoint U(N) action Z → gZg^†, g ∈ U(N). (1.2) Our main interest is in D = 4, N = 4 superconformal Yang-Mills (SYM) with gauge group U(N) at zero coupling and its dimensional reduction on S^3 to a D = 1 matrix harmonic oscillator quantum mechanics. Some of our results apply more generally and in particular we make connections to the D = 0 Gaussian complex matrix model considered by Ginibre [1].

N = 4 super Yang-Mills contains three complex scalar fields in the adjoint of the gauge group. The states built from holomorphic functions in one of these fields, say Z, comprise the half-BPS sector in which the two-point function is diagonalised by the Schur polynomials χ_R(Z) [2]:

⟨χ_S (Z^†)χ_R(Z)⟩ ∝ δ_{RS} (1.3)

The Schur polynomials were identified as gauge theory duals of giant gravitons [3], generalizing the proposal of [4] which associated determinants and sub-determinants to giant gravitons expanding in the S^5 of the AdS_5 ×S^5 dual of N = 4 SYM. This is manifestation of the ‘stringy exclusion principle’ [5, 6].

1By ‘matrix models in D spacetime dimensions’ we include random matrix models (D = 0), matrix quantum mechanics (D = 1) or field theories. By ‘Gaussian’ we mean a quadratic Lagrangian.

The Schur polynomial basis allowed the identification of gauge theory duals for multiple giants as well as giants expanding in the AdS_5 directions. Extensive evidence for the proposed map has been found, see for example the review [7]. It was also observed that Schur Polynomials were related to wavefunctions of free fermions which are the eigenvalues of the matrix Z [2, 8]. The free fermions were subsequently identified as arising from supergravity solutions [9]. Non-renormalization theorems [10, 11] allow a comparison of zero coupling to strong coupling; the diagonalisation of the two-point function was a crucial step enabling this comparison.

Motivated by the goal of understanding non-supersymmetric sectors of the AdS_5/CF T_4 gauge-string duality, [12] undertook the study of gauge invariant non-holomorphic functions of Z. Two-point functions of operators which are polynomials of degree m in Z and degree n in Z^† in the U(N) theory were diagonalised in terms of a Brauer basis which was constructed systematically using the representation theory of the Brauer algebra B_N (m, n), previously studied in [13, 14, 15, 16]. This non-holomorphic sector is arguably the simplest non-supersymmetric sector, yet contains many of the subtleties of multi-matrix combinatorics, since in general Z does not commute with its conjugate transpose Z^†.

The interest in a detailed study at zero Yang-Mills coupling is two-fold. Firstly, the strong form of the Maldacena conjecture [17] implies that there is a string theory dual to zero coupling Yang-Mills theory. At zero coupling, the sector containing only Z, Z^† forms a consistent truncation and we may ask whether there is a string dual of the quantum mechanics of the resulting complex matrix quantum mechanics.

Secondly, while there is undoubtedly less control in comparing zero coupling with strong coupling and thus to semiclassical brane solutions and supergravity solutions it is possible that some qualitative features uncovered might, in appropriate large charge regimes, survive in the strong coupling limit. This line of reasoning is used, for example, in [18] where black hole entropy is investigated from the counting of gauge invariant operators at zero coupling. For some earlier works on complex matrix models, see for example [19, 20, 21, 22].

In this paper we always work at finite N. There is an important distinction between

N ≥ m + n and N < m + n . (1.4)

The condition N ≥ m+n may be read as a condition that N be larger than the lengths of operators one wishes to discuss; for example taking the planar limit N → ∞ achieves this trivially. For fixed finite N, this is the regime in which lengths of operators are less than or equal to N. The opposite regime N < m + n is relevant to studies of heavy operators in N = 4 super Yang-Mills such as conjectured duals of multi-branes and black holes in AdS_5 × S^5.

The representation theory of Brauer algebras, and thus the construction of the Brauer basis, is well understood for N ≥ m + n however there are interesting subtleties for N < m + n (see for example [23]).

In single hermitian or unitary (or more generally, normal) matrix models, the unitary group action (1.2) is sufficient to diagonalise the matrix, leading to a free particle description in terms of the N eigenvalues as we shall review. In an unrestricted complex matrix model, this is not sufficient to diagonalise Z; a generic complex matrix may at best be put into triangular form.

More precisely, using the Schur decomposition Z = UT U^† where T is upper triangular, the space gl(N; C ) may be decomposed into a parameter space of inequivalent orbits M_N and the orbits of the U(N) action. M_N has real dimension N^2 + 1 and is a fibration over the symmetric product Sym^N (C ): M_N ↓ Sym^N (C ) = C^N /S_N (1.5)

The eigenvalues are however coupled to the off-diagonal triangular entries and so cannot represent positions of free particles.

We shall show that free particles arise in a non-trivial way by exploiting a map identified in [12] between the k = 0 sector (to be defined later) of the Brauer basis and a unitary matrix model, providing in turn a map to N free fermions on a circle. In this paper we will give evidence for the following conjecture: that these N free fermions of the k = 0 sector can be constructed from degrees of freedom which are composed of eigenvalues as well as off-diagonal elements of the matrix Z. We also observe a different emergence of free particles in the m = n = k sector^2. While we start with the gauge invariant sector of a Gaussian complex matrix model, which is a system of N^2 particles constrained by the gauge invariance condition, the emergent particles are N free fermions without constraints.

Much of our work has been carried out N = 2 as this allows explicit calculations. Many of our N = 2 results extend to general N as discussed in Section 5; in particular the key point of free particles emerging from a Matrix model from degrees of freedom beyond eigenvalues is valid for any N.

1.2 Outline of paper

The structure of the paper is as follows. Section 2 reviews the emergence of free particles from the eigenvalues of hermitian and unitary matrix models and explains the new features

2As this paper was being written up, we became aware of [24] which studies this sector and the associated free fermions using a matrix polar decomposition.

arising for a complex matrix model. Section 3 reviews the Schur decomposition, gauged matrix quantum mechanics and describes the orbits over M_N in general and over M_2 in detail. In Section 3.5 we describe the ring of functions on M_2, which come from gauge invariant polynomials on gl(2, C ).

In Section 4 we describe the ring of Casimir operators studied in [25], we present computational results on the Brauer basis counting at N = 2 and state a conjecture for the complete solution. The conjectured counting can be elegantly described in terms of five integer labels and is the first main result of this paper.

We derive explicit expressions for the Casimir operators as differential operators on M_2 and express the integer labels as functions of the Casimirs. We define free particle momentum operators and express these operators as functions of differential operators on M_2. Amongst these operators are the conjectured k = 0 sector free fermion momenta on a circle. This is the second main result of this paper.

Section 5 presents a conjecture that the k = 0 sector is the kernel of a scale-invariant laplacian on M_N . We give expressions for a class of three-point functions of operators in the k = 0 sector in terms of unitary matrix integrals, which provides further evidence for the conjectured equivalence to N free fermions on a circle. We extend some remarks on the counting of states at N = 2 to higher N.

We also find free particle structures in the m = n = k sector, by observing that this sector consists of multi-traces of the combination Z^†Z. We show that this sector may be identified with the kernel of a differential operator on M_N .

Most of the material in Sections 3-5 refers to the properties related to invariants under the U(N) action (1.2) and as such is relevant to general complex matrix models with U(N) symmetry. Section 6 deals specifically with the matrix quantum mechanics obtained by dimensional reduction of SYM and draws a connection with Ginibre’s D = 0 matrix model. Using the higher conserved charges to define new Hamiltonians, and the expressions from Section 4, we find non-holomorphic generalizations of the Calogero-Sutherland models at special couplings. Technical details are presented in the Appendices.

2 Review of free particles in Matrix models

We briefly review examples of hermitian and unitary matrix models which arise in the context of string theory, in particular string theory in two dimensions. This review is not intended to be complete in any sense but rather to provide the reader with context for the current work.

2.1 Hermitian matrix quantum mechanics

Let us consider the Gaussian hermitian matrix model defined by the Lagrangian

L = tr ( 1 2 Φ̇^2 − 1 2 Φ^2 ) (2.1)

which is invariant under the U(N) action

Φ → gΦg^† , g ∈ U(N) . (2.2)

We follow the treatment in [26, 27, 28] restricting attention to the theory with quadratic potential. The Hamiltonian of this model is

H = tr ( − 1 2 ∂^2 ∂Φ∂Φ + 1 2 Φ^2 ) . (2.3)

Introducing the annihilation and creation operators A = 1 √ 2 ( Φ + ∂ ∂Φ ) A^† = 1 √ 2 ( Φ − ∂ ∂Φ ) (2.4)

and using the usual convention for matrix indices ( ∂ ∂Φ )_i j = ∂ ∂Φ^j_i (2.5)

we have [A^i_j , A^{†k}_l] = δ^k_j δ^i_l and the Hamiltonian can be rewritten as

H = tr(A^†A) +

N^2 2 . (2.6)

The ground state has energy^{N 2}_2 and its wavefunction is

Φ_0 = ⟨Φ|0⟩ = e^{− 12 tr Φ2} . (2.7)

U(N) singlet excited states are obtained by acting on Φ_0 with U(N) invariant functions of A^†, or by absorbing factors of √ 2, multiplying by U(N) invariant functions of Φ. A basis for such functions is given by the Schur polynomials, which are polynomials of degree n labelled by a representation R of S_n,

χ_R(Φ) = ∑ σ∈S_n χ_R(σ)Φ^{i1}_{iσ1} · · · Φ^{in}_{iσn} , (2.8)

where χ_R(σ) is the character of σ in the representation R. The associated wavefunction

Ψ_R = χ_R(Φ)e^{− 12 tr Φ2} (2.9) has energy^{N 2}_2 + n.

A hermitian matrix Φ may be decomposed as

Φ = UΛU^†, Λ = diag(λ_1, . . . , λ_N ) , U ∈ U(N) (2.10)

under which we get

tr(Φ̇^2) = tr(Λ̇^2) + tr[Λ, U^†U̇]^2 . (2.11)

The anti-hermitian matrix U^†U̇ may be expanded in generators of U(N) as

U^†U̇ = ∑ i α_iH_i + i √ 2 ∑ j<k (α̇_{jk}T_{jk} + β̇_{jk} ~T_{jk}) where H_i are the diagonal generators of the Cartan subalgebra, T_{jk} is the matrix M such that M_{jk} = M_{kj} = 1 and all other entries are 0, and ~T_{ij} is the matrix M such that M_{ij} = −M_{ji} = −i and all other entries are 0. This gives

tr [Λ, U^†U̇]^2 = ∑ i<j (λ_i − λ_j)^2(α̇^2_{ij} + β̇^2_{ij} )

and so the Lagrangian becomes L = ∑ i ( 1 2 λ̇_i^2 + 1 2 λ^2_i ) + 1 2 ∑ i<j (λ_i − λ_j)^2(α̇^2_{ij} + β̇^2_{ij} ) . (2.12)

Under the transformation (2.2) the measure becomes

DΦ = DΩ ∏ i dλ_iΔ^2(λ) (2.13)

where Δ(λ) is the Vandermonde determinant ∏ i<j (λ_i − λ_j), the kinetic term for the eigenvalues becomes − 1 2 ∑ i 1 Δ^2(λ) d dλ_i Δ^2(λ) d dλ_i = − 1 2Δ(λ) ∑ i d^2 dλ_i^2 Δ(λ) (2.14)

and so the Hamiltonian is H = 1 2 ∑ i ( − 1 Δ(λ)

∂^2 ∂λ^2_i Δ(λ) + λ^2_i ) − 1 2 ∑ i<j 1 (λ_i − λ_j )^2 ( ∂^2 ∂α^2_{ij} + ∂^2 ∂β^2_{ij} ) . (2.15)

Wavefunctions which are singlet under (2.2) are symmetric functions of the eigenvalues, χ_{sym}(λ). On these wavefunctions the Hamiltonian simplifies to H = 1 2 ∑ i ( − 1 Δ(λ)

∂^2 ∂λ^2_i Δ(λ) + λ^2_i ) . (2.16)

One may simplify further the analysis by defining the antisymmetric wavefunction

Ψ^f (λ) = Δ(λ)χ_{sym}(λ) (2.17)

and the modified Hamiltonian

H^f = Δ(λ)H 1 Δ(λ) = 1 2 ∑ i ( − d^2 dλ_i^2 + λ^2_i ) (2.18)

which is a sum of one particle harmonic oscillator Hamiltonians. Then H^f has eigenstates Ψ^f (λ) with the same eigenvalues as H:

HΨ(λ) = E Ψ(λ) (2.19) ⇒ H^f Ψ^f (λ) = E Ψ^f (λ) . (2.20)

The ground state wavefunction of H^f is

Ψ^f_0 = Δe^{− 12 tr Φ2} , (2.21)

excited states are given by Slater determinants

Ψ^f_{⃗E} = det_{i,j} λ^{Ej}_i e^{− 12 tr Φ2} = Δ(λ)Ψ_R(U) (2.22)

and so the U(N) singlet sector is equivalent to N non-interacting fermions in a harmonic oscillator potential, where the fermion energies E_i are related to the integer row lengths r_i of R by E_i = r_i + (N − i) . (2.23)

2.2 Unitary matrix quantum mechanics

We next review the unitary matrix quantum mechanics which arises in the study of twodimensional Yang-Mills, which is given by the Hamiltonian [29, 30]:

H = tr ( U ∂ ∂U )_2 = ∑ a E^aE^a (2.24)

where E^a generates left rotations of U:

E^a = tr t^aU ∂ ∂U (2.25)

The form of H means that acting on a wavefunction which is a matrix element of an irreducible representation R, (ψ_R)_{ij}(U) = D^R_{ij}(U) (2.26) it measures the quadratic Casimir of the representation R, Hψ_R(U) = C_2(R)D^R_{ij} (U) . (2.27) Representations are classified by their characters, the Schur polynomials χ_R(U) = tr D^R(U) (2.28) which form an orthonormal basis for wavefunctions invariant under the U(N) action U → gUg^†, g ∈ U(N) . (2.29) This may be used to express any unitary matrix U as U = gDg^†, D = diag(e^{iθ1} , . . . , e^{iθN} ), g ∈ U(N) . (2.30) On functions invariant under (2.29), performing the change of variables (2.30) the Hamiltonian becomes [29]: H = − ∑ i [ 1 Δ̃ d^2 dθ^2_i Δ̃ ] − 1 12 N(N^2 − 1) (2.31)

where denoting the eigenvalues by u_i = e^{iθi} ,

Δ̃ = ∏ i<j sin θ_i − θ_j 2 = Δ(u) ∏ i u^{N−12}_i = Δ(u) (det U)^{N−1}2

(2.32)

and where Δ(u) = ∏ i<j (u_i − u_j) . (2.33)

Absorbing Δ̃ into the wavefunctions and the Hamiltonian,

ψ_f = Δ̃ψ , H_f = Δ̃H 1 Δ̃ = ∑ i ∂ ∂θ^2_i − 1 12 N(N^2 − 1) (2.34)

the wavefunctions become antisymmetric under exchange of any pair θ_i ↔ θ_j . The oneparticle wavefunctions with quantized momentum p are ψ_p = e^{ipθ} and the Slater determinants ψ_{⃗p} = det_{i,j} u^{pj}_i (2.35)

are eigenfunctions of H_f with energy E = ∑ i p^2_i − N(N^2 − 1)/12, so the sector of this theory invariant under (2.29) is equivalent to a theory of N free fermions on a circle. The ground state has fermion with momenta distributed symmetrically about n = 0, and energy zero, so the Fermi energy is n_F =^{N−1}_2 and there are Fermi surfaces at ±n_F . The Slater determinants are related to the Schur polynomials via ψ_{⃗p} = Δ(u)χ_R(U) (2.36) where the momenta p_i are related to the integer row lengths r_i of R by p_i = r_i + (n_F + 1 − i) . (2.37)

2.3 Complex matrix models

Previous studies of complex matrix models have centred on models in which there is enough symmetry to diagonalise the matrix. This can be achieved by studying a normal matrix ([Z, Z^†] = 0) with U(N) symmetry (see e.g. [31, 32]) Z → gZg^† , g ∈ U(N) (2.38) or by studying an unrestricted complex Z with U(N) × U(N) symmetry (see e.g. [33]) Z → gZh^† , g, h ∈ U(N) . (2.39) In this paper, motivated by gauge-gravity duality we study an unrestricted complex matrix Z with a single U(N) symmetry (2.38). This requires us to go beyond an eigenvlue description and take into account off-diagonal degrees of freedom.

Due to the off-diagonal degrees of freedom we do not expect a straightforward transformation to a description in terms of free particles for complex matrix models with unitary symmetry. Nevertheless, our investigations of the k = 0 sector of the Brauer basis indicate that the free particles on a circle of the Unitary matrix model can be constructed from the degrees of freedom of the complex matrix model. These free particles on a circle are emergent degrees of freedom arising from eigenalues and off-diagonal elements constrained by equations which define the k = 0 sector.

In passing we note that the Gaussian complex matrix model with U(N) symmetry (2.38) may be written as a two-Hermitian matrix model [34] using X = 1 2 ( Z + Z̄ ) , Y = − i 2 ( Z − Z̄ ) (2.40)

where Z̄ denotes complex conjugate of Z. Studies of the same model in terms of two hermitian matrices are done in [35, 36].

3 Orbits and parameter spaces

The relation between gl(N, C ), the space of complex matrices Z and the space M_N , of orbits under the adjoint action (1.2), is given by the Schur decomposition.

3.1 Orbits and the structure of M_N

Schur’s decomposition (see e.g. [37]) allows one to write any complex matrix Z as

Z = UT U^† (3.1) where U ∈ U(N) and T is upper triangular. It has been used previously in the context of the complex matrix model in [38, 39]. The eigenvalues z_i of Z become the diagonal entries (and hence the eigenvalues) of T . There are also off-diagonal elements t_{ij} for i < j. The equation (3.1) can be viewed as describing a map from the pair (U, T ) to complex matrices. The map is onto, but not one-to-one. Pairs (U, T ) and (e^{iθ}U, T ) describe the same Z. There is a U(1)^N action U → U^′ = UH, H = diag(e^{iθ1} , . . . , e^{iθN} ) T → T^′ = H^†T H (3.2)

which leaves Z unchanged. The diagonal e^{iθ} acts trivially on T but the U(1)^{N−1} part defined by ∑ θ_j = 0 mixes non-trivially with the angles in T .

We can parameterize the coset U(N)/U(1)^N using the variable L and decomposing U = LH (as for example in [40]) leading to

Z = L(HT H^†)L^† = LT̃ L^† (3.3)

where T̃ ≡ HT H^†. It is also convenient to use the U(1)^{N−1} part of (3.2) to set the N − 1 entries on the superdiagonal of T (namely t_{j,j+1}) to be real, and to use (U, T ).

There is also the freedom, for fixed Z, to rearrange the eigenvalues in any order on the diagonal of T by altering U. This freedom exists because there is a Schur decomposition for each possible ordering of eigenvalues on the diagonal of T . Given

Z = U_1T_1U^†_1 = U_2T_2U^†_2 (3.4)

where T_1 and T_2 have different orderings of diagonal entries, we have

T_2 = ( U^†_2 U_1 ) T_1 ( U^†_2 U_1 )_† = U_{12}T_1U^†_{12} (3.5)

where U_{12} ≡ U^†_2 U_1.

We have thus derived the construction mentioned in the introduction of M_N as a fibration over the symmetric product Sym^N (C ): M_N ↓ Sym^N (C ) = C^N /S_N . (3.6)

The set of eigenvalues z_1, z_2, . . . , z_N of Z modulo permutations in S_N forms the space Sym^N (C ). Local coordinates on the fibre of M_N over Sym^N (C ) are obtained from the upper triangular elements t_{ij}, with i < j, appearing in T .

Functions of degree n on R^N /S_N and natural inner products on the space of functions, which are expressible in terms of integrals, are organised by the symmetric group

S_n. Since n can be arbitrarily large, we may say that S_∞, defined as an inductive limit from finite symmetric groups (see e.g. [41]), is the symmetry organising the space of functions on R^N /S_N . In the case of M_N there is an infinite-dimensional underlying Brauer algebra constructed as a limit of finite algebras B_N (m, n).

The space of N ×N complex matrices gl(N, C ) consists of orbits generated by the U(N) action Z → UZU^†. Due to the trivial U(1) action the real dimension of the parameter space of orbits M_N is N^2 + 1 = 2N^2 − (N^2 − 1).

This suggests that the number of generators of ring of functions on M_N should be N^2 + 1. This works in a straightforward way at N = 2, but in a nontrivial way at N = 3. We will come back to this in Section 5.

Local coordinates on M_N are given by z_i and variables t_{ij} . At generic z_i, t_{ij} the orbits are topologically U(N)/U(1) = SU(N)/Z_N . At t_{ij} = 0, the parameter space M_N becomes Sym^N (C ). The orbit is then generically SU(N)/U(1)^{N−1}. Note that, when U(N) acts on its Lie algebra, the adjoint orbits are always Kähler (and hence even dimensional) [42]. This is no longer the case for orbits in the complexified Lie algebra gl(N, C ).

3.2 Differential Gauss’s law

Dimensional reduction of N = 4 SYM onto R_t ×S^3 yields a U(N) gauged matrix quantum mechanics involving a complex matrix Z(t) in the adjoint coupled to a gauge field A_0(t). The action takes the form S = ∫ dt tr ( D_0Z(D_0Z)^† − ZZ^† ) (3.7)

where D_0Z = ∂_0Z + i[A_0, Z].

Using the above change of variables (3.1), (3.3) we may derive an expression for the 1-form on gl(N; C )

dZ = U(dT + [ω, T ])U^† = L(dT̃ + [V, T̃ ])L^† (3.8)

where ω = U^†dU and V = L^†dL. This allows us to write the line element tr(dZdZ^†) in terms of the structure constants of the Lie algebra, with a choice of decomposition into coset and sub-algebra.

As an aside, it is interesting to note that, as a consequence of (3.8) we can write a quantum mechanics theory with U(N) global symmetry S = ∫ dt tr ( ∂_0Z ∂_0Z^† ) = ∫ dt tr ( ∂_0T̃ + [V, T̃ ] ) ( ∂_0T̃^† + [V, T̃^†] ) (3.9)

as a quantum mechanics with gauged U(1)^N symmetry and charged matter fields T̃ where the one form V on the coset couples as a gauge field. The gauge symmetry is T̃ → hT̃ h^{−1} and V (y) → hV h^{−1} + h∂_0h^{−1}, under which (∂_0T̃ + [V, T̃ ]) transforms covariantly and the action is invariant.

We next review remarks contained in [25] and introduce notation we shall use later. A convenient gauge fixing choice is to set A_0 = 0. The equation of motion for A_0 must still be imposed, leading to Gauss’s Law:

Z^†Ż + ZŻ^† − ŻZ^† − Ż^†Z = 0 . (3.10)

Upon canonical quantization this leads to the differential form of Gauss’s Law, which can be written as G = G_1 + G_2 + G_3 + G_4 = 0 (3.11) where G_i are defined as:

(G_1)^i_j = Z^{†i}_k ( ∂ ∂Z^† )_k j (G_2)^i_j = Z^i_k ( ∂ ∂Z )_k j (G_3)^i_j = −Z^{†k}_j ( ∂ ∂Z^† )_i k (G_4)^i_j = −Z^k_j ( ∂ ∂Z )_i k (3.12)

and we use the usual convention for matrix indices given in (2.5). Note that in G_1 and G_2 the ordering of indices is that of usual matrix multiplication, while for G_3 and G_4 the opposite is the case. The G_i correspond respectively to each of the terms in (3.10). The operator G is the infinitesimal generator of the adjoint action Z → UZU^†, Z^† → UZ^†U^† (3.13) and invariance under this action restricts gauge invariant operators to be products of traces of the matrices Z and Z^†.

3.3 Geometry of M_2: coordinates

In this section and in Section 4 we perform explicit calculations at N = 2. The motivation for considering small values of N is to perform explicit calculations which shed light on the harder (and more interesting) task of obtaining results at arbitrary finite N, a task we return to in Section 5.

We start from the Schur decomposition as discussed in Section 3.1,

Z = UT U^† = LT̃ L^†. (3.14)

In the N = 2 case U(2)/U(1) ∼= SU(2)/Z_2 ∼= SO(3). We can specify explicit coordinates U = ( cos^θ_2 e^i2^{(ϕ+ψ)} sin^θ_2 e^i2^{(ϕ−ψ)} − sin^θ_2 e^{− i}2^{(ϕ−ψ)} cos^θ_2 e^{− i}2^{(ϕ+ψ)} ) (3.15) T = ( z_1 t_0 0 z_2 ) . (3.16)

The angles θ, ϕ, ψ are the Euler angles of SU(2)/Z_2 ∼= SO(3). With these coordinates L and T̃ take the form L = ( cos^θ_2 e^i2^ϕ sin^θ_2 e^i2^ϕ − sin^θ_2 e^{− i}2^ϕ cos^θ_2 e^{− i}2^ϕ ) (3.17)

T̃ = ( z_1 t_0e^{iψ} 0 z_2 ) . (3.18)

The ranges of the coordinates are

z_1, z_2 ∈ C , 0 ≤ t_0 < ∞, (3.19) 0 ≤ θ ≤ π, 0 ≤ ϕ < 2π, 0 ≤ ψ < 2π. (3.20) The Jacobian for the change of variables from Z_{ij} to those above is

J = |z_1 − z_2|^2 t_0 sin θ (3.21)

and so we have ∫ ∏ i,j dZ_{ij}dZ̄_{ij} = ∫ dz_1dz_2dt_0t_0dU |z_1 − z_2|^2. (3.22)

Note the factor of t_0 here which is analogous to the ∫ rdr one gets when using plane polar coordinates. Here dU is the Haar measure on SU(2) which we integrate out and normalise to 1 in the definition of the measure. The implication of the measure is that the region t_0 = 0, where the orbit structure changes compared to that at t_0 ≠ 0, has measure zero. Likewise the collision of points z_1 = z_2 in Sym^N (C ) has measure zero.

The invariant line element on gl(2, C ) is given by

ds^2 = tr dZdZ^†. (3.23)

We introduce the notation

ω = U^{−1}dU = ( ω_{11} ω_{12} −ω̄_{12} −ω_{11} ) , (3.24)

and using ω^† = −ω we expand dZ = U (dT + [ω, T ]) U^†.

The line element is then expressible as

ds^2 = tr ( dT + [ω, T ] )( dT^† + [ω, T^†] ) (3.25) = |dz_1 + t_0ω̄_{12}|^2 + |dz_2 − t_0ω̄_{12}|^2 + |dt_0 + 2t_0ω_{11} − (z_1 − z_2)ω_{12}|^2 + |(z_1 − z_2)ω_{12}|^2 . (3.26)

Using the Cartan one-forms ω_i on SU(2) (see e.g. [43]),

ω = U^{−1}dU = −ω_iT_i, T_j = i 2 σ_j , (3.27) one may read off the metric on the orbit; we shall do this in the next section.

As an aside, we note that U_{12} defined below 3.5 is not a standard permutation matrix in U(N) (the reader may check that the standard permutation matrices in U(N) do not preserve the triangular form). For concreteness we now exhibit this at N = 2. Consider the two matrices

T_1 = ( z_1 t_0 0 z_2 ) (3.28)

T_2 = ( z_2 t_0 0 z_1 ) (3.29)

where we have chosen t_0 ∈ R.

Defining D = √ t^2_0 + |z_1 − z_2|^2, we then have T_2 = U_{12}T_1U^†_{12} with

U_{12} = 1 D ( t_0 −(z̄_1 − z̄_2) z_1 − z_2 t_0 ) . (3.30)

Clearly this is not the standard permutation matrix (^{0 1}_{1 0} ), but it performs the permutation transformation z_1 ↔ z_2 while preserving the triangular structure. For N > 2 the analogous transformation does not just permute the z_i entries but transforms the t_{ij} nontrivially.

3.4 Differential Gauss’s law and orbits at N = 2

Using a change of variables, one may express the Gauss Law operator G (3.11-3.12) in the coordinates defined in (3.15-3.16). This results in the following form of the Gauss’s Law operator: G = ( −i^∂_{∂ϕ} ie^{iψ}(−^∂_{∂θ} − i cot θ^∂_{∂ϕ} + i csc θ^∂_{∂ψ} ) ie^{−iψ}(^∂_{∂θ} − i cot θ^∂_{∂ϕ} + i csc θ^∂_{∂ψ} ) i^∂_{∂ϕ} ) . (3.31)

This must vanish on gauge invariant wavefunctions, which must therefore be functions only of z_i, t_0. We will show in Section 3.5 that the ring of gauge invariant polynomials has five generators.

The Gauss’s Law reduces the 8D space gl(2, C ) to the 5D space parametrized by (z_1, z_2, t_0). We shall find it convenient to define

z_c = z_1 + z_2, z = z_1 − z_2. (3.32)

As we have seen, we can exchange z_1, z_2 while leaving t_0 invariant; this means mapping z → −z, and so the space of inequivalent orbits is

M_2 = C × (C /Z_2 ) × R^+ . (3.33)

From the metric (3.26) expressed in terms of z_i, t_0 we see that the nature of the orbits changes as we move in the space (C /Z_2) × R^+ . The centre of mass coordinate z_c does not affect the nature of the orbits and so we restrict our attention to a Z_2 quotient of the z, t_0 space. Let us define

X = (C /Z_2) × R^+

= X_0 ∪ X_1 ∪ X_2 ∪ X_3 (3.34)

where X is the region in (z, t_0) space where t_0 ≥ 0, Re(z) ≥ 0, and the subregions X_i are defined as follows:

• X_0 is the subregion t_0 > 0, z ≠ 0

• X_1 is the subregion t_0 > 0, z = 0

• X_2 is the subregion t_0 = 0, z ≠ 0

• X_3 is the point t_0 = 0, z = 0.

The metric on the gauge orbit is determined by fixing z_i, t_0 in (3.26). On X_0 and X_1 the orbit is topologically SO(3); the metric is complicated in general but on X_1 it qualitatively resembles the round three-sphere metric. On X_2 the orbit is a round S^2, while on X_3 the orbit is a point. This completes the global description of the parameter space and the orbits. Note that on X_0 the metric is regular but on X_1, X_2 and X_3, the determinant of the metric is zero.

3.5 The algebra of functions on M_2

The algebra of functions on M_N is generated by single trace polynomials in Z, Z^†. In the N → ∞ limit any word in the two letters Z, Z^†, up to cyclic permutations, corresponds to a single-trace gauge-invariant function and hence to a function on M_∞. At finite N, traces of long words can be expressed in terms of products of traces of shorter words and so the ring of gauge invariant functions has a finite set of generators.

In [12] this truncation of the generators was discussed in terms of degenerations of Brauer algebra projectors. Here we investigate these finite N truncations in detail at N = 2 and find that it suffices to apply the Cayley-Hamilton theorem to obtain the necessary relations.

The Cayley-Hamilton theorem states that a matrix satisfies its own characteristic polynomial. At N = 2 this means that

Z^2 − (tr Z)Z + (det Z)1_2 = 0. (3.35)

Taking the trace of this equation gives a relation between tr Z^2, tr Z and det Z, only two of which are thus algebraically independent as polynomials in the matrix entries. We choose tr Z^2 and tr Z to be independent, and write

det Z = 1 2 [ tr Z tr Z − tr Z^2 ] . (3.36)

We also have the corresponding equation for Z^†.

We claim that the ring of multi-trace GIOs in Z, Z^† at N = 2 is the polynomial ring generated by the set B = { tr Z, tr Z^2, tr Z^†, tr Z^{†2}, tr ZZ^† } . (3.37)

In order to prove this, it is enough to show that all other single trace operators are algebraically dependent on the operators above.

We prove this in an inductive fashion. Let W to denote any matrix word made from Z and Z^†, e.g. W = ZZZ^†Z. Multiply (3.35) by W and take the trace. This yields the relation

tr(Z^2W ) − (tr Z) tr(ZW ) + 1 2 [ tr Z tr Z − tr Z^2 ] tr W = 0. (3.38)

This shows that tr(Z^2W ) is algebraically dependent on tr(ZW ), tr W and the operators in B, and similarly, tr(Z^{†2}W ) is algebraically dependent on tr(Z^†W ), tr W and the operators in B.

Replacing Z by ZZ^† in (3.35) and using det ZZ^† = det Z det Z^† gives

tr(ZZ^†)^2 = (tr ZZ^†)^2 − 1 2 [ tr Z tr Z − tr Z^2 ] [ tr Z^† tr Z^† − tr Z^{†2} ] . (3.39)

This shows us that tr(ZZ^†)^2 is algebraically dependent on the operators in the set B. Similarly, for any word W_2 of length at least two, tr W^2_2 is algebraically dependent on tr W_2 and the operators in the set B.

We conclude that a single trace operator consisting of the trace of a word made from Z and Z^† is algebraically dependent on single trace operators of shorter length iff it contains one of the following combinations as part of the word:

Z^2W, Z^{†2}W, or W^2_2 (3.40)

where as above W stands for any (non-zero length) word in Z and Z^†, and W_2 stands for such a word of length at least two.

Iterating the above results, a single trace operator containing one of the combinations in (3.40) can be expressed as sums of products of shorter and shorter single trace operators until it is expressed as a sum of products of single trace operators containing none of the combinations in (3.40). A maximal set of algebraically independent operators is therefore given by those single trace operators which do not contain any of the expressions in (3.40). As claimed this is the set B.

It is worth remarking that we start with a description of the space gl(2, C ) in terms of polynomials in z_1, z_2, t_0, θ, ϕ, ψ. The differential Gauss Law (3.31) removes the angular variables leaving the ring of polynomials in the remaining variables, which we denote

⟨z_1, z_2, z̄_1, z̄_2, t_0⟩. (3.41)

Invariance under large gauge transformations reduces the ring of gauge invariant polynomials to the polynomial ring generated by B. Recalling the definitions z_c = z_1 + z_2, z = z_1 − z_2 and defining Z = z^2, Z̄ = z̄^2, T_0 = t^2_0 + zz̄ 2 , (3.42)

the ring of gauge invariant polynomials is equivalently the polynomial ring ⟨z_c, z̄_c, Z, Z̄, T_0⟩. (3.43) This is analogous to U(N) gauged Hermitian matrix quantum mechanics where the differential Gauss Law reduces to polynomials in the eigenvalues

⟨x_1, x_2, . . . , x_N ⟩ (3.44)

and invariance under the S_N residual Weyl transformations reduces the gauge invariant polynomials to symmetric polynomials in x_1, x_2, · · · , x_N , equivalently polynomials in the variables

⟨(x_1 + x_2 + · · · + x_N ), (x^2_1 + x^2 + · · · + x^2_N ), . . . , (x^N_1 + x^N_2 + · · · + x^N )⟩. (3.45)

In the hermitian case, we are going from a ring to a sub-ring, which corresponds to going from the space R^N to its quotient space R^N /S_N . In our model, we are going from the ring (3.41) to the sub-ring (3.43), and correspondingly from the R^4 × R^+ = C^2 × R^+ parametrized by the five coordinates z_i, t_0 to M_2. Because of the off-diagonal degrees of freedom, M_2 is not a straightforward quotient of R^4 × R^+ .

A full investigation of finite N relations for N > 2 is left for the future. We expect it will be useful to combine the Cayley-Hamilton approach with the the vanishing of the Brauer projectors, such as in equation (8.16) of [12].

4 Free particle structures and counting on M_2

The remainder of the paper involves the Brauer basis for complex matrix models constructed in [12]. A Brauer basis operator is a linear combination of multi-trace operators; it is a polynomial of degree m in Z and degree n in Z^†. A brief review of the essential properties of the basis and some simple examples are given in Appendix A, where references to existing literature are also given.

A Brauer basis operator is written as O^γ_{α,β;i,j}(Z, Z^†) (4.1) where α and β are Young diagrams with m and n boxes and γ = (k, γ_+, γ_−) where k is an integer in the range 0 ≤ k ≤ min(m, n) and γ_+, γ_− are Young diagrams with m − k and n − k boxes respectively. For a more complete explanation of the labels please see Appendix A.

As an example for the reader to bear in mind, when (m, n) = (1, 1), suppressing non-essential labels the Brauer basis is

O^{k=0}_{[1],[¯1]}(Z, Z^†) = tr Z tr Z^† − 1 N tr ZZ^† (4.2)

O^{k=1}_{[1],[¯1]}(Z, Z^†) = 1 N tr ZZ^† . (4.3)

Since we discuss in particular the label k throughout the rest of this paper, the following comment will be useful to the uninitiated reader. In the construction of the Brauer basis, a term with a single ‘ZZ^†’ inside the same trace, such as tr ZZZ^†, involves a single ‘Brauer contraction’. Terms such as tr ZZ^† tr ZZ^†Z^† or tr ZZ^†ZZZ^† involve two such Brauer contractions, etc.

The label k is related to the number of contractions as follows. If one writes a Brauer basis operator as a sum of terms in order of increasing contractions, as the two operators above are written, an operator with label k begins with a term involving k Brauer contractions. We have not proved this, but we believe it to be true from all the examples we know. Thus the leading term in a k = 0 operator is the product of a purely holomorphic operator and a purely anti-holomorphic operator, while all terms in a m = n = k operator involve k contractions.

The first result of this section is a conjecture for the solution to the N = 2 counting of the operators of the Brauer basis, for which which we provide numerical evidence.

The second result will be to find evidence of a ‘free fermions on a circle’ structure in the k = 0 sector. This generalizes to any N, as discussed in Section 5.1. We show that the Brauer basis at N = 2 can be neatly expressed in terms of five integers and observe the correspondence between states in the k = 0 sector and two free fermions on a circle. In these developments a crucial role is played by the structure of the ring of Casimirs.

The third result in this section is to show that the momenta of the free fermions of the k = 0 sector can be constructed from differential operators in variables which include both eigenvalues and off-diagonal elements of Z. This leads us to observe that the complex matrix model contains free fermions arising in a novel way, different from the way they arise in hermitian or unitary models.

4.1 Casimir operators and a ring of degree-preserving differential operators

The differential operators introduced in equation (3.12) were studied in [25] as generalized Casimirs commuting with the scaling operator for Z, Z^†, which is the Hamiltonian for zero coupling SYM. This ring is analogous to the ring generated by B in Section 3.5; at N = 2 the generating set is D = { tr G_2, tr G^2, tr G_3, tr G^2_3, tr G_2G_3 } (4.4)

where G_2, G_3 were defined in (3.12)

(G_2)^i_j = Z^i_k ( ∂ ∂Z )_k j (G_3)^i_j = −Z^{†k}_j ( ∂ ∂Z^† )_i k . (4.5)

Defining G_L = G_2 + G_3 , (4.6)

we introduce the Hamiltonians

H_1 = tr G_2 H_2 = tr G^2 H̄_1 = tr G_3 H̄_2 = tr G^2_3 H_L = tr G^2_L . (4.7)

Each of these operators commutes with the scaling operator for Z and Z^†, which is H = H_1 + H̄_1. The operators in D generate a ring of commuting Hamiltonians related to the integrability of the system. We have defined H_L for later convenience; its name derives from the fact that the operator G_2 + G_3 is the infinitesimal generator of the left action of U(N) [25]: Z → UZ, Z^† → Z^†U^†. (4.8) It was shown in [25] that the five operators defined in (4.7),

H_A = { H_1, H̄_1, H_2, H̄_2, H_L } (4.9)

measure respectively the Casimirs

C_A = { C_1(α), C_1(β), C_2(α), C_2(β), C_2(γ) } . (4.10)

Generalized Casimir operators such as tr(G^2G_3) were investigated in [25] and were shown to be sensitive to the labels i, j in (4.1). Since the matrix elements of G_2 and G_3 commute, we may regard G_2 and G_3 as matrices of c-numbers and apply the Cayley-Hamilton theorem as in Section 3.5 to show that the set D is a maximal algebraically independent set of degree-preserving gauge invariant differential operators.

This observation implies that the generalized Casimir operators such as tr G^2G_3 do not yield independent information about the wavefunctions at N = 2, i.e. that all the information in the labels {α, β, γ, i, j} is in fact contained only in {α, β, γ}. We can interpret this fact in terms of Brauer algebra representation theory as follows.

In the restriction of an irreducible representation γ of the Brauer algebra to the representation A = (α, β) of C [S_m × S_n], there enters an integer multiplicity M^{γ;N}_A defined by V^{BN (m,n)} γ = ⨁ A M^{γ;N}_A V^{C (Sm ×Sn)} A . (4.11)

For large N, i.e. m + n < N, we denote this multiplicity by M^γ_A or M^γ_{α,β} and using δ ⊢ k to denote that δ is a partition of k we have the formula [14]

M^γ_A = M^γ_{α,β} = ∑ δ⊢k ∑ δ g(γ_+, δ; α)g(γ_−, δ, β) (4.12)

where g(γ_+, δ; α) is a Littlewood-Richardson coefficient.

As reviewed in Appendix A the indices i, j on a Brauer operator range over the values {1, . . . , M^{γ;N}_A }, and so the redundancy of the i, j labels at N = 2 means that M^{γ;N=2}_A is either 0 or 1 for all γ, A. A direct proof of this by using the finite N constraints on the states of the Brauer representation in [15] would be interesting to obtain. At this point we will take a more pragmatic perspective, assume it is true, and will find that it leads to a consistent counting of states of the complex matrix model at N = 2.

4.2 Counting of states at N = 2 and Brauer basis labels

The ring of gauge invariant operators at N = 2 is generated by five single trace operators (3.37). Hence the number of linearly independent multi-trace operators Q^{N=2}_{mt} (m, n) for fixed (m, n) is counted by the generating function 1 (1 − x)(1 − y)(1 − x^2)(1 − y^2)(1 − xy) = ∑ m,n Q^{N=2}_{mt} (m, n)x^my^n. (4.13)

This is the Plethystic Exponential [44, 45] of the single trace generating function ∑ m,n Q^{N=2}_{st} (m, n) x^my^n = 1 + x + y + x^2 + y^2 + xy (4.14)

derived from the independent single traces in the basis B (3.37).

Having found the N = 2 counting of multi-traces, we can express it in terms of constraints on the large N Brauer counting. The obvious constraint c_1(γ_+) + c_1(γ_−) ≤ 2 is not sufficient. We have argued above that the multiplicities M^{γ;N=2}_{α,β} are either 0 or 1. We first set M^{γ;N=2} α,β = { 1 if M^γ_{α,β} > 0 0 otherwise

(4.15) where M^γ_{α,β} is given by (4.12). Having done this we also find it necessary to impose extra constraints on the labels α, β for agreement with (4.13).

The constraints on α, β are as follows. Denoting the length of the p^{th} column of a Young diagram R by c_p(R), we constrain:

1. c_1(α) + c_1(β) ≤ N + k

2. [c_1(α) + c_1(β)] + [c_2(α) + c_2(β)] ≤ 2N + k . . and in general for each p = 1, 2, . . . , min(m, n) , constrain p∑ r=1 (c_r(α) + c_r(β)) ≤ pN + k. (4.16)

We have used SAGE and Mathematica to enumerate all possible Brauer basis operators subject to the constraint (4.16) and to compare with the Trace basis generating function. The two agree up to (m, n) = (15, 15) which is the practical limit for a desktop computer. This conjecture generalizes the ‘Non-chiral Stringy Exclusion Principle’ introduced in [12]. This counting of operators at N = 2 implies a result for the reduction multiplicities M^{γ,N=2} A , namely that M^{γ;N=2} α,β = { 1 if M^γ_{α,β} > 0 and (4.16) holds 0 otherwise

(4.17)

We will re-state this result after simplifying the condition (4.16).

We can use the fact that the Brauer basis diagonalises the five Casimirs H_A to explicitly enumerate the independent Brauer operators at N = 2. Fixing (m, n) we pick a basis of multi-traces. Acting with the explicit form of the Casimirs (4.41), we can construct linear combinations which are eigenstates of the Casimirs. Because the eigenvalues of the five Casimirs determine the labels α, β, γ uniquely, we can also read off the labels of the allowed operators. We have carried out this procedure for selected values of (m, n) up to (m, n) = (4, 3).

4.3 The Brauer basis labels at N = 2 in terms of five integers

In Section 3.5 we described the states of the N = 2 theory as generated by a finite set of traces. In this section we will obtain the description in terms of the Brauer basis for multi-traces. For general N, we give a review of the Brauer basis states in Section A. For ease of notation we denote r_i = r_i(α) and r̄_i = r_i(β).

We can choose different sets of five integers to parameterise the states, such as r_1, r_2, r̄_1, r̄_2, r^γ_1 (4.18) r^γ_1 , r^γ_2 , k, r_1, r̄_1 (4.19) r^γ_1 , r^γ_2 , k, r_1, r̄_2. (4.20) We will show that each of the above sets of five integers determines a state uniquely, and we will give the constraints on the integers.

A state is determined uniquely at N = 2 by α, β, γ, containing the set of integers {r_1, r_2; r̄_1, r̄_2; k, r^γ_1 , r^γ_2 } . (4.21) From the Brauer algebra representation theory briefly reviewed in Appendix A, we have the following relations : ∑ i r_i = m, ∑ i r̄_i = n, (4.22) ∑ i r_i(γ_+) = m − k, ∑ i r_i(γ_−) = n − k. (4.23)

Using the relationship between r_i(γ), r_i(γ_+) and r_i(γ_−) we have ∑ i r_i(γ) = ∑ i r_i(γ_+) − ∑ i r_i(γ_−) = m − n (4.24)

which at N = 2 reads r^γ_1 + r^γ_2 = m − n. (4.25) Adding the two expressions in (4.23) we find that ∑ i |r_i(γ)| = ∑ i r_i(γ_+) + ∑ i r_i(γ_−) = m + n − 2k (4.26)

which at N = 2 gives k = 1 2 (m + n − |r^γ_1 | − |r^γ_2 |) . (4.27) We now show that each of (4.18)-(4.20) are enough to determine the state via (4.21):

1. Starting from the five integers in (4.18), we deduce m, n from (4.22), r^γ_2 from (4.25) and k from (4.27).

2. Starting from (4.19) we read off r_i(γ_+) and r_i(γ_−) by inspecting whether r^γ_1 and r^γ_1 are positive or negative. We then deduce m and n from (4.23) and r_2 and r̄_2 from (4.22).

3. Starting from (4.20) we proceed as in point 2 above.

This shows that each of the three sets of five integers identified are sufficient to identify any state.

4.3.1 N = 2 constraints in terms of five integers Let us consider the case where k is one of our five integers. We rewrite the N = 2 constraint (4.16) as a lower bound on k: k ≥ p∑ r=1 (c_r(α) + c_r(β)) − 2p for each p = 1, . . . min(m, n). (4.28)

Note that as p increases the lower bound on k gets stronger only when c_p(α) + c_p(β) > 2. (4.29) Before presenting a general expression for the lower bound on k we examine in detail the case 0 < r_2 < r̄_2 < r_1 < r̄_1. (4.30) We observe that

• For 1 ≤ p ≤ r_2 we have c_p(α) + c_p(β) = 4 • For r_2 < p ≤ r̄_2 we have c_p(α) + c_p(β) = 3 • For p > r̄_2 we have c_p(α) + c_p(β) ≤ 2 The strongest lower bound on k is therefore at p = r̄_2 where we have k ≥ 4r_2 + 3(r̄_2 − r_2) − 2r̄_2 ⇒ k ≥ r_2 + r̄_2. (4.31) Proceeding similarly we find a general expression for the lower bound on k. For simplicity, wlog suppose r_2 ≤ r̄_2. There are three cases to consider:

1. r_2 ≤ r_1 ≤ r̄_2 ≤ r̄_1 ⇒ k ≥ r_1 + r_2 2. r_2 ≤ r̄_2 ≤ r_1 ≤ r̄_1 ⇒ k ≥ r_2 + r̄_2 3. r_2 ≤ r̄_2 ≤ r̄_1 ≤ r_1 ⇒ k ≥ r_2 + r̄_2.

Combining these we obtain the lower bound k ≥ min(r_2, r̄_2) + min ( min(r_1, r̄_1), max(r_2, r̄_2) ) (4.32) which is equivalent to (4.16). We can also express the constraint (4.32) in terms of the five integers in (4.18) by substituting for k from (4.27) to find 1 2 (m + n − |r^γ_1 | − |m − n − r^γ_1 |) ≥ min(r_2, r̄_2) + min ( min(r_1, r̄_1), max(r_2, r̄_2) ) . (4.33) We can now re-state the result (4.17) for the N = 2 reduction multiplicities: M^{γ;N=2} α,β = { 1 if M^γ_{α,β} > 0 and (4.32) holds 0 otherwise.

(4.34)

4.4 The Casimirs as differential operators in z_i, t_0

In this section we express the Casimir operators / Hamiltonians from Section 4.1 as differential operators on M_2.

Below are calculated expressions in the coordinates z_i, t_0 for the Hamiltonians defined in (4.7). For convenience define

L_1 = z_1 ∂ ∂z_1 L̄_1 = z_1 ∂ ∂z_1 (4.35)

L_2 = z_2 ∂ ∂z_2 L̄_2 = z_2 ∂ ∂z_2 L_t = t_0 2 ∂ ∂t_0 (4.36)

and recall the notation z_c = z_1 + z_2, z = z_1 − z_2.

Recalling the definition G_L = G_2 + G_3 from above (4.7), we find the following expressions:

H_1 = tr G_2 = L_1 + L_2 + L_t (4.37)

H̄_1 = − tr G_3 = L̄_1 + L̄_2 + L̄_t (4.38)

H_2 = tr G^2 = L^2_1 + L^2 + ( 1 − 2z_1z_2z

zt^2_0 ) L^2_t + 2 z (z_1L_1 − z_2L_2) L_t + z_c z (L_1 − L_2) + L_t (4.39)

H_3 = tr G^2_3 = tr(G^2) (4.40)

H_L = tr G^2_L = (L_1 − L̄_1)^2 + (L_2 − L̄_2)^2 + z_c z (L_1 − L_2) + z_c z (¯ L_1 − L̄_2 )

− 2 |z|^2 { t^2_0(L_1 − L_2)(L̄_1 − L̄_2) + 1 t^2_0

(z_1z_1 − z_2z_2)^2L^2_t

−(z_1z_1 − z_2z_2) [ (L_1 − L_2) + (L̄_1 − L̄_2) ] L_t − (z_1z_1 + z_2z_2)L_t }

(4.41)

Some useful formulae in doing these calculations are now given. Recall from (3.8) the definition V = L^†dL and the expression dZ = L ( dT̃ + [V, T̃ ] ) L^†. (4.42)

Defining dX̃ = dT̃ + [V, T̃ ] and (G̃_2)^i_j = T̃^i_p ( ∂ ∂X̃ )_p j (4.43) one may derive dZ^i_j = L^i_pdX̃^p_qL^{†q}_j ( ∂ ∂Z )_i j = L^i_pL^{†q}_j ( ∂ ∂X̃ )_p q (G_2)^i_j = L^i_pL^q_j (G̃_2)^p_q. (4.44)

The computation of (G̃_2)^p_q shows that it contains angular derivatives. When we calculate

tr G^2 = L^i_pL^q_j (G̃_2)^p_qL^i_rL^s_j(G̃_2)^r_s (4.45) it is important not to neglect the terms obtained from the action of these angular derivatives from (G̃_2)^p_q on L^i_rL^s_j.

4.4.1 The Casimirs as operators on polynomial rings We observed in equation (3.43) that the multi-trace operators built from Z, Z^† form a polynomial ring whose generators we may take to be

z_c, z̄_c, Z = z^2, Z̄ = z̄^2, T_0 = t^2_0 + zz̄ 2 . (4.46)

The above differential operators H_2, H_3, H_L map polynomials in these variables to polynomials. Changing variables to these generators makes this manifest:

H_2 = 2L ( L + 1 2 ) + 1 2 L_c(L_c + 3) + L_0(L_0 + 1) +

2z^2_c Z L + z^2_c Z (2L − 1)L + Z 2z^2_c

L_c(L_c − 1) + Z̄ 8T^2_0

(z^2_c − Z)L_0(L_0 − 1) + 2 ( 1 + z^2_c Z ) LL_0 + 2L_0L_c + 4LL_c.

(4.47) where L = Z^∂_{∂Z} , L_0 = T_0^∂_{∂T0} and L_c = z_c^∂_{∂zc} . H_3 is obtained by complex conjugation and the same exercise can also be done for H_L to illustrate that they are operators that map polynomials to polynomials.

4.5 Eigenvalues of the Casimir operators

As reviewed in Section 2, a Young diagram R with non-negative row lengths r_i labels energies E_i of N fermions in a one-dimensional harmonic oscillator potential, given by E_i = r_i + (N − i) (4.48) and a Young diagram (N-staircase) R with arbitrary integer r_i labels momenta p_i of N free fermions on a circle given in terms of the Fermi energy n_F =^{N−1}_2 by p_i = r_i + (n_F + 1 − i) . (4.49) In this section we review the fact that the values of

• the N independent U(N) Casimirs C_i(R) of the representation R • the N row lengths r_i, and • the N corresponding fermion momenta p_i are equivalent data.

The same remark holds for non-negative r_i with p_i replaced by E_i.

In Section 4.1 we introduced differential operators studied in [25] which when acting on a Brauer basis function O^γ_{αβ}(Z, Z^†) measure the quadratic Casimir of the Young diagrams α, β, γ. Given a U(N) Young diagram R, its linear and quadratic Casimirs are C_1(R) = ∑ i r_i = n (4.50) C_2(R) = nN + ∑ i r_i(r_i − 2i + 1). (4.51)

Using the definition of p_i (4.49) we can write C_2 as

C_2(R) = N∑ i=1 p^2_i − N 12 (N^2 − 1) (4.52)

which agrees with (2.34). Using the definition of E_i (4.48) we can also write C_2 as

C_2(R) = N∑ i=1 E^2_i − (N − 1)n − N 6 (N − 1)(2N − 1) . (4.53)

For general N, knowledge of the values of the N independent Casimir invariants C_i determine the values of the power sum symmetric polynomials P_a = p^a_1 + p^a_2 + ..... + p^a_N (4.54) which in turn for a = 1, . . . , N enables us to solve for p_i or respectively E_i (see e.g. [46]).

We now demonstrate this in the N = 2 theory. The free fermions on a circle have ground state with energy p_1 =^1_2 , p_2 = −^1_2 and in general we have p_1 = r_1 + 1 2 , p_2 = r_2 − 1 2 . (4.55) Setting N = 2 in (4.51) gives C_2 = r_1(r_1 + 1) + r_2(r_2 − 1) (4.56) and so we may express C_1 and C_2 in terms of p_i as

C_1 = p_1 + p_2

C_2 = p^2_1 + p^2 − 1 2 . (4.57)

The resulting quadratic equations for p_i in terms of C_1 and C_2 have solution

p_1 =

C_1 2 + √ C_2 2 − C^2_1 4 + 1 4 p_2 = C_1 − p_1. (4.58)

4.6 The k = 0 sector

In the k = 0 sector γ = (0, α, β) so operators are labelled simply by α and β which are representations of S_m and S_n respectively. To connect with the notation of the unitary matrix model, we write α = R and β = S. If S = ∅, then the k = 0 operator is the holomorphic Schur polynomial corresponding to the representation R:

O^{k=0}_{R,∅} (Z, Z^†) = χ_R(Z) . (4.59)

If R = ∅, then the k = 0 operator is the anti-holomorphic Schur polynomial corresponding to the representation S̄:

O^{k=0}_{∅,S̄} (Z, Z^†) = χ_S (Z^†) (4.60)

and if both α and β are nontrivial, the leading order term in the expansion of O^{k=0} begins with the product of the holomorphic and antiholomorphic Schur polynomials:

O^{k=0}_{R,S̄} (Z, Z^†) = χ_R(Z)χ_S(Z^†) + · · · , (4.61)

where the dots denote terms with at least one ZZ^† inside a trace as discussed at the start of Section 4.

There is an isomorphism between the k = 0 sector and the states of the Unitary matrix model [12]:

O^{k=0}_{RS̄} (Z, Z^†) ←→ χ_R¯_S (U) (4.62) which is obtained by replacing Z with a unitary matrix:

O^{k=0}_{RS̄} (U, U^†) = d_Rd_Sχ_R¯_S (U) . (4.63)

The two point functions of both sets of operators are diagonal; up to a choice of normalisation,

⟨ O^{† k=0}_{RS̄} (Z, Z^†) | O^{k=0}_R′_{S̄}′ (Z, Z^†) ⟩ = ⟨ χ^†_{RS̄} (U) | χ_R′¯_S′ (U) ⟩ = δ_{RR}′ δ¯_S¯_S′ (4.64) and the reader familiar with the ‘coupled characters’ studied in two-dimensional Yang- Mills will notice that the structure of (4.61) is of the same form as the coupled character χ_R¯_S . The k = 0 states are thus isomorphic to the states of N free fermions on a circle via the map given in the same section.

At N = 2, the label γ_c as defined in (A.4) may have at most two rows, r^γ_1 , r^γ_2 and so the integers (k = 0, r^γ_1 , r^γ_2 ) are enough to specify an operator. The list of all N = 2 operators for given (m, n) in Appendix B shows that:

• If r^γ_1 > 0, r^γ_2 ≥ 0, then β = ∅ and we have a holomorphic Schur polynomial.

• If r^γ_1 ≤ 0, r^γ_2 < 0 then α = ∅ and we have an antiholomorphic Schur polynomial.

• If r^γ_1 > 0, r^γ_2 < 0 then the operator is of the form (4.61). At N = 2 there is a unique such operator.

Since row lengths and fermion momenta are equivalent data in specifying a state, the above constraints may be rewritten in terms of fermion momenta p^γ_i . In the next section, we will see how the momenta of these fermions can be expressed in terms of differential operators in z_i, t_0.

4.7 Free particle momenta as functions of differential operators

As noted in (4.9), when applied to an N = 2 Brauer basis operator O^γ_{α,β}, the differential operators H_A = { H_1, H̄_1, H_2, H̄_2, H_L } (4.65)

measure the values of the Casimirs

C_A = { C_1(α), C_1(β), C_2(α), C_2(β), C_2(γ) } (4.66)

respectively. We also have the fact that C_1(γ) is measured by H_1 −H̄_1. We define fermion momentum operators

p̂_A = { p̂_1, p̂_2, ^̄p_1, ^̄p_2, p̂^γ_1 , p̂^γ_2 } (4.67)

whose eigenvalues are p_1, p_2, p̄_1, p̄_2, p^γ_1 , p^γ_2 respectively. We now repeatedly apply (4.58) to each of α, β, γ in turn which enables us to derive expressions for these operators in terms of the basic gauge invariant operators H_A.

Applying (4.58) to the label α and promoting to an operator equation we obtain

p̂_1 =

H_1 2 + √ H_2 2 − H^2_1 4 + 1 4 p̂_2 = H_1 − p̂_1. (4.68)

Applying (4.58) to the label β we obtain analogous expressions for ^̄p_1, ^̄p_2 in terms of H̄_1, H̄_2.

Applying (4.58) to the label γ, promoting to an operator equation and defining d̂ = H_1 − H̄_1 we obtain

p̂^γ_1 = d̂ 2 + √ H_L 2 − d̂2 4 + 1 4 p̂^γ_2 = d̂ − p̂^γ_1 (4.69)

As noted in Section 4.6, in the k = 0 sector a state is specified simply by the values of the row lengths r^γ_1 , r^γ_2 , or equivalently by the values of the fermion momenta p^γ_1 , p^γ_2 and so we now identify p̂^γ_1 , p̂^γ_2 as formal expressions for the momenta of the k = 0 fermions on a circle. We shall extend this result to arbitrary N in the next section.

Comparing to the explicit expressions for H_A obtained in Section 4.4, we see that these fermion momenta are functions of differential operators in both the eigenvalues z_i and the off-diagonal element t_0. In hermitian matrix models and unitary matrix models, the emergent fermions are the eigenvalues of the relevant matrix. Here, however, the k = 0 emergent fermions have no such direct connection to eigenvalues of Z.

5 Free particle structures and counting on M_N

In this section we extend aspects of our N = 2 discussion of the algebra of gauge invariant functions and the rings of scale invariant and gauge invariant differential operators to the case of general N.

Following our considerations for the k = 0 sector from Section 4, we show that the momenta of the free fermions are determined in terms of differential operators on M_N . We show that the correspondence between states of the k = 0 sector and the unitary matrix model (and hence free fermion wavefunctions) extends beyond two-point functions to a class of three-point functions.

At N = 2 we have shown that the number of generators of the ring of gauge invariant functions on M_N will be N^2 + 1. At N = 3, we will show that there is an interesting twist but that the above statement remains true in a refined form.

Finally we study the m = n = k sector. This is the maximum possible value of k, in contrast to our studies of k = 0 which is the minimum possible value. This sector consists of traces and multi-traces of Z^†Z and we show that it may be mapped to N free fermions in a one-dimensional harmonic oscillator potential. This is a second, distinct appearance of free particles in complex matrix models.

5.1 The k = 0 sector revisited

We first observe that our construction of free fermion momenta as functions of differential operators in z_i, t_{ij} may be extended to general N in a slightly weaker form as follows.

The construction in the previous section may be carried out for general N by identifying differential operators which measure higher order Casimirs. These will be traces of higher powers of the G_i. We have not found closed form expressions analogous to (4.57) for higher N since this would require us to solve arbitrary order polynomials. However, since the p_i are integer or half-integer, they may always be determined in terms of the eigenvalues of the Hamiltonians [46], and hence implicitly in terms of differential operators in z_i, t_{ij} . We have thus identified an implicit map from k = 0 operators to fermions on a circle for all finite N.

We next conjecture that the k = 0 sector may be descibed as the kernel of the differential operator tr G_2G_3. Let us recall from Section 4.1 that the differential operator

tr(G_2 + G_3)^2 = tr(G^2 + 2G_2G_3 + G^2_3) (5.1)

measures C_2(γ), and so tr G_2G_3 measures 1 2 (C_2(γ) − C_2(α) − C_2(β)) . (5.2)

Since for a k = 0 operator γ = (0, α, β), we have that

C_2(γ) = C_2(α) + C_2(β) (5.3)

and so (tr G_2G_3) O^{k=0}(Z, Z^†) = 0. (5.4)

As a brief aside, note that the action of the Brauer contraction element C_1¯_1 on Z^i_j Z^{†k}_l is as follows [12]: C_1¯_1 ( Z^i_jZ^k_l ) = δ^i_l(Z^†Z)^k_j. (5.5)

Since (G_2)^p_qZ^i_j = δ^i_qZ^p_j and − (G_3)^q_pZ^{†k}_l = δ^q_lZ^{†k}_p (5.6)

we have − tr G_2G_3 ( Z^i_j Z^{†k}_l ) = δ^i_l(Z^†Z)^k_j (5.7)

and since tr G_2G_3 acts via the Leibniz rule, the action of − tr G_2G_3 on O = Z^{i1}_{j1} Z^{i2}_{j2} · · · Z^{im}_{jm} Z^{†p1}_{q1} Z^{†p2}_{q2} · · · Z^{†pn}_{qn} (5.8) is that of the sum over all individual contractions C = m∑ r=1 n∑ s=1 C_{rs̄}. (5.9)

Similarly the action of the laplacian

□ = tr ( ∂ ∂Z ∂ ∂Z^† ) (5.10)

on Z^i_j Z^{†k}_l is given by □ ( Z^i_j Z^{†k}_l ) = δ^i_lδ^k_j. (5.11)

which is a Wick contraction using the two point function (1.1), and as before extends via the Leibniz rule. It was noted in [12] that the k = 0 operators have no self Wick contractions and so we have □ O^{k=0}(Z, Z^†) = 0 , (5.12)

a result we shall use later in Section 6. For now we simply note that it is possible to construct simple examples which show that the k = 0 operators do not comprise the full kernel of □.

We expect however that the converse of (5.4) is true for any N

tr(G_2G_3) O = 0 ⇒ O = O^{k=0} (5.13)

meaning that the kernel of tr(G_2G_3) is exactly the k = 0 sector. As a differential operator, tr(G_2G_3) can be viewed as a modification of the laplacian which is invariant under scalings of Z and Z^†.

It is instructive to try and construct a counterexample to (5.13). From (5.2) we know that tr(G_2G_3) O = 0 is equivalent to

C_2(γ) = C_2(α) + C_2(β). (5.14)

The operator with labels

α = [1, 1], β = [1, 1], γ = (k = 1, γ_+ = [1], γ_− = [1]) (5.15)

has Casimirs C_2(α) = 2, C_2(β) = 2, C_2(γ) = 4 (5.16)

however this operator in fact does not exist since it fails our N = 2 constraint (4.16) in the form:

c_1(α) + c_1(β) ≤ N + k. (5.17)

This example supports (5.13) and shows that it is sensitive to finite N constraints of the Brauer basis.

5.2 Three-point functions of k = 0 operators

In Section 4.6 we reviewed the map between k = 0 operators and Unitary matrix model operators, and the result that the two point functions on both sides of the correspondence agree. Here we show that the same is true for a class of three-point functions. The correlators we consider are a subclass of the correlators ⟨O_{A1} (Z, Z^†) O_{A2} (Z, Z^†) O^†_{A3} (Z, Z^†)⟩ (5.18) where A_1 = R_1S̄_1 is a short notation for the labels of the operators in the k = 0 sector, and similarly for A_2 and A_3. In terms of Brauer projectors the operators are defined by O_R¯_S (Z, Z^†) = tr_{m,n}(P_R¯_S Z ⊗ Z^†) (5.19) where P_R¯_S is defined in Appendix A. The subclass we study is that in which m_1 +m_2 = m_3 and n_1 + n_2 = n_3. Performing the Wick contractions, we get

⟨O_{A1} (Z, Z^†) O_{A2} (Z, Z^†) O^†_{A3} (Z, Z^†)⟩ = m_3!n_3! tr_{m3,n3} ((P_{A1} ∘ P_{A2} )P_A). (5.20) The calculation is very similar to those in [2, 47]. It is convenient to express projectors as an integral over the U(N) group as P_γ = Dimγ ∫ dUχ_γ (U^†)U (5.21) where Dimγ is the dimension of the U(N) representation γ; this follows from Schur-Weyl duality. We can therefore calculate (5.20) via

tr_{m,n}((P_{A1} ∘ P_{A2} )P_{A3} ) = DimA_3 ∫ dU_3χ_{A3} (U^†_3 ) tr_{m3,n3} ((P_{A1} ∘ P_{A2} )U_3) = DimA_3d_{A1} d_{A2} ∫ dU_3χ_{A1} (U_3)χ_{A2} (U_3)χ_{A3} (U^†_3 ) = DimA_3d_{A1} d_{A2} g(A_1, A_2; A_3) = DimA_3d_{R1} d_{R2} d_{S1} d_{S2} g(R_1, R_2; R_3)g(S_1, S_2; S_3) (5.22) where d_A ≡ d_R¯_S = d_Rd_S and the following has been used to get the second equality: tr_{m,n}((P_{A1} ∘ P_{A2} )U_3) = d_{A1} d_{A2} χ_{A1} (U_3)χ_{A2} (U_3) (5.23) and g(A_1, A_2; A_3) = ∫ dU_3χ_{A1} (U_3)χ_{A2} (U_3)χ_{A3} (U^†_3 ) (5.24) is the Littlewood-Richardson coefficient which counts the number of A_3 in the tensor product A_1 ⊗ A_2. This derivation shows that integration over M_N can be done using Brauer algebras.

5.3 Finite N counting of single traces and multi-traces

Since Z and Z^† do not in general commute, enumerating multi-trace operators in one complex matrix is an equivalent problem to enumerating multi-trace operators in two hermitian matrix models.

Therefore an important check on the Brauer basis is that the counting of Brauer basis operators agrees with that of the counting of operators in two-matrix models [48, 49, 50, 51, 52].

At finite N, we denote the counting of multi-trace operators built from two matrices with m of one type and n of the other as Q^N_{mt}(m, n). The following two expressions determine Q^N_{mt}(m, n) in terms of group theoretical quantities [53, 48, 49]: Q^N_{mt}(m, n) = ∑ R⊢m+n,Λ⊢m+n c_1(R)≤N,c_1 (Λ)≤2

C(R, R, Λ)g([m], [n]; Λ) (5.25)

and Q^N_{mt}(m, n) = ∑ R⊢m+n c_1(R)≤N ∑ R_1⊢m c_1(R_1)≤N ∑ R_2⊢n c_1(R_2 )≤N

g(R_1, R_2; R)^2. (5.26)

Here C(R, R; Λ) is the multiplicity of the irreducible representation Λ of S_{m+n} appearing in the tensor product of irreducible representations R ⊗ R of S_{m+n}, and g(· , · ; ·) is a Littlewood-Richardson coefficient.

Defining the finite N multi-trace generating function Z^N_{mt}(x, y) = ∑ m,n Q^N_{mt}(m, n) x^my^n, (5.27)

the relation between the counting of single-traces and multi-traces is given by the Plethystic Logarithm [44, 45]: Z^N_{st} (x, y) = ∞∑ k=1 μ(k) k log ( Z^N_{mt}(x^k, y^k) ) . (5.28)

At N = 2 this leads to the five single traces identified in equation (3.37).

At N = 3 the Plethystic Logarithm gives the single-trace generating function ∑ m,n Q^{N=3}_{st} (m, n) x^my^n = 1 + x + y + x^2 + y^2 + xy + x^3 + y^3

+ x^2y + xy^2 + x^2y^2 + x^3y^3 − x^6y^6 (5.29)

The interpretation of this generating function is that there are 11 independent single trace operators along with one syzygy (algebraic relation) which occurs at order (m, n) = (6, 6). It would be interesting to find this relation explicitly.

We expect that the reduction multiplicities for B_N (m, n) to S_m × S_n, which we have denoted by M^{γ;N}_{α,β} , satisfy the counting ∑ γ,α,β ( M^{γ;N}_{α,β} )_2

= Q^N_{mt}(m, n). (5.30)

We show in the next section that this is true for N > m + n and it is also consistent with our calculations at N = 2 in Section 4.2. It would be interesting to prove it for general N, with or without using the connections to matrix models.

5.4 Large N Brauer basis counting

For N sufficiently large, i.e N > m + n, we denote the counting of multi-trace operators by Q_{mt}(m, n). The formulae in (5.25), (5.26) give rise to this quantity Q_{mt}(m, n) when N > m + n. By Pólya counting Q_{mt}(m, n) is also given by (see [48, 49] & refs within) ∞∏ r=1 1 1 − (x^r + y^r) = ∞∑ m,n=0 Q_{mt}(m, n)x^my^n. (5.31) In equation (177) of [49] the following expression was derived: Q_{mt}(m, n) = ∑ c_l(1): ∑ l c_l(1)l=m ∑ c_l(2): ∑ l c_l(2)l=n ∏ l (c_l(1) + c_l(2))!

c_l(1)!c_l(2)!

(5.32)

The counting of Brauer basis operators is denoted N_{sb}(m, n) and was shown in [12] to be given by N_{sb}(m, n) = ∑ γ,A (M^γ_A)^2 . (5.33)

In [12] it was argued that this formula correctly counts multi-traces at large N, namely that N_{sb}(m, n) = Q_{mt}(m, n). (5.34) In Appendices C and D we give two proofs of this fact, firstly by direct comparison to (5.32) and secondly by enumerating invariants in the reduction GL(N) × GL(N) → GL(N).

5.5 The m = n = k sector: Operators and free fermions

We recall from the discussion at the start of Section 4 that the integer k is directly related to the minimum number of Brauer contractions involved in the terms which are summed to make up an operator in the Brauer basis.

For m = n = k, all terms in an operator involve the maximum number of contractions, which translates into the fact that these operators are multi-traces of the matrix Y = Z^†Z. Since Y is hermitian we find the N fermions of the hermitian matrix model emerging in this sector, as follows.

In this sector we have γ = (k = m, γ_+ = ∅, γ_− = ∅) and α = β, so the projectors Q^γ_{α,β} (defined in Appendix A) are in this sector labelled by α alone. We write

P^{k=m}_α = Q^γ_{α,α} with γ as above. (5.35)

The projector is written in terms of the k-contraction operator C_{(k)} defined by

C_{(k)} = ∑ σ∈S_k C_{σ(1)}¯_1 · · · C_{σ(k)}¯_k, (5.36)

and the projector p_α which projects the holomorphic half of V^{⊗k} ⊗ V̄^{⊗k} to the representation α. It is proved in Appendix E that the projector takes the form

P^{k=m}_α = d_α k!Dimα C_{(k)}p_α (5.37)

and that the operator satisfies the following required properties:

(P^{k=m}_α )^2 = P^{k=m}_α and tr_{k,k}(P^{k=m}_α ) = (d_α)^2 (5.38)

where d_α is the dimension of the S_k representation α. The operators in the m = n = k sector therefore take the explicit form: tr_{k,k}(P^{k=m}_α Z^{⊗k} ⊗ Z^{∗⊗k}) = d_α k!Dimα tr_{k,k}(C_{(k)}p_αZ^{⊗k} ⊗ Z^{∗⊗k}) = d_α k!Dimα ∑ σ∈S_k tr_{k,k}(σC_1¯_1 · · · C_k¯_kσ^{−1}p_αZ^{⊗k} ⊗ Z^{∗⊗k}) = d_α Dimα tr_{k,k}(C_1¯_1 · · · C_k¯_kp_αZ^{⊗k} ⊗ Z^{∗⊗k}) = d_α Dimα tr_k(p_αY^{⊗k}) (5.39)

where Y = Z^†Z. So operators in the m = n = k sector are Schur polymonials constructed from Y .

We may understand these results in the following way. First observe that H_L annihilates (Z^†Z)^i_j , since H_L = G_2 + G_3 generates the U(N) action on the lower index of Z^† and the upper index of Z, Z → UZ, Z^† → Z^†U^† (5.40) and that the product (Z^†Z)^i_j is invariant under this action. Traces of powers of Y are thus also invariant under (5.40).

H_L measures C_2(γ) which implies that C_2(γ) = 0 for all operators built from Y^i_j. This is consistent with the fact that in the m = n = k sector γ = (k = m, γ_+ = ∅, γ_− = ∅) and so C_2(γ) = 0. We can consider a Casimir of the form tr(Y^∂_{∂Y} )^2 which measures the labels of the Young diagram.

By the map discussed in Section 2.1, Schur polynomials in a hermitian matrix correspond to the states of N free fermions in a harmonic oscillator potential. The harmonic oscillator fermions observed here are a second emergence of free particles, distinct from those of the k = 0 sector.

6 Applications to integrable quantum mechanics

6.1 Review of matrix harmonic oscillator quantum mechanics

We now return to the dimensional reduction of N = 4 Super Yang-Mills on R × S^3 in the zero coupling limit, truncated to the sector of one complex matrix. As noted in Section 3.2 one may choose the A_0 = 0 gauge while imposing Gauss’s Law, yielding the quantum mechanics for the matrix Z(t) defined by the following action [54]: S = ∫ dt tr ( ŻŻ^† − ZZ^† ) (6.1)

It is well known that the holomorphic sector of the theory is equivalent to a system of non-interacting fermions in a one-dimensional harmonic oscillator potential [2, 8, 39]. As a subsector of N = 4 Super Yang-Mills extremal correlators in this sector are protected by supersymmetry [10, 11] and the states of this sector are dual to the LLM supergravity geometries [9].

Going beyond the holomorphic sector, we no longer have non-renomalization theorems so the connection to supergravity is not straightforward. Based on the following investigations, we will infer properties of any candidate string dual of the complex matrix model sector at zero coupling in Section 7.

We first review the previous analysis of the above theory [2]. The momenta conjugate to Z^i_j and Z^{†i}_j are

Π^j_i ≡ Π_Zi_j = ∂L ∂Ż^i_j = Ż^{†j}_i, Π^{†j}_i ≡ Π_Z†i_j = ∂L ∂Ż^{†i}_j = Ż^j_i. (6.2)

The equal time canonical commutation relations are [ Z^p_q, Π^j_i ] = i δ^j_qδ^p_i [ Z^{†p}_q, Π^{†j}_i ] = i δ^j_qδ^p_i (6.3) so we can identify the conjugate momenta with matrix derivatives in the usual way using (2.5). We define the creation and annihilation operators:

A^† = 1 √ 2 (Z − iΠ^†) = 1 √ 2 ( Z − ∂ ∂Z^† ) A = 1 √ 2 (Z^† + iΠ) = 1 √ 2 ( Z^† + ∂ ∂Z )

B^† = 1 √ 2 (Z^† − iΠ) = 1 √ 2 ( Z^† − ∂ ∂Z ) B = 1 √ 2 (Z + iΠ^†) = 1 √ 2 ( Z + ∂ ∂Z^† ) (6.4)

Importantly, the dagger on A^† does not signify hermitian conjugate of A. It signifies purely that this is a creation operator. The hermitian conjugate of A^{†i}_j is A^j_i. The canonical commutation relations become

[A^i_j, A^{†k}_l] = δ^i_lδ^k_j [B^i_j, B^{†k}_l] = δ^i_lδ^k_j . (6.5)

The Hamiltonian and U(1) current take the form

Ĥ = tr ( − ∂^2 ∂Z∂Z^† + ZZ^† ) = tr(A^†A + B^†B) + N^2

Ĵ = tr ( Z ∂ ∂Z − Z^† ∂ ∂Z^† ) = tr(A^†A − B^†B) (6.6)

where N^2 is the zero point energy for N^2 harmonic oscillators in two dimensions.

The ground state of this system satisfies A|0⟩ = B|0⟩ = 0. The corresponding (nonnormalised) wavefunction Ψ_0 = ⟨Z, Z̄|0⟩ is

Ψ_0(Z, Z^†) = e^{− tr(ZZ†)}. (6.7)

Holomorphic gauge invariant excitations of this system are defined by the constraint B|O⟩ = 0 and consist of operators built from A^† acting on the ground state. These may be written as

tr_n(σ(A^†)^{⊗m})|0⟩ (6.8)

where σ is an element of S_n, and controls how the indices are contracted to form either a single or multi-trace operator. A more convenient basis for operators of the form (6.8) is the Schur polynomial basis (for details see [2]):

|Ψ_R⟩ = χ_R(A^†)|0⟩ (6.9)

where χ_R is the character of the U(N) representation R. Since

A^†e^{− tr(ZZ†)} = √ 2Ze^{− tr(ZZ†)}, (6.10)

we may write

Ψ_R(Z, Z^†) = χ_R( √ 2Z)e^{− tr(ZZ†)}. (6.11)

This state has E = m + N^2 and J = m and is holomorphic in Z up to the exponential factor. If we triangularize Z and redefine the wavefunction by absorbing the Jacobian of the transformation into the definition of the wavefunction, it becomes a wavefuction for N fermions in the Lowest Landau Level of the Quantum Hall system [2, 8, 55].

6.2 Non-holomorphic sector

The most general eigenstate can be constructed by acting with both A^† and B^† on the ground state,

|Ψ_O⟩ = O(A^†, B^†) |0⟩ (6.12)

where O(A^†, B^†) is a gauge invariant polynomial constructed from m A^†’s and n B^†’s.

The wavefunction of such a state may be written as

Ψ_O(Z, Z^†) = ⟨Z, Z^†|Ψ_O⟩ = O(A^†, B^†) e^{− tr(ZZ†)}. (6.13)

The Brauer Algebra may be used to organise the states above. Such states are analogous to those used in Section 4 and take the form |Ψ^γ_{α,β;i,j}⟩ = O^γ_{α,β;i,j}(A^†, B^†)|0⟩ (6.14) where the labels are explained in Appendix A. This state has E = m + n + N^2 and J = m − n. Unlike for the holomorphic sector wavefunctions, we have O(A^†, B^†)e^{− tr(ZZ†)} ≠ O( √ 2Z, √ 2Z^†) e^{− tr(ZZ†)} (6.15)

because the derivative of Z inside A^† acts on Z which comes from the action of B^† on the exponential factor. For example we have

tr(A^†B^†)e^{− tr(ZZ†)} = ( 2 tr ZZ^† − N^2 ) e^{− tr(ZZ†)} (6.16)

and in general the correct relation is

Ψ_O(Z, Z^†) = O(A^†, B^†)e^{− tr(ZZ†)} = [ e^{− □}2 O( √ 2Z, √ 2Z^†) ] e^{− tr(ZZ†)} (6.17)

where □ is the laplacian tr^∂_{∂Z}^∂_{∂Z†} and the brackets indicate that the derivatives in □ act only on O( √ 2Z, √ 2Z^†) and not on the exponential. e^{− □}2 is defined by its series expansion;

it was observed in (5.11) that the laplacian generates Wick contractions and so here e^{− □}2 performs a normal ordering, subtracting terms in which pairs of √ 2Z and √ 2Z^† have been contracted (c.f. [56]).

Note however that in a k = 0 operator we have from (5.12) that

□ O^{k=0} = 0 (6.18)

and so we can replace A^† and B^† with √ 2Z and √ 2Z^† respectively without worrying about the above subtlety.

We can define operators corresponding to the G_i in (3.12) as follows.

(Ĝ_1)^i_j = (B^†B)^i_j (Ĝ_2)^i_j = (A^†A)^i_j (Ĝ_3)^i_j = − B^{†k}_j B^i_k (Ĝ_4)^i_j = − A^{†k}_jA^i_k (6.19)

Defining |A^i_j⟩ = A^i_j|0⟩ and so on, using the commutation relations we find

(Ĝ_1)^i_j |B^{†p}_q⟩ = δ^p_j |B^{†i}_q⟩ (Ĝ_2)^i_j |A^{†p}_q⟩ = δ^p_j |A^{†i}_q⟩ (Ĝ_3)^i_j |B^{†p}_q⟩ = − δ^i_q |B^{†p}_j ⟩ (Ĝ_4)^i_j |A^{†p}_q⟩ = − δ^i_q |A^{†p}_j ⟩ (6.20)

which is the same as the adjoint action of the operators G_i defined in (3.12) on the matrices Z, Z^† (see equation (11) of [25]).

The result is that we can define harmonic oscillator Casimir operators

Ĥ_A = { Ĥ_1, Ĥ_2, ^̄H_1, ^̄H_2, Ĥ_L } (6.21)

by replacing G_i in (4.7) with Ĝ_i. The eigenvalues of hatted Casimirs acting on O^γ_{α,β;i,j}(A^†, B^†)|0⟩ are the same as those of the corresponding unhatted Casimirs acting on O^γ_{α,β;i,j}(Z, Z^†). This is because the same commutator manipulations can be done to evaluate both, and the arguments which prove that O^γ_{α,β;i,j}(Z, Z^†) are eigenstates of the Casimirs in (4.7) also prove that O^γ_{α,β;i,j}(A^†, B^†)|0⟩ are eigenstates of the hatted versions.

We can take this one step further. Noting that [ Z^i_j, − □ 2 ] = 1 2 ( ∂ ∂Z^† )_i j (6.22) ⇒ [ Z^i_j, e^{− □2} ] = 1 2 ( ∂ ∂Z^† )_i j e^{− □2} (6.23)

and similarly [ Z^{†i}_j, e^{− □2} ] = 1 2 ( ∂ ∂Z )_i j e^{− □2} (6.24)

then using (6.17) we derive A^{†i}_j Ψ_O(Z, Z^†) = A^{†i}_j O(A^†, B^†) e^{− tr(ZZ†)}

= A^{†i}_j [ e^{− □2} O( √ 2Z, √ 2Z^†) ] e^{− tr(ZZ†)} = [ e^{− □2} (√ 2Z^i_j ) O( √ 2Z, √ 2Z^†) ] e^{− tr(ZZ†)} (6.25)

where again the brackets indicate that the derivatives act only on O( √ 2Z, √ 2Z^†) and not on the exponential. Similarly

A^i_j Ψ_O(Z, Z^†) = [ e^{− □2} ( 1 √ 2 ( ∂ ∂Z )_i j ) O( √ 2Z, √ 2Z^†) ] e^{− tr(ZZ†)} (6.26)

implying the following relation between Ĝ_2 and G_2:

(Ĝ_2)^i_j Ψ_O(Z, Z^†) = [ e^{− □2} (G_2)^i_j O( √ 2Z, √ 2Z^†) ] e^{− tr(ZZ†)} (6.27)

Similar results apply to the remaining Ĝ_i, the Hamiltonians Ĥ_i as well as the canonical Hamiltonian Ĥ = Ĥ_1 + ^̄H_1 + N^2 = tr(A^†A + B^†B) + N^2 (6.28)

whose action on wavefunctions Ψ(Z, Z^†) can be written in terms of the (first-order) scaling operator H:

H = H_1 + H̄_1 + N^2 = tr ( Z ∂ ∂Z + Z^† ∂ ∂Z^† ) + N^2. (6.29)

Applying (6.27) and the corresponding relation for Ĝ_3 we find that ĤΨ_O(Z, Z†) = [ e^{− □}2 H O( √ 2Z, √ 2Z^†) ] e^{− tr(ZZ†)}. (6.30)

A similar manipulation in the holomorphic sector was performed in Appendix A of [57]. Note that for a k = 0 operator we have □ O^{k=0} = 0 and so the above analysis gives Ĥ [ O^{k=0}(A^†, B^†) e^{− tr(ZZ†)} ] = [ H O^{k=0}( √ 2Z, √ 2Z^†) ] e^{− tr(ZZ†)}. (6.31)

The inner product on wavefunctions may be derived using ∫ [dZdZ^†] |Z, Z^†⟩⟨Z, Z^†| = 1 (6.32) where [dZdZ^†] = ∏ i,j dZ_{ij}dZ^†_{ij}, as follows: ⟨Ψ_{O1} |Ψ_{O2} ⟩ = 1 π^{N 2} ∫ [dZdZ^†] ⟨O_1(A^†, B^†)|Z, Z^†⟩⟨Z, Z^†|O_2(A^†, B^†)⟩ = 1 π^{N 2} ∫ [dZdZ^†] Ψ_{O1} (Z, Z^†)Ψ_{O2} (Z, Z^†) (6.33) where π^{N 2} compensates for using non-normalised wavefunctions, and is found by imposing

⟨Ψ_0|Ψ_0⟩ = 1. (6.34)

Using (6.17), the above expression (6.33) becomes

⟨Ψ_{O1} |Ψ_{O2} ⟩ = 1 π^{N 2} ∫ [dZdZ^†] O_1(A^†, B^†)e^{− tr ZZ†}O_2(A^†, B^†)e^{− tr ZZ†} = 1 π^{N 2} ∫ [dZdZ^†] ( e^{− □}2 O_1( √ 2Z, √ 2Z^†) ) ( e^{− □2} O_2( √ 2Z, √ 2Z^†) ) e^{−2 tr ZZ†} (6.35)

and rescaling factors of two we have the result

⟨Ψ_{O1} |Ψ_{O2} ⟩ = 1 (2π)^{N 2} ∫ [dZdZ^†] ( e^{−□} O_1(Z, Z^†) )( e^{−□} O_2(Z, Z^†) ) e^{− tr ZZ†} (6.36)

which is the non-holomorphic generalisation of (A.12) of [57].

In the next section we use the right hand side of the above equation to define an inner product on gauge invariant polynomials O(Z, Z^†) rather than the harmonic oscillator wavefunctions Ψ_O(Z, Z^†) which contain exponentials.

6.3 Related integrable quantum mechanics models

In the discussion above we related the action of the Hamiltonian Ĥ in terms of the (firstorder) scaling operator H: We thus have an explicit map (6.30) relating the the action of Ĥ on its eigenstates

Ψ_O(Z, Z^†) = O(A^†, B^†) e^{− tr(ZZ†)} (6.37)

to the action of H on its eigenstates

O(Z, Z^†). (6.38)

The right hand side of (6.36) can be used to define an inner product on polynomial functions of Z, Z^†. Explicitly this inner product is

(O_1(Z, Z^†), O_2(Z, Z^†)) = 1 (2π)^{N 2} ∫ [dZdZ^†] ( e^{−□} O_1(Z, Z^†) )( e^{−□} O_2(Z, Z^†) ) e^{− tr ZZ†} . (6.39)

Note that the two inner products ( · , · ) and ⟨ · | · ⟩ are defined on two different Hilbert spaces:

( · , · ) : { Polynomials in Z, Z^† } → R

⟨ · | · ⟩ : { Harmonic oscillator states } → R. (6.40)

By construction the inner products satisfy

(O_1(Z, Z^†), O_2(Z, Z^†)) = ⟨Ψ_{O1} |Ψ_{O2} ⟩ (6.41)

and each inner product is diagonalised by the corresponding Brauer basis O^γ_{α,β;i,j}(Z, Z^†) and |Ψ^γ_{α,β;i,j}⟩ = O^γ_{α,β;i,j}(A^†, B^†)|0⟩. (6.42) The relevant Hamiltonians have the properties that

• Ĥ_A are hermitian with the inner product ⟨ · | · ⟩

• H_A are hermitian with the inner product ( · , · )

The inner product ( · , · ) can in fact be constructed by starting from the inner product arising from the zero-dimensional complex matrix model and requiring H_i to be hermitian. This involves subtracting Z, Z^† contractions and is discussed in Appendix F.

In addition to the original Hamiltonian Ĥ, it is natural to consider the conserved charges e.g tr Ĝ^2 as Hamiltonians. Since these higher Hamiltonians were constructed to be simultaneously diagonalised with Ĥ in the Brauer algebra basis, we know these are solvable Hamiltonians related to the Brauer algebra. Related to these higher Hamiltonians are simpler ones which are obtained by replacing that hatted G’s with unhatted ones. For example H_2 = tr G^2 or H_L = tr(G_2 + G_3)^2 define solvable quantum mechanics models. They are second order in derivatives as opposed to fourth order like Ĥ_2, Ĥ_L, and hermitian in the inner product (6.39).

Considering the expressions in (4.41) and comparing with equation (2.4) of [58] we see that these integrable quantum mechanics models are non-holomorphic generalizations of the Calogero-Sutherland model at a specific coupling (see also [59, 60] for related literature). A natural question is whether the Calogero-Sutherland model at generic coupling has such integrable non-holomorphic generalizations. Although we have not written out the Hamiltonians for general N explicitly as differential operators in terms of coordinates on M_N it is clear that this can be done by changing variables from gl(N, C ) to z_i, t_{ij} .

7 Summary and outlook

We described free particle structures hidden in matrix models of an N × N complex matrix Z. We related these structures to the geometry of the configuration space M_N of gauge-inequivalent configurations, a space of dimension N^2 + 1. We showed that M_N supports an interesting class of functions, obtained from the gauge invariant functions of Z. The Schur decomposition gives coordinates z_i, t_{ij} useful for describing M_N . Integrals over complex matrices give a measure of integration on M_N which can be used to define an inner product on gauge invariant functions of z_i, t_{ij} . Following [12], Brauer algebras B_N (m, n) give orthogonal bases which diagonalise the inner products which arise. Higher Casimirs constructed from the Brauer algebra, which resolve these orthogonal bases [25], give rise to a complete set of scale and gauge invariant differential operators on M_N .

Among the labels of the Brauer basis is a non-negative integer k. For any N the k = 0 sector has states in one-to-one correspondence with those of N free fermions on a circle. These states correspond to the composite representations RS̄ which play a role in two dimensional Yang Mills. The differential operators which measure Casimirs are polynomials in the free fermion momenta; for N = 2 we inverted these relations to write the momenta as algebraic functions of the differential operators. We conjectured that the k = 0 sector is the kernel of a scale invariant version of the laplacian, the operator tr(G_2G_3). We also gave an equality of correlators between the unitary matrix model and the complex matrix model for a class of three-point functions of k = 0 operators. It is important to note that while the usual emergence of free fermions in matrix models can be seen from a change of variables to eigenvalues [38], here the k = 0 sector has no direct relation to the eigenvalues of Z. Indeed the operator tr(G_2G_3) characterizing it involves derivatives with respect to z_i as well as the off-diagonal t_{ij} .

Another interesting sector where states are counted by Young diagrams is the sector m = n = k. This is a sector of gauge invariant functions of (Z^†Z)^i_j which is the kernel of another second order operator on M_N , namely tr G^2_L as defined above (4.7). We observe that k appears to interpolate between radial and angular free particle systems on a plane. It would be interesting to further elucidate this in a stringy context.

A precise understanding of the commutative ring of scale and gauge invariant differential operators led us to computational results on the reduction multiplicities of representations of B_N (m, n) to S_m × S_n for N = 2.

The connection between M_N and the space of gauge-invariant poynomial functions of Z, Z^† is a more intricate version of the connection between R^N /S_N and symmetric polynomials. Likewise the connection between Brauer algebras and gauge-invariant differential operators on M_N is a generalization of the connection between symmetric groups and differential operators on R^N /S_N .

We present some avenues for future research :

1. We wonder if some of these free particle structures can be obtained from the dual supergravity side of AdS/CFT in the sector which is SO(4) × SO(4) invariant. This would be a non-supersymmetric generalization of the LLM [9] discovery of supergravity geometries corresponding to the free fermions of the holomorphic sector of the complex matrix model [2, 8].

2. We have given explicit expressions for the free fermion momenta for the k = 0 sector of the N = 2 matrix theories in terms of the original matrix variables. It is an open problem to find explicit expressions for the coordinates of the fermions, and the wavefunctions as Slater determinants. It is also interesting to explore whether this would be useful for the computation of correlators.

3. We have found a non-holomorphic generalization of the Calogero-Sutherland Hamiltonian at a fixed coupling. What is the physics of these non-holomorphic models? Can we observe Brauer Algebra wavefunctions in the laboratory?

4. We have presented results on finite N counting of complex matrix model states in terms of Brauer algebras at N = 2. These are related to reduction multiplicities for B_{N=2}(m, n) irreps into S_m × S_n irreps. What are these finite N reduction multiplicities for general m, n, N, in particular for N < m + n ?

5. Our analysis has developed integrable quantum mechanics models for the space M_N and exploited (Brauer) algebras to identify and organise interesting spaces of functions and differential operators on these spaces. M_N is a fibration over R^N /S_N which arises in hermitian matrix models and, like R^N /S_N , has different strata where the orbits qualitatively change their structure. While symmetric groups S_n or their inductive limit S_∞ organise functions and differential operators on the symmetric product, the Brauer algebras B_N (m, n) or similarly their inductive limit B_N (∞, ∞) organise M_N . Results in matrix models, especially multimatrix models [61, 12, 49, 50, 51, 25, 62, 63] can give analogous results for other stratified spaces which arise as the space of inequivalent configurations. Is it possible to understand the role of algebras, integrable structures and hidden free particle systems intrinsically from the stratified geometries? What is the intrinsic characterization of stratified geometries which allow such structures? Studies of Hilbert space structures which mirror the strata in certain stratified spaces have been done [64]. Studying M_N from a similar point of view and finding its relations to the Brauer algebra description of functions and differential operators would be very interesting.

6. There is a substantial literature discussing consistent truncations of the Maldacena duality. For example, it is known that the SU(2) sector defines a consistent truncation to all orders in perturbation theory [65]. Sectors such as the Z, Z^† sector are well-defined truncations at zero coupling. Assuming the strong finite N form of the Maladacena conjecture, and making the plausible assumption that consistent quantum truncations of a quantum field theory with a string dual have a string dual, we are led to ask: What is the gauge-string theory dual of one free complex matrix in four dimensions? Similarly what is the dual of the quantum mechanics from reduction of the Z, Z^† sector on R × S^3? For the large N Gaussian Hermitian matrix model (without the quadratic potential) there is the non-critical string considered in the old matrix model literature [27]. For double scaling limits of the complex matrix models, we have the Type-0 string backgrounds [33]. For the large N hermitian matrix oscillator quantum mechanics, which is also a consistent truncation of the s-wave sector of N = 4 SYM in radial quantization, there is the proposal [66]. A well-known example of a duality between matrix quantum mechanics and M-theory is given by [67].

We do not have a clear answer to the last question, but the following remarks are suggested by the investigations in this paper. We conjecture that there exists a string dual of the matrix harmonic oscillator quantum mechanics discussed in Section 6 which has a 2 + 1 dimensional space-time and whose physics involves interacting strings and branes. The z_i coordinates are positions of N branes in 2 space dimensions. By analogy to the treatment in [68] we expect the variables t_{ij} of the Schur decomposition to describe strings connecting brane i to j; here the triangular constraint (t_{ij} = 0 for i > j) will make the dual qualitatively different from the standard system of strings and branes at weak coupling. This ought to be explained by an explicit construction of the string theory. The Hamiltonian H contains terms t^∂_{∂t} along with z_i^∂_{∂zi} . Excitations involving polynomials in z_i have energies comparable to excitations involving t. This means that strings and branes have comparable masses. Usually string states have masses of order 1 (with l_s = 1) whereas branes have masses of order 1/g_s. In this sense, the model at hand appears to have g_s ∼ 1. An interesting problem is to construct this strings and branes model in detail and to provide a physical interpretation for the labels of the Brauer algebra basis, in particular k, and their constraints at finite N.

Acknowledgements

We thank Tom Brown, Robert de Mello Koch, Diego Rodriguez-Gomez for useful discussions and we thank the anonymous referee for comments which led to an improved exposition. SR is supported by an STFC grant ST/G000565/1. YK was supported by STFC grant PP/D507323/1. DT is supported by an STFC studentship. YK would like to thank Okayama Institute for Quantum Physics and Theoretical Physics Laboratory in RIKEN for hospitality.

A The Brauer algebra basis

In this appendix we briefly introduce the Brauer algebra basis for gauge invariant polynomials in Z, Z^†. The Brauer algebra B_N (m, n) is used to construct a basis of these polynomials of degree m in Z and degree n in Z^†. We will not need a precise definition of these algebras here, rather we will recall below how their representation theoretic data are used to label a useful basis. The definition of these Brauer algebras and their use in constructing a basis of gauge invariant operators is found in the original paper [12]. A more detailed review of the of the construction may be found in Section 2 of [63].

A Brauer basis operator is a linear combination of multi-trace operators built from m Z’s and n Z^†’s and is written as O^γ_{α,β;i,j}(Z, Z^†). (A.1) These operators are constructed by viewing Z^{⊗m} ⊗ (Z^∗)^{⊗n} as operators on V^{⊗m} ⊗ V̄^{⊗n}, composing them with elements in the Brauer algebra Q^γ_{α,β;i,j} and taking a trace [12]: O^γ_{α,β;i,j}(Z, Z^†) = tr_{m,n} ( Q^γ_{α,β;i,j}(Z ⊗ Z^∗) ) (A.2)

The same construction can be done with the creation operators of the matrix quantum mechanics by replacing Z with A^† and Z^∗ with (B^†)^T where T denotes matrix transpose. These operators diagonalize the two-point function for Z, Z^† at zero Yang-Mills coupling or the Fock space inner product for the states created by the A^†, B^† of Section 6.

The labels on the operator are as follows:

1. α, β are Young diagrams with m and n boxes respectively, with c_1(α) ≤ N and c_1(β) ≤ N. They label representations of U(N) as well as S_m and S_n respectively.

2. γ = (k, γ_+, γ_−) where

(a) k is an integer in the range 0 ≤ k ≤ min(m, n) (b) γ_+, γ_− are Young diagrams with m − k and n − k boxes respectively, with c_1(γ_+) + c_1(γ_−) ≤ N.

γ labels a representation of the (walled) Brauer algebra B_N (m, n).

3. i, j are indices which run from 1 to the multiplicity M^γ_{αβ} of the representation (α, β) of C [S_m × S_n] in the representation γ of the Brauer algebra.

The Brauer representation labelled by γ = (k, γ_+, γ_−) has an associated U(N) composite representation labelled by γ_c which is defined as follows. Using the usual notation in which a Young diagram with row lengths r_i is written [r_1, r_2, . . . , r_N ], let

γ_+ = [r_1, r_2, . . . , r_p], γ_− = [s_1, s_2, . . . , s_q] (A.3) then providing p + q ≤ N, γ_c is given by γ_c = [r_1, r_2, . . . , r_p, 0, 0, . . . , 0, −s_q, −s_{q−1}, . . . , −s_1] (A.4) where there are N − (p + q) zeroes inserted. In the language of the mathematics literature γ_c is an N-staircase with positive part γ_+ and negative part γ_− [13, 15].

When we discuss Casimir operators we use the shorthand C_2(γ) for the U(N) quadratic Casimir of the representation γ_c, and similarly r_p(γ) or r^γ_p for the p-th row of γ_c.

When k = 0 the i, j labels are trivial and we have α = γ_+, β = γ_−. Thus γ is given by (k = 0, α, β) and so the k = 0 operators are thus determined by two Young diagrams α and β. To connect with the notation of ‘coupled representations’ in the two-dimensional Yang-Mills literature (see e.g. [69]), we rename γ^+ = R, γ_− = S. If we substitute a unitary matrix in place of Z, the k = 0 polynomials coincide with the ‘coupled characters’ χ_R¯_S (U) studied in the context of the string theory two-dimensional Yang-Mills [69].

At (m, n) = (1, 1), suppressing non-essential labels, the Brauer basis is

O^{k=0}_{[1],[¯1]}(Z, Z^†) = tr Z tr Z^† − 1 N tr ZZ^† (A.5)

O^{k=1}_{[1],[¯1]}(Z, Z^†) = 1 N tr ZZ^† (A.6)

Here we have suppressed γ_+ and γ_− since for a k = 0 operator it is always the case that α = γ_+ and β = γ_−, and since for the above k = 1 operator, γ_+ and γ_− are both the empty diagram. The multiplicity indices i, j are not relevant for this example. For further examples of Brauer basis operators see Appendix A.4 of [12].

B List of γ_+ and γ_− at N = 2 for given (m, n)

Given (m, n) the possible γ_+ and γ_− are listed below, along with γ_c as defined in equation (A.4). Note that r^γ_1 (and hence p^γ_1 ) distinguishes operators, as does r^γ_2 . We use the shorthand C_2(γ) for the U(N) quadratic Casimir of the representation labelled by γ_c.

List of γ_+ and γ_− when m ≥ n using d = m − n

γ_+ γ_− γ_c k C_2(γ)

[m] [n] [m, −n] 0 m(m + 1) + n(n + 1)

[m − 1] [n − 1] [m − 1, −(n − 1)] 1 (m − 1)(m) + (n − 1)(n) . . . . . . . . . . [d + 1] [1] [d + 1, −1] n − 1 (d + 1)(d + 2) + 2

[d] ∅ [d, 0] n d(d + 1)

[d − 1, 1] ∅ [d − 1, 1] n (d − 1)(d) . . . . . . . . . . [ ⌈_d 2 ⌉ , ⌊_d 2 ⌋ ] ∅ [ ⌈_d 2 ⌉ , ⌊_d 2 ⌋ ] n ⌈_d 2 ⌉ ( ⌈_d 2 ⌉ + 1 ) + ⌊_d 2 ⌋ ( ⌊_d 2 ⌋ − 1 )

List of γ_+ and γ_− when m < n using d̃ = n − m

γ_+ γ_− γ_c k C_2(γ)

[m] [n] [m, −n] 0 m(m + 1) + n(n + 1)

[m − 1] [n − 1] [m − 1, −(n − 1)] 1 (m − 1)(m) + (n − 1)(n) . . . . . . . . . . [1] [d̃ + 1] [1, −(d̃ + 1)] m − 1 (d̃ + 1)(d̃ + 2) + 2

∅ [d̃] [0, −d̃] m d̃(d̃ + 1)

∅ [d̃ − 1, 1] [−1, −(d̃ − 1)] m (d̃ − 1)(d̃) . . . . . . . . . . ∅ [ ⌈_{d̃} 2 ⌉ , ⌊_{d̃} 2 ⌋ ] [ − ⌊_{d̃} 2 ⌋ , − ⌈_{d̃} 2 ⌉ ] m ⌈_{d̃} 2 ⌉ ( ⌈_{d̃} 2 ⌉ + 1 ) + ⌊_{d̃} 2 ⌋ ( ⌊_{d̃} 2 ⌋ − 1 )

C Brauer counting at large N from Clebsch counting

In this section we show that N_{sb}(m, n) as defined in (5.33), N_{sb}(m, n) = ∑ γ,A (M^γ_A)^2 , (C.1)

agrees with equation (5.32), Q_{mt}(m, n) = ∑ c_l(1): ∑ l c_l(1)l=m ∑ c_l(2): ∑ l c_l(2)l=n ∏ l (c_l(1) + c_l(2))!

c_l(1)!c_l(2)!

. (C.2)

We first expand ∑ γ ∑ A (M^γ_A)^2

= min(m,n) ∑ k=0 ∑ γ_+⊢(m−k) ∑ γ_−⊢(n−k) ∑ α⊢m ∑ β⊢n ( ∑ δ⊢k g(δ, γ_+; α)g(δ, γ_−; β) )_2

= ∑ k ∑ γ_+,γ_− ∑ α,β ( ∑ δ⊢k g(δ, γ_+; α)g(δ, γ_−; β) ) ( ∑ δ^′⊢k g(δ^′, γ_+; α)g(δ^′, γ_−; β) ) . (C.3)

Here g is the Littlewood-Richardson coefficient which is defined by

g(δ, γ_+; α) = 1 k! 1 (m − k)! ∑ σ_1∈S_k ∑ σ_2∈S_{m−k} χ_δ(σ_1)χ_{γ+} (σ_2)χ_α(σ_1 ∘ σ_2). (C.4)

To simplify the expresssion (C.3), we use the orthogonality of characters ∑ R χ_R(σ)χ_R(τ) = δ_{Tσ ,Tτ} n! |T_σ| = δ_{Tσ,Tτ} Sym(T_σ) (C.5) where T_σ is the size of the conjugacy class which contains σ, and Sym(T_σ) represents the number of elements which commute with σ:

Sym(T_σ) = c_1(σ)!1^{c1(σ)}c_2(σ)!2^{c2(σ)} · · · c_n(σ)!n^{cn(σ)} = ∏ i c_i(σ)!i^{ci(σ)} (C.6)

where c_i(σ) represents the number of an i-cycle in σ. Since σ is an element of S_n, we have ∑_n i=1 ic_i(σ) = n.

Using (C.5), some factors in (C.3) can be rearranged as follows: ∑ γ_+ ∑ α g(δ, γ_+; α)g(δ^′, γ_+; α)

= ∑ γ_+ ∑ α ( 1 k!(m − k)! )_2 ∑

σ_1,σ_2,τ_1,τ_2

χ_δ(σ_1)χ_{γ+} (σ_2)χ_α(σ_1 ∘ σ_2)χ_δ′ (τ_1)χ_{γ+} (τ_2)χ_α(τ_1 ∘ τ_2) = ( 1 k!(m − k)! )_2 ∑

σ_1,σ_2,τ_1,τ_2

χ_δ(σ_1)χ_δ′ (τ_1)δ_{Tσ2 ,Tτ2} (m − k)! |T_{σ2} | δ_{Tσ1∘σ2 ,Tτ1∘τ2} m! |T_{σ1∘σ2} | = m! (k!)^2(m − k)! ∑ τ_1,τ_2

χ_δ(τ_1)χ_δ′ (τ_1) 1 |T_{τ2} | 1 |T_{τ1∘τ2} | |T_{τ1} ||T_{τ2} | = m! (k!)^2(m − k)! ∑ τ_1,τ_2

χ_δ(τ_1)χ_δ′ (τ_1) 1 |T_{τ1∘τ2} | |T_{τ1} | (C.7)

Then we get the following expression for (C.3)

N_{sb}(m, n) = min(m,n) ∑ k=0 m!n! (k!)^4(m − k)!(n − k)! ∑ δ,δ^′ ∑ τ_1,τ_2

χ_δ(τ_1)χ_δ′ (τ_1) |T_{τ1} | |T_{τ1∘τ2} | ∑ ρ_1,ρ_2

χ_δ(ρ_1)χ_δ′ (ρ_1) |T_{ρ1} | |T_{ρ1∘ρ2} | = ∑ k ( m k ) ( n k ) ∑ τ_1,τ_2 ∑ ρ_1,ρ_2 δ_{Tτ1 ,Tρ1} δ_{Tτ1 ,Tρ1} 1 |T_{τ1} |^2 |T_{τ1} | |T_{τ1∘τ2} | |T_{ρ1} | |T_{ρ1∘ρ2} | = ∑ k ( m k ) ( n k ) ∑ τ_1∈S_k ∑ τ_2∈S_{m−k} ∑ ρ_2∈S_{n−k} 1 |T_{τ1∘τ2} | |T_{τ1} | |T_{τ1∘ρ2} | = ∑ k ( m k ) ( n k ) ∑ T_{τ1} ∈S_k ∑ T_{τ2} ∈S_{m−k} ∑ T_{ρ2} ∈S_{n−k} |T_{τ1} |^2|T_{τ2} ||T_{ρ2} | 1 |T_{τ1∘τ2} | 1 |T_{τ1∘ρ2} | = ∑ k ∑ T_{τ1} ∈S_k ∑ T_{τ2} ∈S_{m−k} ∑ T_{ρ2} ∈S_{n−k} Sym(T_{τ1∘τ2} ) Sym(T_{τ1} )Sym(T_{τ2} ) Sym(T_{τ1∘ρ2} ) Sym(T_{τ1} )Sym(T_{ρ2} ) = ∑ k ∑ T_{τ1} ∈S_k ∑ T_{τ2} ∈S_{m−k} ∑ T_{ρ2} ∈S_{n−k} ∏ l ( c_l(τ_1) + c_l(τ_2) c_l(τ_1) ) ( c_l(τ_1) + c_l(ρ_2) c_l(τ_1) ) .

The above can be rewritten as ∑ c_l(1): ∑ lc_l(1)=m ∑ c_l(2): ∑ lc_l(2)=n ∏ l ∑ k min(c_l(1),c_l(2)) ∑ c_l(3): ∑ lc_l(3)=k c_l(1)!

(c_l(1) − c_l(3))!c_l(3)!

c_l(2)!

(c_l(2) − c_l(3))!c_l(3)! . (C.8)

We now compare to (5.32), which is the expression Q_{mt}(m, n) = ∑ c_l(1): ∑ l c_l(1)l=m ∑ c_l(2): ∑ l c_l(2)l=n ∏ l (c_l(1) + c_l(2))!

c_l(1)!c_l(2)!

. (C.9)

For any fixed cycle length in S_m × S_n consider the conjugacy class with c_l(1) cycles in S_m and c_l(2) cycles in S_n. The factor^{(c1(1)+cl(2))!}_{cl(1)!cl(2)!} is the number of ways of arrangements of (c_1(1) + c_l(2)) objects with c_l(1) of one kind (say red) and c_l(2) of another kind (say blue). Suppose we lay our the objects in a line. We can take the first arrangemnet to be the one with c_l(1) reds on the left and c_l(2) blues on the right. Then we permute to generate the rest. A general arrangement will have c_l(3) blues on the left among c_l(1) − c_l(3) red objects and c_l(3) reds among c_l(2) − c_l(3) blues on the right. Of these we have^{cl(1)!}

k!(c_l(1)−c_l(3))! × c_l(2)!

k!(c_l(2)−c_l(3))! arrangements. Hence we get

(c_1(1) + c_l(2))!

c_l(1)!c_l(2)! = min(c_l(1),c_l(2)) ∑ c_l(3)=0

c_l(1)!

c_l(3)!(c_l(1) − c_l(3))! × c_l(2)!

c_l(3)!(c_l(2) − c_l(3))!

. (C.10)

This proves the desired equality between (C.8) and (C.9), and so we conclude that the two countings (5.32) and (5.33) agree: N_{sb}(m, n) = Q_{mt}(m, n). (C.11) D Brauer counting from GL(N) × GL(N) → GL(N) reduction

We now show that the Brauer basis correctly counts invariants under the adjoint U(N) action Z → UZU^†. (D.1) We consider invariants under (D.1) constructed from objects of the form: Z^{i1}_{j1} · · · Z^{im}_{jm} Z^{†k1}_{l1} · · · Z^{†kn}_{ln} . (D.2) As far as counting invariants under U(N) action is concerned, the problem is equivalent to counting invariants under GL(N).

The Lie algebra of GL(N) is just the full Matrix algebra M(N, C ) and the symmetric algebra over S(M(N, C )) is decomposed into the direct sums [14] S(M(N, C )) = ∑ λ V_{λ,N} ⊗ (V_{λ,N} )^∗ (D.3)

as GL(N) ⊗ GL(N) modules. The sum is over partitions with length at most N, i.e. Young diagrams with first column no longer than N. Restricting to S_m(M(N, C )) leads to the restriction |λ| = m, i.e we are looking at the case of Young diagrams with m boxes.

Decomposing the GL(N) × GL(N) into GL(N) we have S_m(M(N, C )) = ∑ τ,η,ν,λ g(τ, η; λ)g(τ, ν; λ)V_{η,ν}. (D.4) Here V_{η,μ} is a composite representation of GL(N). Therefore the set of invariants in S_m(M(N, C )) ⊗ S_n(M(N, C )), is Inv { ∑ τ,η,ν,λ ∑ λ^′,τ^′,η^′,ν^′ g(τ, η; λ)g(τ, ν; λ)g(τ^′, η^′; λ^′)g(τ^′, ν^′; λ^′)V_{η,ν} ⊗ V_η′_{,ν}′ } (D.5)

which is nonempty only if η = ν^′ , ν = η^′. Hence the number of invariants is ∑ τ,η,ν,λ,τ^′,λ^′ g(τ, η, λ)g(τ, ν, λ)g(τ^′, ν, λ^′)g(τ^′, η, λ^′). (D.6) We relabel λ → α τ → γ_+ η → δ λ^′ → β τ^′ → γ_− ν → δ^′ (D.7) to get ∑ α,β,γ_+,γ_−,δ,δ^′ g(γ_+, δ; α)g(γ_+, δ^′, α)g(γ_−, δ^′, β)g(γ_−, δ, β)

= ∑ α,β,γ_+,γ_− ( ∑ δ g(γ_+, δ; α)g(γ_−, δ, β) ) ( ∑ δ^′ g(γ_+, δ^′, α)g(γ_−, δ^′, β) ) (D.8)

and using the definition of M^γ_{αβ} (4.12) this becomes ∑ γ,α,β (M^γ_{αβ} )^2 (D.9)

which is N_{sb}(m, n) from (5.33).

E Proofs for m = n = k projectors

In this appendix, we shall show the operator (5.37) satisfies the following properties: (P^{k=m}_α )^2 = P^{k=m}_α (E.1) and tr_{k,k}(P^{k=m}_α ) = (d_α)^2. (E.2)

The second equation follows from the Schur-Weyl duality; V^{⊗k} ⊗ V̄^{⊗k} = ⨁ γ V^{U(N)}_γ ⊗ V^{BN (k,k)} γ = ⨁ γ,A V^{U(N)}_γ ⊗ V^{C (Sk ×Sk)} A ⊗ V^{BN (k,k)→C (Sk ×Sk)} γ→A . (E.3) In the second line, we have decomposed each irreducible representation γ of the Brauer algebra into irreducible representations A of the group algebra of S_m × S_n. Acting with the projector P^{k=m}_α on this equation and taking a trace in V^{⊗k} ⊗ V̄^{⊗k}, we get tr_{k,k}(P^{k=m}_α ) = d_{(α,α)} = (d_α)^2 (E.4) where we have used Dimγ = 1 and M^γ_A = 1 for γ = (∅, ∅, k = m).

The k-contraction operator C_{(k)} can be written in many ways, for example C_{(k)} = ∑ σ∈S_k C_{σ(1)}¯_1 · · · C_{σ(k)}¯_k = ∑ σ∈S_k σC_1¯_1 · · · C_k¯_kσ^{−1} = ∑ σ̄∈S̄_k σ̄C_1¯_1 · · · C_k¯_kσ̄^{−1} (E.5)

The second equality follows from σC_i¯_j = C_{σ(i)}¯_j σ (E.6) In order to show (E.1), we first calculate (C_{(k)})^2: (C_{(k)})^2 = ∑ ρ,σ∈S_k ρC_1¯_1 · · · C_k¯_kρ^{−1}σC_1¯_1 · · · C_k¯_kσ^{−1} = ∑ ρ,σ∈S_k tr_k(ρ^{−1}σ)ρC_1¯_1 · · · C_k¯_kσ^{−1} = ∑ ρ,σ∈S_k N^{Cρ−1σ} ρC_1¯_1 · · · C_k¯_kσ^{−1} = ∑ τ,σ∈S_k N^{Cτ} τσC_1¯_1 · · · C_k¯_kσ^{−1} = N^kΩ_kC_{(k)} (E.7) where Ω_k is the Omega factor defined by Ω_k = ∑ σ∈S_k N^{Cσ −k}σ (E.8) where C_σ is the number of cycles in σ. Using the equation (E.7), we can easily show that the projector (5.37) satisfies (E.1).

We also have another interesting equation for C_{(k)}: C_{(k)}p_α = C_{(k)}p̄_α, (E.9) which is a consequence of C_1¯_1 · · · C_k¯_kσ = C_1¯_1 · · · C_k¯_kσ̄^{−1}. (E.10) We finally prove (E.2):

tr_{k,k}(P^{k=m}_α ) = d_α k!Dimα tr_{k,k}(C_{(k)}p_α) = d_α k!Dimα ∑ σ∈S_k tr_{k,k}(σC_1¯_1 · · · C_k¯_kσ^{−1}p_α) = d_α Dimα tr_{k,k}(C_1¯_1 · · · C_k¯_kp_α) = d_α Dimα tr_k(p_α) = d_α Dimα d_αDimα = (d_α)^2. (E.11)

F Constructing an inner product on polynomials

The inner product on gauge invariant polynomials O(Z, Z^†) given in (6.39),

(O_1(Z, Z^†), O_2(Z, Z^†)) = 1 (2π)^{N 2} ∫ [dZdZ^†] ( e^{−□} O_1(Z, Z^†) )( e^{−□} O_2(Z, Z^†) ) e^{− tr ZZ†} (F.1) was introduced by identifying it with the integral representation of the inner product on matrix harmonic oscillator states |Ψ⟩.

In this appendix we show that this inner product can be derived by • Starting from the inner product arising from the two-point function of the zerodimensional complex matrix model of Ginibre [1],

(O_1(Z, Z^†), O_2(Z, Z^†))_G = 1 (2π)^{N 2} ∫ [dZdZ^†] O_1(Z, Z^†)O_2(Z, Z^†)e^{− tr ZZ†} (F.2) where the normalisation factor is the value of the integral with no insertions;

• Requiring H_A to be hermitian.

We will see that this leads us to the inner product (F.1).

The construction proceeds as follows. We know that H_1, H̄_1, H_2, H̄_2, H_L have eigenstates given by the Brauer basis polynomials O^γ_{αβ} (Z, Z̄) with real eigenvalues. These eigenstates are a complete set of gauge invariant polynomials. So in fact any inner product diagonal in these labels γ, α, β

(O^{γ1}_{α1β1} , O^{γ2}_{α2β2} ) = f^{γ1}_{α1β1} δ^{γ1γ2} δ_{α1α2} δ_{β1β2} (F.3)

for some real f^{γ1}_{α1β1} will guarantee that H_1, H̄_1, H_2, H̄_2, H_L are hermitian.

We now give an explicit construction of such an inner product, which is also welldefined for general polynomials in Z, Z^†, not just gauge-invariant ones.

The basic idea is to define our inner product on degree 1 monomials in Z, Z^† and then extend to arbitrary monomials by Wick’s theorem. (Z^i_j, Z^k_l) = δ^{ik}δ^{jl} (Z^{†i}_j , Z^{†k}_l) = δ^{ik}δ_{jl} (Z^i_j , Z^{†k}_l) = 0 (F.4)

We generalize to higher degree monomials (Z^{i1}_{j1} · · · Z^{im}_{jm} Z^{†p1}_{q1} · · · Z^{†pn}_{qn} , Z^{k1}_{l1} · · · Z^{km}_{lm} Z^{†r1}_{s1} · · · Z^{†rn}_{sn} ) (F.5) by summing over different possible pairings of the Z on the left with the Z on the right, and the Z^† on the left with the Z^† on the right, with each individual pairing being given by (F.4). Very importantly we do not include contractions between pairs Z and Z̄ both on the left or both on the right. In the Ginibre inner product (F.2), we have (1, ZZ̄) ≠ 0 which shows the inner product under construction is different to (F.2).

To prove G_2 is hermitian with this inner product we first work with the basic pairing.

(Z^i_j, (G_2)^p_qZ^k_l) = δ^k_q(Z^i_j, Z^p_l) = δ^k_qδ^{ip}δ_{jl} ((G_2)^p_qZ^i_j , Z^k_l) = δ^i_q(Z^p_j, Z^k_l) = δ^i_qδ^{pk}δ_{jl} (F.6)

We thus find, on these degree 1 monomials

((G_2)^p_q)^h = (G_2)^q_p, (F.7)

where h denotes hermitian conjugate. When we consider the action of (G_2)^p_q on a general pairing (Z^{i1}_{j1} · · · Z^{im}_{jm} Z^{†p1}_{q1} · · · Z^{†pn}_{qn} , (G_2)^p_qZ^{k1}_{l1} · · · Z^{km}_{lm} Z^{†r1}_{s1} · · · Z^{†rn}_{sn} ) (F.8) we can use the fact that (G_2)^p_q acts as a derivation, so that the right factor becomes a sum of terms with the (G_2)^p_q acting on each successive Z or Z^†. The action on Z^† gives zero. For each term in this sum, the inner product is a sum over Wick contractions. For each Wick contraction of the form (Z, GZ)(Z, Z) · · · (Z^†, Z^†) · · · (F.9) we can move the (G_2)^p_q over to the left to give (G_2)^q_p using (F.6). We can recollect the sum over Wick contractions to get ((G_2)^q_pZ^{i1}_{j1} · · · Z^{im}_{jm} Z^{†p1}_{q1} · · · Z^{†pn}_{qn} , Z^{k1}_{l1} · · · Z^{km}_{lm} Z^{†r1}_{s1} · · · Z^{†rn}_{sn} ). (F.10) This establishes for any monomial in Z, Z^† that ((G_2)^p_q)^h = (G_2)^q_p, and by linearity this extends to any polynomial. Having established

((G_2)^p_q)^h = (G_2)^q_p (F.11)

it easily follows that

(tr G_2)^h = tr G_2 and (tr G^2)^h = tr G^2 (F.12)

and similarly we find

((G_3)^i_j)^h = (G_3)^j_i (tr G_3)^h = tr G_3 (tr G^2_3)^h = tr G^2_3 (tr(G_2G_3))^h = tr(G_3G_2) = tr(G_2G_3) (F.13)

where the last equality follows since the entries of G_2 and G_3 commute.

We can also derive the above relations by noting that

(Z^i_j)^h = ( ∂ ∂Z )_j i , (Z^{†i}_j)^h = ( ∂ ∂Z^† )_j i ⇒ ( (G_2)^p_q )_h = ( Z^p_i ( ∂ ∂Z )_i q )_h = Z^q_i ( ∂ ∂Z )_i p = (G_2)^q_p (F.14)

and similarly for G_3 etc.

The above proofs work by construction since we have defined our inner product to have the same properties as the oscillator inner product for A^†B^† and exploited the similarities

(G_2)^i_j ≃ (A^†A)^i_j, (G_3)^i_j ≃ (B^†B)^i_j . (F.15)

We now derive an integral form of this inner product. We begin with (F.2) and normal order by removing all contributions to the inner product from self-contractions in the wavefunctions. It was observed in (5.11) that the laplacian generates Wick contractions so we define (c.f. [56])

: O(Z, Z^†) : = (1 − □ +

□^2 2 + · · · )O(Z, Z^†) = e^{−□}O(Z, Z^†) (F.16)

and our inner product becomes the following modification of (F.2):

(O_1(Z, Z^†), O_2(Z, Z^†)) = ( : O_1(Z, Z^†) : , : O_2(Z, Z^†) : ) G = 1 (2π)^{N 2} ∫ [dZdZ^†] ( e^{−□} O_1(Z, Z^†) )( e^{−□} O_2(Z, Z^†) ) e^{− tr ZZ†} (F.17)

which is (F.1) as we set out to show.

References

[1] J. Ginibre, “Statistical Ensembles of Complex, Quaternion, and Real Matrices,” J.

Math. Phys. 6 (1965) 440.

[2] S. Corley, A. Jevicki, and S. Ramgoolam, “Exact correlators of giant gravitons from dual N = 4 SYM theory,” Adv. Theor. Math. Phys. 5 (2002) 809–839,

hep-th/0111222.

[3] J. McGreevy, L. Susskind, and N. Toumbas, “Invasion of the giant gravitons from anti-de Sitter space,” JHEP 06 (2000) 008, hep-th/0003075.

[4] V. Balasubramanian, M. Berkooz, A. Naqvi, and M. J. Strassler, “Giant gravitons in conformal field theory,” JHEP 04 (2002) 034, hep-th/0107119.

[5] J. M. Maldacena and A. Strominger, “AdS(3) black holes and a stringy exclusion principle,” JHEP 12 (1998) 005, hep-th/9804085.

[6] A. Jevicki and S. Ramgoolam, “Non-commutative gravity from the AdS/CFT correspondence,” JHEP 04 (1999) 032, hep-th/9902059.

[7] R. d. M. Koch and J. Murugan, “Emergent Spacetime,” 0911.4817.

[8] D. Berenstein, “A toy model for the AdS/CFT correspondence,” JHEP 07 (2004) 018, hep-th/0403110.

[9] H. Lin, O. Lunin, and J. M. Maldacena, “Bubbling AdS space and 1/2 BPS geometries,” JHEP 10 (2004) 025, hep-th/0409174.

[10] B. U. Eden, P. S. Howe, A. Pickering, E. Sokatchev, and P. C. West, “Four-point functions in N = 2 superconformal field theories,” Nucl. Phys. B581 (2000) 523–558, hep-th/0001138.

[11] B. U. Eden, P. S. Howe, E. Sokatchev, and P. C. West, “Extremal and next-to-extremal n-point correlators in four- dimensional SCFT,” Phys. Lett. B494 (2000) 141–147, hep-th/0004102.

[12] Y. Kimura and S. Ramgoolam, “Branes, Anti-Branes and Brauer Algebras in Gauge-Gravity duality,” JHEP 11 (2007) 078, 0709.2158.

[13] J. R. Stembridge, “Rational tableaux and the tensor algebra of gl(n),” Journal of Combinatorial Theory Series A 46 (1987) 79–120.

[14] K. Koike, “On the Decomposition of Tensor Products of the Representations of the Classical Groups: By Means of the Universal Characters,” Advances in Mathematics 74 (1989) 57–86.

[15] G. Benkart, M. Chakrabarti, T. Halverson, R. Leduc, C. Lee, and J. Stroomer, “Tensor product Representations of General Linear Groups and Their Connections with Brauer Algebras,” Journal of Algebra 166 (1994) 529–567.

[16] T. Halverson, “Characters of the centralizer algebras of mixed tensor representations of Gl(r, C) and the quantum group U_q(gl(r, C)),” Pacific J. Math 174, 2 (1996) 359.

[17] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2 (1998) 231–252, hep-th/9711200.

[18] V. Balasubramanian, J. de Boer, V. Jejjala, and J. Simon, “Entropy of near-extremal black holes in AdS5,” JHEP 05 (2008) 067, 0707.3601.

[19] I. K. Kostov, M. Staudacher, and T. Wynter, “Complex matrix models and statistics of branched coverings of 2D surfaces,” Commun. Math. Phys. 191 (1998) 283–298, hep-th/9703189.

[20] C. Kristjansen, J. Plefka, G. W. Semenoff, and M. Staudacher, “A new double-scaling limit of N = 4 super Yang-Mills theory and PP-wave strings,” Nucl. Phys. B643 (2002) 3–30, hep-th/0205033.

[21] G. Akemann and G. Vernizzi, “Characteristic polynomials of complex random matrix models,” Nucl. Phys. B660 (2003) 532–556, hep-th/0212051.

[22] A. Alexandrov, A. Mironov, and A. Morozov, “BGWM as Second Constituent of Complex Matrix Model,” 0906.3305.

[23] A. Cox, M. De Visscher, S. Doty, and P. Martin, “On the blocks of the walled Brauer algebra,” Journal of Algebra 320 (2007) 169, 0709.0851.

[24] M. Masuku and J. P. Rodrigues, “Laplacians in polar matrix coordinates and radial fermionization in higher dimensions,” 0911.2846.

[25] Y. Kimura and S. Ramgoolam, “Enhanced symmetries of gauge theory and resolving the spectrum of local operators,” Phys. Rev. D78 (2008) 126003,

0807.3696.

[26] I. R. Klebanov, “String theory in two-dimensions,” hep-th/9108019.

[27] P. H. Ginsparg and G. W. Moore, “Lectures on 2-D gravity and 2-D string theory,”

hep-th/9304011.

[28] S. Alexandrov, “Matrix quantum mechanics and two-dimensional string theory in non-trivial backgrounds,” hep-th/0311273.

[29] M. R. Douglas, “Conformal field theory techniques for large N group theory,”

hep-th/9303159.

[30] M. R. Douglas, “Conformal field theory techniques in large N Yang-Mills theory,”

hep-th/9311130.

[31] L.-L. Chau and Y. Yu, “Unitary polynomials in normal matrix models and Laughlin’s wave functions for the fractional quantum Hall effect,”. UCDPHYS-PUB-91-13.

[32] L.-L. Chau and O. Zaboronsky, “On the structure of correlation functions in the normal matrix model,” Commun. Math. Phys. 196 (1998) 203–247,

hep-th/9711091.

[33] I. R. Klebanov, J. M. Maldacena, and N. Seiberg, “Unitary and complex matrix models as 1-d type 0 strings,” Commun. Math. Phys. 252 (2004) 275–323,

hep-th/0309168.

[34] C. Itzykson and J. B. Zuber, “The Planar Approximation. 2,” J. Math. Phys. 21 (1980) 411.

[35] J. P. Rodrigues, “Large N spectrum of two matrices in a harmonic potential and BMN energies,” JHEP 12 (2005) 043, hep-th/0510244.

[36] J. P. Rodrigues and A. Zaidi, “Non supersymmetric strong coupling background from the large N quantum mechanics of two matrices coupled via a Yang-Mills interaction,” 0807.4376.

[37] C. D. Meyer, Matrix analysis and applied linear algebra, pp. 508–514. SIAM, 2000.

[38] M. L. Mehta, Random matrices. Academic Press, 2004 (3rd edition).

[39] Y. Takayama and A. Tsuchiya, “Complex matrix model and fermion phase space for bubbling AdS geometries,” JHEP 10 (2005) 004, hep-th/0507070.

[40] L. Castellani, “On G/H geometry and its use in M-theory compactifications,” Annals Phys. 287 (2001) 1–13, hep-th/9912277.

[41] G. Olshanski, “An introduction to harmonic analysis on the infinite symmetric group,” math/0311369.

[42] A. A. Kirillov, Elements of the Theory of Representations. Springer, 1972.

[43] T. Ortín, Gravity and Strings, p. 603. Cambridge University Press, 2007.

[44] S. Benvenuti, B. Feng, A. Hanany, and Y.-H. He, “Counting BPS operators in gauge theories: Quivers, syzygies and plethystics,” JHEP 11 (2007) 050, hep-th/0608050.

[45] B. Feng, A. Hanany, and Y.-H. He, “Counting Gauge Invariants: the Plethystic Program,” JHEP 03 (2007) 090, hep-th/0701063.

[46] D. P. Zelobenko, Compact Lie Groups and their Representations, pp. 156–175.

American Mathematical Society, 1973.

[47] S. Corley and S. Ramgoolam, “Finite factorization equations and sum rules for BPS correlators in N = 4 SYM theory,” Nucl. Phys. B641 (2002) 131–187,

hep-th/0205221.

[48] F. A. Dolan, “Counting BPS operators in N=4 SYM,” Nucl. Phys. B790 (2008) 432–464, 0704.1038.

[49] T. W. Brown, P. J. Heslop, and S. Ramgoolam, “Diagonal multi-matrix correlators and BPS operators in N=4 SYM,” JHEP 02 (2008) 030, 0711.0176.

[50] R. Bhattacharyya, S. Collins, and R. d. M. Koch, “Exact Multi-Matrix Correlators,” JHEP 03 (2008) 044, 0801.2061.

[51] T. W. Brown, P. J. Heslop, and S. Ramgoolam, “Diagonal free field matrix correlators, global symmetries and giant gravitons,” JHEP 04 (2009) 089,

0806.1911.

[52] S. Collins, “Restricted Schur Polynomials and Finite N Counting,” Phys. Rev. D79 (2009) 026002, 0810.4217.

[53] J. F. Willenbring, “Stable Hilbert series of S(g)K for classical groups,” (2005)

math/0510649.

[54] A. Hashimoto, S. Hirano, and N. Itzhaki, “Large branes in AdS and their field theory dual,” JHEP 08 (2000) 051, hep-th/0008016.

[55] A. Ghodsi, A. E. Mosaffa, O. Saremi, and M. M. Sheikh-Jabbari, “LLL vs. LLM:

Half BPS sector of N = 4 SYM equals to quantum Hall system,” Nucl. Phys. B729 (2005) 467–491, hep-th/0505129.

[56] J. Polchinski, String theory. Vol. 1: An Introduction to the Bosonic String, p. 39.

Cambridge Univ. Pr., 1998.

[57] T. Yoneya, “Extended fermion representation of multi-charge 1/2-BPS operators in AdS/CFT: Towards field theory of D-branes,” JHEP 12 (2005) 028,

hep-th/0510114.

[58] V. Pasquier, “A Lecture on the Calogero-Sutherland models,” hep-th/9405104. [59] A. Agarwal and A. P. Polychronakos, “BPS operators in N = 4 SYM: Calogero models and 2D fermions,” JHEP 08 (2006) 034, hep-th/0602049.

[60] A. P. Polychronakos, “Physics and mathematics of Calogero particles,” J. Phys. A 39 (2006) 12793, hep-th/0607033.

[61] A. Donos, A. Jevicki, and J. P. Rodrigues, “Matrix Model Maps in AdS/CFT,” Phys. Rev. D72 (2005) 125009, hep-th/0507124.

[62] R. Bhattacharyya, R. de Mello Koch, and M. Stephanou, “Exact Multi-Restricted Schur Polynomial Correlators,” JHEP 06 (2008) 101, 0805.3025.

[63] Y. Kimura, “Non-holomorphic multi-matrix gauge invariant operators based on Brauer algebra,” 0910.2170.

[64] J. Huebschmann, G. Rudolph, and M. Schmidt, “A lattice gauge model for quantum mechanics on a stratified space,” Commun. Math. Phys. 286 (2009) 459–494, hep-th/0702017.

[65] J. A. Minahan, “The SU(2) sector in AdS/CFT,” Fortsch. Phys. 53 (2005) 828. [66] N. Itzhaki and J. McGreevy, “The large N harmonic oscillator as a string theory,” Phys. Rev. D71 (2005) 025003, hep-th/0408180.

[67] T. Banks, W. Fischler, S. H. Shenker, and L. Susskind, “M theory as a matrix model: A conjecture,” Phys. Rev. D55 (1997) 5112–5128, hep-th/9610043.

[68] E. Witten, “Bound states of strings and p-branes,” Nucl. Phys. B 460 (1995) 335. [69] D. J. Gross and W. Taylor, “Twists and Wilson loops in the string theory of twodimensional QCD,” Nucl. Phys. B403 (1993) 395–452, hep-th/9303046.