arXiv:0912.0674v2 [hep-ph] 5 Dec 2009

CP3-Origins-2009-25

Constraints on Conformal Windows from Holographic Duals

O. Antipin^∗

Department of Physics, University of Jyväskylä, P.O.Box 35, FIN-40014 Jyväskylä, Finland and Helsinki Institute of Physics, P.O.Box 64, FIN-00014 University of Helsinki, Finland

K. Tuominen^{†‡}

CP^3-Origins, Campusvej 55, 5230 Odense, Denmark and Helsinki Institute of Physics, P.O.Box 64, FIN-00014 University of Helsinki, Finland

(Dated: December 5, 2009)

Abstract

We analyze a beta function with the analytic form of Novikov-Shifman-Vainshtein-Zakharov result in the five dimensional gravity-dilaton environment. We show how dilaton inherits poles and fixed points of such beta function through the zeros and points of extremum in its potential. Super Yang-Mills and supersymmetric QCD are studied in detail and Seiberg’s electric-magnetic duality in the dilaton potential is explicitly demonstrated. Non-supersymmetric proposals of similar functional form are tested and new insights into the conformal window as well as determinations of scheme-independent value of the anomalous dimension at the fixed point are presented.

† On leave of absence from Department of Physics, University of Jyväskylä ∗Electronic address: oleg.a.antipin@jyu.fi ‡Electronic address: kimmo.tuominen@jyu.fi

I. INTRODUCTION

Within the language of quantum field theory some of the most profound insights to the physical realm are encoded into the dependence of the theory on the energy scale. Two basic quantum field-theoretic tools addressing these issues are effective field theories and renormalization which emerged during the theoretical developments in 1970s. Arguably, one of the most basic examples of these phenomena is the evolution of the gauge coupling, given by the beta function. As a well known example of these behaviors, one may consider asymptotically free Yang–Mills (YM) theory where, as the energy scale is decreased from the ultraviolet end towards the infrared, the coupling runs; the renormalization group evolution results in logarithmic increase from near zero values to infinitely strong coupling as the scale of confinement and ultimately non-perturbative physics is reached.

In this work we concentrate on two particular features related to the dependence of a theory from the energy scale which are identified on the level of a generic beta function. One of these is the existence of the fixed point (FP) i.e. a non-trivial zero of the beta function at some finite value of the gauge coupling. Another one is the divergence of the beta function at some finite value of the gauge coupling i.e. existence of a pole in the beta function.

Existence of an infrared FP implies that the theory becomes conformal as we go to the large distances and such theories have received a lot of attention recently in high energy physics due to the progress made in understanding the phase diagram of strongly coupled gauge theory as a function of number of colors and flavors as well as matter representations [2, 3]. Phenomenologically these theories are important for beyond Standard Model (SM) model-building within the frameworks of walking technicolor [4] and unparticles [5].

On the other hand, if beta function has a pole, the evolution of the gauge coupling will cease at a finite value of the coupling as we approach the pole scaling from the ultraviolet by integrating out high energy degrees of freedom.

Since both the presence of the pole as well as a fixed point in the beta function may be scheme dependent properties, one may ask how much physical significance can be given for, say, a pole which can be present in one scheme but absent in another. This question is a basic motivation for the study on which we now embark.

For the four dimensional quantum field theory we will at first concentrate on the known exact results for the beta function in certain quantum field theories, where we may see both of the above mentioned features. Concretely, we consider the exact β-function of supersymmetric QCD (SQCD), first derived by Novikov-Shifman-Vainstein-Zakharov (NSVZ) [6],

β(λ) = −2λ^2 β_0(Y ) + rγ(λ) 1 − jλ , (1) γ(λ) = −4λ C_2(R) N_c + O(λ^2) , (2)

where r = Y ≡ N_f /N_c and N_f (N_c) is a number of flavors (colors), j = 2, β_0 = 3 − Y is the first beta function coefficient and C_2(R) is the quadratic Casimir of the gauge group. Furthermore, γ(λ) is the anomalous dimension of the matter superfield with the leading perturbative term shown in the above equation and λ =^{g2Y M Nc}_{(4π)2} is the running ’t Hooft coupling.

Unfortunately, corresponding results for non-supersymmetric theories are not known and progress in this direction is typically of conjectural nature only. In this regard, proposal for the beta function of non-supersymmetric theories with arbitrary fermionic matter content inspired by NSVZ form appeared in [7]. Replacing anomalous dimension with its leading perturbative expression we arrive at the following symbolic form of the beta function parametrizing both supersymmetric and non-supersymmetric cases:

β(λ) = −2β_0λ^2 (1 − vλ) 1 − jλ , (3)

where in SQCD case coefficient v can be read off from Eq. (1) while corresponding coefficients j, β_0 and v for the non-supersymmetric conjecture will be specified later as we discuss concrete examples.

Another approach towards understanding of strongly coupled gauge theories is based on the celebrated AdS/CFT correspondence [8, 9] allowing to mathematically relate certain large N_c gauge theories to string theory at certain limit. Even though the most presice version of this holographic correspondence exists for the four-dimensional (4D) N = 4 Super YM (SYM) theory, which is quite distant from the real world, extended holography was tested in many environments giving encouraging results [10, 11]. In particular, an interesting approach based on the coupled five dimensional (5D) dilaton-gravity system was developed recently in [12, 13] allowing to encode exact beta function of QCD-like theories directly into the structure of the potential for the dilaton field. For applications of this method most closely related to our work see [14, 15, 16, 17, 18].

In this paper we will show how the vacuum solution to the coupled 5D dilaton-gravity system, completely specified by the dilaton potential, inherits poles and fixed points of the beta function of a 4D boundary theory given by Eq. (3). Our exemplary core case study will be given by SYM-SQCD theories taking advantage of the complete non-perturbative knowledge of the supersymmetric gauge theory on the boundary. Sensitivity of the dilaton potential to the particular renormalization scheme used to arrive at the complete beta function will be tested via rewriting Eq. (3) in a variety of different schemes. In the SQCD case, we will see how the physical picture of the electric-magnetic duality encoded into the structure of the dilaton potential will emerge. Of course it is clear that for these cases there is nothing further to learn about the field theory from the gravity solution; rather we see these examples as consistency checks on the properties of the gravity solution. These insights will turn out useful, since ultimately we will discuss similar physical results in a non-supersymmetrical proposals with the structure of Eq. (3). We will show that here the gravity duals may give new insights to these proposals. As particular applications we consider predictions for the lower end of the conformal window (CW) [19, 20, 21] as well as scheme-independent values of the anomalous dimension at the FP.

In the next section we briefly review the holographic framework we are going to use. We then test this method with a detailed examples of SYM-SQCD in Sec.III and further apply it to the non-supersymmetric beta functions proposals in Sec.IV. Our conclusions and outlook are given in Sec.V.

II. THE HOLOGRAPHIC METHOD

As is well known, in the low energy limit string theory can be approximated by pure supergravity, which, in turn, is expected to give an adequate qualitative holographic description of a pure YM in a large N_c limit. Briefly, the steps in a top-down approach to the dual description of the pure YM can be summarized as follows [12, 13]: In a first step an effective action for the long range fields of the D_3 branes in a IIA/IIB string theory is obtained. The minimal degrees of freedom at this step include the gravitational fields (dilaton and the axion), as well as the five-form flux controlling the number of D_3 branes. To simplify the theory further, axion field can be neglected in the leading order and the string frame action is transformed to the Einstein frame. From this Einstein frame action, the equations of motion for the five-form are solved and inserted back to the action. Finally, integrating over the S_5-sphere, the action for the coupled 5D dilaton-gravity theory is

S = M^3N^2_c ∫ d^5x √ −g [ R − 4 3 g^{μν} ∂_μϕ∂_ν ϕ + V (ϕ) ] . (4)

where M is the five-dimensional Planck scale and N_c is the number of colors.

Working in the so called domain-wall coordinates, we assume that the above action is minimized by a background of the form

g_{μν} = du^2 + e^{2A(u)}η_{ij} dx^idx^j , ϕ = ϕ(u), (5)

where x^i are the usual 4D spacetime coordinates of the Minkowski space with metric η_{ij} = diag(−, +, +, +).

The dilaton potential V (ϕ) is expected to be a non-trivial function which is in a oneto-one correspondence with the β-function of the boundary gauge theory. The independent Einstein’s equations take the following form:

(ϕ^′(u))^2 = − 9 4 A^{′′}(u), V (ϕ) = 3A^{′′}(u) + 12(A^′(u))^2. (6)

These equations can be written in the first-order form in terms of a superpotential W (ϕ) as ϕ^′(u) = dW dϕ , A^′(u) = − 4 9 W, (7) V (ϕ) = − 4 3 ( dW dϕ )_2 + 64 27 W^2. (8)

The 4D ’t Hooft coupling λ = g^2_{Y M} N_c/(4π)^2 is identified with the dilaton field λ = e^ϕ and familiar holographic interpretation of 4D energy scale E with the scale factor A(u), log E ↔ A(u) is used. With these identifications, it follows that the β-function of the ’t Hooft coupling is related to 5D fields as: β(λ) ≡ dλ d log E = λ dϕ dA . (9)

Generally the relation between log E and A is some complicated function and the identification log E = A holds only in the asymptotic weak coupling limit. Also the identification of the field theory coupling λ with the bulk dilaton ϕ requires the asymptotic behavior β(λ) = −b_0λ^2 − b_1λ^3 + . . . . Definition of the field theory coupling ϵ(λ) satisfying β(ϵ) = −b_0ϵ^2 − b_1ϵ^3 + . . . in the weak coupling limit, and a functional relation between log E and A defines a renormalization scheme for the field theory. In the following section we will introduce several different schemes and study the resulting behaviors in the gravity solution. For all schemes we consider we fix log E = A.

We will mostly use variable X, introduced in [12, 13], which is directly related to the logarithmic derivative of W (ϕ): X = − 3 4 d ln W dϕ = β(λ) 3λ . (10)

It is a simple exercise to combine Eqs. (8) and (10) to write the dilaton potential as:

V (λ) = 64 27 W^2(λ) [ 1 − X^2(λ) ] . (11)

Clearly, zeros of the dilaton potential, if they exist, will be encoded into the function 1 − X^2 provided that the superpotential W has no zeros. This will always be the case in this paper as can be seen explicitly for each concrete example considered in what follows. Thus, if |β(λ)| > 3λ for some physical λ, dilaton potential will change sign.

At the Gaussian FP, |β(λ)|/(3λ) ∼ λ → 0 and, thus, as 1 − X^2 → 1, dilaton potential V → 64W^2(0)/27 > 0. Also, generally, if β-function has a pole and does not have non-trivial FP’s, |β(λ)| > 3λ will hold at some point and we have a sign change in the dilaton potential before we approach the pole. Hence, generally, if there is a pole in the beta function we expect to find a zero in the dilaton potential.

On the other hand, the FP in the beta function appears in the dilaton potential as an extremum. From (10) and (11) one easily derives that dV dλ = 128 27 W^2(λ) ( − 4 3λ (1 − X^2(λ)) − dX(λ) dλ ) X(λ). (12)

Therefore, if β(λ^∗) = 0, Eq. (10) implies that X = 0 which further implies an extremum of V (λ). Note however, that the extremum of the dilaton potential is only a necessary but not sufficient condition for the FP.

In relation to these considerations we also note that one important class of asymptotes discussed in [12, 13] has X(λ) → −1/2 as λ → +∞ (working in the variables where this limit exists) and thus dilaton potential might never change a sign. For this to happen, additional change in the curvature of the beta function is required because beta function always needs to stay above the β(λ) = −3λ line while unambiguous UV limit for asymptotically free gauge theory in any coupling scheme requires it to asymptote to β(λ) ≈ −β_0λ^2 − β_1λ^3.

As a final remark on the method we note that although we will consider theories with matter fields, we do not embark on the detailed study of adding flavors using probe branes in the bulk. Rather, we consider including the anomalous dimension as a function of the coupling constant into the beta function and assume this to give adequate effective description of fermions at least in the domain where the coupling is small. In order to have some control over this assumption we will begin with the example of SYM and SQCD theories where we can verify the implications of the gravity solution against the known results for the corresponding field theory.

III. POLES AND FIXED POINTS: SYM-SQCD CASE STUDY

In this section we will see how the dilaton potential inherits the physics of the beta functions parametrized as in Eq. (3). First, we deal with beta function without FP (only pole) which amounts to v = 0 in Eq. (3). This case will be illustrated with a pure SYM example. Then, we will allow for the FP using the leading perturbative term of the anomalous dimension. This case will be illustrated by SQCD example with a detailed analysis of the conformal window and Seiberg duality [22, 23].

We start with Eq. (3) where the parameters are β_0 = 3 − Y , j = 2 and v = 2Y/β_0 with Y ≡ N_f /N_c. Also, for any number of flavors the coefficient j is fixed to the pure SYM value j = 2.

A. No FP (Y = v = 0): SYM case study

Let us start by considering the coupling constant λ and the beta-function given by (1). Direct use of Eq. (3) gives

1 − X^2 = 0 = 1 − ( 2β_0λ 3(1 − jλ) )_2 =⇒ λ = 1 j ±^2_3 β_0 = 1 4 , ∞, (13) while from Eq. (10) the superpotential reads

W = W_0(1 − jλ)^{− 8β09j} . (14)

Here integration constant W_0 = W (λ = 0) = 9/(4ℓ) is related to the asymptotic AdS length ℓ. The integration constant W_0 will only serve to normalize the results; in our numerical examples we will fix W_0 = 1. We observe that in terms of variable λ the spacetime ends at λ = 1/j = 1/2 where the superpotential becomes complex and the zero of the dilaton potential occurs at λ = 1/4, i.e. “half-way” towards the pole.

Next, consider a scheme change which brings the beta function of Eq. (3) to the oneloop exact form β(λ_h) = −2β_0λ^2_h through the definition of the new coupling λ_h via λ^{−1}_h = λ^{−1} + j ln(λ). This is the famous Shifman-Vainstein holomorphic coupling [24] (see also [25]). Scheme change is one-to-one for the values of λ from zero to the pole value 1/2. We further identify the dilaton with the holomorphic coupling λ_h = e^ϕ as otherwise we need λ(λ_h) inverse transform which cannot be expressed in terms of elementary functions and therefore is not very illuminating. We have again a zero in the dilaton potential,

1 − X^2 = 0 = 1 − ( 2β_0 3 λ_h )_2 =⇒ λ_h = ± 3 2β_0 = ± 1 2 , (15) and the superpotential in this case reads

W = W_0exp [ 8β_0λ_h 9 ] . (16)

Note also that the relation between the coupling and the scale factor A(ϕ) is very transparent in these variables: Starting from the infinitesimal form of Eq. (9), we first obtain d ( 1 λ_h ) = 2β_0dA, (17)

which implies that A = 1 2β_0λ_h

+ C. (18)

Now, holomorphic coupling reaches its maximum value λ^{max}_h = 1/(2 − 2 log(2)) for λ = 1/2. Fixing A(λ^{max}_h ) = 0, we interpret the scale factor as diverging in UV where λ_h → 0 and shrinking to zero in the infrared, i.e. when approaching the pole in the original λ-variable.

After these preliminary considerations we introduce a change of variables which will be central to our study. We define the coupling constant ϵ = λ/(1 − jλ), (19) and the resulting β-function is

β(ϵ) = −2β_0ϵ^2(1 + jϵ). (20)

In other words, we defined a scheme which is two-loop exact. The above beta function has a FP at the unphysical value of the coupling, ϵ^∗ = −1/j = −1/2. The scheme change implied by this change of variables is one-to-one everywhere and maps λ ∈ [0, 1/2) onto the interval from zero to infinity. Consider first keeping the dilaton unchanged, and define λ = e^ϕ. Then we have

1 − X^2 = 0 = 1 − ( 2β_0 3 ϵ )_2 =⇒ ϵ = ± 3 2β_0 = ± 1 2 . (21)

For completeness we present again also the superpotential,

W = W_0(1 + jϵ)^{8β09j} , (22)

and plot the full dilaton potential using Eq. (11) in the left panel of Fig.1. Note that the superpotential (22) is obtained from (14) by changing variables from λ to ϵ, which is a consequence of the fact that the dilaton is defined in both cases using the coupling λ.

Furthermore, it is trivial to find the transformation to the domain-wall variable u using first equation in Eq. (7). We find that: u(ϵ) − u(s) = 1 W_0d ∫_ϵ s (1 + jt)^{− d+jj} t^2 dt, (23)

FIG. 1: (left) Dilaton potential in the two-loop exact scheme when the dilaton is λ = exp(ϕ). (right) Illustration of the running of the coupling for the scheme corresponding to the dilaton potential in the left panel. The value W_0 = 1 was used for both graphs.

where we introduced shorthand d ≡^8_9 β_0. The integrand diverges at the lower limit s → 0 corresponding to the UV limit in the domain-wall variable u → −∞. We plot Eq. (23) in the right panel of Fig.1 for s = 10^{−3}. We observe that ϵ diverges at the finite value of u confirming the absence of any FPs in the boundary gauge theory.

Of course nothing forbids to take ϵ = e^ϕ in the above two-loop exact scheme, and qualitatively nothing changes. The dilaton potential will have a zero given by the solution of

1 − X^2 = 0 = 1 − ( 2β_0ϵ 3 (1 + jϵ)

)_2 =⇒ ϵ = −β_0 ± √ β_0(β_0 ± 6j) 2jβ_0 (four roots). (24)

For SYM (β_0 = 3, j = 2), out of the four solutions the only real and positive one corresponds to the choice of both + signs in Eq.24 and is ϵ^∗_1 ≈ 0.309. Finally, the superpotential is given by W = W_0exp [ 8β_0ϵ 9 ( 1 + j 2 ϵ )] . (25)

Even though we used different variables and different identifications for the dilaton, the common property is that the dilaton potential has a zero. We further note, that superpotentials in Eqs. (22) and (25) pass the criteria for confinement presented in [13]. There it was shown that class of superpotentials growing faster than (log ϵ)^{P/2}ϵ^{2/3} as ϵ → ∞ (for some P ≥ 0) correspond to a confining theory. In our case we have P = 0 and W ∼ ϵ^{4/3} for ϵ → ∞ in (22) while the superpotential in (25) grows exponentially. Physical results are expected to be scheme independent and hence also (14) and (16) correspond to confining potentials. The two-loop exact scheme we considered is particularly useful due to the fact that ϵ changes from 0 to ∞ which eases the comparison with [13]; all other schemes lead to physically equivalent results as we have seen.

B. FP and the poles: SQCD case study

With the notation and concepts established in previous subsection we now move on to discuss theories with matter. As a concrete example we consider SQCD as a benchmark where FP and Seiberg duality map [22] Y →^Y_{Y −1} exist for^3_2 < Y < 3. Also, v(Y = 3/2) = 2 and v(Y = 3) = ∞. The superpotential and the dilaton potential can be easily calculated as direct generalization of the results in the previous subsection.

In its original form (1) has support only for the values of the coupling λ on the interval from zero to 1/j = 1/2; note that this pole value is independent of matter fields. To better compare against literature we again consider redefinitions of the coupling. The holomorphic coupling is not very illuminating in this case as, regardless of the dilaton definition, we inevitably need λ(λ_h) inverse transform which cannot be expressed in terms of elementary functions. We escaped this problem when considering the holomorphic scheme in Sec.III A due to the absence of ∼ vλ^3 term in the numerator of the original beta function.

The two-loop scheme, ϵ = λ/(1−jλ) which implies β(ϵ) = −2β_0ϵ^2(1+(j −v)ϵ), turns out to be very convenient for us here. We will also exclusively use the identification λ = exp(ϕ) from now on. Observe first that this beta function has FP at ϵ^∗ = −1/(j − v) and this FP appears on the positive real axis as lower boundary of the CW at Y = 3/2 (v = 2) is reached from below. In the dilaton potential the fixed point ϵ^∗ corresponds to the extremum point V^′(ϵ^∗) = 0. As we move across the CW from lower to the upper boundary, this FP will move from ∞ to the zero value of the coupling. Notice that under Seiberg’s duality map, Y →^Y_{Y −1} , we have ϵ^∗ →^1_{ϵ∗} , as expected.

FIG. 2: Left panel: The dilaton potential V (ϵ) for values Y = 1 (solid), Y = 1.7 (dashed), Y = 2 (dash-dotted) and Y = 2.9 (short dashes). The normalization factor W_0 has been set to unity. Right panel: Corresponding superpotentials. The notation is the same as for the figure in the left panel.

With these variables we have X = 2β_0ϵ(1 + (j − v)ϵ) 3(1 + jϵ)

, (26)

and in Fig. 2 we illustrate the qualitative features of the dilaton potential and superpotential as the conformal window, starting at Y = 3/2, is entered from below. Below the conformal window the theory is confining as the rapid growth of the superpotential as a function of the coupling shows, and the coupling diverges in the infrared as can be explicitly verified via (23). On the other hand, above the lower boundary the behaviors of both the dilaton potential and the superpotential become markedly different. As we are within the conformal window, confinement is lost as is shown by the superpotential which in this region is a monotonously decreasing at large values of the coupling. The extremum of the dilaton potential corresponds to a physical fixed point moving from large coupling towards zero as Y increases from 3/2 to 3 where asymptotic freedom is lost at the upper boundary of the conformal window. Note, that the dilaton potential within the conformal window has zero determined by

1 − X^2 = 0 = 1 − ( 2β_0ϵ_0(1 + (j − v)ϵ_0) 3(1 + jϵ_0)

)_2 . (27)

The value of ϵ_0 is always larger than the fixed point value ϵ^∗ and in particular ϵ_0 will remain nonzero as ϵ^∗ → 0 at the upper boundary of the conformal window.

To explicitly verify that within the conformal window the above potentials correspond to nonconfining gauge theory on the boundary we again recall the results of [13]. In terms of the variables we are using here, confinement corresponds to superpotentials growing faster than ϵ^{2/3}/(1 + 2ϵ)^{2/3}, and we dropped here the possible positive power of log ϵ which do not arise in our potentials anyway. At large ϵ the leading behavior is

W (ϵ)/[ϵ^{2/3}/(1 + 2ϵ)^{2/3}] ∼ ϵ^{− 8Y9 + 43} + O(ϵ^{− 8Y9 + 13} ), (28)

which implies that the change from confining to nonconfining theory occurs at Y = 3/2 consistently with Seiberg’s analysis.

For illustration, in the left panel of Fig.3 we plot the curve ϵ(Y ) corresponding to values of Y for which the inequality

W (ϵ) ≤ ϵ^{2/3}/(1 + 2ϵ)^{2/3} (29)

is satisfied for ϵ ≥ ϵ(Y ); the boundary theory becomes nonconfining as the conformal window is entered at Y = 3/2.

Finally, within the conformal window the existence of the fixed point can be confirmed by looking at the evolution of the coupling in the infrared as illustrated in Fig. 3 for Y = 1.95 for which we expect the appearance of the FP at ϵ^∗ ≈ 0.583. We observe that ϵ indeed flows to this FP at low energies.

We emphasize that in Eq.(3) we included anomalous dimension perturbatively and thus, in principle, we expect our approximations to work only in the vicinity of the upper boundary of the CW. However, we have seen that this approximation leads to interesting and intuitive picture encoded into the structure of the dilaton potential across the whole CW. Moreover, the analysis we discussed above is fully consistent with Seiberg’s analysis of the conformal window within the boundary theory.

To conclude this section, we have seen that the gravity dual obtained using the betafunction of supersymmetric QCD exactly reproduces the known behavior of the field theory. Of course for the supersymmetric case everything is known without the gravity solution. However, this section serves as an important testbench for the holographic description of conformal window as in the next section we aim to apply these results in the nonsupersymmetric case.

FIG. 3: Left panel: The solid curve shows value of ϵ(Y ) where the superpotential W crosses below the limit in (29). The dashed vertical line shows the location of the lower boundary of the conformal window. Right panel: Illustration of the FP in the SQCD corresponding to Y = 1.95 (for which ϵ^∗ = 0.583). As for the other figure, also here W_0 = 1.

IV. ESTIMATES FOR THE CONFORMAL WINDOW IN NON- SUPERSYMMETRIC THEORIES

Encouraged by the results in the supersymmetric theories, we now deal with the nonsupersymmetric SU(N_c) gauge theories with fermionic matter in some representation R of the gauge group. As a concrete case study we consider the Ryttov-Sannino conjecture for the beta function, which was in turn inspired by the exact NSVZ result [7]. Consequently, non-supersymmetric beta function will be given by Eq. (1) where the first beta function coefficient is β_0 = (11 − 2Z)/3 with Z ≡ 2T (R)N_f /N_c. We generalized slightly our notation from supersymmetric cases of previous section, Y → Z, to allow for the matter in arbitrary representation of the SU(N_c) gauge group. We are using standard group theory notations with conventions adopted in [26]. Trivially, for the fundamental matter Z = Y and we recover the notation used up to this point. The well-known scheme independent second beta function coefficient is

β_1 =

34 − 10Z 3 − 2C_2(R)Z N_c . (30)

The higher coefficients are scheme dependent and will not be considered here. For fundamental matter in the large N_c limit we have β_1 =^{34−13Y}_3 .

Unlike for supersymmetry, there is no principle dictating the unique assignment of j and r coefficients in Eq. (1) for non-supersymmetric case. However, there are three immediate constraints on any given proposal: First, we need to reproduce the scheme-independent perturbative two-loop result once expanding Eq. (1) to the O(λ^3) order. Second, for pure YM we can compare to high precision data on the running of the coupling constant. Third, if we consider the theory with single Weyl fermion transforming in the adjoint representation of the gauge group the theory (in the large N_c limit) should correspond to SYM for which exact results are known.

Now, we again take anomalous dimension into account perturbatively

γ(λ) = 6

C_2(R) N_c λ + O(λ^2), (31)

which amounts to r = − β_0N_c 6C_2(R) v (32)

dictionary between Eq. (1) and Eq. (3) in this case. Let us now see how the three constraints mentioned above appear. Once expanding Eq. (3) to the O(λ^3) order we have β(λ) = −2β_0λ^2(1 + (j − v)λ) + . . . . To take into account the first constraint, we note that it is only j − v combination which parametrizes the unique second beta function coefficient, i.e. β_1 = β_0(j − v). Clearly there are infinite number of choices for j and v which satisfy this equation. Then consider the second constraint: Given the fit performed in [7], we require that j = β_1/β_0 = 34/11 in the pure YM limit [27]. In other words, the part of β_1 which is independent of N_f and fermion representations is contained entirely in j. Finally, let us consider the third constraint. This applies only to a single adjoint Weyl fermion for which β_0 = 3 and β_1 = 6, so that from the two-loop matching we have j − v = 2. Now we consider the ansatz (1) for single adjoint Weyl fermion,

β(λ) = −2λ^2

3 −^v_2 γ_{Adj} 1 − jλ , (33)

and, assuming that the schemes coincide, equate this with the corresponding NSVZ result for SYM which is

β_{SY M} (λ) = −2λ^2 β_0 1 − 2λ = − 6λ^2 1 − 2λ . (34)

The resulting equation is used to solve for γ_{Adj}. Demanding that this reproduces the known result, γ = 6λ 1 − 2λ , (35)

leads to the relation j − v = 2 which coincides with the relation obtained from two-loop matching. Note that this matching procedure implies that λ(μ)⟨ψ̄ψ⟩ is renormalization group invariant as it should if the schemes of the non-supersymmetric beta function ansatz and NSVZ beta function coincide, and hence the assumption underlying the matching calculation described here is consistent.

The main conclusion from above is that this third constraint does not provide new information. Rather, any choice for j and v leading to two-loop matching will automatically lead also to the desired matching onto SYM and some uncertainty on the choice of the parameters j and v hence remains. We will consider the following parametrization, j = 34 − 10Zδ 11 − 2Z = 34 − 10Zδ 3β_0 , v = (1 − δ)10Z + 6C_2(R)Z/N_c 11 − 2Z = (1 − δ)10Z + 6C_2(R)Z/N_c

3β_0

, (36) so that δ = 1 corresponds to the choice introduced in [7]. We will now first discuss how the gravity solution can provide further constraints on these parameters. As we have already stated earlier we do not address the details of adding matter by introducing new dynamical degrees of freedom into the bulk. Rather, we adopt a more exploratory point of view by considering the conjectured beta function as an effective description of the influence of matter on the dilaton field. We have seen that in the supersymmetric case this leads to consistent results.

The conjectured beta-function is expected to describe the gauge theory which for small number of flavors confines, develops a fixed point as the number of flavors is increased and finally looses asymptotic freedom at Z = 5.5. When approaching this upper boundary of the conformal window from below, γ ≪ 1 and our approximation for taking only the linear term into account should be sufficient. We also know the generic structure of the gravity solution, namely that as we approach the upper boundary of the conformal window from below, there is a fixed point λ^∗ → 0 and the dilaton potential V (λ) has a maximum at λ^∗. Moreover, there will be a zero of the dilaton potential at λ_0 > λ^∗. As we have seen for the supersymmetric case, this structure should remain throughout the conformal window. Requiring this to be the case also here imposes severe restriction on the parameter δ in (36) as we now show.

Recall that for the conjectured beta function

β(λ) = −2λ^2 β_0 + rγ 1 − jλ , (37)

the dilaton potential has zeros at

1 − X^2 = 0 = 1 − ( 2λ_0(β_0 + rγ) 3(1 − jλ_0)

)_2 , (38)

which implies that

2β_0λ_0(β_0 + rγ(λ_0)) = ±3(β_0 − β_0jλ_0). (39)

Since r is finite as β_0 → 0 on the basis of (36) and (32), the left-hand side of the above equation is zero as Z → 5.5, i.e. β_0 → 0. Therefore, since λ_0 ≠ 0, we have β_0j = 0 which, using (36) implies that δ = 34/55. Hence, the gravity solution we have discussed in this paper seems to fix the parameters j, v uniquely within this framework. Of course the validity of the application of this method to the case at hand can be questioned; nevertheless this result has interesting implications as we shall see.

We also note the following important property which only holds for δ = 34/55. Namely, only for this value the parameter j = 34/11 independently of Z. For any other value of δ the pole in the beta function (37), 1 − jλ will move as more fermion flavors are added to the theory. In particular, as Z is increased the pole will eventually coincide with λ = 0 and spacetime will shrink to a point, which we interpret as unphysical behavior. Note that for SQCD we had j = 2 independent of the matter fields.

Let us then turn to the determination of the conformal window. Let us come back again to Eq. (37) and use δ = 34/55 to obtain values for parameters j and v from (36). We may then solve for the lower boundary of the conformal window, Z^∗ by setting the numerator of Eq. (37) to zero, β_0(Z^∗) + r(Z^∗)γ^∗_{max} = 0 with r given by Eq. (32) and γ^∗_{max} denoting the critical point value of the anomalous dimension at the lower boundary of the conformal window. The result is

Z^∗ = 11 2 + (1 +^7_{11}^{Nc}_{C2(R)} )γ^∗_{max}

. (40)

The absence of negative norm states in conformal field theory implies the well-known unitarity bound γ ≤ 2 [28, 29, 30] and this can be used to obtain a lower bound for the conformal window. It turns out that for fixed value of γ^∗_{max} the conformal windows are larger when δ = 34/55 is used instead the value δ = 1 corresponding to the case in [7]. The critical number of flavors obtained using δ = 34/55, γ^∗ = 0.5 and the definition of Z^∗ = 2T (R)N^∗_f /N_c are presented in Table I for fundamental, adjoint, and two-index (anti)symmetric fermion representations and different number of colors.

TABLE I: Lower end of the conformal window assuming γ^∗ = 0.5 for fundamental (F), 2-index (anti)symmetric (2AS) 2S and adjoint (A) representations.

N_c N_{f,min} Fund. N_{f,min} 2AS N_{f,min} 2S N_{f,min} A. 2 6.57 - 121/62 121/62 3 10.26 10.26 2.37 121/62 4 13.84 7.31 2.64 121/62 10 35.00 4.81 3.28 121/62 → ∞ 242N_c/69 121/31 121/31 121/62

However, we can also proceed using alternative logic. Namely, if we would know the location of the conformal window, i.e. the value Z^∗ for given fermion representation, then we could use (40) to obtain the value of γ^∗_{max}. As an example, we can consider the lower boundary ~Z^∗ determined by β_1( ~Z^∗) = 0 (which we by no means imply to be physical but simply choose as a concrete example). Taking Z^∗ = ~Z^∗ in (40) and solving for γ^∗_{max} leads to patterns shown in Fig. 4. In this special case, as a function of N_c, for fundamental representation γ^∗_{max} remains always smaller than one (γ^∗_∞ = 33/34), while for adjoint and two index symmetric and antisymmetric representations γ^∗_{max} approaches value γ^∗_∞ = 33/17. Interestingly, for two-index symmetric representation γ^∗_{max} approaches the same limiting value from above and this is the only representation for which the unitary limit γ ≤ 2 provides an useful bound within this example.

Furthermore, this approach implies two interesting features: first, the value of the anomalous dimension at the lower boundary of the conformal window can be different for different representations, and second, the value for a fixed representation can vary with respect to N_c.

As another example consider the following: if electromagnetic dual theories exist for nonsupersymmetric gauge theories similarly to their supersymmetric counterparts, then the lower bound of the conformal window in electric variables can be determined by determining when asymptotic freedom is lost in terms of magnetic variables. Recently proposals for

FIG. 4: Limiting values of γ^∗ at the lower boundary of the conformal window if the boundary is required to lie at ~Z^∗ determined by β_1(Z̃^∗) = 0. The labels F, 2AS, A and S stand for fundamental, two-index antisymmetric, adjoint and two-index symmetric, respectively. The dashed line shows the unitarity limit.

dual theories for N_c = 3 nonsupersymmetric gauge theories have appeared both for fundamental [31] and higher representations [32]. For fundamental theories the prediction is that Z^∗_F = 11/4 which implies that γ^∗ = 88/107 ≈ 0.82 at the lower boundary for three colors which was the case for which the dual theory was constructed. Then, for two-index symmetric representation the result obtained from duality is Z^∗_{2S} = 11/3 and this leads to γ^∗ = 110/173 ≈ 0.64. These results again hold for N_c = 3. It should be noted that in this case the theory with two flavors is not within the conformal window but just below it.

Once the extent of the conformal window has been determined, the beta function ansatz also predicts the values of the anomalous dimension at FP for theories within the conformal window. For example, if the theory with N_f = 2 flavors in two-index symmetric representation and with N_c = 2, 3 is within the conformal window, then in the case of δ = 34/55 we predict that, respectively, γ^∗ = 0.46, 0.83. For N_c = 3 with 9 fundamental flavors we obtain γ^∗ = 0.69 and for 12 fundamental flavors γ^∗ = 0.31.

Although these results still are, more or less, toy examples they provide a concrete setup where the value of the anomalous dimension at the lower boundary of the conformal window can be less than one. This possibility furthermore implies that at fixed points inside the conformal window the value of the anomalous dimension will be even smaller. The lattice simulations are currently starting to investigate these properties in detail. Current results are still inconclusive but future results are certainly expected to shed further light into the dynamics of nonsupersymmetric theories close to or within the conformal window and hence also to the extent to which these analytic beta-function ansätze capture the essential features of gauge theories at strong coupling [33, 34, 35, 36, 37, 38, 39, 40, 41, 42].

V. CONCLUSIONS

In this paper we analyzed the generic beta function supported by the analytic form of exact NSVZ result in the coupled 5D gravity-dilaton environment. We started from the known results for the beta function in the SYM-SQCD theories and showed that dilaton potential encodes the information about the existence of the poles and possible FPs into its structure. In absence of the FP, we found that the pole in a physical beta function appears as a non-trivial zero in its potential at finite value of the coupling. The presence of the FP in the beta function on the other hand appears as an extremum of the dilaton potential. While this is only a necessary condition, we further confirmed the existence of the FP by studying the flow of the coupling to the constant value at low energies as a function of the domain-wall variable.

Non-supersymmetric proposals were additionally tested and new insights into the conformal window as well as scheme-independent value of the anomalous dimension at the fixed point were presented. In particular, for the all-orders beta function conjecture of the analytic form first introduced in [7] we determined a parametrization which most closely resembles its supersymmetric exact counterpart; we also presented evidence in favor of these parameter values using holographic gravity duals. It would be extremely interesting to test existing solutions for the dual theories with present method via similar approach as we outlined for the supersymmetric case.

It would be also interesting to include higher terms in the perturbative expansion of the anomalous dimension in the NSVZ beta function. Including higher powers of γ has a special role as it would bring the NSVZ beta function to the form allowing for the FP merger mechanism to occur [43, 44]. This also was the core addition to the Ryttov-Sannino beta function proposed in [45]. In connection to this construction we can already state some implications that the present work has. The beta function proposed in [45] has the form [46]

β(λ) = −2λ^2 β_0 − rγ(λ) + sγ^2(λ) 1 − jλ + kλ^2 . (41)

The parameters r and j are fixed on the basis of matching with the two-loop perturbative result as explained in Sec. IV, while parameter k is determined by considering the matching onto SYM as explained in [45]. For the determination of conformal window the denominator is not needed and in particular the value of k never enters. The calculation carried out in Sec. IV to determine the value of the parameter δ which then fixes r and j, can be directly applied also to (41). Hence, also for this ansatz δ = 34/55. The essential new ingredient is the use of the holographic relation

γ_1 + γ_2 = 2 + ϵ (42)

relating the values of the anomalous dimensions at the fixed point obtained by solving for the zeros of the numerator in (41). Here ϵ represents possible finite N_c corrections; Eq. (42) strictly holds only in the large N_c limit. Imposing this constraint on the solutions fixes s = r/(2+ϵ). Additionally, within this framework, the lower boundary of CW is determined as the point Z^∗ where the two zeros of the numerator in (41) become complex. In particular, at this point γ^∗ = γ_1 = γ_2 = 1 + ϵ/2 and in terms of ϵ the lower boundary of CW is at

Z^∗ = 22 4 + (1 +^7_{11}^{Nc}_{C2(R)} )(1 +^ϵ_2 )

. (43)

Hence, similar uncertainty as in (40) remains also here: one does not know the precise value of γ^∗ at the lower boundary. For positive ϵ the ansatz (41) leads to larger values of γ^∗ than (37) for equal values of Z^∗.

In conclusion, we have presented a holographic analysis which provides further constraints on the beta-function ansätze introduced earlier in the literature. However, some uncertainty still remains, related to the value of the anomalous dimension of the quark mass operator at the lower boundary of the conformal window. We summarize the present situation in the two phase diagrams shown in Fig. 5. The left panel shows the conformal windows for various representations obtained using our result δ = 34/55 in (37) while the right panel shows corresponding results for the beta function ansatz (41). In both figures the dotted and dashed lines denote the lower boundary of CW obtained for γ^∗ = 0.5 and γ^∗ = 1 respectively.

FIG. 5: Left panel: The phase diagrams obtained using the Ryttov-Sannino like beta function (37) with the constraint δ = 34/55 on the parameters. Right Panel: The phase diagram for the beta-function (41) with the same constraint. In both figures, for each representation, two different lower boundaries of the conformal window are shown. These correspond to γ^∗ = 0.5, 1 (dotted and dashed lines, respectively). Different fermion representations are denoted by F (fundamental), 2S (2AS) (two-index (anti)symmetric). Results for adjoint representation correspond to horizontal lines coinciding with 2S at N_c = 2. Solid black curves inside the conformal windows in the diagrams correspond to the ladder approximation and the thin colored solid lines correspond to β_1 = 0 condition.

As the figure shows, and as can be directly inferred from formulas (40) and (43), the correspondence between the lower limits for CW obtained from these two ansätze is that the anomalous dimension at the lower boundary in (41) is twice as large as the one in (37). More insight into these beta function ansätze is expected through a more complete treatment of fermions in the gravity dual. We hope to return to these questions in a future work.

Acknowledgments

We thank T. Alho, K. Kajantie and F. Sannino for useful and insightful correspondence.

[1] T. Banks and A. Zaks, Nucl. Phys. B 196 (1982) 189.

[2] F. Sannino and K. Tuominen, Phys. Rev. D 71, 051901 (2005) [arXiv:hep-ph/0405209]. [3] D. D. Dietrich and F. Sannino, Phys. Rev. D 75, 085018 (2007) [arXiv:hep-ph/0611341].

T. A. Ryttov and F. Sannino, Phys. Rev. D 76, 105004 (2007) [arXiv:0707.3166 [hep-th]]. [4] D. D. Dietrich, F. Sannino and K. Tuominen, Phys. Rev. D 72, 055001 (2005) [arXiv:hepph/0505059]; D. D. Dietrich, F. Sannino and K. Tuominen, Phys. Rev. D 73, 037701 (2006) [arXiv:hep-ph/0510217].

[5] F. Sannino and R. Zwicky, Phys. Rev. D 79, 015016 (2009) [arXiv:0810.2686 [hep-ph]]. [6] V. A. Novikov, M. A. Shifman, A. I. Vainshtein and V. I. Zakharov, Nucl. Phys. B 229 (1983) 381;

[7] T. A. Ryttov and F. Sannino, Phys. Rev. D 78 (2008) 065001 [arXiv:0711.3745 [hep-th]]. [8] J. M. Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38 (1999) 1113] [arXiv:hep-th/9711200].

[9] E. Witten, Adv. Theor. Math. Phys. 2 (1998) 253 [arXiv:hep-th/9802150]. [10] J. Polchinski and M. J. Strassler, Phys. Rev. Lett. 88 (2002) 031601 [arXiv:hep-th/0109174]. [11] J. Erlich, E. Katz, D. T. Son and M. A. Stephanov, Phys. Rev. Lett. 95 (2005) 261602 [arXiv:hep-ph/0501128].

[12] U. Gursoy and E. Kiritsis, JHEP 0802 (2008) 032 [arXiv:0707.1324 [hep-th]]. [13] U. Gursoy, E. Kiritsis and F. Nitti, JHEP 0802 (2008) 019 [arXiv:0707.1349 [hep-th]]. [14] M. Jarvinen and F. Sannino, arXiv:0911.2462 [hep-ph]. [15] J. Alanen, K. Kajantie and V. Suur-Uski, arXiv:0911.2114 [hep-ph].

[16] J. Alanen, K. Kajantie and V. Suur-Uski, Phys. Rev. D 80 (2009) 075017 [arXiv:0905.2032 [hep-ph]].

[17] H. J. Pirner and B. Galow, Phys. Lett. B 679 (2009) 51 [arXiv:0903.2701 [hep-ph]]. [18] R. Alvares, N. Evans, A. Gebauer and G. Weatherill, arXiv:0910.3073 [hep-ph]. [19] E. Poppitz and M. Unsal, JHEP 0909, 050 (2009) [arXiv:0906.5156 [hep-th]]. [20] E. Poppitz and M. Unsal, arXiv:0910.1245 [hep-th]. [21] A. Armoni, arXiv:0907.4091 [hep-ph].

[22] N. Seiberg, Nucl. Phys. B 435 (1995) 129 [arXiv:hep-th/9411149].

[23] K. A. Intriligator and N. Seiberg, Nucl. Phys. Proc. Suppl. 45BC, 1 (1996) [arXiv:hepth/9509066].

[24] M. A. Shifman and A. I. Vainshtein, Nucl. Phys. B 277 (1986) 456 [Sov. Phys. JETP 64 (1986 ZETFA,91,723-744.1986) 428].

[25] N. Arkani-Hamed and H. Murayama, JHEP 0006 (2000) 030 [arXiv:hep-th/9707133]. [26] F. Sannino, arXiv:0804.0182 [hep-ph].

[27] Note that this is in parallel to pure SYM where j = β_1/β_0 = 6/3 = 2. [28] G. Mack, Commun. Math. Phys. 55 (1977) 1. [29] M. Flato and C. Fronsdal, Lett. Math. Phys. 8, 159 (1984). [30] V. K. Dobrev and V. B. Petkova, Phys. Lett. B 162 (1985) 127. [31] F. Sannino, Phys. Rev. D 80, 065011 (2009) [arXiv:0907.1364 [hep-th]].

[32] F. Sannino, arXiv:0909.4584 [hep-th]. [33] T. DeGrand, arXiv:0910.3072 [hep-lat].

[34] Z. Fodor, K. Holland, J. Kuti, D. Nogradi and C. Schroeder, arXiv:0911.2934 [hep-lat];

Z. Fodor, K. Holland, J. Kuti, D. Nogradi and C. Schroeder, arXiv:0911.2463 [hep-lat]. [35] T. Appelquist, G. T. Fleming and E. T. Neil, Phys. Rev. Lett. 100 (2008) 171607 [Erratumibid. 102 (2009) 149902] [arXiv:0712.0609 [hep-ph]]; T. Appelquist, G. T. Fleming and E. T. Neil, Phys. Rev. D 79 (2009) 076010 [arXiv:0901.3766 [hep-ph]].

[36] A. J. Hietanen, K. Rummukainen and K. Tuominen, Phys. Rev. D 80 (2009) 094504 [arXiv:0904.0864 [hep-lat]]; A. J. Hietanen, J. Rantaharju, K. Rummukainen and K. Tuominen, JHEP 0905 (2009) 025 [arXiv:0812.1467 [hep-lat]].

[37] Y. Shamir, B. Svetitsky and T. DeGrand, Phys. Rev. D 78 (2008) 031502 [arXiv:0803.1707 [hep-lat]].

[38] A. Deuzeman, M. P. Lombardo and E. Pallante, arXiv:0904.4662 [hep-ph]; A. Deuzeman, E. Pallante, M. P. Lombardo and E. Pallante, arXiv:0810.3117 [hep-lat]; A. Deuzeman, M. P. Lombardo and E. Pallante, Phys. Lett. B 670 (2008) 41 [arXiv:0804.2905 [hep-lat]].

[39] S. Catterall and F. Sannino, Phys. Rev. D 76 (2007) 034504 [arXiv:0705.1664 [hep-lat]]; S. Catterall, J. Giedt, F. Sannino and J. Schneible, JHEP 0811 (2008) 009 [arXiv:0807.0792 [heplat]]; S. Catterall, J. Giedt, F. Sannino and J. Schneible, arXiv:0910.4387 [hep-lat].

[40] L. Del Debbio, A. Patella and C. Pica, arXiv:0805.2058 [hep-lat]; F. Bursa, L. Del Debbio, L. Keegan, C. Pica and T. Pickup, arXiv:0910.2562 [hep-ph]; F. Bursa, L. Del Debbio, L. Keegan, C. Pica and T. Pickup, arXiv:0910.4535 [hep-ph].

[41] X. Y. Jin and R. D. Mawhinney, PoS LAT2009 (2009) 049 [arXiv:0910.3216 [hep-lat]]. [42] D. K. Sinclair and J. B. Kogut, arXiv:0909.2019 [hep-lat].

[43] H. Gies and J. Jaeckel, Eur. Phys. J. C 46 (2006) 433 [arXiv:hep-ph/0507171]. [44] D. B. Kaplan, J. W. Lee, D. T. Son and M. A. Stephanov, arXiv:0905.4752 [hep-th]. [45] O. Antipin and K. Tuominen, arXiv:0909.4879 [hep-ph].

[46] We changed the sign of the linear in γ term compared to Eq. (1) to match the notation used in [45].