arXiv:0911.4456v1 [gr-qc] 23 Nov 2009

Stability of the Ellis-Bronnikov-Morris-Thorne Wormhole

D. I. Novikov,^{1, 2} A. G. Doroshkevich,^1 I. D. Novikov,^{1, 3} and A. A. Shatskiy^1 1Astro Space Center, Lebedev Physical Institute, Russian Academy of Sciences, Moscow, Russia 2Imperial College, London, United Kingdom 3The Niels Bohr International Academy, Niels Bohr Institute, Blegdamsvej 17, DK-2100 Copenhagen, Denmark (Dated: November 24, 2009)

ABSTRACT The stability of one type of the static Ellis-Bronnikov-Morris-Thorne wormholes is considered. These wormholes filled with radial magnetic field and phantom dust with a negative energy density.

PACS numbers:

I. INTRODUCTION

In general relativity, wormholes are topological tunnels joining separate regions of space in the Universe (see, for example, [1, 2, 3, 4, 5, 6]; or even regions in different universes, in multi-verse models [7]). Recently, wormholes have been actively studied in general-relativity theory using both analytical [8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20] and numerical [21, 22, 23, 24, 25, 26] methods. The accretion of phantom matter onto black holes is also considered in [27, 28, 29, 30]. These investigations have elucidated many important questions, but a whole series of problems remain unsolved.

One of the important problems is the problem of stability. In this paper we consider the problem of the stability of one specific type [31] of the Ellis-Bronnikov-Morris-Thorne wormhole [3, 5, 32]. At one time, static wormholes filled with exotic scalar fields and possessing zero mass were thought to be stable against small perturbations [33]. However, they were shown to be unstable in [23, 34]. This raises the question of the stability of other models for wormholes. Here, we analze the stability of a static wormhole with zero mass filled with exotic matter comprised of a mixture of radial magnetic field and exotic dust with matter density ε < 0 [31]. The problem was analyzed also in [35].

II. MODEL

Because of the importance of the problem of stability we analyze this problem separately. We analyze the stability of the static wormhole with exotic matter that is a mixture of radial magnetic field and exotic dust (with a negative matter density and zero pressure [31]). In this model there is a balance of the gravitational attraction and repulsion.

The net gravitational acceleration is everywhere exactly equal to zero, and the masses of both entrances are also equal to zero.

The general form for a spherical metric in a coordinate system co-moving with the dust, in this case is

ds^2 = dτ^2 − e^λdR^2 − e^η(R^2 + Q^2)dΩ^2 , (1)

Here g_{τ τ} = 1, λ and η are functions of τ and R, and Q is a constant with the dimensions of length determined by the size of the throat of the wormhole. The Einstein equations for this model are

8πT^τ_τ = − Q^2e^{−λ} (Q^2 + R^2)^2 + e^{−η} − e^{−λ} Q^2 + R^2 + 1 4 (2λ_{,τ} η_{,τ} + η^2_{,τ} ) −

−e^{−λ} [ η_{,RR} + η_{,R} (3η − 2λ)_{,R} 4 + R(3η − λ)_{,R} R^2 + Q^2 ] (2)

8πT^R_R = e^{−η} − e^{−λ} Q^2 + R^2

+ η_{,τ τ} + 3 4 η^2_{,τ} + e^{−λ} [ Q^2 (Q^2 + R^2)^2 − η^2_{,R} 4 − Rη_{,R} Q^2 + R^2 ] (3)

8πT^θ_θ = 8πT^φ_φ = λ_{,τ τ} + η_{,τ τ} 2 + λ^2_{,τ} + η^2_{,τ} + η_{,τ} λ_{,τ} 4 −

−e^{−λ} [ Q^2 (Q^2 + R^2)^2 + 2η_{,RR} + η_{,R} (η_{,R} − λ_{,R} ) 4 + R(2η_{,R} − λ_{,R} ) 2(Q^2 + R^2) ] (4)

8πT^R_τ = e^{−λ} [ η_{,Rτ} + (η_{,τ} − λ_{,τ} ) 2 ( η_{,R} + 2R Q^2 + R^2 )] (5) Here, T^i_k are the components of the stress-energy tensor. The unperturbed, static solution whose stability we wish to investigate corresponds to a Morris-Thorne metric [3] with η = 0 and λ = 0. In this model, the components of the stress-energy tensor have the form 8πT^{τ MT}_τ = −8πT^{RMT}_R = 8πT^{θMT}_θ = 8πT^{φMT}_φ = − Q^2 (Q^2 + R^2)^2 (6) In a general, non-static model with a radial magnetic field, the components of the energymomentum tensor have the form 8πT^{τ MAG}_τ = 8πT^{RMAG}_R = −8πT^{θMAG}_θ = −8πT^{φMAG}_φ = Q^2 e^{2η}(Q^2 + R^2)^2 (7) where the constant Q characterizes the magnetic field strength. The components of the stress-energy tensor for exotic dust have the form 8πT^{τ DUST} τ = − 2Q^2(1 + D_p) (Q^2 + R^2)^2 , T^{RDUST} R = T^{θDUST}_θ = T^{φDUST}_φ = 0. (8) Here, the function D_p(R, τ) describes the perturbation of the dust density of the energy (relative to the Morris-Thorne solution).

Let us now consider perturbations of the static solution. We introduce the dimensional coordinates: x ≡ R/Q, y ≡ τ/Q, Y ≡ 1 + x^2 Let us consider Eqs. (2)-(5) linearized in the variables η ≪ 1 and λ ≪ 1. First of all we have for the stress-energy tensor

8πQ^2δT^τ_τ = − 2D_p Y^2 − 2η Y^2

, (9)

8πQ^2δT^R_R = −8πQ^2δT^θ_θ = − 2η Y^2

, (10)

Using (5) we have for T^R_τ

8πQ^2T^R_τ = η_{,xy} + x(η − λ)_{,y} Y = 0 , (11)

η − λ = Y x (F (x) − η_{,x}) , (12)

where F (x) is an arbitrary function. Equations (2)-(4) now are written in the following form: η_{,xx} + 3xη_{,x} + η − xλ_{,x} − λ Y − 2η + λ Y^2 = 2D_p Y^2

, (13) η_{,yy} − xη_{,x} Y + x^2λ Y^2 + 1 − x^2

Y^2 η = 0 , (14)

λ_{,yy} + η_{,yy} − η_{,xx} 2 + x(λ − 2η)_{,x} 2Y − 2η − λ Y^2

= 0 . (15)

Substituting(12) into (13)-(15) yields η_{,x} xY + 3η Y^2 − F_{,x} − 1 + 2x^2 xY F = − 2D_p Y^2

, (16)

η_{,yy} + η Y^2 − x Y F = 0 , (17) ( 2η + Y x η_{,x} ) ,yy + η_{,x} xY − 2η Y^2 − F_{,x} − F x = 0 . (18)

We now introduce a new function α. Using the following relation η ≡ α + xY F (19) Subsituting this function into (16)-(17) yields α_{,x} xY + 3α Y^2 + 4 x Y F = − 2D_p Y^2

, (20)

α_{,yy} + α Y^2

= 0 , (21) and α = A sin ψ , ψ = y/Y + y_0(x), (22)

where A(x) and y_0(x) are the arbitrary amplitude and oscillation phase, respectively. Hence, the function η(y, x) always remains finite. However, the dust density and the function λ grow linearly with time [see (12) and (20)]: 2D_p = −α_{,x}Y/x − 3α − 4xY F^{y>>1}−→ 2Ay cos ψ/Y ∝ y , (23) λ^{y>>1}−→ ∝ y . The physically slow growth is proportional to time, proportional to the perturbation of the radial co-moving coordinate, and the corresponding perturbations of the dust density. It is the consequence of the inertial motions of the dust after the initial perturbations.

III. CONCLUSION

We have considered the problem of the stability of the static wormhole model proposed by us earlier in [31].

In this model the wormhole is filled with radial magnetic field and exotic dust with a negative mass density. Here are no gravitational accelerations in the unperturbed system and the effective mass is equal to zero. We have shown that this model is stable for all spherical perturbation modes except for the radial motion of the dust due to its inertia. The growth of this mode is very slow, and is proportional to the time. It is obvious that this mode can easily be suppressed. The model with these properties can be important for the astrophysical applications [1, 2, 3].

Acknowledgments

We thank our colleagues in the Theoretical Astrophysics Department of the Lebedev Physical Institute for valuable discussions. This work was supported by the Russian Foundation for Basic Research (project codes 07-02-01128-a, 08-02-00090-a, 08-02-00159-a), the Program of State Support for Leading Scientific Schools of the Russian Federation (grants NSh-626.2008.2 and NSh-2469.2008.2), and the Basic Research Program of the Presidium of the Russian Academy of Sciences ”The Origin, Structure, and Evolution of Objects in the Universe”.

[1] A. Einstein and N. Rosen, J. Frankl. Inst. 223, 43 (1937). [2] C. W. Misner and J. A. Wheeler, Ann. Phys.(N.Y.) 2, 525 (1957). [3] M. S. Morris and K. S. Thorne, Am. J. Phys. 56, 395 (1988).

[4] M. Visser, Lorentzian Wormholes: from Einstein to Hawking (AIP, Woodbury, 1995). [5] H. G. Ellis, J. Math. Phys. 14, 104 (1973).

[6] V. P. Frolov and I. D. Novikov, Black Hole Physics (Kluwer Academic Publishers, 1998). [7] Universe or Multiverse? (Ed. by B. Carr, Cambridge Univ. Press, 2007). [8] S. A. Hayward (1998), gr-qc/9805019. [9] S. A. Hayward (2001), gr-qc/0110080.

[10] S. A. Hayward (2002), gr-qc/0202059.

[11] S. A. Hayward and H. Koyama (2004), gr-qc/0406080. [12] H. Koyama and S. A. Hayward (2004), gr-qc/0406113. [13] Alexander Shatskiy, JETP 104, 743 (2007).

[14] E. Babichev, V. Dokuchaev, and Y. Eroshenko, Phys.Rev.Lett. 93, 021102 (2004). [15] E. Babichev, V. Dokuchaev and Y. Eroshenko, JETP 100, 528 (2005). [16] S. V. Sushkov, Phys. Rev. D 71, 043520 (2005). [17] F. S. N. Lobo, Phys. Rev. D 71, 084011 (2005). [18] F. S. N. Lobo, Phys. Rev. D 71, 124022 (2005). [19] H. Maeda, T. Harada, and B. Carr (2009), arXiv: 0901.1153. [20] K. A. Bronnikov and A. A. Starobinsky (2009), arXiv: 0903.5173. [21] Hisa-aki Shinkai and Sean A. Hayward (2002), gr-qc/0205041. [22] J. A. Gonzalez, F. S. Guzman, and O. Sarbach (2008), gr-qc/0806.1370. [23] A. Doroshkevich, J. Hansen, I. Novikov, and A. Shatskiy (2008), arXiv: 0812.0702. [24] F.S.N. Lobo, Classical and Quantum Gravity Research Progress, p.1 (Nova Science Publisher, 2008).

[25] S. A. Hayward (2009), arXiv: 0903.5438. [26] S. Krasnikov, Phys. Rev. D 62, 084028 (2002).

[27] S. E. Hong, D. il Hwang, E. D. Stewart, and D. han Yeom (2008), arXiv: 0808.1709. [28] D. han Yeom and H. Zoe (2008), arXiv: 0811.1637. [29] J. A. Gonzalez and F. S. Guzman (2009), arXiv: 0903.0881.

[30] A. Doroshkevich, J. Hansen, D. Novikov, I. Novikov, and A. Shatskiy (2009), ArXiv:

0908.1300.

[31] A. Shatskiy and I. Novikov and N. Kardashev, Phys. Usp. 51, 457 (2008). [32] K. Bronnikov, Acta Phys. Pol. B 4, 251 (1973). [33] C. Armendariz-Picon, Phys. Rev. D 65, 104010 (2002). [34] J. A. Gonzalez, F. S. Guzman, and O. Sarbach (2008), gr-qc/0806.0608. [35] D. Novikov, A. Doroshkevich, I. Novikov, and A. Shatskiy, Astronomy Reports 53, 1079 (2009).