arXiv:0912.1260v1 [hep-th] 7 Dec 2009

A Gauge-Gravity Relation in the One-loop Effective Action

Gökçe Başar and Gerald V. Dunne Department of Physics, University of Connecticut, Storrs CT 06269, USA

We identify an unusual new gauge-gravity relation: the one-loop effective action for a massive spinor in 2n dimensional AdS space is expressed in terms of precisely the same function [a certain multiple gamma function] as the one-loop effective action for a massive charged scalar in 4n dimensions in a maximally symmetric background electromagnetic field [one for which the eigenvalues of Fμν are maximally degenerate, corresponding in 4 dimensions to a self-dual field, equivalently to a field of definite helicity], subject to the identification F^2 ↔ Λ, where Λ is the gravitational curvature. Since these effective actions generate the low energy limit of all one-loop multi-leg graviton or gauge amplitudes, this implies a nontrivial gauge-gravity relation at the non-perturbative level and at the amplitude level.

PACS numbers: 11.10.Kk, 04.62.+v, 11.15.Kc

Remarkable progress has been made recently in relating perturbative graviton scattering amplitudes with gauge scattering amplitudes [1]. The basic correspondence can be expressed figuratively as

(gravity amplitude) ∼ (gauge amplitude)^2 (1)

where ∼ means that the correspondence relates terms in the ϵ expansion with dimensional regularization in d = (4−2ϵ) dimensions, and the various external indices must be treated appropriately [2]. This surprising correspondence has a natural origin in string theory, based on the Kawai-Lewellen-Tye (KLT) relations [3, 4, 5] between amplitudes for open and closed string theories. These relations can be projected to the field theory limit, resulting in new quantum field theoretic identifications [1]. The factorization property can also be seen directly in basic quantum field theory language by studying the factorization properties of tree level graviton scattering amplitudes into photon scattering amplitudes [6, 7, 8]. In this note we point out another possible perspective on these correspondences at the one-loop level, based on the effective action, which is the generating function for all one-loop amplitudes, with any number of external photon or graviton lines. As such, our observation is in the spirit of early analyses from the string theory perspective [9, 10], but it is based on simple field theory results that are very well-known.

The most compact and explicit expressions for effective actions arise for external background fields having constant gauge or gravitational curvature [11, 12, 13, 14, 15, 16, 17], which therefore generate low-energy limits of amplitudes [18, 19]. Further simplifications arise when the constant curvature has maximal symmetry, so we consider this case in order to illustrate our point. Thus, on the gauge theory side we are led to consider the quantization of massive fields in a gauge background of constant field strength and maximal symmetry. In d = 4 this corresponds to a constant self-dual field strength [20, 21, 22, 23], which means external photon lines of definite helicity. (For massless loop particles, such amplitudes are well known to have dramatically simple forms, best understood in the spinor helicity and twistor formalisms [1, 2]; but remarkable simplifications occur also for massive particles when the background field has maximal symmetry [22]). On the gravity side, it is natural to consider the quantization of massive particles in a constant curvature anti-de Sitter space [24, 25, 26, 27]. The relevant effective actions are well known, on both the gauge and gravity side, having been computed many times, using a variety of different approaches. Here we point out an unusual relation between these two types of effective action, and interpret this as a manifestation of the gauge-gravity relation (1) at a non-perturbative level in addition to the perturbative scattering amplitude level.

On the gauge theory side, consider a charged scalar field ϕ in d-dimensional Euclidean space, with d even [eventually we will actually take d = 4n], coupled to a background abelian gauge field with maximally symmetric constant field strength. Thus, the d × d antisymmetric matrix F_{μν} can be written in block diagonal form

F_{μν} = f diag_{d/2} (( 0 1 −1 0 )) (2) with the single parameter f characterizing the strength of the background field. The spectral problem factorizes into d/2 copies of the two dimensional Landau level problem, so the position space propagator is simply expressed in proper-time form in terms of the heat kernel [11]: G(x, x^′) = ∫_∞ 0 ds (4πs)^{d/2} e^{−m2s} ( f s sinh(f s) )_{d/2} e^{− f |x−x′|24 coth(f s)} = 1 2f ( f 2π )_{d/2} Γ ( d 4 + m^2 2f ) U ( d 4 + m^2 2f , d 2 ; f|x − x^′|^2 2 ) e^{− f |x−x′|24} (3) where U(a, b; z) is the confluent hypergeometric function. For the effective action, we need the coincident-point propagator G(x, x) = ( f 4π )_{d/2} ∫_∞ 0 ds e^{−m2s} sinh^{d/2}(f s) = 1 4π ( f 4π )_{d/2−1} ∫_1 0 du u^{−d/2} (1 − u)^{d4 + m22f −1} (1 + u)^{d4 − m22f −1}

= 2^{d/2−1} f ( f 4π )_{d/2} Γ (1 − d_2 ) Γ (_d 4 +^{m2}_{2f} ) Γ ( 1 −^d_4 +^{m2}_{2f}

) (4)

where in the second line we have substituted u = tanh(fs), and these expressions are to be understood in the sense of dimensional regularization, as explained below.

On the gravity side, consider a spinor field of mass m in d dimensional anti-de Sitter (AdS) space, with curvature Λ, represented by its Euclidean section H^d, with d even. Again, the effective action is well known, and can be simply derived from the position space propagator [25, 26, 27, 28]. For the effective action, we need the coincident-point propagator [25, 26, 27, 28]: D(x, x) = − m Λ (2Λ)^{d/2} ∫_∞ 0 ds (4πs)^{d/2} U ( 1 + m √ Λ , 1 + d 2 ; 1 s ) s^{−1−m/} √ Λ

= − 1 √ Λ ( Λ 2π )_{d/2} Γ ( 1 +^{m√}_Λ ) Γ (_d 2 +^{m√}_Λ ) Γ ( 1 +^{2m√}_Λ

)_2F_1 ( d 2 + m √ Λ , m √ Λ ; 1 + 2m √ Λ ; 1 )

= − 1 √ Λ ( Λ 2π )_{d/2} Γ (1 − d_2 ) Γ (_d 2 +^{m√}_Λ ) Γ ( 1 −^d_2 +^{m√}_Λ

) (5)

where the Dirac trace has been taken, and where these expressions are also to be understood in the sense of dimensional regularization.

Comparing these expressions for the coincident-point Green’s functions (4) and (5) for the gauge and gravity backgrounds, we see a strong similarity. To make this more explicit, recall that the one-loop effective Lagrangian can be deduced from the coincident-point Green’s function as

L_{gauge} = −⟨x| ln(−D^2 + m^2)|x⟩ = −

∫_m2 G(x, x) (6) L_{gravity} = ⟨x| ln(D/ + m)|x⟩ = ∫_m D(x, x) (7) This procedure is very well known so we do not repeat all the details here [11, 12, 26], but as an illustration we recall the gauge case in d = 4. An integral representation of the finite renormalized effective Lagrangian can be obtained by integrating the first line of (4) with respect to m^2, as in (6). In d = 4 this requires two subtractions, corresponding to the subtraction of the free field (f = 0) Lagrangian and to charge renormalization [11]:

L^{(d=4)}

gauge = ( f 4π )_2 ∫_∞ 0 ds s e^{−m2s} [ 1 sinh^2(f s) − 1 (f s)^2 + 1 3 ] (8) An alternative approach that is closer to that often used for gravitational effective actions [12, 13, 14, 15, 25, 26, 27, 28] is to expand the third line of (4) about d = 4, G(x, x) = m^2 8π^2(d − 4) + m^2 16π^2 [ ψ ( m^2 2f ) + f m^2

+ ln ( f 2π ) + γ − 1 ] + O(d − 4) (9)

and then integrate with respect to m^2. In (9) we see the appearance of the digamma function ψ(y) ≡ Γ^′(y)/Γ(y), coming from the expansion of the gamma functions in (4). After dropping the pole term and integrating the second term with respect to m^2, we obtain the renormalized, finite effective Lagrangian. The resulting expression looks different from (8), but in fact (8) can be written as [11]:

L^{(d=4)}

gauge = ( f 2π )_2 [ − ∫_m2_{/2f} 0 y ( ψ(y) + 1 2y − ln y ) dy + ζ^′(−1) − 1 12 ln ( m^2 2f )] (10)

Such expressions, obtained after different renormalization schemes, differ only up to some logarithm and polynomial terms which are remnants of the renormalization procedure and do not carry any special significance for our discussion. The physically relevant part is the term involving the digamma function ψ(y). In dimensions higher than 4, scalar QED is of course not renormalizable, but we define a natural finite effective Lagrangian by subtracting enough terms in the Taylor expansion of 1/ sinh^{d/2}(fs) in (4) and (6) to make the proper time s integral convergent, a standard mathematical technique for defining a finite determinant of a differential operator [29], and which can also be understood naturally in terms of zeta function regularization [30]. These subtractions produce polynomial and log terms that correspond to renormalization scheme terms in d = 4, and to the definition of the determinant for higher d, in the sense of [29]. In fact, the key part of the expressions (10) and (9) is the digamma function ψ, with all other log and polynomial terms being reconstructed straightforwardly from this. Repeating this procedure in d = 4n dimensions we obtain a simple expression for the effective Lagrangian as an integral of ψ(y) times a special polynomial of y:

L_{gauge} = − 1 Γ(d/2) ( f 2π )_{d/2} ∫_m2_{/2f} 0 dy y d/4−1∏

k=1 (y^2 − k^2) ψ(y) + . . . (11)

where ”+ . . . ” denotes the aforementioned polynomial and log terms. Then the effective action for a hypercube volume of side L is

S_{gauge} = − (_{f L2} 2π )_{d/2} Γ(d/2) ∫_m2_{/2f} 0 dy y d/4−1∏

k=1 (y^2 − k^2) ψ(y) + . . . (12)

Up to another irrelevant polynomial term, we then define the finite log determinant as the multiple gamma function [31, 32]:

S_{gauge} = (−1)^{d/2} ( fL^2 2π )_{d/2} ln Γ_{d/2} ( d 4 + m^2 2f ) (13)

The prefactor is the total flux.

Repeating this procedure for a spinor field of mass m in d dimensional anti-de Sitter (AdS) space [with d even], represented by its Euclidean section H^d, we obtain the well-known effective Lagrangian [17, 25, 26, 27] from the coincident propagator trace (5):

L_{gravity} = (−1)^{d/2−1} 2 Γ(d/2) ( Λ 2π )_{d/2} ∫_{m/}^√_Λ 0 dy y d/2−1∏

k=1 (y^2 − k^2) ψ(y) + . . . (14)

Multiplying by a volume element^{π(d+1)/2 Rd}_{Γ((d+1)/2)} of H^d, with radius R, we obtain [26]

S_{gravity} = (−1)^{d/2−1} ( 2ΛR^2 )_{d/2} Γ(d) ∫_{m/}^√_Λ 0 dy y d/2−1∏

k=1 (y^2 − k^2) ψ(y) + . . . (15)

Again, this can be expressed in terms of the multiple gamma function [31, 32, 34] as

S_{gravity} = (−1)^{d/2} ( 2ΛR^2 )_{d/2} ln Γ_d ( d 2 + m √ Λ ) (16)

As before, the factor out front is the total flux. This computation is completely analogous to the mathematical definition of the determinant of the Laplacian on a sphere, where the answer is also expressed in terms of multiple gamma functions [31, 33, 34].

Our main observation is that the gauge effective action (13) and the gravity effective action (16) are expressed in terms of exactly the same function, a multiple gamma function, with the identifications

gauge ↔ gravity d = 4n ↔ d = 2n massive scalar ↔ massive spinor maximally symmetric gauge curvature ↔ maximally symmetric gravitational curvature

m^2 2f ↔ √ m^2 Λ (17)

Since the effective actions are the generators of one-loop scattering amplitudes with an arbitrary number of external photon or graviton (respectively) legs, this identification implies a nontrivial relationship between such amplitudes, with the gravitational curvature Λ identified with the square of the gauge curvature f. This relation is valid in the low energy limit, since the effective actions have been computed for constant background fields. In the gauge theory case, the extraction of the explicit low-energy scattering amplitudes from the effective action is itself a nontrivial combinatorial problem [18, 19, 22], and in d = 4 corresponds to diagrams with all external photons being of definite helicity [note these do not vanish, since the internal loop is massive]. We are not aware of any such explicit extraction of the low energy limit of graviton scattering amplitudes from the curved space effective action, although some steps have recently been taken in related directions [35, 36, 37].

To conclude, our basic observation in this short note is the equivalence of the gauge theory effective action (13) and the gravity effective action (16), subject to the identifications (17). But the essential suggestion is that it may be fruitful to explore the gauge-gravity scattering amplitude relation in the language of the generator of scattering amplitudes, namely the effective action. There are several natural directions in which our observation might be extended. First, one could relax the condition of maximal symmetry, in which case the gauge theory effective action can be expressed in terms of the generalized Barnes multiple zeta and gamma functions [38], while the gravitational effective action can be studied on more general symmetric spaces [39]. Second, the constant background field can be generalized to inhomogeneous background fields using the Fock-Schwinger gauge expansion for the gauge theory, and the Riemann normal coordinate expansion for the gravitational background. Another interesting question is whether anything simple happens beyond the one loop level, for example in a maximally supersymmetric setting. On the gauge side, a miraculous recurrence relation between the one-loop and two-loop effective action is known to exist for these maximally symmetric background fields, which are self-dual in 4 dimensions [22], and hence preserve supersymmetry. Similar dramatic simplifications also occur at two-loop for the effective action in supersymmetric theories such as SQED and N = 4 SYM [40]. It would be interesting to know whether anything similar might happen on the gravity side.

We thank the US DOE for support through grant DE-FG02-92ER40716.

I. APPENDIX: MULTIPLE GAMMA FUNCTIONS

The multiple gamma functions Γ_n(z) were introduced long ago by Barnes [38], and have since been understood as the natural functions to describe determinants of operators on spheres [31, 33, 41, 42]. They can be defined uniquely [43] by the conditions:

Γ_{n+1}(z + 1) =

Γ_{n+1}(z) Γ_n(z)

(18)

Γ_1(z) = Γ(z) (19) Γ_n(1) = 1 (20)

(−1)^{n+1} d^{n+1} dz^{n+1} ln Γ_n(z) ≥ 0 (21)

Various integral representations and asymptotic expansions can be found in [26, 32, 38]. In some papers these functions are written in terms of G_n(z) where Γ_n(z) = [G_n(z)]^{(−1)n+1} . The most useful representation for our purposes can be derived from a result listed in [26]:

ln Γ_n(1 + z) =

(−1)^{n+1} (n − 1)! ∫_z 0 dx n−2∏ j=0 (x − j) ψ(1 + x) + Q_n(z) , (22) where the Q_n(z) are known polynomials of degree n. Noting that this is also written as an integral of a polynomial times the digamma function ψ, it is straightforward to derive the expressions (13) and (16) for the log determinants in terms of multiple gamma functions from (22). The additional polynomial terms arising in these manipulations are collected into the definition of the regularized determinant, just as is done for the sphere [42].

[1] For a review, with extensive references, see: Z. Bern, “Perturbative quantum gravity and its relation to gauge theory,” Living Rev. Rel. 5, 5 (2002) [arXiv:gr-qc/0206071].

[2] L. J. Dixon, “Calculating scattering amplitudes efficiently,” arXiv:hep-ph/9601359, lectures at TASI 1995, in QCD and Beyond, D. E. Soper (Ed.), (World Scientific, Singapore, 1996).

[3] H. Kawai, D. C. Lewellen and S. H. H. Tye, “A Relation Between Tree Amplitudes Of Closed And Open Strings,” Nucl.

Phys. B 269, 1 (1986).

[4] Z. Bern and A. K. Grant, “Perturbative gravity from QCD amplitudes,” Phys. Lett. B 457, 23 (1999) [arXiv:hep-th/9904026].

[5] N. E. J. Bjerrum-Bohr, “String theory and the mapping of gravity into gauge theory,” Phys. Lett. B 560, 98 (2003) [arXiv:hep-th/0302131]; S. Badger, N. E. J. Bjerrum-Bohr and P. Vanhove, “Simplicity in the Structure of QED and Gravity Amplitudes,” JHEP 0902, 038 (2009) [arXiv:0811.3405 [hep-th]].

[6] F. A. Berends, W. T. Giele and H. Kuijf, “On relations between multi - gluon and multigraviton scattering,” Phys. Lett.

B 211, 91 (1988).

[7] S. Y. Choi, J. S. Shim and H. S. Song, “Factorization and polarization in linearized gravity,” Phys. Rev. D 51, 2751 (1995) [arXiv:hep-th/9411092].

[8] B. R. Holstein, “Factorization In Graviton Scattering And The ’Natural’ Value Of The g Factor,” Phys. Rev. D 74, 085002 (2006); B. R. Holstein, “Graviton physics,” Am. J. Phys. 74, 1002 (2006) [arXiv:gr-qc/0607045].

[9] R. R. Metsaev and A. A. Tseytlin, “Curvature cubed terms in string theory effective actions”, Phys. Lett. B 185, 52 (1987).

[10] A. A. Tseytlin, “Vector Field Effective Action In The Open Superstring Theory,” Nucl. Phys. B 276, 391 (1986) [Erratumibid. B 291, 876 (1987)].

[11] G. V. Dunne, “Heisenberg-Euler effective Lagrangians: Basics and extensions,” Ian Kogan Memorial Collection, ’From Fields to Strings: Circumnavigating Theoretical Physics’, M. Shifman et al (ed.), vol. 1, pp 445-522; [arXiv:hep-th/0406216].

[12] P. Candelas and D. J. Raine, “General Relativistic Quantum Field Theory-An Exactly Soluble Model,” Phys. Rev. D 12, 965 (1975).

[13] J. S. Dowker and R. Critchley, “Scalar Effective Lagrangian In De Sitter Space,” Phys. Rev. D 13, 224 (1976); “Effective Lagrangian And Energy Momentum Tensor In De Sitter Space,” Phys. Rev. D 13, 3224 (1976).

[14] B. Allen, “Phase Transitions In De Sitter Space,” Nucl. Phys. B 226, 228 (1983).

[15] P. Candelas and S. Weinberg, “Calculation Of Gauge Couplings And Compact Circumferences From Selfconsistent Dimensional Reduction,” Nucl. Phys. B 237, 397 (1984).

[16] C. J. C. Burges, D. Z. Freedman, S. Davis and G. W. Gibbons, “Supersymmetry In Anti-De Sitter Space,” Annals Phys.

167, 285 (1986).

[17] I. G. Avramidi, “Heat kernel and quantum gravity,” Lect. Notes Phys. M64, 1 (2000). [18] C. Itzykson and J. B. Zuber, Quantum Field Theory, (McGraw-Hill, New York, 1980).

[19] L. C. Martin, C. Schubert and V. M. Villanueva Sandoval, “On the low-energy limit of the QED N-photon amplitudes,” Nucl. Phys. B 668, 335 (2003) [arXiv:hep-th/0301022].

[20] M. J. Duff and C. J. Isham, “Selfduality, Helicity, And Supersymmetry: The Scattering Of Light By Light,” Phys. Lett.

B 86, 157 (1979).

[21] M. S. Dubovikov and A. V. Smilga, “Analytical Properties Of The Quark Polarization Operator In An External Selfdual Field,” Nucl. Phys. B 185, 109 (1981).

[22] G. V. Dunne and C. Schubert, “Two-loop self-dual Euler-Heisenberg Lagrangians. I: Real part and helicity amplitudes,” JHEP 0208, 053 (2002) [arXiv:hep-th/0205004]; G. V. Dunne and C. Schubert, “Two-loop self-dual Euler-Heisenberg Lagrangians. II: Imaginary part and Borel analysis,” JHEP 0206, 042 (2002) [arXiv:hep-th/0205005]; G. V. Dunne, “Twoloop diagrammatics in a self-dual background,” JHEP 0402, 013 (2004) [arXiv:hep-th/0311167].

[23] I. Bialynicki-Birula, E. T. Newman, J. Porter, J. Winicour, B. Lukacs, Z. Perjes and A. Sebestyen, “A Note On Helicity,” J. Math. Phys. 22, 2530 (1981); A. Ashtekar, “A Note On Helicity and Selfduality,” J. Math. Phys. 27, 824 (1986).

[24] S. J. Avis, C. J. Isham and D. Storey, “Quantum Field Theory In Anti-De Sitter Space-Time,” Phys. Rev. D 18, 3565 (1978).

[25] B. Allen and T. Jacobson, “Vector Two Point Functions In Maximally Symmetric Spaces,” Commun. Math. Phys. 103, 669 (1986); B. Allen and C. A. Lutken, “Spinor Two Point Functions In Maximally Symmetric Spaces,” Commun. Math. Phys. 106, 201 (1986).

[26] C. P. Burgess and C. A. Lutken, “Propagators And Effective Potentials In Anti-De Sitter Space,” Phys. Lett. B 153, 137 (1985); M. Kamela and C. P. Burgess, “Massive-scalar effective actions on anti-de Sitter spacetime,” Can. J. Phys. 77, 85 (1999) [arXiv:hep-th/9808107].

[27] R. Camporesi, “The Spinor heat kernel in maximally symmetric spaces,” Commun. Math. Phys. 148, 283 (1992); R. Camporesi and A. Higuchi, “Arbitrary spin effective potentials in anti-de Sitter space-time,” Phys. Rev. D 47, 3339 (1993).

[28] T. Inagaki, T. Muta and S. D. Odintsov, “Dynamical symmetry breaking in curved spacetime: Four-fermion interactions,” Prog. Theor. Phys. Suppl. 127, 93 (1997) [arXiv:hep-th/9711084].

[29] B. Simon, “Notes on Infinite Determinants of Hilbert Space Operators”, Adv. Math. 24, 244 (1977). [30] E. Elizalde, S. D. Odintsov, A. Romeo, A. A. Bytsenko and S. Zerbini, Zeta Regularization Techniques With Applications, (World Scientific, Singapore, 1994).

[31] I. Vardi, “Determinants of Laplacians and Multiple Gamma Functions”, SIAM J. Math. Anal. 19, 493 (1988). [32] V. S. Adamchik, “Multiple Gamma Function and Its Application to Computation of Series,” Ramanujan Journal 9, 271 (2005) [arXiv:math/0308074]; “Contributions to the theory of the Barnes function”, arXiv:math.ca/0308086.

[33] J. S. Dowker and K. Kirsten, “The Barnes zeta-function, sphere determinants and Glaisher-Kinkelin-Bendersky constants,” Anal. Appl. 3, 45 (2005) [arXiv:hep-th/0301143].

[34] A. K. Das and G. V. Dunne, “Large-order perturbation theory and de Sitter / anti de Sitter effective actions,” Phys. Rev.

D 74, 044029 (2006) [arXiv:hep-th/0607168].

[35] F. Bastianelli, J. M. Davila and C. Schubert, “Gravitational corrections to the Euler-Heisenberg Lagrangian,” JHEP 0903, 086 (2009) [arXiv:0812.4849 [hep-th]].

[36] B. Goncalves, G. de Berredo-Peixoto and I. L. Shapiro, “One-loop corrections to the photon propagator in the curved-space QED,” Phys. Rev. D 80, 104013 (2009) [arXiv:0906.3837 [hep-th]].

[37] G. Fucci, “Non-Perturbative One-Loop Effective Action for Electrodynamics in Curved Spacetime,” J. Math. Phys. 50, 102301 (2009) [arXiv:0906.2430 [hep-th]].

[38] E. W. Barnes, “The theory of the multiple gamma function”, Trans. Camb. Philos. Soc. 19, 374 (1904); S. N. M. Ruijsenaars, “On Barnes multiple zeta and gamma functions”, Adv. Math. 156 107 (2000).

[39] I. G. Avramidi, “Heat Kernel on Homogeneous Bundles over Symmetric Spaces,” arXiv:math/0701489; I. G. Avramidi and G. Fucci, “Non-perturbative Heat Kernel Asymptotics on Homogeneous Abelian Bundles,” Commun. Math. Phys. 291, 543 (2009) [arXiv:0810.4889 [math-ph]].

[40] S. M. Kuzenko and I. N. McArthur, “Low-energy dynamics in N = 2 super QED: Two-loop approximation,” JHEP 0310, 029 (2003) [arXiv:hep-th/0308136]; “Relaxed super self-duality and effective action,” Phys. Lett. B 591, 304 (2004) [arXiv:hep-th/0403082]; S. M. Kuzenko and I. N. McArthur, “Relaxed super self-duality and N = 4 SYM at two loops,” Nucl. Phys. B 697, 89 (2004) [arXiv:hep-th/0403240]; S. M. Kuzenko, “Self-dual effective action of N = 4 SYM revisited,” JHEP 0503, 008 (2005) [arXiv:hep-th/0410128]; S. M. Kuzenko and S. J. Tyler, “Supersymmetric Euler-Heisenberg effective action: Two-loop results,” JHEP 0705, 081 (2007) [arXiv:hep-th/0703269].

[41] A. Voros, “Spectral Functions, Special Functions And Selberg Zeta Function,” Commun. Math. Phys. 110, 439 (1987). [42] J. R. Quine and J. Choi, “Zeta Regularized Products and Functional Determinants on Spheres”, Rocky Mt. J. Math. 26, 719 (1996).

[43] M-F. Vigneras, ”L’équation fonctionnnelle de la fonction zeta de Selberg du groupe modulaire PSL(2, Z)”, Astérisque 61, 235 (1979).