arXiv:0912.1044v3 [hep-th] 14 Mar 2012

Light-cone gauge Hamiltonian for AdS_4 × C P^3 superstring

D.V. Uvarov^1

NSC Kharkov Institute of Physics and Technology, 61108 Kharkov, Ukraine

Abstract

It is developed the phase-space formulation for the Type IIA superstring on the AdS_4 × C P^3 background in the κ−symmetry light-cone gauge for which the lightlike directions are taken from the D = 3 Minkowski boundary of AdS_4. After fixing bosonic light-cone gauge the superstring Hamiltonian is expressed as a function of the transverse physical variables and in the quadratic approximation corresponds to the light-cone gauge-fixed IIA superstring in flat space.

1 Introduction

Verification of the AdS_4/CF T_3 duality conjecture by Aharony, Bergman, Jafferis and Maldacena (ABJM) [1] requires on the string side deeper insights into the structure of the Type IIA theory on AdS_4 × C P^3 background. Initial proposal [2], [3]^2 to construct the Green-Schwarz superstring action on such a background using the supercoset approach [5], [6] was based on the observation that the isometry groups SO(2, 3) ∼ Sp(4) and SU(4) ∼ SO(6) of the AdS_4 = SO(2, 3)/SO(1, 3) and C P^3 = SU(4)/U(3) parts of the background match the bosonic subgroup Sp(4) × SO(6) of the OSp(4|6) supergroup. The resulting OSp(4|6)/(SO(1, 3)×U(3)) supercoset action [2], [3] is the functional of 10 bosonic and 24 fermionic coordinate fields of the ’reduced’ target superspace invariant under the OSp(4|6) isometry supergroup of the AdS_4 × C P^3 background. It is by construction classically integrable and invariant under the 8−parameter κ−symmetry transformations. The OSp(4|6)/(SO(1, 3) × U(3)) supercoset model corresponds to the full Type IIA AdS_4 × C P^3 superstring action [7], in which the κ−symmetry has been partially fixed by putting to zero those coordinates associated with 8 broken space-time supersymmetries^3. Besides that such gauge choice narrows down the possibilities of further gauge fixing and hence the action simplification within the OSp(4|6)/(SO(1, 3) × U(3)) supercoset model it has the limited range of validity restricted to the string configurations propagating in C P^3 or both parts of the background [2]^4.

This motivates examining gauge conditions other than that used to obtain the OSp(4|6)/(SO(1, 3) × U(3)) supercoset action. In particular, in Ref. [15] we have considered the fermionic light-cone gauge for which both light-like directions are on the D = 3 Minkowski boundary of the AdS_4 space and there are set to zero the fermionic coordinates

1E-mail: d uvarov@ hotmail.com, uvarov@ kipt.kharkov.ua 2Another way to construct the AdS_4 × C P^3 superstring based on the pure spinor approach was pursued in [4]._3

Such full action does not correspond to a 2d supercoset sigma-model but can be obtained by performing the double dimensional reduction [8] of the D = 11 supermembrane on the maximally supersymmetric AdS_4 × S^7 background, whose action can be constructed within the OSp(4|8)/(SO(1, 3) × SO(7)) supercoset approach [9], provided the 7-sphere is realized in the Hopf fibration form as C P^3 × U(1) [10], [11].

4String configurations lying solely in the AdS part of the background are of interest, e.g., for studying the string quantization around particular classical solutions [12], [13]. Related issues for the ABJM correspondence have been addressed in [14].

positively charged w.r.t. SO(1, 1) light-cone isometry group. The resulting gauge-fixed Lagrangian includes fermions up to the 4th power and manifestly exhibits the SU(3) symmetry subgroup of the SU(4) global symmetry of C P^3. To make contact with the 3d extended superconformal symmetry that is the symmetry group on the gauge theory side of ABJM duality we have associated the IIA superspace coordinates with the generators of the AdS_4 × S^7 isometry supergroup OSp(4|8) that is broken down to OSp(4|6) by the AdS_4 × C P^3 background and elaborated on the osp(4|8) and osp(4|6) algebras realization as extended D = 3 superconformal algebras [16]. Such a realization of the AdS_4 × C P^3 background isometry superalgebra implies splitting fermionic coordinates into those corresponding to super-Poincare (linearly realized) and superconformal (non-linearly realized) symmetries^5.

In the present paper we study the Hamiltonian formulation for the fermionic light-cone gauge Lagrangian derived in [15], the Hamiltonian framework being more systematic for treating constrained dynamical systems as is the AdS_4 × C P^3 superstring. Besides that bosonic light-cone gauge for the curved background under consideration can be fixed within the Hamiltonian approach quite similarly to the flat-space and AdS_5 × S^5 cases [20]-[22], whereas conventional in the Lagrangian approach conformal gauge condition on the 2d metric appears to be incompatible with the bosonic light-cone gauge x^+ = τ^6. Our main result is the derivation of the light-cone gauge Hamiltonian as a function of 8+8 physical variables. Being quartic in the fermions it still appears to be highly nonlinear in the bosonic fields.

In the quadratic approximation that is the leading one in the large tension (light-cone momentum) limit obtained Hamiltonian reduces to the light-cone gauge IIA superstring Hamiltonian in flat space [23] and thus is different from that for the AdS_4 × C P^3 pp−wave superstring [24], [25] corresponding to the leading order approximation for the light-cone gauge choice of [26]-[28]. This is because of our κ−symmetry gauge choice that amounts to picking the null geodesic from the AdS_4 part of the background. As is known (see, e.g., [29]) for the AdS × S type backgrounds, as well as for AdS_4 × C P^3 there exist two distinct types of null geodesics. Whenever null geodesic lies entirely within the AdS subspace, as in our case, the resulting pp−wave is necessarily flat. The nontrivial pp−wave can be obtained by choosing the tangent vector to the geodesic to have nonzero components in the directions tangent to the compact space S or C P^3. In both cases the light-cone gauge pp−wave superstring action corresponds to the 2d free-field theory and can be explicitly quantized [23], [30], [24]. Further terms in the Lagrangian/Hamiltonian perturbative expansion can be arranged as the power series with the their geometric interpretation provided in [31].

2 Hamiltonian for the light-cone gauge AdS_4 × C P^3 superstring

The AdS_4 part of the background in the Poincare patch can be parametrized by the coordinates (x^± = x^2 ±x^0, x^1, φ), where x^m = (x^0, x^1, x^2) are 3d Minkowski boundary coordinates, while C P^3 is parametrized by the coordinates z^M , M = 1, ..., 6^7.

We consider the Grassmann-odd coordinates θ^μ_A′ as associated with the D = 3 N = 8 super-Poincare generators of osp(4|8) and η_{μA}′ - with the superconformal generators. As it

5The splitting of the fermionic generators/coordinates into the supersymmetry/superconformal ones in the sense of the CFT on the AdS boundary was introduced in [17]-[19] for the study of brane models on the AdS × S backgrounds.

6The discussion of the issues related to bosonic light-cone gauge fixing for strings on the AdS background can be found in [21].

7We have left unspecified at this stage the explicit C P^3 parametrization and metric.

follows from the AdS_4 × S^7 supermembrane consideration [9] they have the transformation properties of the D = 3 (in index μ) and D = 7 (in index A^′) Majorana spinors and can be split as follows θ^μ_A′ = (θ^μ_A, θ̄^{μA}), η_{μA}′ = (η_{μA}, η̄^A_μ ), (1) according to the SU(4) decomposition of the minimal spinor representation of Spin(7) as 8 = 4 ⊕ ¯4. Using further the decomposition of 4 and ¯4 representations into the SU(3) irreducible ones as 4 = 3 ⊕ 1, ¯4 = ¯3 ⊕ 1 we obtain

θ^μ_A = (θ^μ_a , θ^μ_4 ), θ̄^{μA} = (θ̄^{μa}, θ̄^{μ4}), η_{μA} = (η_{μa}, η_{μ4}), η̄^A_μ = (η̄^a_μ, η̄^4_μ). (2)

The coordinates (θ^μ_a , θ̄^{μa}) and (η_{μa}, η̄^a_μ) transforming in the 3 and ¯3 representations of SU(3) are associated with the 24 unbroken Type IIA supersymmetries viewed as the D = 3 N = 6 super-Poincare and superconformal symmetries from the AdS_4 boundary perspective, other 8 coordinates (θ_4, θ̄^4) and (η_4, η̄^4) correspond to the supersymmetries broken by the AdS_4 ×C P^3 background.

In [15] there was considered the fermionic light-cone gauge condition

g^{+2}_{α̂}^{β̂}Θ_{β̂} = (g^0 + g^2)_{α̂}^{β̂}Θ_{β̂} = 0, (3)

where 32 × 32 γ−matrices g^{m̂′}_{α̂}^{β̂} have been defined in Appendix A of Ref. [15] and Θ_{β̂} = (θ_{νB} , η^ν_B , θ̄^B_ν , η̄^{νB}), that in components reads

θ^2_A = θ̄^{2A} = η_{1A} = η̄^A_1 = 0. (4)

It is characterized by setting to zero odd coordinates associated with the generators of osp(4|8) negatively charged w.r.t. the so(1, 1) generator M^{+−} ≡ 2M^{02} from the AdS_4 boundary Lorentz group. Remaining odd coordinates

θ^1_A = θ^−_A = θ_A, θ̄^{1A} = θ̄^{−A} = θ̄^A, η^1_A = η^−_A = η_A, η̄^{1A} = η̄^{−A} = η̄^A (5)

become physical fermionic fields of the AdS_4 × C P^3 superstring in the gauge (4)^8.

The fermionic light-cone gauge superstring action obtained in [15] can be presented as S = ∫ dτdσL (τ, σ), (6) where the corresponding Lagrangian density is given by

L = −^T_2 γ^{ij} {_{e−4φ} 4 [_1 2 (∂_ix^+∂_j x^− + ∂_j x^+∂_ix^−) + ∂_ix^1∂_j x^1 ] + ∂_iφ∂_j φ + g_{MN} ∂_iz^M ∂_j z^N

+^{e−2φ}_4 (∂_ix^+ϖ_j + ∂_j x^+ϖ_i) + (∂_ix^+∂_j z^M + ∂_j x^+∂_iz^M )q_M + B∂_ix^+∂_j x^+ } + T ε^{ij} ( ω̃_i∂_j x^+ + C∂_ix^1∂_j x^+ + ∂_ix^+∂_j z^M q̃_M ) . (7)

8Observe that among the physical fermions there are those associated with the unbroken, as well as the broken space-time supersymmetries.

In the Lagrangian (7) we have introduced the following quantities

ϖ_i = ie^{−2φ}(∂_iθ_aθ̄^a − θ_a∂_iθ̄^a) + i(∂_iθ_4θ̄^4 − θ_4∂_iθ̄^4) + ie^{2φ}(∂_iη_aη̄^a − η_a∂_iη̄^a) + i(∂_iη_4η̄^4 − η_4∂_iη̄^4), ω̃_i =^{e−2φ}_2 (η̂_a ^∂_iθ̄^a + ^∂_iθ_a^̄η^a) +^{e−2φ}_4 (∂_iθ_4η̄^4 − ∂_iη_4θ̄^4 + η_4∂_iθ̄^4 − θ_4∂_iη̄^4), B = 2[(η̂_a^̄η^a)^2 + e^{−φ}(ε_{abc}^̄η^a^̄η^b^̄η^cη̄^4 + ε^{abc}η̂_aη̂_bη̂_cη_4) + 2e^{−2φ}η_4η̄^4(η̂_a^̄η^a − e^{−2φ}θ_4θ̄^4)], C = e^{−2φ}(η̂_a^̄η^a +^{e−2φ}_2 Θ), Θ = θ_4θ̄^4 + η_4η̄^4, q_M =^1_2 (Ω^a_M ε_{abc}^̄η^b^̄η^c − Ω_{aM} ε^{abc}η̂_bη̂_c) + e^{−φ}(Ω_{aM} ^̄η^aη̄^4 − Ω^a_M η̂_aη_4) + e^{−2φ}ΘΩ̃_a^a_M , q̃_M = ie^{−φ} [ Ω_{aM} ^̄η^aθ̄^4 + Ω^a_Mη̂_aθ_4 + e^{−φ}(θ_4η̄^4 − η_4θ̄^4)Ω̃_a^a_M ] .

(8)

The 1-forms Ω_a(d) = Ω_{aM} dz^M , Ω^a(d) = Ω^a_M dz^M , being the su(4)/u(3) Cartan forms, define the C P^3 complex vielbein such that ds^2_{CP 3} = Ω_a(d)Ω^a(d), while Ω̃_a^a(d) enters the background RR 1-form potential superfield [15], [16]. The Grassmann variables with hats differ from those without in the multiplication by the matrix T_â^{b̂} [15], [16]

T_â^{b̂}(z) = ( T_a^b T_{ab} T^{ab} T^a_b ) (9) as d̂θ_a(η̂_a) = T_a^bdθ_b(η_b) + T_{ab}dθ̄^b(η̄^b), d̂θ̄^a(^̄η^a) = T^a_bdθ̄^b(η̄^b) + T^{ab}dθ_b(η_b). (10) The string tension induced as a result of the dimensional reduction of the AdS_4 × S^7 supermembrane is T =^{R2}_{k2l4P l} , where R is the S^7 radius, l_{P l} is the 11d Planck length, and k is the Chern-Simons level from the boundary ABJM theory perspective. If the bosonic coordinates are measured in the units of (Rl_{P l}k)^{1/2} and fermionic in the units of (Rl_{P l}k)^{1/4} then the dimensionless tension becomes^1_k (^R_{lP} )^3 and is suggested to be equal to 2^{5/2}π √ λ, where λ is the ’t Hooft coupling in the ABJM theory [1].

From the Lagrangian (7) we deduce the momenta densities conjugate to the coordinates from the AdS_4 p_−(τ, σ) = −^{T e−4φ}_8 γ^{τ i}∂_ix^+, p_+(τ, σ) = − T γ^{τ i} (_{e−4φ} 8 ∂_ix^− + B∂_ix^+ + q_M ∂_iz^M +^{e−2φ}_4 ϖ_i ) − T (C∂_σx^1 − q̃_M ∂_σz^M + ω̃_σ), p_1(τ, σ) = −^{T e−4φ}_4 γ^{τ i}∂_ix^1 + T C∂_σx^+, p_φ(τ, σ) = − T γ^{τ i}∂_iφ

(11)

and C P^3 parts of the background p_M (τ, σ) = −T γ^{τ i}(g_{MN} ∂_iz^N + q_M ∂_ix^+) − T q̃_M ∂_σx^+. (12) From these relations one can express the world-sheet time derivatives of the bosonic fields ∂_τ x^+ = −^{8e4φ}_{T γτ τ} p_− −^{γτ σ}_{γτ τ} ∂_σx^+, ∂_τ x^− = −2e^{2φ}ϖ_τ +^1_{γτ τ} A^− −^{γτ σ}_{γτ τ} (∂_σx^− + 2e^{2φ}ϖ_σ), ∂_τ x^1 = −^{4e4φ}_{T γτ τ} (p_1 − T C∂_σx^+) −^{γτ σ}_{γτ τ} ∂_σx^1, ∂_τ φ = −^1_{T γτ τ} p_φ −^{γτ σ}_{γτ τ} ∂_σφ, ∂_τ z^M = −^{gMN}_{T γτ τ} (p_N − 8e^{4φ}p_−q_N + T q̃_N ∂_σx^+) −^{γτ σ}_{γτ τ} ∂_σz^M ,

(13) where

A^− = −^{8e4φ}_T ( p_+ − 8e^{4φ}p_−(B − (q · q)) − (p · q) − T (q · q̃)∂_σx^+ + T C∂_σx^1 − T q̃_M ∂_σ z^M + T ω̃_σ ) (14) and the following notation for the scalar product with the inverse C P^3 metric g^{MN} (z) has been introduced q_M g^{MN} q_N = (q · q) etc. Substituting (13) back into (7) we are able to obtain the phase-space representation for the fermionic light-cone gauge fixed Lagrangian of the AdS_4 × C P^3 superstring

L = p_+∂_τ x^+ + p_−∂_τ x^− + p_1∂_τ x^1 + p_φ∂_τ φ + p_M ∂_τ z^M + 2e^{2φ}p_−ϖ_τ + T ω̃_τ ∂_σx^+ +^1_{γτ τ} T_1 +^{γτ σ}_{γτ τ} T_2. (15) The last two summands introduce via the Lagrange multipliers^1_{γτ τ} and^{γτ σ}_{γτ τ} the Virasoro constraints expressed in terms of the phase-space variables

T_1 =^{8e4φ}_T p_+p_− +^{T e−4φ}_8 ∂_σx^+∂_σx^− +^{2e4φ}_T p^2_1 +^{T e−4φ}_8 ∂_σx^1∂_σx^1 +^1_{2T} p^2_φ +^T_2 ∂_σφ∂_σφ +^1_{2T} (p · p) +^T_2 ∂_σz^M g_{MN} ∂_σz^N +^{32e8φ}_T p^2_−((q · q) − B) + 8e^{4φ}p_−(ω̃_σ −^1_T (p · q) − (q · q̃)∂_σx^+ + C∂_σx^1 − q̃_M ∂_σz^M ) − (^{T e−2φ}_2 ϖ_σ − T q_M ∂_σz^M − (p · q̃) + 4e^{4φ}p_1C)∂_σ x^+ +^T_2 ((q̃ · q̃) + B + 4e^{4φ}C^2)∂_σx^+∂_σx^+ ≈ 0,

(16)

T_2 = p_+∂_σ x^+ + p_−∂_σ x^− + p_1∂_σx^1 + p_φ∂_σ φ + p_M ∂_σz^M + 2e^{2φ}p_−ϖ_σ + T ω̃_σ∂_σ x^+ ≈ 0. (17) The bosonic light-cone gauge conditions we consider are analogous to those of Refs.[20], [21] x^+(τ, σ) = τ, p_−(τ, σ) = P̃_− 2 = const. (18) Using the equation of motion for p_+ it is possible to express γ^{τ τ} through P̃_− γ^{τ τ} = − 4e^{4φ} T P̃_−. (19)

Further in order bring the symplectic structure for the fermions defined by the 2e^{2φ}p_−ϖ_τ term in (15) to the simplest form the following rescaling is performed

θ_a(θ̄^a) →^1√_{P̃−} θ_a(θ̄^a); η_a(η̄^a) →^{exp} ( −2φ/ √_{P̃−}) √_{P̃−} η_a(η̄^a);

θ_4(θ̄^4) →^{exp} ( −φ/ √_{P̃−}) √_{P̃−} θ_4(θ̄^4); η_4(η̄^4) →^{exp} ( −φ/ √_{P̃−}) √_{P̃−} η_4(η̄^4)

(20)

accompanied by the canonical rescaling of the transverse bosonic phase-space variables

x^1 →^1√_{P̃−} x^1, φ →^1√_{P̃−} φ, z^M →^1√_{P̃−} z^M ; p_1 → √_{P̃−} p_1, p_φ → √_{P̃−} p_φ, p_M → √_{P̃−} p_M (21)

that will allow to perform the power series expansion of the Hamiltonian in the large P̃_− limit.

The light-cone gauge fixed Lagrangian (15) then takes the form

L_{l.c.} = p_1∂_τ x^1 + p_φ∂_τ φ + p_M ∂_τ z^M + i(∂_τ θ_Aθ̄^A − θ_A∂_τ θ̄^A + ∂_τ η_Aη̄^A − η_A∂_τ η̄^A) − H_{l.c.}. (22)

Corresponding light-cone gauge Hamiltonian density is given by the utmost quartic in the Grassmann coordinates expression

H_{l.c.} =^{T̃}_2 exp ( −4φ/ √_{P̃−}) [ η̂_a ^∂_σθ̄^a + ^∂_σθ_a^̄η^a +^1_2 (∂_σ θ_4η̄^4 −∂_σ η_4θ̄^4 +η_4∂_σθ̄^4 −θ_4∂_ση̄^4) ] +^{T̃}_4 exp ( −4φ/ √_{P̃−}) [_{2~}

T exp ( 4φ/ √_{P̃−}) p^2_1 +^{T̃}_8 exp ( −4φ/ √_{P̃−}) ∂_σ x^1∂_σx^1

+^1_{2T̃} p^2_φ +^{T̃}_2 ∂_σφ∂_σ φ +^1_{2T̃} (p · p) +^{T̃}_2 ∂_σ z^M g_{MN} ∂_σ z^N

+^{8P̃−}_{T̃} exp ( 8φ/ √_{P̃−}) ((q · q) − B) + 4 exp ( 4φ/ √_{P̃−}) √~ P_−C∂_σx^1 − 4 exp ( 4φ/ √_{P̃−}) √~ P_−q̃_M ∂_σz^M −^4_{T̃} exp ( 4φ/ √_{P̃−}) √~ P_−(p · q) ] ,

(23)

where T̃ =^T_{P̃−} .

As usual in the light-cone gauge approach the T_2 ≈ 0 constraint can be explicitly solved for ∂_σ x^− that decouples from the Hamiltonian. Its only nontrivial content is the zero-mode part that defines the phase-space representation of the level matching condition 1 P̃_− ∮ dσ[p_1∂_σx^1 + p_φ∂_σ φ + p_M ∂_σz^M + i(∂_σ θ_Aθ̄^A − θ_A∂_σθ̄^A + ∂_ση_Aη̄^A − η_A∂_ση̄^A)] = 0. (24)

Being highly non-linear the light-cone gauge Hamiltonian (23) can be studied in various simplifying limits (see [32] for a review). The rescalings of the phase-space variables performed in (20), (21) make the form of the Hamiltonian suitable for performing the large P̃_− (or equivalently large T ) expansion with T̃ fixed that amounts to the power series in the phase-space fields. To this end we choose to consider the C P^3 parametrization by 3 complex coordinates (z^a, z̄_a) transforming in 3 and ¯3 of SU(3) [16] with the line element

ds^2_{CP} 3 = g_{ab}dz^adz^b + g^{ab}dz̄_adz̄_b + 2g_a^bdz^adz̄_b. (25)

The metric components are given by

g_{ab} =^1_{4|z|4} (|z|^2 − sin^2 |z| + sin^4 |z|)z̄_az̄_b, g^{ab} =^1_{4|z|4} (|z|^2 − sin^2 |z| + sin^4 |z|)z^az^b,

g_a^b =^{sin2 |z|}_{2|z|2} δ^b_a +^1_{4|z|4} (|z|^2 − sin^2 |z| − sin^4 |z|)z̄_az^b, |z|^2 = z^az̄_a.

(26)

The metric (25) can be related to the conventional Fubini-Study one in the following way. Separate out the norm of z^a

z^a = |z|u^a, z̄_a = |z|ū_a : u^aū_a = 1 (27)

so that (25) acquires the form

ds^2_{CP} 3 = d|z|^2 + sin^2 |z|du^adū_a − sin^4 |z|u^adū_adu^bū_b. (28)

Analogously the C P^3 line element for the Fubini-Study metric

ds^2_{CP} 3 = 1 1 + |w|^2 dw^adw̄_a − 1 (1 + |w|^2)^2 w^adw̄_adw^bw̄_b (29)

after separating the norm in the w−coordinates

w^a = |w|u^a, w̄_a = |w|ū_a : u^aū_a = 1 (30) is brought to the form

ds^2_{CP} 3 = 1 (1 + |w|^2)^2 d|w|^2 + |w|^2 (1 + |w|^2) du^adū_a − |w|^4 (1 + |w|^2)^2 u^adū_adu^bū_b. (31)

Comparing (28) with (31) we observe that

sin^2 |z| = |w|^2 1 + |w|^2

(32) and z^a = arcsin^{|w|}√_{1+|w|2} |w| w^a, z̄_a = arcsin^{|w|}√_{1+|w|2} |w| w̄_a. (33)

The components of the metric inverse to (25) read g^{−1}_{ab} =^{|z|2−sin2 |z|+sin4 |z|} |z|^2(sin^4 |z|−sin^2 |z|)z̄az̄b, g −1ab = |z|^2−sin^2 |z|+sin^4 |z| |z|^2(sin^4 |z|−sin^2 |z|) z az^b, g^{−1}_a^b =^{2|z|2}_{sin2 |z|} δ^b_a +^{sin2 |z|(1+2|z|2)−sin4 |z|−|z|2} |z|^2(sin^2 |z|−sin^4 |z|) z̄az b. (34)

Then the metric tensor (25) and its inverse can be Taylor expanded with the first terms given by g_{ab} = (_1 3 −^8_{45} |z|^2 ) z̄_az̄_b + O(6), g^{ab} =

(_1 3 −^8_{45} |z|^2 ) z^az^b + O(6),

g_a^b =

(_1 2 −^1_6 |z|^2 +^1_{45} |z|^4 ) δ^b_a − z̄_az^b (_1 6 −^7_{45} |z|^2 ) + O(6)

(35) and g^{−1ab} = − (_4 3 +^{48}_{45} |z|^2 ) z^az^b + O(6), g^{−1}_{ab} = −

(_4 3 +^{48}_{45} |z|^2 ) z̄_az̄_b + O(6),

g^{−1}_a^b = 2 ( 1 +^1_3 |z|^2 +^1_{15} |z|^4 ) δ^b_a + 2z̄_az^b

(_1 3 +^{21}_{45} |z|^2 ) + O(6).

(36)

For the matrix T_â^{b̂} (9) that for the chosen C P^3 parametrization takes the form [16]

T_â^{b̂} = ( δ^b_a cos |z| + z̄_az^{b (1−cos |z|)}_{|z|2} iε_{acb}z^{c sin |z|}_{|z|} −iε^{acb}z̄_c^{sin |z|}_{|z|} δ^a_b cos |z| + z^az̄_b^{(1−cos |z|)}_{|z|2} ) (37)

one finds the following expansion

T_a^b = T^b_a = ( 1 −^1_2 |z|^2 +^1_{24} |z|^4 ) δ^b_a +^1_2z̄_az^b ( 1 −^1_{12} |z|^2 ) + O(6),

T_{ab} = iε_{acb}z^c(1 −^1_6 |z|^2) + O(5),

T^{ab} = −iε^{acb}z̄_c(1 −^1_6 |z|^2) + O(5).

(38)

Analogously the C P^3 complex vielbein and bosonic part of the RR 1-form that for the chosen C P^3 parametrization read [16]

Ω_a(d) = dz̄_a^{sin |z|}_{|z|} + z̄_a^{sin |z|(1−cos |z|)}_{2|z|3} (dz^cz̄_c − z^cdz̄_c) + z̄_a

(_1 |z| −^{sin |z|}_{|z|2} ) d|z|, Ω^a(d) = dz^{a sin |z|}_{|z|} + z^{a sin |z|(1−cos |z|)}_{2|z|3} (z^cdz̄_c − dz^cz̄_c) + z^a (_1 |z| −^{sin |z|}_{|z|2} ) d|z|, (39)

Ω̃_a^a(d) = i^{sin2 |z|}_{|z|2} (dzaz̄_a − zadz̄_a) (40) admit the series expansions Ω_a(d) = Ω_{a,b}dz^b + Ω_a^{,b}dz̄_b : Ω_{a,b} = z̄_az̄_b(^1_4 +^1_6 |z| −^1_{16} |z|^2) + O(6), Ω_a^{,b} = (1 −^1_6 |z|^2 +^1_{120} |z|^4)δ^b_a − z̄_az^b(^1_4 −^1_6 |z| −^1_{16} |z|^2) + O(6);

Ω^a(d) = Ω^a_{,b}dz^b + Ω^{a,b}dz̄_b : Ω^a_{,b} = Ω_b^{,a}, Ω^{a,b} = z^az^b(^1_4 +^1_6 |z| −^1_{16} |z|^2) + O(6);

Ω̃_aa(d) = Ω̃_aa_{,b}dzb + Ω̃_aa,bdz̄_b :

Ω̃_aa_{,b} =^i_2z̄_b(1 −^1_3 |z|2) + O(5), Ω̃_aa,b = −^i_2 zb(1 −^1_3 |z|2) + O(5).

(41)

Taking into account the above expansions the quadratic light-cone gauge Hamiltonian is found to be H^{(2)}_{l.c.} = H^{(2)}_b + H^{(2)}_f (42) with the bosonic and fermionic contributions given by

H^{(2)}_b = 1 2 (p^2_1 +^{T̃ 2}_{16} ∂_σx^1∂_σx^1) +^1_8 (p^2_φ + T̃^2∂_σφ∂_σφ) +^1_2 (p_ap̄^a +^{T̃ 2}_4 ∂_σ z^a∂_σz̄_a) (43) and H^{(2)}_f =^{T̃}_2 (η_a∂_σθ̄^a + ∂_σθ_aη̄^a) +^{T̃}_4 (∂_σθ_4η̄^4 − ∂_ση_4θ̄^4 + η_4∂_σθ̄^4 − θ_4∂_ση̄^4). (44) Corresponding quadratic light-cone gauge Lagrangian can be written in the following form after integrating out the momenta

L^{(2)}_{l.c.} =^1_2 (∂_τ x^1∂_τ x^1 −^{T̃ 2}_{16} ∂_σx^1∂_σx^1) + 2(∂_τ φ∂_τ φ −^{T̃ 2}_{16} ∂_σφ∂_σ φ) + 2(∂_τ z^a∂_τ z̄_a −^{T̃ 2}_{16} ∂_σz^a∂_σz̄_a) − i(∂_τ θ_Aθ̄^A − θ_A∂_τ θ̄^A + ∂_τ η_Aη̄^A − η_A∂_τ η̄^A) −^{T̃}_2 (η_A∂_σθ̄^A + ∂_σθ_Aη̄^A).

(45)

Its bosonic part is readily observed to coincide with that of the flat-space string Lagrangian in the light-cone gauge. To bring the fermionic terms to the form exhibiting the 2d Dirac Lagrangian structure introduce 8-component spinor fields

Ψ_A′ (τ, σ) = θ_A′ − γ^7_A′_B′η̄^{B′} , Ψ̄^{A′} = (Ψ_A′ )^†; Φ_A′ (τ, σ) = θ_A′ + γ^7_A′_B′η̄^{B′} , Φ̄^{A′} = (Φ_A′ )^†, (46) where θ_A′ = ( θ_A θ̄A ) , η_A′ = ( η_A η̄^A ) (47) and γ^7_A′_B′ = i ( 0 −δ^B_A δ^A_B 0 ) (48)

is one of the 8 × 8 D = 7 γ−matrices (see Appendix A of [15] for the spinor algebra). Introduced spinor fields satisfy the 7d Majorana condition Ψ̄^{A′} = −C^{A′B′} Ψ_B′ etc. (and in fact are the 8d Majorana-Weyl spinors of the opposite chirality). As a result the fermionic part of the Lagrangian (45) acquires the form −^i_2Ψ̄^{A′} ∂_−Ψ_A′ −^i_2Φ̄^{A′} ∂_+Φ_A′ , (49)

where the world-sheet chiral Dirac operators are ∂_± ≡ ∂_τ ±^{T̃}_4 ∂_σ. Thus the final form of the quadratic Lagrangian L^{(2)}_{l.c.} =^1_2 (∂_τ x^1∂_τ x^1 −^{T̃ 2}_{16} ∂_σ x^1∂_σx^1) + 2(∂_τ φ∂_τ φ −^{T̃ 2}_{16} ∂_σφ∂_σφ) +2(∂_τ z^a∂_τ z̄_a −^{T̃ 2}_{16} ∂_σz^a∂_σz̄_a) +^i_2 Ψ^{A′} ∂_−Ψ_A′ +^i_2 Φ^{A′} ∂_+Φ_A′

(50) can be recognized as the flat-space superstring Lagrangian in the light-cone gauge.

Continuing the perturbative expansion of the light-cone gauge Hamiltonian (23) one derives the following expressions describing the first interaction Hamiltonians √_{P̃−} H^{(3)}_{l.c.} = H^{(3)}_b + H^{(3)}_{bf} , (51) where

H^{(3)}_b = −^{T̃ 2}_4 φ∂_σx^1∂_σx^1 −^1_2 φ(p^2_φ + T̃^2∂_σ φ∂_σφ) − 2φ(p_ap̄^a +^{T̃ 2}_4 ∂_σz^a∂_σz̄_a), (52)

H^{(3)}_{bf} = −2T̃ φ(η_a∂_σθ̄^a + ∂_σθ_aη̄^a) − iT̃ (ε^{abc}η_az̄_b∂_σθ_c + ε_{abc}η̄^az^b∂_σθ̄^c) − T̃ φ(∂_σ θ_4η̄^4 − ∂_σ η_4θ̄^4 + η_4∂_σθ̄^4 − θ_4∂_ση̄^4) − 2(p_aη̄^aη̄^4 − p̄^aη_aη_4) + ε^{abc}p_aη_bη_c − ε_{abc}p̄^aη̄^bη̄^c + 2T̃ (η_aη̄^a +^1_2 Θ)∂_σx^1 − 2iT̃ (∂_σz^aη_aθ_4 + ∂_σz̄_aη̄^aθ̄^4),

(53)

and the quartic Hamiltonian P̃_−H^{(4)}_{l.c.} = H^{(4)}_b + H^{(4)}_{bf} + H^{(4)}_f , (54)

where

H^{(4)}_b = T̃^2φ^2∂_σ x^1∂_σ x^1 + φ^2(p^2_φ + T̃^2∂_σφ∂_σφ) + 4φ^2(p_ap̄^a +^{T̃ 2}_4 ∂_σz^a∂_σz̄_a) −^1_6 ((z^ap_a)^2 + (p̄^az̄_a)^2 − |z|^2(p̄^ap_a) − (z^ap_a)(p̄^bz̄_b)) +^{T̃ 2}_{24} ((∂_σz^az̄_a)^2 + (z^a∂_σz̄_a)^2 − |z|^2(∂_σz^a∂_σz̄_a) − (∂_σ z^az̄_a)(z^b∂_σz̄_b)),

(55)

H^{(4)}_{bf} = 4T̃ φ^2(η_a∂_σθ̄^a + ∂_σ θ_aη̄^a) + 4iT̃ φ(ε^{abc}η_az̄_b∂_σ θ_c + ε_{abc}η̄^az^b∂_σθ̄^c)

− T̃ |z|^2(η_a∂_σθ̄^a + ∂_σθ_aη̄^a) + T̃ ((z^aη_a)(∂_σθ̄^bz̄_b) + (z^a∂_σθ_a)(η̄^bz̄_b)) + 2T̃ φ^2(∂_σθ_4η̄^4 − ∂_σ η_4θ̄^4 + η_4∂_σθ̄^4 − θ_4∂_ση̄^4) + 8φ(p_aη̄^aη̄^4 − p̄^aη_aη_4) − 4φ(ε^{abc}p_aη_bη_c − ε_{abc}p̄^aη̄^bη̄^c) + 2i(ε^{abc}p_az̄_bη_cη̄^4 + ε_{abc}p̄^az^bη̄^cη_4) + i((z^ap_a) − (p̄^az̄_a))Θ − 12T̃ φ(η_aη̄^a +^1_2 Θ)∂_σx^1 − 2iT̃ (ε^{abc}η_az̄_bη_c + ε_{abc}η̄^az^bη̄^c)∂_σ x^1 + 8iT̃ φ(∂_σ z^aη_aθ_4 + ∂_σz̄_aη̄^aθ̄^4) + 2T̃ (ε_{abc}∂_σz^az^bη̄^cθ_4 −ε^{abc}∂_σz̄_az̄_bη_cθ̄^4)+T̃ ((∂_σz^az̄_a)−(z^a∂_σz̄_a))(θ_4η̄^4 −η_4θ̄^4),

(56)

H^{(4)}_f = 8θ_4θ̄^4η_4η̄^4. (57)

3 Conclusion

We have developed the phase-space formulation for the AdS_4 × C P^3 superstring in the fermionic light-cone gauge of Ref. [15]. There were imposed bosonic light-cone gauge conditions analogous to those of the phase-space formulation for the flat-space and AdS_5 × S^5 string models [20], [21]. The resulting light-cone gauge Hamiltonian contains quadratic and quartic terms in the fermionic fields with the highly non-linear dependence on the transverse bosonic fields interacting with the fermions. Its free (quadratic) part can be cast into the form corresponding to the flat-space Type IIA superstring in the light-cone gauge.

The nonlinearity of the AdS_4 × C P^3 superstring Hamiltonian even after the exclusion of the pure gauge degrees of freedom suggests searching for its reformulation in terms of some new variables, e.g. those resembling twistors [33]. As is known the C P^3 manifold is isomorphic to the projective twistor space and the (super)particle models on the AdS−type backgrounds can be formulated in terms of properly generalized twistor variables [34], [35].

It is as well possible to perform the perturbative quantization in the simplifying limits, such as the large light-cone momentum/string tension limit around the pp−wave background. For the nontrivial pp−waves of AdS_5 × S^5 and AdS_4 × C P^3 backgrounds this has been done using the phase-space approach in [36]-[38] and [26], [27] respectively. In such a way one is able to calculate the inverse tension (strong ’t Hooft coupling) corrections to the anomalous dimensions of the dual Berenstein-Maldacena-Nastase (BMN) operators [39]. The identification of the gauge theory states corresponding to the flat background and study of the appropriate series expansion remain the problems for future work.

4 Acknowledgements

The author is grateful to A.A. Zheltukhin for stimulating discussions and the Abdus Salam ICTP, where part of the work was done, for warm hospitality and support.

References

[1] O. Aharony, O. Bergman, D.L. Jafferis and J. Maldacena, ”N = 6 superconformal Chern-Simons-matter theories, M2-branes and their gravity duals”, JHEP 0810 (2008) 091, arXiv:0806.1218 [hep-th].

[2] G. Arutyunov and S. Frolov, ”Superstrings on AdS_4 × CP^3 as a Coset Sigma-model”, JHEP 0809 (2008) 129, arXiv:0806.4940 [hep-th].

[3] B.J. Stefanski, ”Green-Schwarz action for Type IIA strings on AdS_4 × CP^3”, Nucl.

Phys. B808 (2009) 80, arXiv:0806.4948 [hep-th].

[4] P. Fre and P.A. Grassi, ”Pure Spinor Formalism for OSp(N|4) backgrounds”,

arXiv:0807.0044 [hep-th].

G. Bonelli, P.A. Grassi and H. Safaai, ”Exploring pure spinor string theory on AdS_4 × C P^3”, JHEP 0810 (2008) 085, arXiv:0808.1051 [hep-th]. R. D’Auria, P. Fre, P.A. Grassi and M. Trigiante, ”Superstrings on AdS_4 × CP^3 from Supergravity”, Phys. Rev. D79 (2009) 086001, arXiv:0808.1282 [hep-th].

[5] R.R. Metsaev and A.A. Tseytlin, ”Type IIB superstring action in AdS_5 × S^5 background”, Nucl. Phys. B533 (1998) 109, arXiv:hep-th/9805028.

[6] R. Kallosh, J. Rahmfeld and A. Rajaraman, ”Near horizon superspace”, JHEP 9809 (1998) 002, arXiv:hep-th/9805217.

[7] J. Gomis, D. Sorokin and L. Wulff, ”The complete AdS_4 ×CP^3 superspace for type IIA superstring and D−branes”, JHEP 0903 (2009) 015, arXiv:0811.1566 [hep-th]. P.A. Grassi, D. Sorokin and L. Wulff, ”Simplifying superstring and D-brane actions in AdS_4 × C P^3 superbackground”, JHEP 0908 (2009) 060, arXiv:0903.5407 [hep-th].

[8] M.J. Duff, P.S. Howe, T. Inami and K.S. Stelle, ”Superstrings in D = 10 from supermembranes in D = 11”, Phys. Lett. B191 (1987) 70.

[9] B. de Wit, K. Peeters, J. Plefka and A. Sevrin, ”The M-theory two-brane in AdS_4 × S^7 and AdS_7 × S^4”, Phys. Lett. B443 (1998) 143, arXiv:hep-th/9808052.

[10] B.E.W. Nilsson and C. Pope, ”Hopf fibration of eleven dimensional supergravity”, Class.

Quantum Grav. 1 (1984) 499.

[11] D.P. Sorokin, V.I. Tkach and D.V. Volkov, ”Kaluza-Klein theories and spontaneous compactification mechanisms of extra space dimensions”, In *Moscow 1984, Proceedings, Quantum Gravity*, 376-392.

D.P. Sorokin, V.I. Tkach and D.V. Volkov, ”On the relationship between compactified vacua of D = 11 and D = 10 supergravities”, Phys. Lett. B161 (1985) 301.

[12] S. Gubser, I. Klebanov and A. Polyakov, ”A semi-classical limit of the gauge/string correspondence”, Nucl. Phys. B636 (2002) 99, arXiv:hep-th/0204051.

[13] S. Frolov and A.A. Tseytlin, ”Semiclassical quantization of rotating superstring in AdS_5 × S^5”, JHEP 0206 (2002) 007, arXiv:hep-th/0204226.

[14] Bin Chen and Jun-Bao Wu, ”Semi-classical strings in AdS_4 × C P^3”, JHEP 0809 (2008) 096, arXiv:0807.0802 [hep-th].

T. McLoughlin and R. Roiban, ”Spinning strings at one-loop in AdS_4 × P^3”, JHEP 0812 (2008) 101, arXiv:0807.3965 [hep-th].

L.F. Alday, G. Arutyunov and D. Bykov, ”Semiclassical quantization of spinning strings in AdS_4 × C P^3”, JHEP 0811 (2008) 089, arXiv:0807.4400 [hep-th]. C. Krishnan, ”AdS4/CFT3 at one loop”, JHEP 0809 (2008) 092,

arXiv:0807.4561 [hep-th].

T. McLoughlin, R. Roiban and A.A. Tseytlin, ”Quantum spinning strings in AdS_4 × C P^3: testing the Bethe ansatz proposal”, JHEP 0811 (2008) 069,

arXiv:0809.4038 [hep-th].

[15] D.V. Uvarov, ”AdS_4 × C P^3 superstring in the light-cone gauge”, Nucl. Phys. B826 (2010) 294; arXiv:0906.4699 [hep-th].

[16] D.V. Uvarov, ”AdS_4 × C P^3 superstring and D = 3 N = 6 superconformal symmetry”, Phys. Rev. D79 (2009) 106007, arXiv:0811.2813 [hep-th].

[17] G. Dall’Agata, D. Fabbri, C. Fraser, P. Fre, P.Termonia and M. Trigiante, ”The OSp(8|4) singleton action from the supermembrane”, Nucl. Phys. B542 (1999) 157,

arXiv:hep-th/9807115.

[18] R. Kallosh, ”Superconformal actions in Killing gauge”, arXiv:hep-th/9807206.

[19] P. Pasti, D.P. Sorokin and M. Tonin, ”On gauge-fixed superbrane actions in AdS superbackgrounds”, Phys. Lett. B447 (1999) 251, arXiv:hep-th/9809213.

[20] P. Goddard, J. Goldstone, C. Rebbi and C.B. Thorn, ”Quantum dynamics of a massless relativistic string” Nucl. Phys. B56 (1973) 109.

[21] R.R. Metsaev and A.A. Tseytlin, ”Superstring action in AdS_5 × S^5: κ−symmetry light cone gauge”, Phys. Rev. D63 (2001) 046002, arXiv:hep-th/0007036. R.R. Metsaev, C.B. Thorn and A.A. Tseytlin, ”Light-cone superstring in AdS spacetime”, Nucl. Phys. B596 (2001) 151, arXiv:hep-th/0009171.

[22] G. Arutyunov and S. Frolov, ”Uniform light-cone gauge for strings in AdS_5 ×S^5: Solving su(1|1) sector”, JHEP 0601 (2006) 055, arXiv:hep-th/0510208. G. Arutyunov, S. Frolov and M. Zamaklar, ”Finite-size effects from giant magnons”, Nucl. Phys. B778 (2007) 1, arXiv:hep-th/0606126.

[23] M. Green, J. Schwarz and E. Witten, Superstring Theory, Cambridge University Press, 1987.

[24] K. Sugiyama and K. Yoshida, ”Type IIA string and matrix string on pp−wave”, Nucl.

Phys. B644 (2002) 128, arXiv:hep-th/0208029.

S. j. Hyun and H. j. Shin, ”N = (4, 4) type IIA string theory on pp−wave background”, JHEP 0210 (2002) 070, arXiv:hep-th/0208074.

[25] T. Nishioka and T. Takayanagi, ”On Type IIA Penrose Limit and N = 6 Chern-Simons Theories”, JHEP 0808 (2008) 001, arXiv:0806.3391 [hep-th].

[26] D. Astolfi, V.G.M. Puletti, G. Grignani, T. Harmark and M. Orselli, ”Finite-size corrections in the SU(2) × SU(2) sector of type IIA string theory on AdS_4 × C P^3”, Nucl. Phys. B810 (2009) 150, arXiv:0807.1527 [hep-th].

[27] P. Sundin, ”The AdS(4) × C P^3 string and its Bethe equations in the near plane wave limit”, JHEP 0902 (2009) 046, arXiv:0811.2775 [hep-th].

P. Sundin, ”On the worldsheet theory of the type IIA AdS_4 × C P^3 superstring”,

arXiv:0909.0697 [hep-th].

[28] K. Zarembo, ”Worldsheet spectrum in AdS(4)/CF T (3) correspondence”,

arXiv:0903.1747 [hep-th].

[29] M. Blau, J.M. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, ”Penrose limits and maximal supersymmetry”, Class. Quant. Grav. 19 (2002) L87, arXiv:hep-th/0201081. M. Blau, J.M. Figueroa-O’Farrill and G. Papadopoulos, ”Penrose limits, supergravity and brane dynamics”, Class. Quant. Grav. 19 (2002) 4753, arXiv:hep-th/0202111.

[30] R.R. Metsaev, ”Type IIB Green-Schwarz superstring in plane wave Ramond-Ramond background”, Nucl. Phys. B625 (2002) 70, arXiv:hep-th/0112044. R.R. Metsaev and A.A. Tseytlin, ”Exactly solvable model of superstring in plane wave Ramond-Ramond background”, Phys. Rev. D65 (2002) 126004,

arXiv:hep-th/0202109.

[31] M. Blau, D. Frank and S. Weiss, ”Fermi coordinates and Penrose limits”, Class. Quant.

Grav. 23 (2006) 3993; arXiv:hep-th/0603109.

M. Blau and S. Weiss, ”Penrose Limits vs String Expansions”, Class. Quant. Grav. 25 (2008) 125014; arXiv:0710.3480 [hep-th].

[32] G. Arutyunov and S. Frolov, ”Foundations of the AdS_5 × S^5 superstring. Part I”, J.

Phys. A42 (2009) 254003, arXiv:0901.4937 [hep-th].

[33] R. Penrose and W. Rindler, Spinors and space-time, Cambridge University Press, 1986.

[34] P. Claus, J. Rahmfeld and Y. Zunger, ”A simple particle action from a twistor parametrization of AdS_5”, Phys. Lett. B466 (1999) 181, arXiv:hep-th/9906118.

[35] I.A. Bandos, J. Lukierski, C. Preitschopf and D.P. Sorokin, ”OSp supergroup manifolds, superparticles and supertwistors”, Phys. Rev. D61 (2000) 065009,

arXiv:hep-th/9907113.

[36] A. Parnachev and A.V. Ryzhov, ”Strings in the near plane wave background and AdS/CFT”, JHEP 0210 (2002) 066, arXiv:hep-th/0208010.

[37] C.G. Callan, H.K. Lee, T. McLoughlin, J.H. Schwarz, I. Swanson and X. Wu, ”Quantizing string theory in AdS_5 × S^5: Beyond the pp−wave”, Nucl. Phys. B673 (2003) 3,

arXiv:hep-th/0307032.

C.G. Callan, T. McLoughlin and I. Swanson, ”Holography beyond the Penrose limit”, Nucl. Phys. B694 (2004) 115, arXiv:hep-th/0404007.

C.G. Callan, T. McLoughlin and I. Swanson, ”Higher impurity AdS/CFT correspondence in the near-BMN limit”, Nucl. Phys. B700 (2004) 271, arXiv:hep-th/0405153.

[38] S. Frolov, J. Plefka and M. Zamaklar, ”The AdS_5 × S^5 superstring in light-cone gauge and its Bethe equations”, J. Phys. A39 (2006) 13037, arXiv:hep-th/0603008.

[39] D.E. Berenstein, J.M. Maldacena and H.S. Nastase, ”Strings in flat space and pp waves from N = 4 super Yang Mills”, JHEP 0204 (2002) 013, arXiv:hep-th/0202021.