arXiv:0912.0304v2 [hep-th] 17 Jan 2010

On the iϕ^3 PT -symmetric Scalar Field Theory

1,2 Abouzeid M. Shalaby^∗ 1Physics Department, Faculty of Science, Mansoura University, Egypt 2 Physics Department, Faculty of Science, Qassim University, Saudi Arabia

Abstract

In this work, we show that, for the iϕ^3 scalar field theory, their exists a contradiction between the assumption that the field is real and the fact that the quantized as well as the classical fields have to satisfy the Klein-Gordon equation. In solving the Klein-Gordon equation for the theory under investigation, we realized that the field is a pure imaginary solitary wave which spoils out the non- Hermiticity of the theory. Thus, instead of being non-Hermitian, the iϕ^3 scalar field theory is a kind of a Hermitian-Lee-Wick theory which suffers from the existence of the famous ghost states and instability problems. We applied a Canonical transformation to obtain a Non-Hermitian and non- PT -symmetric representation which leads to the invalidity of the previous trials in the literature to cure the ghost states problem. Moreover, the solitonic solution is a non-topological one which is a very strange result to appear for a one component field theory. To account for this strange result, we conjecture that the iϕ^3 scalar field theory has an equivalent Hermitian and non-Lee wick theory that have a conserved Noether current.

PACS numbers: 12.90.+b, 12.60.Cn, 11.30.Er Keywords: non-Hermitian models, PT -Symmetric theories, Conformal field theory,Solitons.

∗Electronic address: amshalab@mans.edu.eg

The existence of challenging problems in physics makes the investigation of new trends in physics more than important. Among the new ideas that deserve the draw of our attention is the emergence of possible physical applications of some non-Hermitian models [1–14]. Some of these models show up interesting properties like asymptotic freedom in the PT -symmetric −ϕ^4 scalar field theory [15–17]. This property by itself strongly recommends the employment of the PT -symmetric −ϕ^4 theory to play the role of a strongly interacting Higgs mechanism in the standard model of particle interactions [18]. However, unlike the quantum mechanical non-Hermitian models, the progress in the study of non-Hermitian field theoretic models is slow due to the existence of two main technical problems. The first problem is that the complex contour method applied successfully in quantum mechanical problems [19–24] is hard (if not impossible) to be applied for the quantum field models. The second problem is the lack of existence of a simple algorithm for the calculation of the metric operator for field theories [25]. In fact, for the calculation of physical observables in a non-Hermitian theory (with real spectrum), the metric operator calculation is indispensable. Concerning the first problem, we have shown that the famous effective field approach can be applied successfully for such theories [13]. For the second problem, we introduced a new ansatz for the metric operator which is local in the fields and can be extended to higher orders easily [14, 26] .

A prototype example of a PT -symmetric [42] field theory is the iϕ^3 scalar field theory. Against all the previous treatments carried out to study the model [14, 22, 25], in this work, we show that the model is in fact a Lee-Wick [27, 28] Hermitian theory. The problem is manifested by the priori assumption of the reality of the field without any reference to the solution of the corresponding Klein-Gordon equation. In fact, the quantized as well as the classical fields have to satisfy the Klein-Gordon equation for the theory under investigation. For the iϕ^3 scalar field theory, it is well known that [29], · π = −i [π, H] = ( ∇^2 − m^2 − 3igϕ ) ϕ, (1) where π is the canonical momentum field conjugate to ϕ. In other words, the quantized field ϕ has to satisfy the klein-Gordon equation. This important realization, will lead to a new vision which is introduced in this work for the first time about the treatment of the PT -symmetric iϕ^3 scalar field theory. The new vision will prove the validity of our ansatz in Ref.[14] as well as will invalidate the other trials carried out for the C operator calculations [22, 25] of the PT -symmetric iϕ^3 scalar field theory.

The back bone for the calculation of observables in non-Hermitian theories with real spectra is the metric operator η. This operator has the property H^† = ηHη^{−1}, where H is a Hamiltonian operator and H^† is its adjoint [11, 12]. Here η is Hermitian, invertible and positive definite metric operator. In fact, η is not unique [30–35] and thus one can find different forms for η for the same Hamiltonian operator H. While the metric operator calculations go easily in the quantum mechanical case, the calculations are very complicated for the quantum field versions. Moreover, the accomplished calculations which so far are believed to be valid are non-local and can be done in a closed form but for first order approximation and for 1 + 1 space-time dimensions only [22, 25].

The lack of existence of a simple form for metric operator in field theory may lead to the following question; is the extension from the quantum mechanical version to the quantum field version can go straight as done in the literature [22, 25]?. To answer this question, let us consider the quantum mechanical theory with Hamiltonian H such that; H = p^2 2 + 1 2 m^2x^2 + igx^3,

where m is the mass parameter and g is the coupling constant. In the literature, it is assumed that x is real and thus the Hamiltonian is non-Hermitian but PT -symmetric which means that the spectrum is real. For the quantum field version of this theory, we have the Hamiltonian form; H = H_0 + gH_I

H_0 = 1 2 ∫ d^3x ( π^2 + (∇ϕ)^2 + m^2ϕ^2 ) , H_I = i ∫ d^3xϕ^3, (2)

where ϕ is the field operator and π is its canonical conjugate. In fact, ϕ does not represent an observable and one can not have a priory assumption that it is real as in the case of the quantum mechanical version where x can be taken real as it represents an observable. In fact, a priori assumption of the reality of the field ϕ in the PT -symmetric field theory with cubic interaction will lead to a contradiction. To explain this, we consider the equation · π = −i [π, H] , (3) which is nothing but the klein-Gordon equation for the field ϕ. In other words, the quantized field for the iϕ^3 scalar field theory has to satisfy the klein-Gordon equation of the form; ∂^2ϕ ∂t^2 − ∇^2ϕ + m^2ϕ + 3igϕ^2 = 0. (4)

In the rest frame and in 1 + 1 space-time dimensions, this equation can take the form; − d^2ϕ dx^2 + m^2ϕ + 3igϕ^2 = 0. (5)

in multiplying by^{dϕ}_{dx} , one can have the relation between ϕ and x as x = ∫ 1 √ m^2ϕ^2 + 2igϕ^3 dϕ, (6) or ϕ (x) = 2im^2 g e^{mx} (e^{mx} + 1)^2 , = im^2 2g sech^2 (mx 2 ) . (7)

For the time dependent solution, one can boost the static solution above to get the result; ϕ (x, t) = 2im^2 g e^{mγ(x−vt)} (e^{mγ(x−vt)} + 1)^2 , = im^2 2g sech^2 (_{γm(x−vt)} 2 ) . (8)

where γ is the Lorentz factor and v is the velocity. One can easily check that the above solution satisfies the Klein-Gordon equation given by; ∂^2ϕ ∂t^2 − ∂^2ϕ ∂x^2 + m^2ϕ + 3igϕ^2 = 0.

Apart from the operator characteristic of the field which is employed as Fourier coefficients in the Fourier transform of the field, the important information in this solution is that the quantized field is a pure imaginary solitary wave as shown in Fig.1. This realization is important as solitary waves are candidates for the description of Hadrons as they retain their shapes after collision [36].

The anti-soliton solution, ϕ^† =^{−im2}_{2g} sech^2 (_{mx} 2 ) , belongs to the theory with opposite sign of the coupling (−igϕ^3). With the soliton for igϕ^3 theory and the antisoliton solution for −igϕ^3 theory, both theories merge into an equivalent one Lee-Wick theory. Since the soliton solutions ϕ and ϕ^† have the boundary conditions;

ϕ_{±∞} = 0, ϕ^†_{±∞} = 0, they are non-topological ones. This is a very strange result because non-topological solitons are characterizing theories with more than one component [36]. Accordingly, one may conjecture that the theory under investigation has an equivalent Hermitian theory which includes both ϕ and ϕ^† with a conserved Noether current.

In view of the features of the obtained solution in Eq.(8), the Hamiltonian in Eq.(2) is PT -symmetric as well as Hermitian and thus the metric operator is the Identity operator which means that all the previous trials to calculate the C operator for the theory at hand were invalid [22, 25]. However, this Hamiltonian suffers from the existence of ghost states ( as a Lee-Wick theory) and stability problems. In fact, the presence of such problems does not mean that the theory is physically unacceptable. For instance, Bender et.al have treated the swanson model and the Lee model for which such kind of problems exist [37, 38].

To start the algorithm of curing the ghost states and instability problems in the iϕ^3 model, we use the map

ζ (x) = ∫ dx exp ( i ln b 2 (π (x) ϕ (x) + ϕ (x) π (x)) ) , where b is a constant C − number. In using Baker–Campbell–Hausdorff formula, one can obtain the following relations;

ζ (x) ϕ (y) ζ^{−1} (x) = bϕ (x) , ζ (x) π (y) ζ^{−1} (x) = π (x) b ,

Accordingly,

ζ (x) H (y) ζ^{−1} (x) = − 1 2 ∫ d^3x ( (∇ϕ)^2 + π^2 + m^2ϕ ) + ∫ d^3xϕ^3, (9)

where b = −i. One may concludes that this form is equivalent to the form in the literature with the assumption that the field is real from the very beginning. In fact, this conclusion is not correct as the Hamiltonian in Eq.(9) is no longer PT -symmetric and thus the C-operator regime followed in the literature collapses [22, 25]. As the theory has a real spectrum, one can find an equivalent Hermitian as well as positive definite theory via the calculation of the metric operator.

In Refs. [14, 26], we introduced a new ansatz for the metric operator for iϕ^3 scalar field theory and showed that the Q_1 operator has the form;

Q_1 = C_1 ∫ d^dzπ^3(z) + C_2 ∫ d^dzϕ(z)π(z)ϕ(z) + C_3 ∫ d^dz∇ϕ(z)π(z)∇ϕ(z), (10) where C_i are real parameters to be adapted for Q_1 to satisfy Eq.(11) below. Note that, the relation H^† = ηHη^{−1} has to exist and thus the first order correction for the metric operator can be obtained from the relation;

− 2H_I = [−Q_1, H_0] , (11)

where η = exp(−Q), Q = Q_0 + gQ_1 + g^2Q_2 + +g^3Q_3 + ...

Now, back to the soliton solution, in 1+1 space-time dimensions, one can obtain its mass as; M = − 1 4 m^6 m ∫_∞ −∞ cosh^{2 −1}_2 x − 1 g^2 cosh^{6 −1}_2 x dx = − 2 15 m^5 g^2 , with the classical energy given by E = γM. This means that the soliton bears a particle characteristics. In fact, this is not the first time to have negative masses for a PT -symmetric theory [39] but its appearance here in the classical theory is a reminiscent of the ghost-states but certainly it would be cured in the quantized one via the use of the metric operator. Also, this results agrees with the negative central charge of a closely related model studied in Ref. [40].

For Higher space-time dimensions one gets the the solution;

ϕ (x, y, z) = im^2 2g sech^2 ( m (x + y + z) 2 √ 3 ) . Although this is finite everywhere in the space, the classical energy is infinite for the higher dimensions which agrees well with Derrick’s theorem [41].

For the quantization of the classical sliton, one can expand the quantized field around the static solution and use the traditional quantum field methods to calculate the amplitudes [36], which will be a research topic for us in the near future.

To conclude, We discovered that the now known as PT -symmetric and non-Hermitian scalar field theories are in fact a kind of Hermitian Lee-Wick theories. For that, we have solved the Klein-Gordon equation for the iϕ^3 scalar field theory. For this this theory, both the classical and the quantized fields have to verify the Klein-Gordon equation. We found that the field is pure imaginary and thus spoils out the non-Hermiticity of the theory. Accordingly, the theory is Hermitian but suffers from existence of instability and ghost states problems. To treat these problems, we applied a Canonical transformation to transform the now Hermitian iϕ^3 theory into a non-Hermitian theory with positive kinetic term. Though the form obtained looks like the traditional one in the literature, a crucial difference exists as our form is not PT -symmetric and thus the the C-operator regime followed in the literature to cure the ghost states problem is no longer working. Another reason that this regime is not working is that we have shown that the integration ∫ d^dx∇^2ϕ(x)π^2 vanishes while it has been set to non-zero value in the literature.

The soliton solutions obtained in this work are non-perturbative since they are singular at the limit g → 0. Accordingly, in quantizing the theory around the classical solutions, the physical quantities receives non-perturbative corrections and thus turn them more accurate than the quantization around the trivial vacuum. Moreover, the solitons are non-topological and in order to account for the stability of the solitons we conjecture that the mother (equivalent) Hermitian theory has a conserved Noether current. In fact, the current algorithms in the literature can not lead to such kind of expectations and the theory deserves more careful analysis.

We think that the novel trend followed in this work will lead to a progress in building up a concrete formulation of a strongly interacting scalar Higgs mechanism.

Acknowledgments

We are very grateful to Hugh F. Jones for notifying us for the existence of some errors in the previous version of this work which we corrected in the current version.

[1] Tetsuo Deguchi, Pijush K. Ghosh and Kazue Kudo, Phys. Rev. E 80, 026213 (2009) [2] Ali Mostafazadeh, Pramana-J. Phys. 73, 269-277 (2009) [3] C. M. Bender, S. Boettcher, and P. N. Meisinger, J. Math. Phys. 40, 2201 (1999). [4] Carl M Bender, Daniel W Hook and Lawrence R Mead, J.Phys.A41:392005 (2008 ) [5] Carl M. Bender, Peter N. Meisinger, and Haitang Yang, Phys. Rev. D63, 045001 (2001). [6] C. M. Bender and S. Boettcher, Phys. Rev. Lett. 80, 5243 (1998).

[7] C. M. Bender, F. Cooper, P. N. Meisinger, and V. M. Savage, Phys. Lett. A 259, 224 (1999). [8] A. Mostafazadeh, J. Phys. A: Math. Gen. 38, 6557 (2005) and Erratum 38, 8185 (2005). [9] Carl M. Bender, Dorje C. Brody and Hugh F. Jones , Phys.Rev. D70 (2004) 025001; Erratumibid. D71 (2005) 049901.

[10] Abouzeid shalaby, Eur.Phys.J.C50:999-1006 (2007). [11] A. Mostafazadeh, J. Math. Phys., 43, 3944 (2002). [12] A. Mostafazadeh, J. Math. Phys. 43, 205 (2002). [13] Abouzeid shalaby, Phys. Rev. D. 79, 065017 (2009). [14] Abouzeid shalaby, Phys. Rev. D. 79, 107702 (2009). [15] K. Symanzik, Commun. Math. Phys. 45, 79 (1975).

[16] C. M. Bender, K. A. Milton, and V. M. Savage, Phys. Rev. D 62, 85001 (2000). [17] Frieder Kleefeld, J. Phys. A: Math. Gen. 39 L9–L15 (2006).

[18] Abouzeid M. Shalaby, Will the PT − Symmetric and Non-Hermitian ϕ^4 Theory Solve the Hierarchy and Triviality Problems in the Standard Model? arXiv:0712.2521.

[19] C. M. Bender and S. Boettcher, Phys. Rev. Lett. 80, 5243 (1998).

[20] C. M. Bender, D. C. Brody and H. F. Jones, Phys. Rev. Lett. 89, 270401 (2002); ibid. 92, 119902E (2004).

[21] C. M. Bender, P. N. Meisinger, and Q. Wang, J. Phys. A: Math. Gen. 36, 1973-1983 (2003). [22] C. M. Bender, D. C. Brody and H. F. Jones, Phys. Rev. Lett. 93, 251601 (2004); Phys. Rev.

D70, 025001 (2004).

[23] Carl M. Bender, Dorje C. Brody and Hugh F. Jones Phys.Rev.D73:025002 (2006). [24] H. F. Jones, J. Mateo,Phys.Rev.D73:085002 (2006).

[25] C. M. Bender, D. C. Brody and H. F. Jones, Phys. Rev. D 70, 025001 (2004).

[26] Abouzeid shalaby, Reply to ”Comment on ’New ansatz for metric operator calculation in pseudo-Hermitian field theory ’”, hep-th/0906.4293.

[27] T. D. Lee and G. C. Wick, Nucl. Phys. B 9, 209 (1969). [28] T. D. Lee and G. C. Wick, Phys. Rev. D 2, 1033 (1970).

[29] W. Greiner and J. Reinhardt, FIELD QUANTIZATION, Springer-Verlag Berlin Heidelberg New York, ISBN 3-540-59179-6 (1996).

[30] C. M. Bender and S. P. Klevansky, Phys. Lett. A 373, 2670 (2009). [31] Ali Mostafazadeh, J. Phys. A: Math. Gen. 39 (2006) 10171–10188. [32] Mostafazadeh A 2002 Nucl. Phys. B 640 419. [33] Mostafazadeh A 2003 J. Math. Phys. 44 974.

[34] Geyer H B, Scholtz F G and Snyman I 2004 Czech J. Phys. 54 1069. [35] Jones H F 2005 J. Phys. A: Math. Gen. 38 174.

[36] R.Rajaraman, Solitons and Instantons, NORTH-HOLLAND (1989). [37] Carl M. Bender and Philip D. Mannheim, Phys.Rev.Lett.100:110402(2008). [38] Carl M. Bender, Sebastian F. Brandt, Jun-Hua Chen, Qing-hai Wang, Phys.Rev.D71:025014 (2005).

[39] Miloslav Znojil and Petr Siegl, Physics Letters A 373,1921–1924 (2009). [40] John L. CARDY and G. MUSSARDO, Physics Letters B 225, 275-278 (1989). [41] Sidney Coleman, Aspects of symmetry, CAMBRIDGE UNIVERSITY PRESS (1985). [42] We will show that this terminology is no longer correct for the theory under investigation.

FIG. 1: The field −iψ (solitary wave) as a function of x at t = 0, t = 0.5 and t = 1 for v = 0.7 from left to right respectively.